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INTRODUCTION  gether  with  the  high  vertical  shear  rates  in  the  equatorial 

An  ambient  stratification  such  that  density  decreases  in  undercurrent,  to  large  shear  number  flow.  Also  nonequi- 

the  vertically  up  direction  is  known  to  have  a  potentially  librium  situations  near  solid  boundaries  or  at  boundaries 

large  effect  in  decreasing  turbulence  levels  and  associated  of  ocean  currents  where  the  mean  shear  changes  suddenly 

transport  in  oceanic  and  atmospheric  flows.  A  prototypi-  can  lead  to  large  shear  number  flow.  Near-wall  turbulence 

cal  example  which  involves  the  competing  effects  of  shear-  in  the  buffer  region  is  known  to  have  large  values  of  the 

induced  production  of  turbulence  and  gravity-induced  sta-  shear  number  in  excess  of  S/f/e  =  15. 
bilization  is  the  case  with  uniform  mean  shear  5  =  Recent  second-order  and  algebraic  stress  models  in- 
dUi/dxz  and  uniform  stable  stratification  Sp  =  dTpjbxz,  tended  for  nonequilibrium  turbulent  flows  incorporate  an 

The  gradient  Richardson  number  Ri  =  where  explicit  dependence  on  the  shear  number.  This  contribu- 

is  the  Brunt- Vaisali  frequency,  has  supplements  the  dis^ssion  of  the  shear  number  effect 

been  previously  thought  to  be  the  primary  stratification-  f  by  pr^entmg  additional  results 

related  nondimensional  parameter  of  relevance  and  other  filiations  conducted  at  lugher  Rf  olds  numbers 

important  parameters  that  have  been  identified  include  the  ^  ^  presenting  new  results  regarding  the  effect  of 

Taylor  microscale  Reynolds  number  and  the  Prandtl  num-  on  spectral  dynamics  and  turbulence  trans- 

ber.  Although  the  effect  of  these  parameters  has  been  the  P"*'  “effif  ts  for  momentum  and  mass.  A  parameteri- 
subject  of  previous  experimental  studies  (Rohr,  Itsweire,  trf  port  coefficiente  can  lead  to  an  improve- 

Helland  t  Van  Atta  1988),  and  direct  numerical  Simula-  V’®'  .G^gett,  Cum- 

tions  (Gerz,  Schumann  &  Elghobashi  1989;  Holt,  Koseff  f  A  detailed  desmption  of  the  ef- 

&  Ferziger  1992),  the  importance  of  the  shear  number  has  feet  of  the  ibehardson  number  and  the  ^ynolds  number 
been  recognized  only  recently.  The  shear  number  SK/i  the  turbulence  evolution  ^d  a  dff  on  of  the  critical 

is  the  ratio  of  a  turbulence  evolution  time  scale  K/e  to  Richardson  number  is  available  in  Jacobitz  ef  al.  (1997). 
the  time  scale  1/5  imposed  by  the  mean  velocity  gradient. 

The  shear  number  effect  was  discovered  during  the  DNS  MATHEMATICAL  PRELIMINARIES 
(direct  numerical  simulation)  study  of  Jacobitz  Sarkar  &  xhis  study  is  based  on  the  direct  numerical  simulation 
Van  Atta  (1997)  and  an  experimental  study  of  Picdrillo  h  continuity  equation  of  an  incompressible  fluid,  the 

Van  Atta  (1997).  In  the  DNS  study,  the  gradient  Richard-  unsteady  three-dimensional  Navier-Stokes  equations  in  the 

son  number  Rt,  the  Taylor  microscale  Reynolds  number  Boussinesq  approximation,  and  a  transport  equation  for 

Re  A,  and  the  shear  number  SK/e  were  varied  indepen-  the  density.  No  turbulence  models  are  used  and  all  dy- 

dently  and  the  effects  on  the  evolution  of  the  turbulence  namically  important  scales  of  motion  are  resolved, 

stresses  and  the  buoyancy  flux  were  obtained.  The  evolution  of  turbulent  fluctuations  can  be  studied 

Turbulent  motion  is  ubiquitous  in  atmospheric  and  consideration  of  the  following  transport  equation  for 

oceanographic  flow  (CaldweU  Mourn  1995)  and  large  the  turbulent  kinetic  energy  K  =  u7u7/2  of  the  velocity 

shear  number  turbulence  can  occur  in  the  geophysical  envi-  fluctuations: 

ronment.  An  example  is  the  equatorial  undercurrent  that 

is  believed  to  be  controlled  by  turbulent  effects  (Crawford  dK  _  n  p 

k  Osborn  1981),  While  some  measurements  show  highly  —  r  -  B  —  e  (1) 

turbulent  spots  with  strong  turbulent  dissipation  (Williams 

k  Gibson  1974),  others  indicate  only  low  turbulent  dissi-  Here  P  =  —Suyuz  is  the  production  term,  B  =  guzplpo 
pation  rates  (C^dwell  1987),  which  could  contribute,  to-  15  buoyancy  flux,  and  e  =  v{dui / dxk)[dui ( dxk)  is  the 


23-1 


viscous  disspation,  g  is  the  gravity  coefficient,  po  is  the 
mean  density,  and  u  is  the  kinematic  viscosity.  A  scaling 
analysis  of  equation  (1)  leads  to  three  nondimension al  pa¬ 
rameters  governing  the  evolution  of  the  turbulent  kinetic 
energy:  The  gradient  Richardson  number  Ri^  the  Taylor 
microscale  Reynolds  number  Re\^  and  the  shear  number 
SKIc, 

We  report  here  results  from  a  study  in  which  the  shear 
number  is  varied  and  all  other  nondimensionaJ  parame¬ 
ters  are  fixed.  Note  that  a  variation  of  the  shear  number 
SK/c  also  changes  the  turbulent  Froude  number  NKJc  = 
I c,  if  the  Richardson  number  Ri  is  kept  constant. 
Since  both  S  and  N  are  increased  proportionally  to  in¬ 
crease  SKJt  while  keeping  Ri  constant,  the  shear  num¬ 
ber  variation  in  stratified  shear  flow  can  be  attributed  to 
a  change  of  the  shear  rate  S  as  well  as  a  ch2Lnge  of  the 
Brunt- Vaisala  frequency  N.\  However,  the  shear  number 
effect  cannot  be  explained  as  a  purely  stratification  related 
effect,  since  it  persists  in  unstratified  shear  flow. 

Equation  (1)  can  be  rewritten  in  order  to  define  the 
nondimension  al  growth  rate  7: 


7  = 


1  dK 
SK  di 


= -2613(1  -  j 


(2) 


Here  613  is  the  1-3  component  of  the  Reynolds  stress 
anisotropy  tensor  bij  =  mujlukUk  ^  bijjZ.  Under  the  as¬ 
sumption  (borne  out  by  DNS  and  physical  experiments) 
that  each  term  on  the  right-hand-side  of  equation  (2)  be¬ 
comes  asymptotically  constant,  the  equation  can  be  inte¬ 
grated: 

K  =  Ao  exp(75t)  (3) 


Therefore  exponential  growth  or  decay  of  the  turbulent 
kinetic  energy  K  can  be  expected  with  an  asymptotically 
constant  growth  rate  7. 

In  order  to  further  understand  the  shear  number  effect, 
the  evolution  in  spectral  space  is  also  considered  here,  A 
transport  equation  for  the  radial  spectrum  of  the  turbulent 
kinetic  energy  E{k)  can  be  derived  as  follows:  First,  the 
Navier-Stokes  equation  is  transformed  into  Fourier  space. 
Second,  the  pressure  gradient  term  is  eliminated  by  ensur¬ 
ing  the  divergence-free  constraint  on  the  velocity,  that  is, 
the  velocity  Fourier  modes  which  are  parallel  to  the  wave 
number  vector  are  set  to  zero.  Third,  the  transformed 
equation  is  multiplied  with  the  complex  conjugate  of  the 
Fourier  transform  of  the  velocity.  Finally,  the  terms  of  the 
resulting  equation  are  averaged  over  spherical  shells  of  con¬ 
stant  magnitude  of  the  wavenumber  vector  k  (eg.  Lesieur 
1993): 


®  =  r(i.-)  +  P(fc)-5(fc)-€(fc)  (4) 

Here  T(^')  is  the  spectral  transfer  term  which  arises  from 
the  nonlinear  term  Ujdm/dxj  in  the  momentum  equation, 
P{k}  the  production  term,  J5(A:)  the  buoyancy  term,  and 
c(k)  the  dissipation  term.  The  terms  P{k),  B(k)y  and  c(A:) 
are  analogs  of  the  terms  on  the  right-hand-side  of  equation 
(!)• 

The  numerical  algorithm  used  in  this  study  is  based  on 
a  spectral  collocation  method  for  the  spatial  discretization 
and  a  third  order  Runge-Kutta  scheme  to  advance  the  solu¬ 
tion  in  time.  The  initial  conditions  are  a  realization  of  well- 
established  isotropic  turbulence  which  is  obtained  from  a 
simulation  that  is  allowed  to  develop  for  approximately  an 
eddy  turnover  time.  The  Prandtl  number  is  Pr  =  0.72. 


INFLUENCE  ON  THE  TURBULENT  KI- 
NETIC  ENERGY  EVOLUTION 

In  tliis  section  the  influence  of  the  shear  number  on  the 
evolution  of  the  turbulent  kinetic  energy  is  addressed.  Two 
series  of  simulations  were  performed.  A  low  Reynolds  num¬ 
ber  series  with  Ri  =  0.06  and  initial  Rex  =  22.36  and  a 
high  Reynolds  number  series  with  Ri  —  0.15  and  initial 
Rex  =  44.72.  The  results  of  the  low  Reynolds  number 
series  were  presented  in  detail  by  Jacobitz  et  al,  (1997). 
The  primary  purpose  of  the  high  Reynolds  number  series 
is  to  show  that  the  shear  number  influence  on  the  turbu¬ 
lence  evolution  persists  at  higher  Reynolds  numbers  and  is 
not  just  a  low  Reynolds  number  effect.  The  final  values  of 
the  Reynolds  number  are  Rex  =  70  for  the  high  Reynolds 
number  series.  A  computational  grid  overlaying  a  cube  of 
length  2x  was  used  with  either  96^  or  128^  points  in  the 
low  Re  series.  The  streamwise  extent  was  doubled  to  4t 
in  the  high  Re  series  to  ensure  that  the  integral  length 
scale  in  the  streamwise  direction  remains  small  compared 
to  the  box  size.  A  posteriori  checks  of  velocity  and  den¬ 
sity  autocorrelations  showed  that  they  decayed  sufficiently 
rapidly  with  increasing  streamwise  separation.  244  points 
were  used  in  the  streamwise  direction  with  144  points  in 
the  other  two  directions  leading  to  increased  small-scale 
resolution  with  respect  to  the  low  Re  series. 

Figure  1  shows  the  evolution  of  the  turbulent  kinetic  en¬ 
ergy  if  as  a  function  of  normalized  time  St  for  a  series  of 
simulations  where  the  initial  shear  number  was  varied  while 
the  gradient  Richardson  number  Ri  =  0.06  and  the  initial 
value  of  the  Reynolds  number  Rex  ==  22.36  are  fixed.  After 
an  initial  decay,  the  turbulent  kinetic  energy  K  foUows  an 
approximately  exponential  law  and  the  asymptotic  value  of 
the  growth  rate  7  =  {l/SK)dK/di  is  plotted  as  a  function 
of  initial  SK/e  in  figure  2.  For  small  shear  numbers,  the 
growth  rate  7  increases  sharply  with  increasing  SK/e  and 
the  turbulent  kinetic  energy  evolution  changes  from  decay 
to  growth.  However,  the  growth  rate  7  decreases  with  a 
further  increase  of  SK/e  and  the  turbulent  kinetic  energy 
decays  for  large  shear  numbers. 

These  simulations  were  performed  with  a  relatively  low 
initial  value  Re  a  =  22.36.  It  is  therefore  possible  that  the 
observed  influence  on  the  turbulent  kinetic  energy  evolu¬ 
tion  is  due  to  low  Reynolds  number  effects.  Therefore  a 
second  series  of  simulations  was  performed  with  the  higher 
initial  value  Rex  =  44.72.  The  evolution  of  the  turbu¬ 
lent  kinetic  energy  is  shown  in  figure  3.  The  evolution  of 
K  changes  from  decay  to  growth  as  the  initial  value  of  the 
shear  number  is  increased  from  SK/e  =  2.0  to  SK/e  =  6.0. 
An  additional  simulation  with  initial  SK/e  =  14.0  clearly 
shows  decay  of  the  turbulent  kinetic  energy.  Therefore  the 
stabilizing  effect  found  at  large  shear  numbers  persists  at 
higher  Reynolds  numbers  and  is  not  a  low  Reynolds  num¬ 
ber  effect. 

The  simulations  were  performed  to  a  long  nondimen- 
sional  time  of  up  to  Si  =  30  for  the  low  Reynolds  number 
series  and  St  =  20  for  the  high  Reynolds  number  series  to 
ensure  that  shear  and  stratification  effects  are  well  devel¬ 
oped.  The  simulations  of  an  unstratified  shear  flow  of  Lee, 
Kim  &  Moin  (1990)  have  shown  that  the  Reynolds  shear 
stress  reaches  its  asymptotic  ‘value  for  St  <  10.  On  the 
other  hand,  the  nondimensional  time  St  =  30  for  the  low 
Rex  simulation  with  Ri  =  0.06  and  the  nondimensional 
time  St  =  20  for  the  high  Rex  simulation  with  Ri  =  0.15 
both  correspond  approximately  to  a  nondimensional  time 
Ni  =  7.5  thus  giving  the  buoyancy  effects  sufficient  time 
to  develop. 

In  the  unstratified  case,  there  is  some  experimental  ev¬ 
idence  (Souza,  Nguyen  k.  Tavoularis  1995)  and  DNS  evi¬ 
dence  (Lee  et  al.  1990)  that  the  growth  rate  and  the  mag¬ 
nitude  of  the  Reynolds  stress  anisotropy  613  =  u{uz/2K 
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Figure  1:  Evolution  of  the  turbulent  kinetic  energy  K  for  Figure  3:  Evolution  of  the  turbulent  kinetic  energy  K  for 
Ri  =  0.06  and  initial  .Rca  =  22.36.  Ri  =  0.15  and  initial  Rex  =  44.72. 


SK/c 


Figure  2:  Dependence  of  the  growth  rate  7  on  the  initial  Figure  4:  Evolution  of  bn  for  Ri  =  0.06  and  initial  Rex  = 
value  of  SK/€  for  Ri  =  0.06  and  initial  Rex  =  22.36.  22.36. 


decrease  in  the  laxge  shear  number  regime.  It  should  be 
noted  that  the  magnitude  of  613  decreases  with  increasing 
shear  number  in  our  simulations  as  shown  in  figure  4.  The 
decrease  of  the  magnitude  of  hiz  as  well  as  the  decrease  of 
the  ratio  e/P  (not  shown  here)  with  increasing  shear  num¬ 
ber  are  responsible  for  the  decrease  of  the  growth  rate  7  as 
is  evident  from  equation  (2). 

In  the  stably  stratified  case,  recent  experimental  obser¬ 
vations  of  Piccirillo  &  Van  Atta  (1997)  at  low  initial  shear 
numbers  {SKfe  <  1)  suggest  that  the  growth  rate  of  K  in¬ 
creases  with  the  shear  number  consistent  with  the  behavior 
for  0  <  S/iT/f  <  1-0  shown  in  figure  2. 

The  increase  of  7  with  SK/c  in  the  low  shear  number 
regime  is  an  expected  transition  from  unforced,  decaying 
turbulence  to  the  case  of  shear-induced  forcing.  However, 
why  does  the  growth  rate  decrease  with  increasing  SKjc 
in  the  large  shear  number  regime?  It  is  known  that  linear 
viscous  rapid  distortion  theory  (RDT)  (eg.  Rogers  1991) 
predicts  asymptotic  decay  of  the  turbulent  kinetic  energy. 
RDT  neglects  the  nonlinear  term  with  respect  to  the  mean 
gradient  term  in  the  velocity  fluctuation  equation  and  is 
strictly  valid  for  SKje  >>  1  and  short  time  Si  =  0(1), 
Ni  =  0(1).  However,  the  stabilizing  trend  at  large  shear 
numbers  in  the  DNS  is  observed  with  the  full  governing 
equations  and  at  large  values  of  Si  and  Ni, 

In  order  to  evaluate  the  extent  of  linear  effects,  the 


linearized  viscous  RDT  equations  were  simulated  for  two 
cases  with  SK/e  =  2.0  and  SK/e  =  10.0.  Figures  5  and  6 
compare  their  results  with  those  of  the  full  nonlinear  equa¬ 
tions.  The  linear  and  nonlinear  evolution  are  initially  very 
close  in  both  cases  for  approximately  0.8  eddy  turnover 
times  which  corresponds  to  5t  =  1.6  in  figure  5  and  St  =  8 
in  figure  6.  With  respect  to  the  long-time  evolution,  it  is 
clear  that,  first,  the  linearized  simulations  predict  asymp¬ 
totic  decay  for  both  cases  consistent  with  the  analytical 
result,  and  second,  the  linear  simulation  is  qualitatively 
similar  at  long  time  to  the  nonlinear  simulation  for  the 
large  shear  number  number  case  in  figure  6  and  not  so  for 
the  moderate  shear  case  in  figure  5.  Thus,  a  possible  ex¬ 
planation  for  the  stabilizing  trend  at  large  shear  numbers 
is  that,  during  the  full  nonlinear  evolution,  linear  effects 
are  progressively  more  persistent  for  large  initial  SKje. 

INFLUENCE  ON  THE  SPECTRAL  TRANS¬ 
PORT 

In  this  section  the  influence  of  the  shear  number  on  the 
terms  of  the  spectral  transport  equation  (4)  is  discussed. 
The  results  are  taken  from  the  high  Reynolds  number  series 
of  simulations  with  Ri  =  0.15  and  initial  Rex  —  44.72. 

Figure  7  shows  the  nonlinear  transport  term  T{k)  nor¬ 
malized  by  at  the  non  dimensional  time  Si  =  15.  Note 
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Figure  5:  Linear  and  nonlinear  evolution  of  K  for  i2t  =  0.06, 
initial  Rtx  =  22.36,  and  low  initial  SK/i  =  2.0. 


Figure  6:  Linear  and  nonlinear  evolution  of  K  for  Ri  =  0.06, 
initial  Rex  =  22.36,  and  high  initial  SK/t  =  10.0. 


that  =  2A'.  The  low  wave  number  modes  in  the  range, 
1  <  ^  <  10,  generally  gain  energy  with  localized  peaks  of 
large  positive  T(k).  This  ‘reverse’  energy  transfer  results 
in  the  observed  shift  of  energy  spectra  maxima  to  large 
length  scales  with  time.  The  intermediate  wave  number 
range,  10  <  L*  <  30,  is  associated  with  negative  T{k)  and 
loses  energy  while  the  high  wave  number  modes  gain  en¬ 
ergy  as  a  result  of  the  nonlinear  transfer.  The  most  signif¬ 
icant  difference  in  T{k)  between  the  asymptotically  decay¬ 
ing  SK/c  ==  14  case  relative  to  the  asymptotically  growing 
SK/c  =  6  case  is  perhaps  the  large  reduction  in  the  low 
wave  number,  positive  peak  of  T(k).  Also,  the  magnitude 
of  energy  redistribution  due  to  nonlinearity  as  measured 
by  jT^{k)dk  is  smaller  in  the  SK/e  =  14  case.  Here 
=  (|T|  +  T)/2.  The  relative  importance  of  to  e 
during  the  time  evolution  is  shown  in  figure  8.  It  shows 
that  the  strongly  growing  SK/e  =  6  case  has  the  strongest 
nonlinear  transport  and  that  the  nonlinear  transport  is  re¬ 
duced  for  the  SK/e  =  14  case. 

Figure  9  shows  the  normalized  spectral  production  term 
P{k)  at  the  nondimensional  time  Si  =  15.  The  production 
term  adds  significant  energy  to  a  compact  range,  1  <  k  < 
35,  of  low  wavenumber  modes.  For  the  high  SK/e  =  14.0 
case,  the  magnitude  of  the  production  term  is  reduced  and 
the  location  of  peak  production  is  shifted  to  a  lower  wave 


Figure  7:  Spectral  transfer  of  K  st  Si  =  15  for  Ri  =  0.15 
and  initial  Rex  =  44.72. 
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Figure  8:  Ratio  of  7^  to  e  for  Ri  =  0.15  and  initial  Rex  = 
44.72. 


number  relative  to  the  other  cases.  Furthermore,  there  is 
some  countergradient  momentum  transport  at  high  wave 
numbers  in  this  case  as  indicated  by  negative  values  of 
Pik). 

Figure  10  shows  the  normalized  spectral  buoyancy  term 
B{k)  at  the  nondimensional  time  St  =  15.  In  the  cases 
with  initial  SK/e  =  2  and  6,  there  is  generally  cogradi¬ 
ent  buoyancy  flux  which  spans  the  compact  range  of  wave 
numbers  associated  with  positive  production  P{k).  The 
behavior  of  B{k)  appears  to  be  qualitatively  different  in 
the  SK/e  =  14  case.  The  extent  of  cogradient  trans¬ 
port  is  limited  to  a  narrow  range,  1  <  fc  <  8  of  very  low 
wavenumber  modes  and  a  small  countergradient  buoyancy 
flux  is  observed  at  high  wavenumber  modes  in  the  range 
30  <  L'  <  50.  In  between  these  ranges,  the  buoyancy  term 
oscillates  around  B{k)  =  0. 

INFLUENCE  ON  TRANSPORT  COEFFI¬ 
CIENTS 

In  this  section  the  influence  of  the  shear  number  on  mo¬ 
mentum  and  mass  transport  is  investigated.  The  results 
are  taken  from  the  series  of  simulations  with  Ri  =  0.06 
and  initial  Rex  ^  22.36. 

Figure  11  shows  the  evolution  of  the  flux  Richardson 
number  Rif  =  B/P  which  is  the  ratio  of  the  buoyancy  term 
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Figure  9:  Spectral  production  of  K  at  Si  =  15  for  Ri  =  0.15 
and  initial  Rex  =  44.72. 
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Figure  10:  Spectral  buoyancy  flux  at  St  =  15  for  Ri  =  0.15 
and  initial  Rex  =  44.72. 


B  to  the  production  term  P  in  the  transport  equation  for 
the  turbulent  kinetic  energy  K.  The  asymptotic  values  of 
tlie  flux  Richardson  number  are  not  sensitive  to  the  initial 
value  of  the  shear  number  and  Rij  is  not  a  determinant 
of  the  growth  or  decay  of  the  velocity  fluctuations  in  tliis 
case.  An  analysis  of  our  other  simulations  shows  that  the 
asymptotic  value  of  Rif  is  within  15%  of  Ri  for  the  range 
0  <  iit  <  0.2  that  is  spanned  by  our  DNS. 

Figure  12  shows  the  mixing  efficiency  B/e  which  is  used 
in  some  simple  oceanographic  models  to  obtain  the  vertical 
buoyancy  flux  B  with  measured  estimates  of  c.  It  appears 
that  the  asymptotic  values  of  B/c  decrease  with  the  initial 
value  of  the  shear  number. 

The  solid  lines  in  flgure  13  show  the  evolution  of  the 
turbulent  momentum  diffusion  coefficient  Ku  =  ^ufuz/S 
and  the  dashed  lines  show  the  evolution  of  the  turbulent 
mass  diffusion  coefficient  Kp  =  —puz/Sp,  The  strong  de¬ 
crease  of  the  diffusion  coefficients  at  the  large  shear  num¬ 
bers  SKIc  and  5A'/c  =  10  is  apparent.  The  turbulent 
Prandtl  number  Prt  =  K^jKp  varies  between  0.8  and  1.0 
(not  shown  here).  This  indicates  that  the  shear  number  has 
the  same  effect  on  both  mass  and  momentum  transport. 

Turbulence  closures  such  as  the  A'  —  e  model  will  require 
additional  modeling  to  account  for  the  effect  of  shear  and 
stratification.  For  example,  the  A"  —  e  model  assumes  that 
Ku  =  and  the  variation  of  Cp  is  required.  Fig¬ 


Figure  11:  Evolution  of  the  flux  Richardson  number  Rif  = 
B/P  for  Ri  =  0.06  and  initial  Rex  =  22.36. 


Figure  12:  Evolution  of  the  mixing  efficiency  B/e  fox  Ri  = 
0.06  and  initial  Rex  =  22.36. 


ure  14  shows  that  the  asymptotic  value  of  Cp  decreases 
dramatically  with  increasing  shear  number. 

SUMMARY 

Direct  numerical  simulations  of  the  turbulence  evolution 
in  stably  stratified  shear  flow  have  been  performed  in  or¬ 
der  to  study  the  influence  of  the  shear  number  SK/c.  The 
initial  value  of  the  shear  number  SK/e  was  varied,  while 
the  Richardson  number  Ri  and  the  initial  value  of  the 
Reynolds  number  Rex  were  fixed.  An  exponential  evo¬ 
lution  of  the  turbulent  kinetic  energy  K  was  found  with  a 
strong  dependence  of  the  growth  rate  y  on  the  initial  value 
of  SK/c.  For  small  shear  numbers,  the  growth  rate  7  in¬ 
creases  with  SK/c  and  the  evolution  of  K  changes  from 
decay  to  growth.  However,  for  Izurge  shear  numbers,  the 
growth  rate  7  decreases  with  increasing  SK/c.  The  de¬ 
crease  of  7  at  Izirge  shear  numbers  is  associated  with  a 
decrease  of  the  magnitude  of  the  shear  stress  anisotropy 
613  and  a  decrease  of  c/P. 

A  series  of  simulations  was  performed  at  a  higher  initial 
Reynolds  number  to  determine  the  validity  of  the  shear 
number  effect.  The  asymptotic  decay  at  high  SK/c  was 
again  observed.  Thus,  our  conclusion  does  not  appear  to  be 
an  artifact  of  low  Reynolds  number  effects.  The  reduction 
of  the  growth  rate  occurs  at  higher  values  of  SK/c  in  the 
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Figure  13:  Evolution  of  the  turbulent  momentum  diffusion 
coefficient  =  —muzIS  (solid  lines)  and  the  turbulent 
mass  diffusion  coefficient  Kp  =  — /5u3/*Sp  (dashed  lines)  for 
Ri  =  0.06  and  initial  Rtx  =  22.36. 


high  Reynolds  number  series  compajed  to  the  low  Reynolds 
number  simulations. 

It  is  known  that  viscous  rapid  distortion  theory  (RDT) 
which  could  be  applicable  for  large  SKJc  predicts  asymp¬ 
totic  decay  of  turbulence  consistent  with  the  observation  of 
asymptotic  decay  in  the  DNS  cases  with  liigh  SK/c,  This 
motivated  a  comparison  of  simulations  of  the  linearized 
Navier-Stokes  equations  with  the  full  nonlinear  equations. 
It  was  found  that  the  linear  and  nonlinear  evolution  of  K 
are  qualitatively  similar  for  high  shear  number  simulations 
but  different  for  low  shear  number  simulations.  Therefore, 
the  reduced  asymptotic  growth  of  turbulence  at  large  SK/e 
may  be  related  to  the  persistence  of  linear  effects  during 
the  flow  evolution  at  sufficiently  high  shear  number. 

An  analysis  of  the  terms  in  the  spectral  transport  equa¬ 
tion  confirms  the  importance  of  linear  effects  in  the  high 
shear  number  simulation.  While  a  strong  energy  redistri¬ 
bution  to  the  smallest  wavenumber  modes  was  observed 
for  the  case  with  moderate  initial  5A'/e  =  6  which  shows 
the  strongest  growth  of  turbulence,  this  redistribution  was 
diminished  for  the  asymptotically  decaying  case  with  high 
initial  SKje  =  14.  Also  the  energy  redistribution  to  the 
high  wavenumber  modes  was  reduced  for  the  high  shear 
number  case.  The  production  of  energy  was  found  to  be 
reduced  for  the  SK/c  =  14  case  and  a  countergradient 
momentum  flux  was  observed  that  was  not  present  in  the 
lower  SKji  =  6  simulation.  The  cogradient  buoyancy  flux 
in  the  high  shear  number  simulation  was  confined  to  the 
smallest  wavenumber  modes  and  again  a  small  countergra¬ 
dient  buoyancy  flux  was  found  at  high  wavenumbers. 

The  shear  number  was  also  found  to  influence  the  trans¬ 
port  coefficients  for  momentum  and  mass  causing  a  large 
reduction  in  their  v<dues  at  high  shear  numbers.  Both  coef¬ 
ficients  were  influenced  leaving  the  turbulent  Prandtl  num¬ 
ber  close  to  unity.  The  coefficient  Cp  in  the  eddy  viscosity 
relation  used  in  the  K  ^  e  model  was  found  to  decrease 
significantly  with  increasing  shear  number. 
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Figure  14:  Evolution  of  the  model  coefficient  Cp  for  Ri  = 
0.06  and  initial  Rex  =  22.36. 
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ABSTRACT 

A  Direct  Numerical  Simulation  (DNS)  has  been  car¬ 
ried  out  of  the  turbulent  flow  between  two  vertical,  dif¬ 
ferentially  heated,  infinite  walls.  Results  are  presented 
for  four  values  of  the  characteristic  Rayleigh  number, 
Ra,  The  computational  results  support  a  relation  be¬ 
tween  the  Nusselt  number  Nu  and  Ra  according  to: 
Nu  It  has  been  also  investigated  whether 

the  simulation  results  are  self-similar  when  scaled  fol¬ 
lowing  the  scaling  hypothesis  proposed  by  George  and 
Capp  (1979).  It  has  been  found  that  this  scaling  ap¬ 
proach  leads  to  self-similarity  for  the  mean  temper¬ 
ature  profile.  The  result  is  a  separate  similarity  ex¬ 
pression  for  the  inner  and  outer  layer.  Matching  be¬ 
tween  both  expressions  leads  to  a  temperature  profile 
which  depends  on  the  distance  between  the  two  walls 
according  to  It  has  been  also  found  that  this 

inner/outer  scaling  fails  for  the  mean  velocity  profile 
and  another  scaling  approach  must  be  used  here. 

INTRODUCTION 

Natural  convection  flow  is  caused  by  density  vari¬ 
ations,  usually  related  to  temperature  differences,  in 
combination  with  the  acceleration  of  gravity.  One  of 
the  most  well-known  cases  of  natural  convection  is 
Rayleigh- Ben ard  convection.  Its  geometry  in  the  most 
ideal  Ccise  consists  of  a  fluid  between  two  infinite  hor¬ 
izontal  walls  and  where  the  lower  wall  has  a  higher 
temperature  than  the  upper  wall.  When  the  tempera¬ 
ture  difference  is  below  a  critical  value  the  velocity  of 
the  fluid  is  zero  and  there  is  only  molecular  heat  trans¬ 
fer  between  both  walls.  Above  the  critical  value  a  flow 
sets  in  in  the  form  of  convection  cells.  Due  to  this 
flow  the  heat  transfer  is  increased.  At  still  higher  tem¬ 
perature  differences  the  flow  becomes  turbulent  which 
leads  to  a  even  larger  heat  transfer. 

The  source  of  turbulence  in  Rayleigh-Benard  con¬ 
vection  is  directly  connected  to  the  vertical  heat  flux 


between  the  two  walls.  This  heat  flux  can  therefore  be 
considered  as  the  main  parameter  which  determines  all 
further  flow  characteristics.  Together  with  some  ad¬ 
ditional  parameters  describing  the  geometry  and  the 
fluid,  the  heat  flux  can  be  used  to  define  a  charac¬ 
teristic  velocity,  length  and  temperature  scale.  With 
help  of  these  scales  all  variables  can  then  be  expressed 
in  terms  of  so-called  similarity  relationships.  The  va¬ 
lidity  of  these  similarity  relationships  for  the  case  of 
Rayleigh-Benard  convection  has  been  confirmed  by 
means  of  various  experiments  and  numerical  simula¬ 
tions.  For  some  results  and  additional  discussion  on 
the  scaling  of  Rayleigh-Benard  convection  we  refer  to 
Castaing  et  al.  (1989)  and  Kerr  (1996) 

A  less  well-known  case  of  natural  convection  is  the 
flow  between  two  infinite  vertical  wails  where  both 
walls  have  a  different  temperature.  The  main  differ¬ 
ence  with  Rayleigh-Benard  convection  is  that  the  tem¬ 
perature  gradient  and  therefore  the  heat  transfer  be¬ 
tween  the  walls  is  now  perpendicular  to  the  direction  of 
gravity.  Furthermore,  in  contrast  to  Rayleigh-Benard 
convection  one  finds  in  this  geometry  always  a  mean 
flow  even  in  the  case  when  the  value  of  the  temper¬ 
ature  difference  is  small.  At  such  small  temperature 
differences  the  flow  is  laminar  and  the  velocity  profile 
can  be  computed  exactly  (see.  e.g.  Bird  et  al.  1960). 
When  a  critical  value  of  the  temperature  difference  is 
exceeded  the  flow  becomes  unstable  and  in  this  case 
also  convection  cells  appear.  At  still  higher  tempera¬ 
ture  differences  a  transition  to  turbulent  flow  occurs. 

The  dynamics  of  turbulence  is  in  this  case  more  com¬ 
plicated  than  for  Rayleigh-Benard  convection.  The 
reason  is  that  the  main  heat  transfer  between  the  two 
walls  is  horizontal  and  such  a  heat  flux  can  not  directly 
produce  turbulence.  Only  a  vertical  heat  flux  can  be 
a  source  of  turbulence.  Another  potential  source  of 
turbulence  is  the  mean  velocity  shear.  Both  sources 
of  turbulence  are  of  course  coupled  through  the  dy¬ 
namics  of  turbulence  to  the  horizontal  heat  flux  which 
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(3) 


Figure  1:  Flow  geometry  and  definition  of  the  coordi¬ 
nate  system. 


remains  the  “driving  force”  of  this  flow.  In  view  of  this 
more  complex  dynamics  one  must  also  expect  that  the 
scaling  of  this  flow  will  be  more  complicated  than  for 
the  Rayleigh-Benard  case. 

In  this  paper  we  study  the  natural  convection  flow 
between  two  vertical  walls  by  means  Direct  Numerical 
Simulation  (DNS).  The  main  objective  is  to  investigate 
the  scaling  behaviour  of  this  flow.  For  this  we  will 
make  use  of  the  scaling  hypothesis  proposed  by  George 
and  Capp  (1979)  for  a  single  vertical  heated  wall.  We 
investigate  here  the  validity  of  this  scaling  hypothesis 
with  help  of  our  DNS  results. 

The  outline  of  the  paper  is  as  follows:  first  we  will 
define  our  flow  geometry  and  discuss  the  characteris¬ 
tics  of  our  DNS.  Next  we  will  present  the  results  of 
the  DNS  performed  at  four  values  of  the  characteristic 
Rayleigh  number  and  investigate  the  scaling  behaviour 
of  the  mean  temperature  and  velocity  profile.  In  the 
last  section  some  conclusions  are  formulated. 


FLOW  GEOMETRY  AND  BASIC  EQUA¬ 
TIONS 

A  schematic  illustration  of  the  flow  geometry  is  given 
in  Fig.  1.  The  distance  between  the  two  walls  is  2h 
and  the  temperature  difference  2AT.  The  kinematic 
viscosity  i/,  the  heat  conduction  coefficient  k  and  the 
coefficient  of  volumetric  expansion  j3  are  fluid  prop¬ 
erties.  As  mentioned  before,  the  flow  is  driven  by  the 
temperature  difference  AT  in  combination  with  the  ac¬ 
celeration  of  gravity  g.  Based  on  these  parameters  we 
can  introduce  a  dimensionless  parameter  which  char¬ 
acterizes  the  flow  and  which  is  generally  known  as  the 
Rayleigh  number 


l/K 


(1) 


It  will  turn  out  that  a  more  convenient  parameter 
in  our  study  is  the  “modified”  Rayleigh  number,  H , 
which  is  defined  as 

,2) 

where  the  Prandtl  number  Pr  is  defined  as 


K 


We  introduce  also  the  Nusselt  number  which  can  be 
interpreted  as  the  non-dimensional  temperature  flux. 
Its  definition  reads 


Nu 


fth 

ATk 


(4) 


where  ft  is  the  temperature  flux  defined  as 


ft  =  ^ 


(o) 


where  T  is  the  mean  temperature  and  the  x  the  hor¬ 
izontal  coordinate  between  the  two  walls  (see  Fig.  1). 
The  differential  dT jdx  is  evaluated  at  the  wall  as  in¬ 
dicated  by  the  index  0. 

The  governing  equations  for  this  flow  are 

=  0 

OXi 

W  =  HiT-Tr)S,s^Pr^  (6) 

DT  _  d^T 

Dt  ~  dx] 

where  all  variables  have  been  expressed  in  non- 
dimensional  form  with  help  of  /c,  h  and  AT.  The  cfjs  is 
the  Kronecker  delta  which  implies  that  the  tempera¬ 
ture  difference,  T— Tr,  only  contributes  to  the  equation 
for  the  vertical  velocity  component.  Furthermore,  we 
have  used  the  Boussinesq  approximation,  i.e.  the  flow 
can  be  considered  as  incompressible  and  the  temper¬ 
ature  difference  plays  only  a  role  in  combination  with 
the  acceleration  of  gravity.  The  Tr  is  a  constant  refer¬ 
ence  temperature  which  is  defined  such  that  the  ver¬ 
tical  flow  averaged  over  the  distance  between  the  two 
walls  is  zero. 


DNS 

The  set  of  equations  (6)  is  numerically  solved  in  a 
rectangular  domain.  On  this  domain  a  cartesian  grid 
is  formulated  with  a  variable  grid  size  in  the  horizontal 
X  direction.  Further  details  are  given  in  Table  1. 

The  numerical  technique  that  we  have  used,  is  a  fi¬ 
nite  volume  scheme  with  a  second-order  discretization 
method  for  both  the  non-linear  advection  and  the  lin¬ 
ear  diffusion  terms.  The  time-stepping  method  is  the 
explicit  second-order  Adams-Beishford  method.  The 
constraint  of  continuity  is  imposed  by  means  of  the 
pressure  correction  method.  This  method  leads  to 
a  Poisson  equation  for  the  pressure  which  is  solved 
by  a  mixed  Fast-Fourier  and  finite  difference  method. 
Apart  from  the  computation  on  the  grid  mentioned  in 
Table  1,  we  have  also  performed  a  DNS  on  a  coarser 
grid  with  180  x  90  x  48  grid  points.  By  combination 
of  the  results  from  both  grids  with  help  of  Richard¬ 
son  extrapolation,  we  can  obtain  a  4^^-order  accurate 
numerical  solution. 

For  the  boundary  conditions  we  employ  no-slip  con¬ 
ditions  on  the  two  vertical  walls  and  periodic  condi¬ 
tions  in  the  y  and  2  direction.  The  simulation  has 
been  performed  at  four  values  of  the  Rayleigh  number 
given  in  Table  1  and  with  a  Prandtl  number  equal  to 
Pr  =  0.71. 
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Table  1:  Computational  details  of  the  DNS-simulations  of  the  free  convection  flow  between  two  infinite,  differ¬ 
entially  heated,  vertical  walls. 


Computational  domain 
Number  of  grid  points 
Resolution 
Rayleigh  numbers  computed 
modified  Rayleigh  number 


L:;  X  Ly  X  Lx  =  24/j  X  12h  X  2h 
n\  xNy  X  Nx  =  432  X  216  x  96 
Axmin  =  0.00044/1  and  Axmax  =  0.0131/1 
Ra  =  3.38  10^  5.13  10^  1.3  10^  and  3.13  10^ 
H  =  2.39  10^  3.63  10^  8.86  10^  and  2.22  10^ 


Figure  2:  Profiles  of  the  mean  temperature  (left)  and  velocity  (right)  for  the  four  values  of  the  Rayleigh  numbers 
that  have  been  computed  by  DNS. 


RESULTS 

Mean  Profiles  and  Scaling  Parameters 

In  Fig.  2  we  show  the  profiles  of  the  mean  temper¬ 
ature  and  velocity  for  the  four  values  of  the  Rayleigh 
number  that  we  have  computed.  The  profiles  are 
clearly  a  function  of  the  Rayleigh  number. 

The  objective  now  is  to  formulate  appropriate  scal¬ 
ing  relationships  for  these  profiles  so  that  the  profiles 
collapse  onto  a  single  similarity  curve.  We  shall  follow 
here  George  and  Capp  (1979).  These  authors  argue 
that  the  fundamental  parameter  which  determines  the 
flow  characteristics  throughout  the  whole  flow  region, 
is  the  horizontal  temperature  flux  ft  which,  by  the  way, 
is  in  our  case  constant,  i.e.  independent  of  the  coordi¬ 
nate  X.  The  other  scaling  parameters  are  the  buoyancy 
parameter  gff,  the  heat  conduction  coefficient  k  and 
the  distance  between  the  walls  h.  We  have  omitted 
the  Prandtl  number  Pr  from  the  list  of  characteristic 
parameters  because  all  our  computations  have  been 
performed  at  the  same  value  of  the  Prandtl  number. 

Based  on  these  scaling  parameters  we  shall  consider 
in  the  following  sections  the  scaling  of  the  temperature 
and  velocity  profile. 

Scaling  of  the  Temperature  Profile 

For  the  scaling  of  the  temperature  profile  we  distin¬ 
guish  two  regions:  the  inner  and  outer  layer. 


As  inner  layer  we. take  the  region  close  to  the  wall. 
The  assumption  is  that  in  this  region  the  size  of  the 
flow  domain  plays  no  role  for  the  scaling  behaviour. 
Therefore,  the  h  can  be  omitted  from  the  list  of  scaling 
parameters.  Based  on  the  remaining  parameters  we 
can  now  define  a  characteristic  velocity  (tt)i),  length 
{£i)  and  temperature  (Tj)  scale  according  to 

u;,-  =  ={HNuy  ^ 

ti  =  —  =  {HNu)~  ^  h  (7) 

Wi 

Ti  =  —  =  Nu  (HNu)~  '  AT. 

Wi 

With  help  of  these  scales  we  can  now  formulate  the  fol¬ 
lowing  similarity  expression  for  the  mean  temperature 
profile  in  the  inner  layer 


where  is  the  wall  temperature. 

In  Fig.  3  we  show  the  temperature  profile  scaled  ac¬ 
cording  to  (8).  We  find  that  for  x/£i  <  5  the  data 
of  all  four  simulations  collapse  excellently  onto  a  sin¬ 
gle  curve  which  can  be  considered  as  a  confirmation  of 
the  validity  of  inner-layer  scaling  for  the  temperature 
profile. 


Inner  layer 


Outer  layer 

In  the  outer  layer  which  is  the  flow  region  far  from 
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Figure  3:  The  temperature  profile  obtained  from  the 
four  DNS  simulations  expressed  in  terms  of  inner-layer 
scaling. 


the  wall,  we  stssume  that  molecular  heat  conduction 
no  longer  plays  a  role  for  the  mean  temperature.  The 
remaining  parameters  allow  now  the  following  defini¬ 
tion  of  a  characteristic  velocity  (wo),  length  (£o)  and 
temperature  (To)  scale 

=  (ff/3f,h)^  =  (IINu)i  ~ 

to  ^  h  (9) 

To  =  —  =  Nu  (HNu)~  ^  AT. 

Wo 


Figure  4:  The  temperature  profile  obtained  from  the 
four  DNS  simulations  expressed  in  terms  of  outer-layer 
scaling. 


With  help  of  these  scales  we  can  formulate  the  fol¬ 
lowing  similarity  expression  for  the  mean  temperature 
profile  valid  in  the  outer  layer 


T-T, 

To 


(10) 


The  results  of  the  four  simulations  expressed  in  terms 
of  (10)  are  illustrated  in  Fig.  4.  It  is  clear  that  for 
x/£o  >0.3  all  temperature  data  again  collapse  onto  a 
single  curve  which  is  a  confirmation  of  the  validity  of 
outer-layer  scaling. 

Matching 

The  next  step  is  to  assume  that  there  exists  a  re¬ 
gion  where  both  inner-  and  outer-layer  scaling  for  the 
temperature  profile  is  valid.  George  and  Capp  (1979) 
called  this  the  buoyant  sublayer.  The  inner  layer  pro¬ 
file  (8)  should  be  matched  in  this  region  to  the  outer 
layer  profile  (10).  The  most  straightforward  method 
by  which  matching  can  be  performed,  is  by  setting  the 
temperature  derivative  expressed  in  outer-layer  scaling 
equal  to  the  derivative  expressed  in  inner-layer  scaling 
and  taking  the  limit  £o/^i  oo.  Another,  more  direct 
method  is  to  observe  that  in  the  matching  region  the 
temperature  profile  can  no  longer  depend  directly  on 
both  AC  and  /i,  i.e.  the  temperature  profile  can  depend 
only  on  ft,  gP  and  x.  The  result  is  that  in  the  match¬ 
ing  region  both  the  inner-  and  outer-layer  profile  can 
be  described  by  the  following  expression 

*~(|)  •  »<!  (11) 

From  the  results  shown  in  Figs.  3  and  4  it  follows  that 
the  DNS  data  indeed  agree  with  this  matching  result. 


Ra 


Figure  5:  The  relation  between  the  Nusselt  number 
Nu  and  the  Rayleigh  number  Ra  as  a,  consequence  of 
matching  between  inner-  and  outer-layer  scaling  (solid 
line)  in  comparison  with  the  DNS  simulations  (sym¬ 
bols). 

Another  consequence  of  matching  is  found  by  adding 
the  expressions  (8)  and  (10  in  the  matching  layer.  As  a 
result  of  the  matching  the  temperature  T  cancels  and 
an  expression  for  T^  —Tr  =  AT  results  which  can  be 
rewritten  into 

Nu  =  cH^  (12) 

where  c  is  a  constant. 

In  Fig.  5  we  show  the  data  obtained  from  our  simu¬ 
lations  which  indeed  confirm  expression  (12)  with  the 
value  0.165  for  the  constant  c. 
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Figure  6:  The  mean  velocity  profile  obtained  from  the  four  DNS  simulations  expressed  in  terms  of  inner-  (left) 
and  outer-layer  (right)  scaling. 


H 


H 


Figure  7:  The  maximum  value  of  the  mean  velocity  (Wmax)  and  the  position  of  this  maximum  (£max)  as  a 
function  of  the  modified  Rayleigh  number  H. 


Scaling  of  the  Velocity  Profile 
For  the  scaling  of  the  velocity  profile  it  seems  appro¬ 
priate  to  introduce  again  the  inner  and  outer  layer. 


Inner  and  outer  layer 

Let  us  following  George  and  Capp  (1979)  assume  that 
for  the  scaling  of  the  velocity  profile  the  same  scaling 
parameters  can  be  used  that  have  been  introduced  for 
the  scaling  of  the  temperature  profile,  i.e.  (7)  and  (9). 
For  the  mean  velocity  profile  in  the  inner  and  outer 
layer  the  following  expressions  then  result 


(13) 

(14) 


The  data  of  the  four  simulations  in  terms  of  these  scal¬ 
ing  expressions  are  illustrated  in  Fig.  6.  For  the  case 
inner-layer  scaling,  it  is  clear  that  close  to  the  wall. 


say  x/ii  <  1  the  velocity  profile  are  closer  to  each 
other  than  the  original  profiles  shown  in  Fig.  2.  It 
is  however  also  clear  that  they  do  not  really  collapse 
onto  a  single  curve.  The  same  remark  can  be  made 
for  the  velocity  profile  in  outer-layer  scaling  when  one 
observes  the  results  in  the  center  region  between  both 
walls,  i.e.  x/ii  >  0.8.  Therefore,  our  conclusion  must 
be  that  inner-layer  and  outer-layer  scaling  based  on 
the  parameters  (7)  and  (9)  fails  for  the  mean  velocity 
profile. 

To  investigate  whether  perhaps  another  scaling  for 
the  mean  velocity  is  possible,  we  consider  the  velocity 
maximum,  [Wrnax]  and  the  position  of  this  maximum 

(-^max)  • 

Scaling  of  Wmax  and  Lmax  _ 

In  Fig.  7  our  simulation  results  for  the  Wmax  and  Lmax 
are  given  as  a  function  of  the  modified  Rayleigh  num¬ 
ber  H.  In  the  figure  also  give  the  relationships 
which  are  valid  when  Wmax  and  Lmax  would  follow 
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either  inner-  or  outer-layer  scaling.  For  outer-layer 
scaling  this  would  imply 

max  ^  Lmax  —  COnst. 

and  for  inner-layer  scaling 

max  —  Ff  3  Lniax  —  Ff  ^  . 

We  see  that  neither  Wmax  nor  Lmax  seem  to  follow 
inner-  or  outer-layer  scaling.  This  seems  in  agreement 
with  the  result  of  Fig.  6  where  we  found  that  the  mean 
velocity  does  not  follow  eith^inner-  or  outer-layer 
scaling.  Instead  we  hnd  that  Wmax  and  Lmax  seems 
to  fit  better  to  the  following  scaling  relationships 

W  max  —  ^  ^ 

r  ^  fJ-  i 

This  result  suggests  that  the  mean  velocity  profile  can 
be  scaled  in  terms  of  other  parameters  than  the  scaling 
parameters  for  the  temperature  profile.  This  will  be  a 
topic  of  further  investigation 

CONCLUSIONS 

We  have  presented  results  of  a  DNS  of  the  nat¬ 
ural  convection  flow  between  two  infinite,  differentially 
heated  vertical  walls  at  four  values  of  the  Rayleigh 
number.  With  these  data  we  have  considered  the  scal¬ 
ing  hypothesis  for  this  flow  as  proposed  by  George  and 
Capp  (1979).  The  DNS  data  confirm  the  existence  of 
an  inner-  and  outer-layer  scaling  region  for  the  mean 
temperature.'  Matching  between  these  regions  leads 
to  a  behaviour  of  the  mean  temperature  pro¬ 

file  which  was  also  confirmed  by  the  DNS  data.  The 
mean  velocity  profile  did  not  follow  scaling  rules  pro¬ 
posed  by  George  and  Capp  (1979).  The  simulation 
data  suggest  however  that  another  scaling  hypothesis 
might  be  valid  for  the  velocity  profile. 
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ABSTRACT 

The  description  of  turbulence  as  stochastic  fluid  particle 
motion  provides  the  one-point  statistics  of  fluctuations  with 
only  a  few  assumptions  on  pressure  and  dissipation 
correlations.  This  concept  is  applied  to  the  estimation  of 
turbulent  energy  transports  in  stratifed  flows  by  the  calculation 
of  third-order  moments  of  the  velocity  and  temperature  fields. 
These  terms  are  known  to  be  essential  ingredients  of 
turbulence  budget  equations  for  thermal  convective  flows  for 
instance.  General  equations  for  these  quantities  are  derived 
here  and  specified  for  an  unsheared  convective  boundary  layer. 
These  relations  are  shown  to  be  in  accord  with  large-eddy 
simulation  (LES)  data.  The  differences  to  results  obtained  by 
Eulerian  transport  equations  for  these  terms  are  discussed. 

INTRODUCnON 

The  consideration  of  turbulent  energy  transports  is  an 
important  ingredient  of  modelling  complex  turbulent  wall 
boundary  layers  as  e.g.  a  convective  boundary  layer.  The 
parametrizalion  of  such  third-order  terms  in  second-order 
budget  equations  can  be  tackled  successfully  by  downgradient 
models,^  as  long  as  countergradient  contributions  do  not 
contribute  considerably  to  these  budgets.  The  neglect  of  such 
terms  leads  e.g.  to  negative  values  of  the  vertical  flux  of 
turbulent  kinetic  energy  (TKE)  in  the  lower  half  of  the 
convective  boundary  layer,  whereas  it  is  found  to  be  positive 
throughout  the  whole  boundary  layer  in  experiments.  ^ 

Complex  algebraic  gradient  models  for  the  third-order 
correlations  of  the  velocity  and  temperature  fluctuations  can  be 
derived  by  closures  in  the  transport  equations  for  these  terms,  ^ 
but  this  approach  requires  the  estimation  of  additional  closure 
parameters.  The  choice  of  these  parameters  determines  the 
different  contributions  of  the  variance  gradient  terms  to  the 
third-order  moments,  that  means  all  these  relative  weights 
have  to  be  assumed,  which  poses  a  non-trivial  problem  for 


complex  flows.  Secondly,  this  approach  may  require 
clipping  procedures  for  the  third-order  moments  in  order  to 
guarantee  realizability  constraints  for  second-order  moments. 
Both  these  problems  can  be  avoided  by  applying  Lagrangian 
probability  density  function  (pdf)  methods  for  the  calculation 
of  such  third-order  moments.  These  stochastic  models  for  the 
motion  of  fluid  particles  and  change  of  their  properties  can  be 
designed  in  accord  with  usual  budget  equations  of  turbulence 
up  to  second-order.^  The  one-point  pdf  of  turbulent 
fluctuations  is  determined  by  such  a  Lagrangian  model  only  in 
dependence  on  a  few  assumptions  on  pressure  and  dissipation 
correlations  (and  consequently  only  on  the  parameters  used  to 
specify  these  terms),  which  appear  in  the  second-order 
moment  equations.  Secondly,  the  realizability  problem  is 
avoided,  because  the  moments  calculated  within  this  approach 
are  derived  from  a  pdf. 

The  extension  of  such  Lagrangian  pdf  methods  to  stratified 
flows^’  ^  permits  the  application  of  this  approach  to  the 
explanation  of  turbulent  mixing  processes  e.g.  between  a 
buoyant  plume  and  the  surrounding  turbulence,  or  the 
reflection  of  mixing  processes  under  convective  conditions 
through  turbulent  energy  transports  considered  here.  This  is 
done,  by  presenting  at  first  Lagrangian  stochastic  equations  in 
the  next  section.  Then  it  is  demonstrated,  in  which  way  third- 
and  fourth-order  moments  can  be  obtained  from  these 
equations.  These  .Lagrangian  equations  (and  the  derived 
general  expressions  for  the  third-order  moments)  contain 
unknown  coefficents,  which  have  to  be  estimated  by  the 
demanded  consistency  with  second-order  budget  equations. 
This  is  done  by  specifying  the  pressure  and  dissipation 
correlations  in  these  budget  equations,  where  the  genera! 
expressions  for  the  third-order  terms  are  simplified  for  an 
unsheared  convective  boundary  layer.  The  vertical  profiles  of 
third-order  moments  are  calculated  then  by  adopting  analytical 
vertical  profiles  for  the  required  variances.  These  results  are 
compared  with  data  and  the  differences  are  discussed  to 
calculations  of  these  quantities  in  the  Eulerian  approach. 
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LAGRANGIAN  STOCHASTIC  EQUATIONS 

The  description  of  buoyant  turbulence  requires  the 
consideration  of  a  (potential)  particle  temperature.  This 
quantity  will  be  incorporated  in  the  four  dimensional  particle 
state  vector  2^(1)  =  (UlCO,  ©lCO),  where  UL(t)  and  ©^(t)  are 
fluid  particle  velocities  and  potential  temperature  (the 
subscript  L  denotes  a  Lagrangian  quantity),  respectively.  The 
consideration  of  a  linear  equation  in  is  sufficient  for  the 
consistency  of  a  Lagrangian  model  with  turbulence  budget 
equations  up  to  second-order.^  Such  an  equations  may  be 
written  as  (I  runs  from  1  to  3  only  over  velocity  components  in 
contrast  to  i) 

^XL'(t)  -  Zl^CO,  (la) 

■^ZL‘(t)  -  <a‘>  +  G‘i(Zj  -  (ZeJ))  +  (lb) 

where  dW*  /  dt  is  a  Gaussian  process  with  vanishing  mean 
values  <dWJ  /  dt>  =  0  and  unoorrelated  values  to  different 
times,  <dW*  /  dt(t)  •  dW^  /  dtXtO>  =  6(t  -  t^.  The  symbol 

6jj  is  the  Kronecker  delta,  6(t-t’)  is  the  delta  function  and  <•••> 
denotes  the  ensemble  average. 

In  these  equations,  <a'>  is  given  by  the  averaged  conservation 
equations  for  momentum  and  potential  temperature.  Bg 
adopting  the  Kolmogorov  approximation  for  the  dissipation, 
the  matrix  B  is  determined  by 

'Co(q2>  0  0  0 

g__l_  0  Q,<q2)  0  0 

4t  0  0  Q)<q2)  0 

,0  0  0  Ci<(Ze^-<Ze''))2) 

from  which  the  matrix  b  appearing  in  the  stochastic  term  of 
(lb)  can  be  obtained  by  means  of  the  relation  B'^  =  H  b‘‘‘  b"^'. 

and  C|  in  (2)  are  constants,  and  the  dissipation  time  scale  x 
is  defined  by  x  =  <q^>  /  (2<8>),  where  <e>  denotes  the  mean 
dissipation  rate  of  the  TKE  and  <q^>  is  twice  the  TKE. 
Furthermore,  the  equations  (lb)  contain  the  unknown  matrix 
G,  which  has  to  be  estimated  through  the  demanded 
consistency  with  second-order  budget  equations  of  turbulence 
(see  below)  and  depends  on  the  choice  of  pressure 
correlations. 

The  Lagrangian  equations  (la-b)  can  be  also  written  in  terms 
of  a  Fokker-Planck  equation  for  the  pdf  of  velocity  and 
temperature  fluctuations.  The  solution  of  this  equation  (or  of 
the  equations  (la-b))  permits  then  the  calculation  of  all  the 
moments  of  this  pdf.  In  order  to  simplify  the  following 
derivations,  let  us  consider  now  a  boundary  layer,  where  the 
pdf  depends  only  on  the  vertical  coordinate  z.  Then,  the 
relations 

^^ld3  _  j-teynl  ^  pinynk  +  2B'^  ,  (3) 

dz 

dz  dz  dz  dz 

^  pkn*p>nlni  ^  pln'pnkm  ^  pmn*j'nld 


can  be  derived  from  the  corresponding  Fokker-Planck 
equation  for  the  stationary  values  of  the  vertical  components 
T^  =:  <zyz^>  of  triple  correlations  and  fourth-order  moments 
pklmS  ^  <zyz°V^>,  where  z^  =  7j^  ~ 
fluctuations  of  the  velocity  and  potential  temperature  (related 
to  the  superscript  4)  fields. 

Additionally,  the  matrix  F  with  elements  F*-^  =  G*-^  -  / 

dz  6j3  is  applied  in  (3)  and  (4),  where  <L^>  denotes  the 
Eulerian  mean  value  of  the  i-th  component  of  the  state  vector. 
V  is  the  matrix  of  second-order  moments,  which  is  given  by 

= <zy>. 

Assuming  suited  boundary  conditions  for  the  pdf  at  z  =  0,  the 
third-  and  fourth-order  terms  are  completely  determined  by  the 
relations  (3)  and  (4).  The  equations  reveal,  that  in  generality 
non-local  parametrizations  of  third-  and  fourth-order  moments 
have  to  be  considered.  The  frequencies  F  and  BV  of  all  the 
involved  processes  are  then  required  in  order  to  solve  these 
equations. 

THIRD-ORDER  MOMENTS 


In  order  to  arrive  at  analytical  results  let  us  calculate  now  the 
third-order  moments  from  its  equation  (4),  where  the  fourth- 
order  moments  are  approximated  by  means  of  the  quasi - 
normality  assumption  (they  are  taken  as  products  of  second- 
order  moments),^^ 

j^klmn  ^  Ylcnylm  ^  ylnykno  ^  ymuykl 

It  results  a  system  of  coupled  algebraic  equations  for  10  triple 
correlations,  if  G^^  =  0  is  proposed  for  all  i  ^  2.  This  neglect  of 
couplings  corresponds  with  the  consideration  of  a  two- 
dimensional  boundary  layer  as  often  done.  Proposing 
furthermore,  that  G^  =  G^^  =  G^^  =  G"*^  =  0  as  justified  in 
the  next  section,  one  arrives  at  a  4-  and  a  2-dimensional 
equation  system.  By  adopting  the  usual  notation  w  =  z  and  6 
=  z  for  these  quantities  in  the  considered  approximation,  the 
solutions  of  these  equations  read  then 

(w^e)  -  A334S^^  +  A344S^  +  A333S^^  +  A444S'*^,  (6a) 

(we^)  -  63348^^  +  63448^'”  +  63338^^^  +  64448^,  (6b) 


(w^)  ~  €3348^^  +  €3448^  +  03338^^^  +  €4448''^,  (6c) 

(0^)  -  03348^^  +  03448^“”  +  03338^^^  +  04448'^,  (6d) 
as  well  as 

(qV)  -  +  Eii48”'‘  +  (w3)/2,  (6e) 

(q20)  -  1^138“^  + 1^148“'*  +  (w^e)  /  2,  (6f) 


where  q^  =  2  +  zV  is  written  for  the  fluctuating  TKE 

(z^  =  z^^  due  to  the  considered  two-dimensional  boundary 
layer),  and  the  first  term  of  the  right-hand  side  of  equation  (4) 
is  written  as 


gklm 


,  av'^.,31 ,  3v“ 

dz  dz  dz 


ySm 


(7) 
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All  the  coefficients  A334  •••  can  be  found  in  the  appendix, 
where  they  are  given  in  dependence  on  the  matrix  G. 

It  may  be  seen  from  these  expressions,  that  the  usually  applied 
downgradienl  assumption  is  recovered,  if  G^  = 

G  =  0.  However,  the  interaction  between  the  turbulent  and 
buoyant  motion  is  desaibed  just  by  these  coefficients  (they 
provide  the  couplings  between  the  particle  velocity  and 
temperature  equation),  such  that  their  neglect  is  only  justified 
for  a  neutrally  stratified  flow. 

By  applying  the  expression  (7)  for  the  equations  (6a)  can 
be  rewritten  into 

(w^e)  -  {3A333V53  ^  +  2{a334V3^ 

+  A344V^^|  +  |a344V^^  +  3A444V^|  ^  .  (8) 

ITie  equations  (6b-d)  can  be  obtained  from  (8)  by  replacing  the 
symbol  A  by  B,  C  and  D  respectively.  In  the  same  way  one 
obtains  the  corresponding  relation  for  <q^>, 

<q2w)  -  2Eii3V'^-^  + 

and  the  equation  for  <q^0>  is  obtained  by  replacing  E  by  F  and 
<w^>  by  <w^0>  in  (9).  For  G  independent  of  the  variances  V 
(see  next  section),  all  the  coefficients  A334  •••  in  these 
relations  are  found  to  be  independent  on  the  variances  V. 

If  the  first  two  terms  on  the  right-hand  sides  of  (9)  are 
neglected  for  the  considered  unsheared  flow,  these  equations 
for  the  third-order  moments  have  a  similar  structure  as  those 
derived  by  Canuto  et  al.  ^  The  third-order  moments  are  given 
as  linear  combinations  of  the  derivatives  of  <w^>,  <w0>,  <0^> 
and  <q^>,  and  the  coefficients  of  these  derivatives  are 
proportional  to  <w^>  (the  mechanical  part)  and  <w0>  (the 
buoyant  part).  The  essential  difference  is  given  by  the  fact, 
that  here  all  the  contributions  of  the  different  gradients  of 
second-order  moments  are  quantified  (see  below)  without 
assumptions  about  their  relative  importance.  Additionally,  the 
realizability  is  ensured  due  to  the  Lagrangian  approach,  such 
that  no  clipping  procedure  for  the  third-order  terms  are 
required.  It  is  interesting  to  note,  that  the  additional  closure 
assumptions  of  Canuto  et  al.  provide  terms  related  to 
derivatives  of  <q^>  in  the  equations  for  <w^0>,  <w0^>,  <w^> 
and  <0^>  in  contrast  to  all  the  second-order  models  applied 
before  and  also  to  the  approach  presented  here. 

RELATION  TO  CLOSURE  THEORY 


Consequently,  the  matrix  G  depends  on  the  choice  of  the 
pressure  and  dissipation  correlations,  and  the  approximations 
for  these  terms  determine  all  the  statistical  features  of  the 
flow. 

The  estimation  of  G  is  possible  in  accord  with  arbitrary 
models  for  pressure  correlations,  but  the  simple  model  of 
Rotta  is  applied  now,^^  in  order  to  demonstrate  the  main 
features  of  the  approach.  If  rapid  pressure  terms  related  to  a 
small  parameter  k2  are  neglected  (as  justified  for  an  unsheared 
boundary  layer  considered  below),  G  is  given  by^ 


0 

0 

^0 


0 

ki 

0 

0 


0  0 

0  0 

ki  -4Pgr 
0  2k3  -  ki^ 


(10) 


In  the  relation,  p  is  the  thermal  expansion  coefficient,  g  is  the 
acceleration  due  to  gravity  and  k^,  k3  and  k4  are  parameters 
arising  from  the  applied  closure  assumptions  for  the  pressure 
and  dissipation  terms.  In  generality,  one  obtains  G  by  the 
described  procedure  in  dependence  on  an  unknown 
antisymmetric  matrix.  This  quantity  has  to  be  specified  by 
additional  assumptions  on  correlations,  but  these  can  be 
neglected  for  many  cases.  In  particular,  there  would  be  e.g.  no 
influence  of  this  matrix  on  third-order  terms  calculated  by  the 
relation  (3). 

For  an  unsheared  boundary  layer  we  have  F  =  G,  so  that  the 
triple  correlations  (6a-f)  depend  only  over  on  the 
variances.  This  feature  as  well  as  the  proportionality  to  are 
in  accord  with  analytical  results  of  Lumley,  but  the  latter 
findings  are  strictly  only  valid  for  weakly  inhomogeneous 
flow.^ 

By  adopting  the  expression  (10)  one  finds  for  (6a-d) 


4t 

"ki 

dz 

+  2aia2(Pstf 


dV^ 

Sz 


+ 


•jv^S-aiPgrV^^} 


(lla) 


Pgt<w^e)  -  aiT-^^jpgxV^^I 

+  2aiTPgT  -J-'  -  2a2PgTV^| 

-  2a2a2x(pgr)^-^^-jv”  +  ajPgTV^^|,  (11b) 


The  matrix  G  to  be  required  in  the  triple  correlations  (6a-Q 
can  be  estimated  by  the  condition,  that  the  motion  of  particles 
and  change  of  their  temperatures  has  to  be  in  consistency  with 
the  second-order  budget  equations  of  turbulence.  This 
consistency  can  be  established  by  deriving  these  budget 
relations  from  the  Lagrangian  theory  (la-b)  and  comparing 
these  equations  with  the  assumed  budget  equations  of 
turbulence.  Here,  no  assumption  is  needed  on  the  third-order 
terms,  which  appear  also  in  the  Lagrangian  equations. 


(|5gT)^(w9^)  -  2a2-i:Pgf^^|pgTV^''| 

+  a2T(Pgt)^-^^| - aiPgtV^‘'|,  (11c) 
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-  (13e) 


(Pgt)3(e^)-aiT(pgt)2-^{pgrV3^),  (lid) 

where  the  abbreviations  Oj  =  *-  4  /  (2k^  -  k^)  and  02  =  -  4  / 
(4k3  -  kj)  are  used.  For  the  relations  (6e-f)  one  obtains  now 


(q^w)  -  - 


2x 

3^ 


az  az  ]i  J  2 


Pgt(q^e)-jaiX| 


(lie) 


(110 

The  essential  difference  to  the  expressions  derived  by  Canute 
et  al.  for  the  third-order  moments  is  given  by  the  fact,  that  the 
quantitative  contributions  of  the  variance  gradient  terms  are 
calculated  here  from  the  Lagrangian  theory.  This  can  be  seen 
e.g.  in  (11a)  by  extracting  a  mechanical  Mrt  -  4  x  /  kj  as 
well  as  a  buoyant  part  4  x  (pgr)  /  k^.  The  relative 
contributions  of  the  gradients  are  then 

■^:Pgt-^:(PgT)2^- - 1  :  0.96  :  015  (12a) 

dz  dZ  dZ 


and 


-^^:Pgf2— :(Pgt)^-2^ - -1  :  0.64  :  015  (12b) 

dz  dz  dz 

for  these  two  parts,  respectively,  where  the  below  applied 
values  for  the  closure  parameters  are  used.  These  ratios  have 
to  be  assumed  in  the  approach  of  Canuto  et  al. 

CONVECTIVE  BOUNDARY  LAYER 


The  features  of.  the  derived  third-order  relations  will  be 
illustrated  now  for  an  unsheared  convective  boundary  layer.  As 
a  first  step  for  doing  this,  let  us  consider  the  third-order 
moments  which  follow  from  analytical  vertical  profiles  of  the 
variances  and  TKE  dissipation.  These  profiles  are  chosen  in 
accordance  with  the  data  applied  by  Canuto  et  al.  for  the 
assessments  of  their  results.^  We  estimated  for  these  profiles 


r34 


e.w. 


(13a) 


(13b) 


(13c) 


(13d) 


Here,  w,  and  0,  are  the  convective  velocity  and  temperature 
scales,  respectively,  and  Zj  is  the  boundary  layer  height. 
Variations  of  and  near  the  surface  are  neglected, 
because  the  profiles  of  the  third-order  moments  depend  for  z  / 
Zj  0  very  sensitive  on  assumptions  on  these  changes. 

At  first,  the  applicability  of  the  parametization  (5)  for  the 
fourth-order  moments  has  to  be  shown,  which  was  applied  for 
the  derivation  of  the  third-order  moment  relations  (lla-f).  By 
adopting  (13b),  one  obtains  from  (5)  the  profiles  of  fourth- 
order  moments  presented  in  Figure  1. 

We  see,  that  the  applied  parametrizalion  (5)  reflects 
qualitatively  the  tank  data  measurements  apart  from  small 
deviations  in  the  upper  boundary  layer.  The  same  result  was 
found  by  Luhar  et  al.  by  comparing  different  closure  schemes 
for  the  simulation  of  the  vertical  velocity  pdf.  Thus,  the 
relations  (lla-f)  may  only  be  expected  to  provide  the  main 
qualitative  features  of  the  third-order  moments  and  alternative 
closures  for  the  fourth-order  moments  have  to  be  considered 
also  for  more  detailed  investigations. 

The  third-order  moments  are  presented  in  the  Figures  2-4 
below,  where  the  values  k^  =  8.3  =  k3  =  6.5  had  been  applied 
for  the  closure  parameters.  The  parameter  k^  does  not  enter 
these  relations,  because  Cj^  is  not  taken  into  account  (second 
section).  ^ 

The  third-order  moment  <vP>/  w,  of  velocity  fluctuations  as 
well  as  the  normalized  vertical  flux  ofTKE<qV>/w, 
agree  qualitative  rather  good  with  the  LES  data  apart  from 
deviations  near  the  surface.  The  LES  data  have  a  similar 
behaviour  for  z  /  Zj  — *•  0,  but  weaker  expressed  due  to  the 
applied  boundary  conditions.  As  an  example  for  the  other 
third-order  moments,  the  convective  flux  <w^0>/  (w,  0^)  is 
shown  in  Figure  4.  The  behaviour  of  this  moment  is  again 
reflected  in  accord  with  the  LES  data,  but  here  the  deviations 
are  somewhat  stronger.  Similar  problems  are  reported  by 
Canuto  et  al.,  where  e.g.  the  maximum  of  this  profile  was 
calculated  about  two  times  larger  than  found  in  the  LES. 

CONCLUDING  REMARKS 

The  detailed  description  of  micro-processes  in  a  turbulent  flow 
in  accord  with  turbulence  budget  equations  up  to  second-order 
determines  all  the  moments  of  the  joint  velocity-temperature 
pdf.  The  relations  (3)  and  (4)  reveal,  that  relations  between 
these  moments  have  in  generality  a  non-local  structure. 
Algebraic  expressions  for  the  third-order  moments  resulting 
from  this  Lagrangian  pdf  approach  are  considered  here,  in 
order  to  assess  the  relation  to  corresponding  expressions 
obtained  in  the  Eulerian  framework  through  closures  of  the 
transport  equations  for  these  terms. 

The  derived  relations  (lla-f)  have  a  similar  structure  (the 
differences  are  discussed  above)  as  corresponding  expressions 
obtained  in  the  Eulerian  approach,  but  (apart  from  the 
realizability,  which  is  ensured  due  to  the  Lagrangian 
approach)  they  posses  an  important  conceptual  advantage  over 
the  latter  one  relations:  the  contributions  of  different  variance 
gradient  terms  are  calculated  here  from  the  Lagrangian  theory 
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Figure  1.  The  vertical  profiles  of  the  normalized  fourth-order 
moments  <wV/  according  to  the  quasi-normality 

assumption  (5).  The  circles  depict  tank  data  measurements 
presented  by  Luhar  et  al. 


and  not  assumed.  This  difference  becomes  e.g.  essential,  if 
different  stratified  flows  have  to  be  considered.  The  derived 
ratios  between  the  variance  gradient  terms  are  given  by  the 
relations  (12a-b).  Vertical  profiles  for  third-order  terms  are 
considered  in  the  last  section,  where  their  accordance  with 
LES  data  is  shown. 

The  presented  approach  can  be  applied  for  the  design  of 
advanced  turbulence  models  for  stratified  flows. ^  ^  The  effects 
of  more  complex  pressure  correlations  and  fourth-order 
parametrizations^^  can  be  implemented  easily,  such  that  an 
improved  adjustment  to  LES  data  can  be  achieved. 

APPENDIX 

The  coefficients  appearing  in  the  triple  correlation  relations 
(7)  and  (8)  are  given  by 


A334  ■  Y2^1» 

A344 "  — 2r^^(Oj, 


®334  *  -2r^^(Oi, 

B344  -  Yicoi, 


Figure  2.  The  vertical  profile  of  the  normalized  third-order 
mcHnent  <w^>/  w,^  of  velocity  fluctuations.  The  triangles 
depict  Nieuwstadfs  LES  data. 
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In  these  expressions,  the  quadratic  frequencies 
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ABSTRACT 

In  this  talk  experimental  results  of  Rayleigh- Benard  con¬ 
vection  in  the  strongly  turbulent  regime  will  be  presented. 

It  will  be  mainly  devoted  to  the  heat  flux  measurement 
and  a  brief  review  of  both  numerical  and  experimental  find¬ 
ings  concerning  this  aspect  for  various  Prandtl  number  will 
be  given. 

The  present  experimental  work  has  been  focused  on  the 
case  of  liquid  mercury,  (Pr  =  0.025).  The  heat  flux, 
the  statistics  of  the  temperature  fluctuations,  as  well  as 
the  structure  of  the  mean  flow  have  been  investigated. 
We  report  results  appeared  in  J.  Fluid  Mech.  (Cioni  et 
aL,  1997),  together  with  more  recent  measurements  in 
progress.  These  involve  measurements  in  presence  of  a  ver¬ 
tical  magnetic  field  |B|  =  0.4  [T]. 

INTRODUCTION 

Two  main  challenges  arise  from  the  broad  litterature  on 
Rayleigh- Benard  convection:  the  very  high  Rayleigh  num¬ 
ber  limit  and  the  low-Prandtl  one.  What  happens  when 
very  high  Rayleigh  number  are  reached  is  still  an  open 
question  and  our  experiment  in  mercury  as  well  as  the  re¬ 
cent  high- Rayleigh-numb er  findings  in  helium  of  Chavanne 
et  ai  (1997)  are  recent  attempts  related  to  this  matter. 
Moreover  in  recent  years,  both  experiments  (see  Cioni  et 
aL,  1997,  for  a  review)  and  numerical  (Verzicco  &  Camussi 
1997)  works  have  been  devoted  to  the  Rayleigh- Benard 
problem  at  low  Prandtl  number.  The  present  paper  will 
be  mainly  devoted  to  the  low  Prandtl  number  convection. 

The  convective  chamber  consists  of  a  cylindrical  ceD  of 
aspect  ratio  F  =  1  (  F  =  A  moveable  cold  film 

in  the  vertical  direction  allowed  us  to  measure  and  char¬ 
acterise  the  temperature  field  at  the  smallest  scale.  Eigth 
thermistors  into  the  bottom  plate  as  well  into  the  top  one 
allowed  us  to  measure  the  vertical  temperature  difference 
between  the  two  plates  and  to  build  a  temperature  patterns 
of  the  latter.  The  control  parameter  of  this  experiment  was 
the  heating  power  as  usually  done  in  low  Prandtl  number 
experiments.  Thus  the  experimental  boundary  conditions 
were  fixed  heat  flux  at  the  bottom  and  fixed  temperature 
at  the  top.  All  these  measurements  have  been  performed 
when  steady  state  conditions  were  reached.  For  more  de¬ 


tails  on  the  experimental  aspects  the  reader  is  referred  to 
the  previous  publications. 

The  experimental  results  can  be  suramerized  as  follow. 

Large  scale  flow.  A  global  convective  circulation 
sets  in,  with  velocity  scaling  in  (see  Fig.  2b).  This 

is  obtained  from  a  frequency  of  oscillation  (see  Fig.  2a) 
related  to  this  velocity.  We  discuss  the  scaling  for  this 
bulk  velocity,  and  for  the  Nusselt  number,  in  comparison 
with  various  theoretical  models.  It  appears  that  none  is 
fully  satisfactory,  when  both  the  dependence  in  Pr  and 
Ra  are  considered. 

Heat  transfers.  In  mercury  a  power  law  in  Nu  ^ 
Ra^'  ^  is  obtained  for  the  Nusselt  number  Nu  versus  the 
Rayleigh  number  Ra,  for  Ra(5  x  10®.  Beyond  this  value, 
transitions  to  new  regimes  are  observed,  but  still  not  clearly 
characterized.  This  fit  by  a  power  law  is  in  excellent  agree¬ 
ment  with  the  result  by  Rossby  (1969),  valid  down  to 
Ra  =  2000. 

Our  measurements  in  water  are  in  excellent  agreement 
with  other  experiments  with  Prandtl  number  of  order  1 
(liquids  or  gas)  confirming  a  2/7  power  law  in  Rayleigh. 
By  contrast  the  Nusselt  number  is  about  twice  sm^er  in 
mercury.  Comparisons  with  recent  experiments  in  sodium 
[2]  confirm  that  Nu  increases  with  Pr  at  low  Pr,  while 
Nu  C:!  cte  for  Pr  >  0.2. 

Scaling  laws  of  temperature  field.  Study  of  tur¬ 
bulence  intermittency  (Cioni  et  aL,  1995)  shows  that  the 
temperature  fluctuations  in  the  bulk  behave  as  a  passive 
scalar  in  mercury,  while  it  directly  influences  the  turbu¬ 
lence  in  water,  according  to  the  Bolgiano-Obukhov  dy- 
mamics.  We  discuss  how  these  spectral  laws  could  be  re¬ 
lated  to  the  scaling  of  the  convective  velocity  with  Ra. 

The  rest  of  the  aricle  will  be  devoted  firstly  to  a  brief 
discussion  of  the  large  scale  flow  inside  the  cell  and  sec¬ 
ondly  to  the  main  task  of  this  paper  that  is  the  heat  flux 
measuerments. 
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LARGE  SCALE  FLOW 
The  presence  of  a  large  scale  flow  inside  a  Bernard  con¬ 
vection  cell  at  high  Rayleigh  number  has  been  shown  for 
the  first  time  by  Sano  et  al.  (1989)  in  helium  liquid.  The 
cell  used  in  this  experiment  was  a  cylindrical  cell  of  aspect 
ratio  one.  In  our  experiment  a  such  mean  flow  has  been 
detected  by  its  thermal  signature  in  the  top  and  bottom 
plates,  measured  by  8  thermistors  as  shown  in  Fig.  1. 

Sketch  of  the  mean  flow 


warm 

plumes 


Figure  1:  (a)  Sketch  of  the  global  circulation  in  mercury  at 
Ra  =  3.5  X  10®.  It  was  detected  by  the  plot  of  temperature 
versus  azimuthal  angle  <j>  along  the  top  and  bottom  plates. 


Time  behaviour 

As  shown  by  Sano  et  al.  (1989)  an  oscillation  frequency, 
/p,  observed  in  the  Fourier  spectrum  of  one  of  the  plate 
thermistor,  corresponds  to  the  presence  of  the  global  cir¬ 
culation,  sketched  in  Fig.  1.  This  oscillation  was  observed 
in  the  whole  range  of  Ra  investigated  (7  x  10®{jRa(2  x  10^). 

Some  assertions  involving  the  thermal  boundary  layer 
instability  are  given  by  Sano  et  al.  (1989)  to  explain  the 
mechanism  of  the  oscillation.  This  interpretation  has  been 
made  more  precise  by  Villermeaux  (1995),  who  proposed  a 
dynamical  model  of  two  unstable  modes,  in  the  bottom  and 
top  boundary  layers,  coupled  with  a  delay  corresponding 
to  transport  by  the  velocity  U  zs  shown  experimentally  by 
Ciliberto  et  al.  (1996). 

The  frequency  ujp  =  2x/p,  normalized  by  k/X^,  versus 
the  Ryleigh  number  is  plotted  in  Fig.  2b.  The  best  fit 
gives  a: 

=  0.470  (1) 

Our  result  is  in  reasonable  agreement  with  the  fit  = 
0.31  obtained  by  Takeshita  et  al.  (1996),  and 

shown  also  in  Fig.  2b.  Camussi  Verzicco  (1997)  extend 
numerically  this  fit  down  to  Ra  ~  4  x  10“*. 

HEAT  FLUX 

The  study  of  the  heat  flux  is  one  of  the  most  important 
task  in  studing  convection.  The  general  scaling  is  often 
assumed  on  this  form 

Nu  ^  Ra^  Pr^ 

where  the  Nusselt  number  represents  the  non-dimensional 
convective  heat  flux,  the  Rayleigh  number  is  the  control 


parameter  equal  to  Ra  =  and  Prandtl  number  is 

equal  to  Pt  =  u/ k  where  oc  is  the  thermal  expansion  coef¬ 
ficient,  u  the  kinematic  viscosity,  /c  the  thermal  diffusivity, 
A  is  the  temperature  difference  between  the  bottom  and 
top  plates,  and  L  is  the  fluid  layer  height. 


(a) 


Ra 


Figure  2:  (a)  Typical  power  spectrum  of  the  signal  of  one 
thermistor  in  the  bottom  plate  at  Ra  =  8.7  x  10®,  showing 
the  peak  at  the  characteristic  frequency  /p.  This  peak  cor¬ 
responds  to  the  circulation  frequency  of  the  large  scale  flow 
inside  the  cell,  (b)  The  dependence  of  the  characteristic  fre¬ 
quency  ijjp,  normalized  by  versus  Ra,  with  the  best  fit 

1  (solid  line),  compared  with  the  fit  of  Takeshita  et  al.  (1996) 
(dotted  line),  of  Sano  et  al.  (1989)  in  helium  (dashed  line); 
results  in  water  are  indicated  by  (-I-)  and  fitted  and  extrapo¬ 
lated  by  the  dot-dashed  line  (note  that  the  geometry  of  this 
experiment  by  Ciliberto  et  al.,  1996  is  diflPerent:  a  box  with 
square  vertical  section  of  40  x  40  cm  and  relatively  narrow 
width  10  cm). 


Nusselt  vs  Rayleigh 

The  main  goal  of  our  experiment  was  to  extend  up  to 
Ra  =  2  X  10®  the  two  previous  works  in  mercury:  Rossby 
(1968)  and  Globe  and  Dropkins  (1957).  We  confirm  up 
to  jRa  =  5  X  10®  the  Rossby  scaling,  showing  an  Rayleigh 
exponent  slightly  lower  than  the  2/7  exponent  observed  at 
moderate  Prandtl  number.  This  fact  is  particulary  remark¬ 
able  because  Globe  and  Dropkins  proposed  a  1  /3  exponent 
for  Rayleigh  up  to  Ra  =  2  x  lO’^.  Similar  results  to  ours 
have  been  confirmed  by  Takeshita  et  al.  (1997)  but  for 
lower  Rayleigh. 

For  Rayleigh  larger  than  Ra  =  2  x  10®  a  sharp  increase  of 
the  Nusselt  number  was  observed  (labelled  region  III  in  fig. 
3)  .  As  stressed  by  Cioni  et  al.  (1997)  the  presence  of  the 
lajge  scale  flow  plays  an  important  role  because  this  tran¬ 
sition  could  occur.  In  fact,  in  contrast  with  the  moderate 
and  large  Prandtl  number  the  viscous  boundary  layer  at 
low  Prandtl  number  is  completly  nested  into  the  thermal 
one  as  experimentally  checked  by  Takeshita  et  al.  (1997). 
So,  we  can  argue  that  when  the  amplitude  of  this  mean 
flow  exceeds  a  given  threshold  value  the  viscous  boundary 
layer  becomes  instable.  This  leads  to  a  more  efficient  cou¬ 
pling  with  the  temperature  fluctuactions  and  consequently 
to  a  sharp  increasing  of  the  heat  transfer.  This  region  (III 
in  fig.  3)  probably  corresponds  to  a  new  turbulent  regime. 
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Figure  3:  ISIusselt  versus  Rayleigh  for  water  (upper  curve), 
mercury  (middle  curve)  and  soduim  (lower  curve),  (star) 
Present  experiments  in  mercury;  (cross)  Present  experiments 
in  water;  (plus)  Results  in  water  by  other  autors.  (circle)  Re¬ 
sults  in  mercury  by  Rossby,  1969.  (dot)  Results  in  mercury 
by  Globe  id  Dropkin,  1959,  (big-dot)  numerical  findings  of 
Verzicco  id  Camussi,  1997;  the  dashed-dot  line  represents  the 
fit  of  Takeshita  et  aL,  1996  in  mercury.  The  two  solid  lines 
are  best  fits  by  power  laws  for  our  experiments  in  water,  and 
in  mercury  (range  I),  extended  by  dashed  lines;  .  Finally,  the 
circle-dot  data  in  sodium  come  from  Hoanyi  et  a/ (1997).  The 
discepancy  of  the  Verzicco  and  Camussi  data  with  the  Rossby 
one  at  low  Ra  is  due  to  the  different  aspect  ratio. 


Nusselt  vs  Prandtl 

The  other  aspect  that  we  studied  was  the  Prandtl  num¬ 
ber  dependence.  In  fact,  if  the  2/7  scaling  law  for  the 
Rayleigh  number  dependence  has  been  very  well  checked 
some  problem  persist  for  the  Prandtl  number  exponent. 


Table  1:  Heat  transfer  experiments  and  correlations  for 
thermal  convection  at  high  Rayleigh  numbers  in  mercury 
(Pr  0.025)  and  sodium^"^^  (Pr  0.005) 


Study 

Resuslts 

Range  in 

Nu 

Ra 

Kek  ic  MuUer^*^^  (1994) 

O-Sgiia®®” 

2  •  10®  -  7 .  10® 

0.062iJo®-®* 

1  •  10^  -  5  •  10^ 

Horanyi  et  (1997) 

4 . 10<  -  1 .  10« 

2  -10®  -  4-  10® 

Globe  ii  Dropkin  (1959) 

0.051/20*/® 

2  ■  10®  -  3  - 10" 

Rossby  (1969) 

0.147i2o®®®’ 

'2 -10* -5- 10® 

Cioni  et  al.  (1997) 

0.14/2a°“ 

5  •  10®  -  5  •  10® 

0.44/2a“®® 

4  •  10®  -  2  ■  10® 

Takeshita  et  al.  (1996) 

0.155 

1 .  10®  _  1 . 10* 

Verzicco  k  Camussi  (1997)0. 14Ra®‘^® 

4  ■  10®  -  1  •  10® 

The  well  known  model  of  Siggia  and  Shraimann  give  for 
moderate  Prandtl  number  a  negative  value  (-1/7)  of  the 
7  exponent.  On  the  other  hand,  recent  result  of  Castaing 
group  in  Grenoble  (Chavanne  et  ai  1996)  show  that  for 
Prandtl  number  larger  than  0,7  there  is  no  dependence  on 
the  Prandtl  number  (see  also  fig.  4).  Moreover,  our  results 
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Figure  4:  Nusselt  versus  Prandtl  at  i2a  =  1  x  10®  corre¬ 
sponding  to  the  data  given  in  Tab.  2. 


Table  2:  Absolute  Nusselt  number  at  Ra  =  1  x  10®  for 
different  Prandtl  numbers. 


Study _ Nu  Pr 


Horanyi  et  al.  (1997) 

3.64 

0.005 

Verzicco  &c  Camussi  (1997) 

5.08 

0.025 

ThrelfaU  (1975) 

8.20 

0.7 

Fitzjaxrald  (1976) 

8.28 

0.8 

Chu  &  Goldstein  (1973) 

8.52 

6.0 

Rossby  (1969) 

8.93 

200 

Globe  k  Dropkin  (1959) 

10.93 

300 

Goldstein  et  al.  (1990) 

6.59 

2750 

compared  with  the  sodium  data  of  Horanii  et  aL  show 
that  for  very  low  Prandtl  number  the  exponent  must  be 
positive.  A  comparison  between  the  sodium  data  and  the 
mercury  one  at  Ra  =  4  x  10®  shows  that  Nuj^a  —  5.15 
and  NuHg  7.31  this  means  a  Prandtl  number  exponent 
7  equal  to  0.22.  This  trend  has  been  recently  checked  by 
Canuto  et  al.  (1997). 

Cioni  et  al.  (1997)  propse  a  phenomenological  model 
yielding  for  low  Prandtl  number.  We  obtain  the  following 
scaling: 

Nu  ~  {Ra  Prfl'’ 

This  physical  idea  is  an  adaptation  to  low  Prandtl  of 
the  mixing  zone  model  of  Castaing  et  al.  (1989)  and  the 
presence  of  the  mean  flow  is  not  crucial. 

An  other  analytical  relation  has  been  found  and  quali¬ 
tatively  checked  by  numerical  simulations  of  Canuto  et  al. 
(1997),  they  obtain 

lO^A^a  =  Ra~^'^)Ra}'^ 

From  fig.  4  it  is  clear  that  a  simple  power  low  for  the 
Prandtl  number  dependence  doesn’t  fit  at  all  the  experi¬ 
mental  findings  in  litterature.  All  these  data  show  clearly 
that  the  physical  mechanisms  that  control  the  turbulent 
state  are  thermal  convection  at  low  Prandtl  number  is  still 
unknown. 

Nusselt  vs  mean  flow 

The  problem  of  the  influence  of  the  mean  flow  on  the  heat 
flux  still  awaits  answer.  A  first  attempt  has  been  made  by 
Ciliberto  et  al.  (1997).  They  measured  the  heat  flux  in 
two  different  configurations:  with  and  without  the  mean 
flow.  They  observed  that  the  two  configurations  exhibit 
the  same  value  of  heat  transfer.  Figure  5  summerizes  this 
result. 
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Figure  5:  (Top-left-side)  Schematic  drawing  of  the  convec¬ 
tive  cell.  The  thermocouples  are  indicated  by  (P1,P2).  The 
vertical  dashed  lines  indicate  the  position  of  the  thin  plexiglass 
screens,  (a)  The  arrows  schematically  indicate  the  direction 
of  the  mean  flow  when  the  screens  are  not  mounted,  (b)  The 
mean  flow  is  limited  in  the  central  region  when  the  screens 
are  mounted  and  it  cannot  extend  till  the  two  thermal  bound¬ 
ary  layers  close  to  the  horizontal  plates.  (Top-rigth-side) 
Coherence  functions  of  the  temperature  signals  recorded  at 
Ra  —  6.4  X  10^°  (d=40  cm)  by  the  probes  PI  and  P2.  Figure 
(a)  corresponds  to  the  configuration  when  the  mean  flow  was 
present  whereas  the  bottom  figure  (b)  corresponds  to  the  con¬ 
figuration  when  the  mean  flow  was  suppressed  by  the  screens. 
The  shadowgraphs  show  as  the  plume  (a)  start  inclined  in 
presence  of  the  mean  flow  whereas  start  (b)  vertically  as  the 
mean  flow  is  confined  in  the  central  region  of  the  cell.  (Bot¬ 
tom)  Dependence  of  the  non-dimensional  heat  flow  Nu  •  Ra 
as  function  of  Ra  in  the  range  (2  x  10^°{i2a(l,l  x  10^^): 
(o)  without  mean  flow,  (+)  with  mean  flow.  The  solid  line 
represents  the  2/7  slope. 


Figure  6:  Nusselt  number  at  costant  heating  power  (W  Ci 
320  watt)  versus  the  vertical  magnetic  field  |B|  =  Bxi  the 
frequency  peak  fp  corresponds  to  the  circulation  of  the  large 
scale  flow  inside  the  cell  (see  also  figure  6).  The  corresponding 
Rayleigh  number  without  magnetic  field  was  Ra  ^  3.4  x  10®. 

Moreover  the  presence  of  a  vertical  magnetic  field  al¬ 
lows  us  to  study  the  influence  of  a  strong  magnetic  field 
on  the  properties  of  turbulent  convection.  The  maximum 
Chandrasekhar  number  that  we  can  reach  is  C?  ~  4  x  10® 
corresponding  to  a  maximum  amplitude  of  the  magnetic 
field  of  |B|  =  Bz  =  0.4  [2^.  The  Chandrasekhar  number  Q 
(Chandasekhar,  1961)  is  defined  as  Q  =  j pv  where 

(j  denotes  the  electrical  conductivity  and  Bz  the  strength  of 
the  vertical  magnetic  field.  More  details  on  the  experimen¬ 
tal  setup  with  magnetic  field  will  be  published  elsewhere. 

As  preliminary  results,  according  to  Chandrasekhar 
(1952)  theory  the  magnetic  field  inhibits  the  heat  transer 
through  the  convective  cell  (see  Fig. 6).  The  nusselt  num¬ 
ber  decrease  when  magnetic  field  increase  (Nakagawa,  1955 
and  Jirlow,  1956).  Further,  the  presence  of  a  such  field 
seems  to  confirm  the  non-dependence  on  the  overall  heat 
flux  from  the  large  scale  flow  observed  by  Ciliberto  et  al. 
(1996).  In  fact,  as  shown  in  fig.  6  for  weak  amplitude  of 
the  magnetic  field  (lesser  than  500  [Gauss])  the  heat  flux 
is  slightly  changed  (4  %)  whereas  the  strength  of  the  mean 
flow  is  considerably  reduced  (40  %). 
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INTRODUCTION 

A  three-dimensional  buoyant  cavity  with  differen¬ 
tially  heated  side-walls  is  an  interesting  and  challeng¬ 
ing  test  problem  for  computational  models  intended 
for  buoyant  turbulent  flows.  One  application  is  air 
flows  in  rooms  with  thermally  generated  wall  bound¬ 
ary  layers.  Since  such  flows  are  both  typically  three- 
dimensional  and  unsteady,  it  is  appropriate  to  con¬ 
sider  application  of  the  Large  Eddy  Simulation  (LES) 
method  to  this  problem.  On  the  other  hand,  in  many 
ways  the  turbulent  buoyant  cavity  problem  is  ill-suited 
to  LES.  As  the  Rayleigh  number  increases,  the  bound¬ 
ary  layers  on  the  two  isothermal  side  walls  become 
extremely  thin,  requiring  grid  resolution  in  these  re¬ 
gions  which  is  comparable  to  that  required  for  a  direct 
numericaJ  simulation.  For  the  three-dimensional  prob¬ 
lem,  the  challenge  is  to  adequately  resolve  the  strongly 
inhomogeneous  near-wall  regions,  while  at  the  same 
time  modelling  the  interior  of  the  cavity  with  a  much 
coarser  grid.  This  presents  problems  for  both  the  nu¬ 
merical  method  and  the  subgrid  scale  models. 

While  fully  recognising  the  challenge  described 
above,  we  would  argue  that  LES  still  remains  an  at¬ 
tractive  method  for  this  flow.  To  capture  both  the 
near-wall  behaviour  (with  impingement)  and  effects  of 
buoyancy  in  a  time-average  model  would  probably  re¬ 
quire  a  low  Reynolds  number  (LRN)  second-moment 
closure.  Such  a  model  would  use  grid  refinement  lev¬ 
els  in  the  near-wall  region  which  are  comparable  to  an 
LES.  For  a  three-dimensional  unsteady  problem,  large 
computer  resources  would  be  required  and  the  use  of 
a  time-average  closure  to  resolve  the  unsteady  turbu¬ 
lent  motion  becomes  ambiguous.  A  LES  calculation 
using  similar  computing  resources  would  rely  less  on 
*  modelling’,  since  it  attempts  to  resolve  some  of  the 
turbulent  scales  of  motion. 

The  present  paper  reports  preliminary  calculations 
for  LES  of  buoyancy  driven  flow  in  a  square  cavity 
using  a  novel  dynamic  subgrid  scale  (SGS)  model. 
Our  model  formulation  uses  volume  averaging  to  de¬ 
fine  the  resolved  fields.  The  resultant  transport  equa¬ 
tions  are  also  numericaJly  discretised  using  a  finite  vol¬ 
ume  formulation.  Calculations  based  on  a  quasi-two- 


dimensional  solution  domain  indicate  that  the  SGS 
model  does  predict  enhanced,  i.e.  turbulent,  trans¬ 
port  in  the  narrow  wall  regions.  For  comparison  we 
also  include  the  results  based  on  using  a  dynamic  eddy 
viscosity  model  for  the  SGS  fields. 

FLOW  DESCRIPTION 

We  consider  the  application  of  LES  to  a  three- 
dimensional  cubical  cavity  with  two  isothermal  side- 
walls.  The  predominant  flow  pattern  is  created  by 
the  ascending  boundary  layer  on  the  hot  wall,  and 
descending  boundary  layer  on  the  cold  wall.  For  a 
Rayleigh  number  of  Ra  =  g^ATL^ fua  =  10^°,  the 
two  boundary  layers  become  turbulent  on  the  vertical 
isothermal  walls.  The  two  wall  regions  are  coupled  via 
fronts  of  warmer  and  cooler  fluid  moving  across  the 
top  and  bottom  of  the  cavity,  respectively.  The  inte¬ 
rior  region  of  the  cavity  a.ppears  to  be  stably  stratified 
with  little  organised  motion. 

Relatively  few  numerical  and  experimental  studies 
have  considered  this  problem  at  higher  Rayleigh  num¬ 
bers.  On  the  experimental  side,  Hoogendoorn  ei  al 
(1996)  report  measurements  of  the  mean  and  fluctu¬ 
ating  velocities  along  the  hot  wall  of  a  nearly  cubical 
cavity  for  a  Rayleigh  number  of  Ra  =  4.9  x  10^°.  On 
the  numerical  side,  direct  numerical  simulations  of  the 
two-dimensional  buoyant  cavity  at  similar  Rayleigh 
numbers  have  been  performed  by  Paoiucci  (1990)  and 
Xin  and  Le  Quere  (1995).  To  the  authors’  knowl¬ 
edge,  no  one  has  reported  a  prediction  for  the  three- 
dimensional  problem  using  LES. 

LES  MODEL 

For  the  LES  model,  a  volume  average  formulation  is 
adopted.  Following  the  general  approach  of  Germane 
ei  al  (1991),  we  introduce  a  dynamic  SGS  model  which 
uses  a  test  grid  to  sample  the  fluctuating  component 
of  the  volume  average  fields.  The  SGS  fluxes  are  es¬ 
timated  based  on  this  resolved  ‘turbulent’  component 
of  the  volume  average  (or  grid-scale)  fields.  Some  as¬ 
pects  of  the  model  formulation  are  similar  to  the  scale 
similarity  model  of  Bardina  as  discussed  by  Ferziger 
(1993);  we  will  refer  to  the  new  model  as  the  Func- 
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tional  Scale  Similarity  (FSS)  model.  For  comparison, 
we  have  also  implemented  the  dynamic  SGS  eddy  vis¬ 
cosity  model  of  Germane  ei  al  (1991). 

Volume  Averaged  Equations 

The  numerical  model  begins  with  the  conservation 
laws  of  mass,  momentum,  and  energy  for  incompress¬ 
ible  flow  using  the  Boussinesq  approximation.  The 
transport  equations  are  first  volume  averaged,  where 
the  volume  average  operator  is  defined  as  follows: 

Here  AV  represents  the  volume  of  the  control  volume 
under  consideration,  and  $  is  the  field  to  be  aver¬ 
aged.  We  further  decompose  the  velocity,  temperature 
and  pressure  fields  into  volume  average  and  fluctuating 
components,  i.e. 

so  that  the  final  form  of  the  governing  equations  be¬ 
comes: 


6i(Ui)  =  0  (2) 

Ui  +  SjiUiUj)  = 

Po 

+u6j  (Ui  ,j  )  +  6j  (Tij  +  (ij )  (3) 

§  +  6j(eUj)  =  aSj(e,j  )  +  Sj(<Tj  +  V>i)  (4) 

where  Sj  is  a  finite  difference  operator  in  the  j  direc¬ 
tion.  The  volume  average  transport  equations  above 
contain  both  volume  and  surface  averages.  The  terms 
Ti^  and  CTj  are  referred  to  as  the  SGS  Reynolds  stress 
and  the  SGS  turbulent  heat  flux,  respectively.  Al¬ 
though  strictly  they  represent  surface  average  values, 
we  will  approximate  them  by  interpolation  based  on 
the  following  volume  averaged  quantities: 

Tij  =  -uiuj  (5) 

Oj  =  —6%tj  (6) 

The  so  called  cross-correlation  terms  and  rej)- 
resent,  respectively,  momentum  and  thermal  energy 
fluxes  caused  by  correlations  between  SGS  field  fluc¬ 
tuations  and  large  scale  motions.  We  denote  them  in 


our  theoretical  development  as: 

i  i 

(7) 

=  -  UiUj  -  UiUj 

=  —  ©ity  ~  OUj 

(8) 

where  represents  the  surface  average  oyer  a  con¬ 

trol  volume  surface  perpendicular  to  ^-direction.  The 
volume  average  formulation  above  in  many  ways  fol¬ 
lows  the  development  of  Schumann  (1975),  although 
he  used  a  staggered  grid  and  his  SGS  models  are  quite 
different  from  ours.  For  a  finite  volume  formulation, 
the  LES  modelling  is  closely  related  to  the  numerical 
discretisation. 


SGS  Model 

The  purpose  of  the  SGS  modelling  is  to  express  the 
SGS  Reynolds  stress  ny,  SGS  turbulent  heat  flux  <7j, 
and  cross-correlation  terms  and  Vv  solely  in  terms 
of  the  solvable  large  scale  fields.  In  order  to  model 
the  SGS  Reynolds  stress  and  SGS  turbulent  heat  flux 
terms  dynamically,  we  consider  the  expressions  for  vol¬ 
ume  averages  of  products  of  decomposed  fields  at  both 
the  grid-scale  and  the  test-grid  level.  The  test-grid 
level  volume  average  has  a  larger  characteristic  width. 
Using  decomposition  and  supersedity,  we  obtain  for 
the  SGS  Reynolds  stress, 


Tij  =  — ufu,-  =  —UiUj  +  UiUj 

(9) 

r'ij  =  -^'j  =  -^j+W} 

(10) 

where  the  “angle  hat”  denotes  test-grid  averaging,  and 
is  the  SGS  Reynolds  stress  at  the  test-grid  level. 
By  test-grid  averaging  the  first  expression,  and  then 
subtracting  it  from  the  second,  we  obtain: 

=  =  (11) 

where  7;^,  represents  the  difference  between  the  SGS 
Reynolds  stresses  at  the  grid-scale  and  test-grid  lev¬ 
els.  In  a  similar  manner,  we  obtain  a  corresponding 
equation  for  the  turbulent  heat  flux: 

(12) 

where  Sj  represents  the  difference  between  the  SGS 
turbulent  heat  flux  at  the  grid-scale  and  test-grid  lev¬ 
els.  These  inter-grid  Reynolds  stress  and  turbulent 
heat  flux  are  only  related  to  large  scale  fields,  and  are 
calculable  numerically  by  test-grid  averaging  the  grid- 
scale  averaged  fields. 

Recall  that  our  model  aims  to  relate  and  Cj  to, 
Tij  and  Sj .  Specifically,  we  propose  a  model  for  Tij  of 
the  form: 


nj  =  (13) 

with  no  summation  convention.  The  coefficient  Cij  is 
defined  to  be  the  ratio  of  over  Tu  in  the  j-direction. 
Local  values  of  the  coefficient  Cij  are  calculated  using 
the  test-grid  information  in  the  manner  described  be¬ 
low.  First,  we  subtract  the  “ensemble”  mean  fields 

Ui  and  ©  from  the  volume  average  fields  Ui  and  ©  in 
equations  (11)  and  (12)  above  for  Tij  and  Sj.  This 
ensures  that  these  functions  are  the  result  of  temporal 
fluctuations  in  the  grid-scale  fields,  and  not  simply  the 
effect  of  spatial  inhomogeneity. 

Next,  we  postulate  a  distribution  function  for  the 
magnitudes  of  each  component  of  Tij  or  (Tj  based  on 
eddy  length  scale.  A  sample  distribution  function  is 
given  by: 


if  X  >  77 
otherwise 


(14) 


where  B  is  the  dominant  length  scale  of  the  distribu¬ 
tion,  i.e.  the  length  scale  corresponding  to  the  peak 
value  A  of  the  distribution  function;  t)  is  the  smallest 
length  scale  of  the  turbulent  fluctuation. 

The  self-correlation  of  any  field  fluctuation  can  be 
divided  into  three  contributions  based  on  the  length 
scale:  1)  the  subgrid  portion;  2)  the  portion  between 
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the  subgrid  and  test-grid;  and  3)  the  solvable  portion. 
In  terms  of  the  distribution  function,  these  contribu¬ 
tions  become: 


where  no  summation  convention  is  employed,  and  A; 
is  the  characteristic  length  scale  of  the  surface  average 
in  the  i-direction,  e.g. 

Ai  =  Ax2  Axs 

It  is  noted  that  Tu  is  directly  available  in  the  simula¬ 
tion  procedure,  while  in  can  be  approximated  as: 


Following  the  same  procedure,  rpj  can  be  modelled  as: 


©;+i  -ei-i 


AXi 


(19) 


Numerically,  it  is  convenient  to  include  the  cross- 
correlation  terms  by  combining  the  eddy  diffusivity 
ai  (i  =  1,2,3)  with  the  molecular  viscosity  i/  or 
molecular  thermal  diffusivity  a. 


Dynamic  Eddy  Viscosity  Model 

One  of  the  first  applications  of  dynamic  SGS  modeb 
was  by  Germano  ei  al  (1991)  who  used  a  Smagorinsky 
eddy  viscosity  type  model  for  the  SGS  fluxes.  The 
test-grid  sampling  was  used  to  predict  a  local  value 
for  the  constant  Us  in  the  eddy  vbcosity  relation, 

I/,  =  (C.A)2|5|  (20) 


Ui  =  -{Ui  -  UiY 

Using  the  relations  above,  the  specific  characteristics 
of  the  distribution  fimction,  e.g.  A  and  B,  can  be 
determined  from  the  local  v^ue.of  the  field  variables. 
Thb  in  turn  enables  the  coefficients  Cij  to  be  calcu¬ 
lated  using  the  integral  relations  above,  which  is  then 
sufficient  to  determine  rij  (from  equation  13).  Follow¬ 
ing  a  similar  procedure,  the  coefficient  Csj  can  be  cal¬ 
culated  based  on  the  length  scale  distribution  of  the 
self-correlation  of  the  temperature  fluctuation.  The 
SGS  turbulent  heat  flux  can  be  expressed  as: 

^  (15) 


Cross-Correlation  Terms 

The  volume  average  transport  equations  also  include 
cross-correlation  terms.  For  example,  in  the  momen¬ 
tum  equation  we  have: 

iij  =  -  UiUj  -  UiUi  (16) 

where  the  summation  convention  b  reserved  only  for 
the  index  “j” ,  In  analogy  to  molecular  diffusion,  the 
pure  flux  of  ^  across  the  control  volume  surface  j  due 
to  SGS  fluctuation  Uj  can  be  expressed  by  an  eddy 
viscosity  model  as  follows: 


a,- 


Azi 


where  the  eddy  diffusivity  aj  is  given  by 


(17) 


aj  = 

and  Axj  is  the  distance  between  the  nodes  of  two 
neighbouring  control  volumes.  The  mean  length  scale 
of  the  SGS  fluctuation,  Aj  can  be  estimated  from  the 
scale  dbtribution  of  the  self-correlation  n*-,  while  the 
velocity  scale  of  the  fluctuation  is  approximated  by 


^j  =  y/^ 


The  final  form  of  the  model  for  the  cross-correlation 
term  b  given  by 


(ij  =0:j - 7-^;^ - 1-0< 


AXj 


AXi 


(18) 


where  Sij  is  the  large-scale  strain-rate  tensor 

Sii  =  \(Ui.i  +  Uj,i)  (21) 

German©  ei  al  used  filtering  opposed  to  volume¬ 
averaging  to  formulate  their  transport  equations. 
They  introduce  a  test-grid  which  is  used  to  filter  the 
transport  equations  a  second  time.  The  SGS  Reynolds 
stresses  on  the  two  grid  levels  are  then  compared  to  ob¬ 
tain  the  resolved  turbulent  stress  Cij ,  the  counterpart 
of  our  Tij  above.  Assuming  that  the  same  functional 
form,  in  thb  case  a  Smagorinsky  model,  can  be  used 
to  diaracterbe  the  SGS  Reynolds  stress  on  both  ^ids, 
they  then  develop  an  expression  for  the  Smagorinsky 
coefficient  Cix^y^z^i)  based  on  the  local  strain-rates 
on  the  two  grid  levels  and  the  resolved  turbulent  stress, 
Cij,  In  order  to  avoid  cases  where  C  becomes  inde¬ 
terminate  or  ill-conditioned,  they  introduce  averaging 
along  a  homogeneous  plane.  We  closely  follow  their 
development  in  obtaining  our  dynamic  SGS  eddy  vis¬ 
cosity  model,  working  within  a  finite  volume  context. 
In  our  case,  instead  of  averaging  over  a  homogenous 
plane,  we  locally  ‘filter’  the  coefficient  in  space  multi¬ 
ple  times  to  sufficiently  smooth  the  eddy  viscosity  field, 
so  that  sharp  cusps  associated  with  ill-conditioned  val¬ 
ues  do  not  cause  numerial  divergence.  One  of  the  ad¬ 
vantages  of  the  dynamic  eddy  vbcosity  model  is  that 
it  allows  for  local  backscatter,  where  the  spectral  en¬ 
ergy  transfer  is  from  the  small  to  the  large  scale  mo¬ 
tions.  This  can  present  numerical  instabilities,  but  we 
were  able  to  control  them  by  the  local  smoothing  noted 
above. 

NUMERICAL  METHOD 

Our  Navier-Stokes  code  uses  a  fractional-step  projec¬ 
tion  method  in  a  collocated  finite  volume  formulation. 
The  momentum  equation  is  first  solved  without  the 
pressure  gradient  term.  Next,  cell  surface  fluxes  are 
obtained  using  the  pressure  gradient  and  interpolated 
values  for  the  velocity  based  on  the  provisional  fields. 
A  Poisson  equation  is  solved  for  the  pressure  correction 
field,  which  b  then  used  to  update  the  pressure,  node 
velocity  and  surface  flux  velocity  fields.  The  numerical 
code  has  been  previously  tested  on  three-dimensional 
lid-driven  cavity  flows  at  high  Reynolds  numbers.  The 
results  obtained  compared  favourably  with  those  ob¬ 
tained  by  other  researchers  using  different  numerical 
techniques. 

RESULTS 

Preliminary  results  of  a  LES  of  a  buoyant  cavity  for 
a  Rayleigh  number  of  Ra  =  10^°  are  reported  below. 
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Initially,  a  nearly  cubical  cavity  (of  length  1  m,  depth 
0.8  m,  height  Im)  was  modelled  using  a  nonuniform 
grid  of  61  X  41  X  61  control  volumes.  The  development 
of  the  SGS  model  was  expedited  by  considering  a  thin 
‘quasi-two-dimensionar  slice  of  the  cubical  cavity,  just 
3  control  volumes  deep,  as  shown  in  Fig.  1.  Homoge¬ 
neous  boundary  conditions  were  implemented  on  both 
lateral  faces,  except  for  the  norm^  velocity  compo¬ 
nent  which  was  set  to  zero.  Comparisons  between  the 
quasi-2D  and  fully  3D  simulations  did  not  evidence 
significant  differences  away  from  the  end  walls. 

For  comparison  purposes,  we  also  obtained  results 
based  on  the  dynamic  eddy  viscosity  model  by  restart¬ 
ing  the  solution  fields  using  the  same  numerical  code 
but  the  SGS  model  of  Germano  ci  al  (1991).  As  noted 
above,  we  smoothed  the  dynamic  coefficient  in  the 
eddy  viscosity  model  by  averaging  the  value  over  a 
local  region  of  space  five  times.  Excessive  smoothing 
was  observed  to  reduce  the  level  of  the  SGS  transport. 
Characteristics  of  the  fluctuating  velocity  field  used  to 
begin  the  calculation  were  observed  to  persist  for  a 
long  time,  perhaps  indicating  a  sensitivity  of  the  eddy 
viscosity  model  to  the  initiad  conditions  adopted. 

Typical  isotherms  for  the  volume  average  tempera¬ 
ture  field  are  shown  in  Fig.  2  based  on  the  predic¬ 
tion  of  the  FSS  model.  For  comparison,  the  isotherms 
predicted  by  the  eddy  viscosity  model  are  shown  in 
Fig.  3.  In  both  cases,  the  disordered  flows  moving 
across  the  top  and  bottom  of  the  cavity  ^e  charac¬ 
terised  by  irregular  temperature  distributions.  The 
thermal  boundary  layers  predicted  by  the  FSS  model 
are  thicker,  and  the  stratification  in  the  interior  of  the 
cavity  more  developed. 

Fig.’s  4  and  5  plot  contours  of  the  normalised  SGS 
stress  component  T13,  and  eddy  diffusivity  coefficient, 
ai  used  in  in  the  model  for  the  cross-correlation  term, 
respectively.  Both  fields  Me  highly  irregular  and  evi¬ 
dence  peak  values  which  indicate  turbulent  transport 
levels  much  greater  than  for  the  laminar  case.  In  con¬ 
trast,  the  contours  of  the  SGS  eddy  viscosity  predicted 
by  the  model  of  Germano  ti  al  (1991)  shown  in  Fig.  6 
are  much  smoother,  and  indicate  turbulent  transport 
which  is  almost  the  same  order  as  molecular  transport. 
Negative  values  of  Pt  indicate  regions  of  backscatter, 
although  a  ‘cut-off’  was  used  to  limit  the  magnitude 
of  the  backscatter  to  0.9  i/t* 

Fig.  7  plots  the  prediction  for  the  vertical  velocity 
component  at  the  mid-height  of  the  ‘hot’  wall.  Com¬ 
parisons  are  made  to  both  the  two-dimensional  results 
of  Paolucci  (1990)  and  the  experimental  measurements 
of  Hoogendoorn  ei  al  (1996).  The  FSS  model  appears 
to  slightly  underpredict  the  level  of  turbulent  trans¬ 
port  and  hence  the  thickness  of  the  velocity  profile. 


Fig.  8.  compares  the  prediction  of  the  SGS  eddy 
viscosity  model  for  the  vertical  velocity  profile  at  a 
height  of  Z/L  =  0.7  along  the  hot  wall  to  the  data  of 
Hoogendoorn  ei  al  (1996).  In  this  case,  the  predicted 
velocity  profile  is  much  thinner  than  the  experimental 
profile,  and  the  level  of  turbulent  transport  predicted 
by  the  eddy  viscosity  model  is  too  low. 

CONCLUSIONS 

The  3-D  buoyant  cavity  with  differentially  heated 
walls  remains  a  difficult  flow  to  predict  using  LES, 
mostly  due  to  the  thin  thermal  boundary  layers  along 
the  isothermal  walls.  However,  from  a  practical  per¬ 
spective,  one  Ccin  imagine  a  number  of  flows  in  which 
large  almost  ‘quiescent’  regions  connect  narrow  bound¬ 
ary  layer  regions.  For  LES  to  be  effective  in  such  flows, 
the  SGS  model  must  be  able  to  accomodate  regions  of 
strong  inhomogeneity  where  the  grid  scale  fields  are 
not  able  to  resolve  much  of  the  fluctuating  turbulent 
component.  Our  preliminary  results  suggest  that  a 
SGS  model  which  is  based  on  eddy  viscosity  relations 
does  not  perform  well  in  capturing  the  development 
of  turbulence  in  the  near-wall  regions.  On  the  other 
hand,  it  is  possible  to  configure  SGS  models  which 
do  not  suffer  this  limitation.  In  this  regard,  the  FSS 
model  described  above  appears  promising. 
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Figure  1:  Geometry  of  BDC  flow 


Figure  3:  Isotherms  (Germano’s  model) 


Figure  2:  Isotherms  (FSS  model)  normalized  SGS  Reynolds 

stress  Tis/Ud (-0.0386  ~  0.0343),  (FSS  model) 


Figure  5:  Contour  of  normaJized  eddy  diffusivity 
ai/a(0  ~  250),  (FSS  model) 


Figure  7:  W-velocity  profile  along  horizontal 
mid-line  of  hot  wall  (FSS  model) 


Figure  6:  Contour  of  normalized  eddy  viscosity  Figure  8:  W-velocity  profile  along  horizontal  line 
0.9  ~  2.4),  (Germano’s  model)  Z/L  =  0.7  of  hot  wall  (Germano’s  model) 
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INTRODUCTION 

The  focus  of  the  present  investigation  is  on  particle-laden 
mixing  layers. 

A  mixing  layer  is  formed  when  two  fluid  streams  of  dif¬ 
ferent  velocity  which  are  initially  separated  by  a  splitter 
plate  start  interacting  due  to  shear,  as  shown  in  fig.  1. 
The  upper  stream  can  be  seeded  uniformly  with  sediment 
particles.  The  particles  then  sink  through  the  mixing  layer 
dominated  by  large  coherent  eddies. 

The  motion  of  particles  is  mainly  determined  by  their  spe¬ 
cific:  weight  and  size,  as  well  as  by  the  local  rate  of  change 
of  the  velocity  of  the  surrounding  fluid. 

Shortly  after  the  end  of  the  splitter  plate  a  Kelvin- 
Hemlholtz  instability  develops  due  to  shear  and  leads  to 
large,  two-dimensional  eddy  structures  (see  e.g.  Roshko 
(1976).  Brown  et  al.  (1974)),  as  shown  in  fig.  1.  The 
structures  grow  as  they  travel  downstream  until  pairing 
occurs  (see  fig.  2),  i.e.  until  two  adjacent  eddies  join  and 
form  a  new  larger  one.  In  the  region  where  pairing  occurs 
the  flow  becomes  three-dimensional.  The  present  study  is 
limited  to  the  region  of  two-dimensional  flow. 


Martin  and  Meiburg  (1994),  Raju  and  Meiburg  (1994) 
and  Druzhinin  (1995)  performed  numerical  simulations  of 
particle-laden  shear  flows  and  found  that  the  particles 
avoid  the  centers  of  the  vortices  and  accumulate  in  the 
region  between  them,  i.e.  in  their  periphery.  This  redistri¬ 
bution  is  the  response  of  the  particles  to  the  vorticity  and 
strain  fields  of  the  flow. 

A  number  of  experimental  investigations  have  been  per¬ 
formed  on  the  dynamics  of  mixing  layers.  But  so  far  only 
a  few  experimental  studies  are  available,  which  look  at  mix¬ 
ing  layers  seeded  with  particles.  As  far  as  we  are  aware  the 
only  experimental  study  in  which  the  correlation  of  particle 
and  fluid  motion  is  investigated  was  carried  out  in  air  by 
Lazaro  (1992).  This  experimental  investigation  involves 
the  dispersion  of  small  particles  in  a  developing,  high- 
Roynolds- number  plane  mixing  layer.  No  corresponding 
investigation  for  particles  in  water  has  been  undertaken. 
The  current  research  project  adresses  the  following  ques¬ 
tions,  which  remain  unresolved: 

How  does  the  interaction  between  particles  and  water  in¬ 
fluence  the  sedimentation  process? 

What  role  does  the  large  scale  turbulent  motion  existing 
in  the  mixing  layer  play  in  the  distribution  of  particles  and 
how  does  it  affect  the  sedimentation? 


THE  EXPERIMENTAL  ARRANGEMENT 

The  experimental  arrangement  is  represented  in  fig.  3. 


Figure  1:  A  mixing  layer  develops.  Visualized  by  a  tracer. 
(Photography) 


Figure  2:  Beginning  of  the  pairing.  (Photography) 


Figure  3:  Side  view  of  the  experimental  arrangement 
The  water  is  pumped  from  two  reservoirs  into  the  inlet 
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via  overflow  vessels  which  even  out  pump-induced  varia¬ 
tions  of  the  flow.  The  fluid  then  enters  rectangular  diflPusers 
and  is  conveyed  to  the  test  section  at  different  velocities 
through  two  independent  chambers.  The  following  compo¬ 
nents  are  inserted  into  the  two  chambers:  A  honeycomb 
to  reduce  the  swirl  of  the  fluid,  two  grids  for  turbulence 
reduction,  as  well  as  a  flow  contraction.  These  measures 
ensure  a  low  turbulence  inlet  flow  and  were  required  as  the 
variation  of  the  flow'  velocity  has  to  be  small  in  relation  to 
the  sinking  velocity  of  the  particles.  The  inlet  flow  above 
the  si>littcr  plate  is  steady  and  has  a  rectangular  velocity 
l)rofilc  with  only  small  deviations  near  the  boundaries. 

Tlie  next  comi)onent  is  the  test  section,  at  the  end  of  which 
the  water  is  drained  into  an  overflow  chamber  so  that  the 
water  level  remains  constant.  The  optical  components  for 
the  generation  of  the  light  sheet  are  beneath  the  test  sec¬ 
tion. 


Optical  System 

The  measurement  arrangement  is  shown  in  fig.  4: 


Figure  4:  Plan  view  of  the  optical  system  for  simultaneous 
recording  of  the  separate  motion  of  fluid  and  sediment  parti¬ 
cles. 

The  flow  markers  and  the  sediment  particles  axe  illumi¬ 
nated  from  below  by  means  of  a  laser  light  sheet.  The 
motion  of  these  particles  is  recorded  by  four  CCD  cam¬ 
eras  in  the  same  measurement  volume.  The  beam  splitter 
guarantees  that  all  cameras  have  the  same  field  of  view. 
The  sediment  consists  of  quartz  sand  and  the  markers  are 
small  neutrally-  buoyant  particles  containing  fluoresceine 
cmd  rhodamine.  The  markers  absorb  the  laser  light  and 
emit  it  again  at  a  larger  wavelength.  This  makes  it  possi¬ 
ble  to  insert  a  suitable  filter  into  the  beam,  which  blocks 
the  scattered  light  so  that  only  the  frequency-shifted  emit¬ 
ted  light  can  pass  the  filter.  This  is  why  the  master  camera 
iuid  .slave  2  (see  fig.  4)  record  the  movement  of  the  flow 
markers  only. 

As  a  conseqiience  of  their  small  size,  the  markers  emit  and 
reflect  only  a  small  amount  of  laser  light.  The  sensitivity 
of  slave  cameras  1  and  3  is  therefore  reduced  to  the  extent 
that  it  detects  the  scattered  light  of  the  sediment  particles, 
but  not  the  light  from  the  markers.  The  image  sequences 
of  the  markers  are  directly  digitized  and  stored  onto  the 
hard  disks  of  the  two  work  stations.  The  image  sequences 
of  the  sediment  are  first  stored  on  video  tape  and  digitized 
at  the  end  of  the  measurements.  To  obtain  simultaneous 
images,  all  slave  cameras  are  triggered  by  the  master  cam¬ 


era,  whereas  slave  2  and  slave  3  have  a  time  delay  of  a 
multiple  of  64  /is  .  To  allow  an  identification  of  pairs  of 
simultaneous  pictures  during  processing,  a  code  which  is 
supplied  by  a  binary  code  generator  is  inserted  on  all  im¬ 
ages. 


Test  images  as  reproduced  in  fig.  5,  demonstrate  the  reli¬ 
ability  of  the  measurement  arrangement. 


Figure  5:  Viewing  of  flow  markers  and  sediment  particles  in 
independent  images.  The  upper  picture  shows  the  sediment 
particles  (light  of  flow  markers  suppressed)  and  in  the  other 
one  the  flow  markers  (light  from  sediment  particles  removed 
by  filtering). 


Image  Processing 

The  method  available  for  the  reconstruction  of  velocity 
fields  is  based  on  the  correlation  of  groups  of  particles  in  a 
flow  field,  and  was  developed  at  the  Institut  of  Geodesy  and 
Photogrammetry  (IGP)  at  the  ETH.  Prom  two  subsequent 
digital  images,  the  velocity  components  as  well  as  the  rate 
of  deformation  can  be  determined  by  a  least  square  match¬ 
ing.  For  this  purpose,  the  images  are  subdivided  into  small 
surface  elements.  Each  of  these  surface  elements  is  adapted 
to  the  image  taken  at  the  next  time  step  by  means  of  a 
two-dimensional  affine  transformation  until  the  sum  of  the 
squares  of  the  grey- value  differences  reaches  a  minimum. 
Prom  the  resulting  transformation  parameters  one  can  ob¬ 
tain  information  about  the  two  velocity  components,  the 
rotation,  the  shear  and  the  deformation  in  the  light  sheet. 
In  the  following  section  a  velocity  measurement  is  repre¬ 
sented,  which  has  been  obtained  by  means  of  the  above 
measurement  technique. 
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Tlic  example  illustrates  the  velocity  field  in  the  vicinity  of 
a  two-dimensional  liyperbolic  stagnation  point,  which  was 
generated  in  a  water  tank  by  means  of  four  rollers  rotating 
about  their  axes  (fig.  6). 

Tlic  hyj)erboiic  stagnation  point  flow  is  an  extentional  flow 
as  it  occurs  between  adjacent  eddies  of  a  mixing  layer  [4]. 
With  this  experimental  set-up,  the  potential  of  the  flow 
measurement  technique  can  be  tested  under  nearly  real 
conditions.  For  the  calculation  of  the  velocity  field  in  the 
surroundings  of  the  stagnation  point,  two  subsequent  pic¬ 
tures  of  the  markers  were  correlated  (fig.  7).  The  resulting 
velocity  field  is  shown  in  fig.  8. 
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Figure  8:  Velocity  field  generated  from  the  above  images. 
(An  arrow  of  1cm  length  corresponds  to  3  cm/s) 


Figure  6:  Front  and  side  view  of  the  experimental  arrange¬ 
ment  to  generate  a  two-  dimensional  hyperbolic  stagnation 
point  flow. 


Figure  7:  Two  subsequent  pictures  of  the  markers.  The 
processed  part  is  outlined  by  the  white  frame. 


DETAILED  RESEARCH  PLAN 

The  aim  of  this  study  is  to  verify  the  theoretical 
model  calculations  Martin  and  Meiburg  (1994),  Raju  and 


Meiburg  (1994)  and  Druzhinin  (1995)  related  to  the  accu¬ 
mulation  of  sediment  on  the  periphery  of  eddy  structures 
and  the  accompanying  reduction  of  the  sediment  concen¬ 
tration  in  their  centers.  For  this  purpose,  experimental 
data  will  be  generated  to  determine  the  influence  of  the 
inertial  and  viscous  forces  on  the  particles.  The  necessary 
experiments  are  described  shortly  in  the  following  sections. 
In  the  experimental  arrangement,  two  flows  with  differ¬ 
ent  velocities  are  initially  separated  by  a  splitter  plate 
and  then  joined  in  the  test  section.  Markers  are  added 
to  both  fluids.  The  upper  layer  is  seeded  homogeneously 
over  the  whole  width.  The  particles  then  sink  through  the 
two-dimensional  coherent  structures  and  the  motion  of  the 
markers  and  the  sediment  are  recorded  simultaneously  and 
separately  (fig.  9). 


Sc(iii»ciii 
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Figure  9:  View  the  experimental  procedure 


The  particle  size,  the  number  of  particles,  and  possibly 
the  density  of  the  sediment  will  be  varied  as  well  as  the 
fluid  velocity,  the  velocity  difference  between  the  two  lay¬ 
ers,  and  the  distance  of  the  measurement  window  from  the 
splitter  plate.  With  these  variations  the  entire  region  rele¬ 
vant  for  the  particle  accumulation  can  be  covered. 
Sequences  of  video  images  are  processed  on  a  workstation. 
A  least-square-raatching  method  is  used  to  generate  the 
two  velocity  fields.  In  addition,  individual  sediment  par¬ 
ticles  will  be  tracked  over  several  time  steps  which  leads 
to  short  particle  trajectories.  Based  on  the  measured  ve¬ 
locity  field  of  the  fluid,  particle  tracks  will  be  simulated. 
Prom  these  data  sets  probabilities  can  be  computed  for  the 
position  of  particles  at  a  later  stage,  and  compared  with 
the  theoretical  predictions  about  the  particle  redistribution 
mentioned  above. 
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ABSTRACT 

The  effect  of  the  streamwise  vortical  braid  structures  on 
the  dispersion  of  heavy  particles  in  a  mixing  layer  is  in¬ 
vestigated  by  means  of  direct  numerical  simulations.  It  is 
observed  that,  depending  on  the  particle  Stokes  number 
and  gravitational  effects,  the  braid  vortices  can  strongly 
deform  the  geometry  of  clear  fluid  and  particle  laden  re¬ 
gions,  thereby  altering  the  concentration,  dispersion,  and 
suspension  patterns  observed  in  2-D  flows.  While  local  re¬ 
gions  of  large  particle  accumulations  emerge,  the  profile 
of  the  spanwise  and  streamwise  averaged  concentration  is 
generally  rendered  more  uniform  by  3-D  effects. 

INTRODUCTION 

Over  the  last  decade,  2-D  mixing  layers  have  served 
as  the  main  test  flows  for  the  exploration  of  the  mech¬ 
anisms  by  which  the  large-scale  coherent  structures  of 
turbulent  flows  result  in  the  dispersion  or  accumulation 
of  heavy  particles  or  droplets.  In  particular,  the  opti¬ 
mal  dispersion  of  particles  with  an  aerodynamic  response 
time  similar  to  the  characteristic  time  of  the  flow  struc¬ 
tures,  i.e.  a  Stokes  number  St  value  near  unity,  has 
been  demonstrated  both  experimentally^^’  and 

numerically^^’  The  ejection  of  the  heavy  particles 

from  the  vortex  cores,  and  the  simultaneous  formation  of 
highly  concentrated  particle  bands  in  the  strain  field  near 
the  braid  stagnation  point,  have  been  identified  as  the 
mechanisms  that  govern  the  overall  efficiency  of  the  dis¬ 
persion  process.  In  addition,  scaling  laws  based  on  local 
linearizations  of  the  flow  field^®’  have  been  able  to  ex¬ 
plain  the  optimal  efficiency  of  these  processes  for  5t  w  1.  A 
more  detailed  account  is  provided  by  many  of  the  references 
in  the  recent  overview  by  Crowe,  Troutt,  and  Chung^^^l 

The  observed  formation  of  bands  of  high  particle  concen¬ 
trations  in  the  braid  region  immediately  raises  the  ques¬ 
tion  as  to  how  3-D  effects  can  modify  the  above  2-D  pic¬ 
ture.  Both  experimental^^ and  numericaJ^^^’  in¬ 
vestigations  have  demonstrated  the  presence  of  a  system 
of  strained  counterrotating  streamwise  vortices  in  this  re¬ 
gion,  which  should  affect  the  concentrated  particle  bands. 
A  first  glimpse  of  the  interesting  dynamics  displayed  by 


heavy  particles  in  an  extensionally  strained  vortex  was  pro¬ 
vided  by  the  model  problem  of  a  Burgers  vortex^^^^.  In 
this  flow,  particles  with  a  subcritical  value  of  St  can  be 
stably  located  at  the  vortex  center,  whereas  supercritical 
particles  tend  to  orbit  around  the  vortex.  The  presence  of 
gravity  can  lead  to  the  existence  of  several  distinct  equi¬ 
librium  points  with  different  stability  characteristics.  An 
extension  of  this  investigation  to  the  quasi-2-D  problem  of 
a  periodic  array  of  extensionally  stradned  counterrotating 
vortices^^^’  yielded  a  wealth  of  information  regarding 
possible  accumulation  regions  and  nonlinear  particle  dy¬ 
namics  in  the  mixing  layer  braid  region. 

The  present  investigation  aims  at  integrating  the  features 
extracted  from  the  above  2-D  and  quasi-2-D  model  flows 
into  a  coherent  picture  of  3-D  particle  dispersion.  Toward 
this  end,  we  andyze  the  dispersion  of  heavy  particles  in  a 
three-dimensionally  evolving,  temporally  growing  mixing 
layer. 

NUMERICAL  SIMULATIONS 

The  assumption  of  dilute  particle  concentration  allows  us 
to  neglect  the  effect  of  the  particles  on  the  fluid  motion,  so 
that  the  fluid  velocity  can  be  obtained  in  the  usual  way  by 
means  of  direct  numerical  simulation  of  the  Navier-Stokes 
equations,  e.g.^^^l.  The  flow  field,  initially  in  the  form  of  a 
hyperbolic  tangent  profile,  is  periodic  both  in  the  stream- 
wise  and  the  spanwise  directions,  which  consequently  are 
represented  in  terms  of  Fourier  modes.  In  the  non-periodic 
transverse  direction,  Legendre  polynomials  are  employed 
in  conjunction  with  a  mapping  procedure.  The  Reynolds 
number,  formed  with  half  the  difference  velocity  and  the 
initial  vorticity  thickness,  has  a  value  of  200.  The  sim¬ 
ulation  is  advanced  in  time  in  three  fractional  steps.  In 
the  first  step,  the  convective  terms  are  integrated  using 
an  explicit  fourth  order  Runge-Kutta  scheme.  This  is  fol¬ 
lowed  by  a  Crank-Nicolson  scheme  for  the  viscous  term. 
The  intermediate  velocity  field  obtained  firom  these  two 
steps  is  corrected  to  a  divergence  free  field  in  a  a  third 
step.  2-D  initial  disturbances  in  the  form  of  the  most  un¬ 
stable  eigenfunctions  axe  combined  with  periodic  stream- 
wise  vortical  perturbations  in  order  to  trigger  an  evolu- 
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tion  that  approximately  reproduces  the  ROLLUP  case  an¬ 
alyzed  in  detail  The  comparison  with  this  case  si¬ 

multaneously  serves  as  validation  for  our  numerical  code. 
The  flow  is  (iaracterized  by  initially  weak  counterrotating 
braid  vortices,  which  amplify  under  the  action  of  the  span- 
wise  Kelvin-Helmholtz  vortices  until  they  reach  a  critical 
strength  that  leads  to  their  collapse  into  nearly  round  con¬ 
centrated  vortex  tubes.  The  effect  of  vortex  pairing  is  not 
considered  within  the  present  investigation. 

At  the  beginning  of  the  simulation,  the  upper  stream  is 
seeded  with  65,000  heavy  particles,  whose  initial  velocity  is 
equal  to  the  local  fluid  velocity.  Subsequently,  the  motion 
of  these  particles  is  calculated  by  balancing  their  inertia 
with  gravitational  forces  and  the  Stokes  drag  exerted  on 
them  by  the  fluid.  The  resulting  dimensionless  equation 
of  motion  for  the  particle  velocity  as  a  function  of  the 
fluid  velocity  field  u(x,  t)  and  time  t 


dvp 

dt 


^  u(xp,i)-vp(i)]-h^ep 


St 


(1) 


arises  from  the  well-known  Maxey-Riley  equation^^^^  in  the 
limit  of  large  density  ratio^^^.  Here 


__  d^pp  Up 
IS  pf  <52 


(2) 


denote  the  Stokes  and  Ftoude  numbers,  respectively,  p/ 
and  pp  indicate  the  densities  of  the  fluid  and  the  particle 
respectively,  d  is  the  particle  diameter,  Uo  represents  half 
the  velocity  difference  between  the  free  streams,  indi¬ 
cates  the  initial  vorticity  thickness,  i/  is  the  fluid  kinematic 
viscosity,  and  g  denotes  the  gravitational  acceleration  in 
the  direction  e^.  The  particle  motion  in  the  streamwise  a;-, 
the  spanwise  j/-,  and  the  transverse  z-direction  is  obtained 
by  numerically  integrating  the  above  equation  with  a  stan¬ 
dard  predictor-corrector  numerical  method.  For  all  of  the 
situations  reported  here,  points  in  the  -z- direction. 


RESULTS 

This  short  paper  aims  at  explaining  the  formation  of  high 
particle  concentration  zones  in  plane  mixing  layer  flows 
based  on  particle  dynamics  observed  in  these  simulations. 
In  a  previous  study,  Marcu  and  Meiburg^^^^  presented  sim¬ 
ulation  results  for  particles  characterized  by  low  and  0(1) 
St  values.  Particles  characterized  by  St  —  0.01  and  St  =  I 
were  shown  to  interact  with  the  three-dimensionally  evolv¬ 
ing  flow,  allowing  for  the  formation  of  bands  of  high  particle 
concentration.  The  present  investigation  aims  at  extending 
the  St  regime  to  larger  values  by  analyzing  the  distribution, 
and  in  particular  the  accumulation  of  particles  character¬ 
ized  by  St  =  2.5,  both  in  the  presence  and  in  the  absence 
of  gravity. 

Figure  1  demonstrates  the  results  for  St  =  2.5  in 
the  absence  of  gravity  by  displaying  instantaneous  spzm- 
wise  and  streamwise  vorticity  contours  in  various  x,  z-  and 
y,  z-planes,  along  with  the  locations  of  particles  contained 
within  a  thin  slice  centered  around  these  planes.  While 
the  number  of  particles  ejected  into  the  lower  stream  is 
small,  layers  of  high  particle  concentration  form  near  the 
folding  interface  between  the  upper  and  the  lower  streams 
of  fluid.  The  streamwise  vorticity  affects  the  accumulation 
process  throughout  the  whole  flowfield:  darker  layers  of 
concentrated  particles  can  be  observed  in  both  y,  z-cuts, 
cf-  figure  Id  and  e. 

Figure  2  shows  the  particle  dispersion  for  St  =  2.5  and 
Fr  =  3.043.  The  presence  of  gravity  (pointing  in  the  nega¬ 
tive  z—direction)  enhances  some  of  the  effects  generated  by 
the  streamwise  vorticity.  As  the  particles  fall  ti^ough  the 
vortical  flow  structures,  they  are  vigorously  redistributed. 
As  shown  in  the  y,  z-cuts,  the  stretched  counterrotating 


(b) 


(c) 


(e) 

Figure  1:  (a).  z:,z-cut  through  a  streamwise  vortex  at 
t  =  16  for  St  =  2.5  in  the  absence  of  gravity,  (b).  r,z- 
cut  through  the  upwelling  region  (c).  i,  z-cut  through  the 
down-welling  region,  (d).  y,  z-cut  through  the  center  of 
the  braid  region  (e).  y,  z-cut  through  a  spanwise  roller. 


24-6 


streamwise  vortices  quickly  deplete  the  particles  along  the 
fluid  downflow  locations  while  concentrating  them  in  the 
upflow  regions  where  they  remadn  suspended  for  a  signifi¬ 
cantly  longer  time.  This  process  induces  the  formation  of 
bands  of  high  particle  concentration,  as  shown  in  figure  2b, 

While  offering  some  insight  into  the  particle  dispersion 
process,  the  x,  z-  and  y,  2-cuts  shown  in  the  previous  fig¬ 
ures  cannot  offer  a  complete  understanding  of  the  parti¬ 
cle  dispersion  field.  In  the  following,  the  simulation  re¬ 
sults  axe  presented  in  three  different  ways.  For  evaluating 
the  particle  concentration  field,  the  computational  domain 
was  divided  into  32x32x32  bins,  into  which  the  particles 
are  sorted  and  counted.  Thus,  a  3-D  distribution  function 
jzD  for  the  particle  concentration  is  obtained  numerically. 
This  function  is  normalized  by  the  initial  concentration 
value  in  the  seeded  stream.  Employing  /3i>,  2-D  plane 
projections  can  then  be  calculated  by  integrating  i)in  the 
t/-direction,  in  order  to  produce  the  x,  2— plane  projection, 
ii)in  the  2— direction,  to  produce  the  x,  y— plane  projection, 
and  iii)in  the  x— direction,  to  produce  the  y,  2-plane  projec¬ 
tion.  In  the  following  figures,  these  plane  particle  disper¬ 
sion  function  projections  are  plotted  on  a  gray  scale,  with 
brighter  areas  corresponding  to  higher  particle  concentra¬ 
tions.  In  this  way,  a  plane  projection  image  is  similar  to  a 
snapshot  in  an  experimental  apparatus  in  which  particles 
are  illuminated,  and  thereby  seen  as  white  dots  on  a  dark 
background,  so  that  an  accumulation  of  particles  would 
produce  bright  areas  in  the  picture,  /sd  is  also  integrated 
over  X  and  y  and  then  normalized,  in  order  to  obtain  an 
averaged  particle  concentration  as  a  function  of  the  vertical 
coordinate  2.  In  order  to  compare  the  particle  dispersion 
produced  by  a  3-D  flow  with  the  dispersion  achieved  in  a 

2- D  flow,  additional  numerical  simulations  were  conducted 
without  the  initial  periodic  streamwise  vortical  perturba¬ 
tions.  A  corresponding  /2jd  was  calculated,  normdized  in  a 
manner  consistent  with  the  3-D  values,  and  then  integrated 
and  plotted  together  with  the  3-D  case. 

In  order  to  better  understand  the  mechanism  of  particle 
accumulation,  and  to  identify  the  correlation  between  the 
zones  of  high  /sp  values  and  the  vortical  structures,  3- 
D  iso-surface  plots  were  generated  for  the  spanwise  and 
streamwise  vorticity  and  jzD  • 

One  set  of  such  results  is  presented  in  figure  7. a  for 
St  =  2.5,  without  gravity.  The  average  concentration 
profiles  show  significant  differences  between  the  dispersion 
rates  achieved  by  3-D  and  2-D  flows.  While  the  2-D  flow 
produces  a  strong  concentration  pesdc  around  2  =  1.8,  the 

3- D  flow  partially  smoothes  out  the  profile,  producing  a 
lower  value  peak,  and  displacing  it  upwards,  to  2  =  2.7. 
Below  this  peak  concentration  value,  the  curve  displays  a 
plateau  down  to  2  =  0.5.  The  smaller  concentration  peak 
at  2  =  —2.5  in  the  2-D  flow  is  absent  in  three  dimensions. 

The  peak  observed  in  the  averaged  concentration  profile 
can  easily  be  correlated  to  the  bright  streaks  observed  in 
the  X,  2-plane  projection  image.  The  upper  stream  is  more 
populated  with  particles,  due  to  the  relatively  low  rate  of 
mixing  for  this  St  value.  The  aerodynamic  response  time 
of  the  particles  is  relatively  long  and  prevents  the  vortices 
from  ejecting  a  large  number  of  them  into  the  lower  stream. 
Nevertheless,  the  streamwise  vorticity  generates  areas  of 
larger  particle  accumulation.  In  the  x,y-  and  y,  2-plane 
projection  images,  longitudinal  streaks  and  bright  spots, 
respectively,  complement  the  bright  structures  observed  in 
the  x2-plane  projection  image,  which  result  in  the  peak  in 
the  average  concentration  profile. 

These  streaky  areas  of  high  particle  concentration  can 
be  identified  in  figure  7.b  as  well.  The  surfaces  aligned  in 
the  spanwise  direction  (light  gray)  indicate  the  spanwise 
rollers,  vdth  spanwise  vorticity  of  Uy  =  1.0.  The  stream- 
wise  darker  gray  surfaces  correspond  to  streamwise  vortic¬ 
ity  of  a;*  =  -0.7  while  the  lighter  gray  streamwise  surfaces 
indicate  streamwise  vorticity  of  =  H-0.7.  The  dark  gray 


(e) 

Figure  2:  Cuts  at  the  same  time  and  identical  locations 
as  in  figure  1,  for  St  =  2.5,  and  Ft  =  3.043. 
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broken  structures  correspond  to  fzn  =  3.5.  It  is  apparent 
that  the  high  concentration  streaks,  although  scattered, 
line  up  with  the  streamwise  ribs.  This  accumulation  mech¬ 
anism  is  due  to  the  combined  effect  of  the  Kelvin-Helmholtz 
vortices,  which  concentrate  the  particles  in  the  braids,  and 
the  streamwise  ribs,  which  preferentially  accumulate  the 
particles  at  certain  spanwise  braid  locations. 

When  gravity  is  introduced  to  the  problem,  a  stronger 
and  more  coherent  accumulation  of  the  St  =  2.5  particles  is 
observed,  as  shown  in  figure  7..  The  Fr  =  3.043  value  has 
been  chosen  based  on  an  accumulation  criterion  developed 
by  Marcu  and  Meiburg^^^^  using  a  plane  projection  model 
of  the  braid  region  flow  field,  in  conjunction  with  a  scaling 

analysis  given  by  Marcu^  \ 

Figure  7.a  shows  that  the  average  concentration  profile 
is  smoothed  again  by  the  3-D  flow,  when  compared  with 
the  2-D  flow.  The  larger  peak  located  at  2  =  0  for  the 
2-D  flow  is  replaced  by  two  smaller  peaks  located  at  2:  =  1 
and  2  =  —0.7  for  the  3-D  flow.  It  is  difficult  to  correlate 
these  peaks  with  any  high  concentration  areas  in  the  plane 
projection  images.  However,  the  3-D  plot  shown  in  figure 
7.b  enables  us  to  explain  the  distribution.  The  dark  gray 
surfaces  correspond  to  /sp  =  4  values,  i.e.,  regions  of  high 
particle  concentrations.  Coherent  accumulation  structures 
form  in  between  the  streamwise  vortices  along  the  upflow 

regions,  as  predicted  by  Marcu  and  Meiburg^^^’  It 
is  interesting  to  note  that  for  the  present  parameters  the 
streaks  continue  uninterrupted  along  the  streamwise  direc¬ 
tion.  Furthermore,  these  streaks  branch  out  around  the 
spanwise  rollers,  forming  secondary  branches  reaching  be¬ 
low  the  spanwise  rollers.  At  some  of  those  locations,  small 
areas  with  fzo  values  as  high  as  16  were  recorded.  These 
localized,  very  high  concentration  areas  result  in  the  bright 
areas  observed  in  the  x,  y-  and  y,  z-plane  projection  images. 

CONCLUSIONS 

In  summary,  direct  numerical  simulations  indicate  that, 
depending  on  the  St  values  of  the  particles  and  the  relative 
strength  of  gravity,  the  extensionally  strained  streamwise 
vortices  can  lead  to  a  substantial  modification  of  the  con¬ 
centration,  dispersion,  and  suspension  patterns  observed 
in  2-D  simulations.  The  time-dependent  3-D  vorticity 
field  leads  to  increased  stretching  and  folding  of  the  in¬ 
terface  separating  clear  fluid  and  particle  laden  regions, 
and  thereby  results  in  a  significantly  more  complex  par¬ 
ticle  concentration  distribution,  with  local  more  complex 
particle  concentration  distribution,  with  local  areas  of  high 
areas  of  high  accumulation.  However,  peaks  observed  in 
2-D  simulations  for  the  transverse  profile  of  the  averaged 
concentration  are  usually  smoothed  out  by  3-D  effects.  It 
is  furthermore  interesting  to  note  that  a  particle  can  have 
different  effective  St  values  with  respect  to  the  different 
vortical  structures,  so  that  it  can  be  affected  quite  differ¬ 
ently  by  them. 
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Figure  3,  Particle  dispersion  for  St  =  2.5,  no  gravity  case,  (a)  plane  projection  images  of  the  particle  dispersion, 
and  the  variation  of  the  average  particle  concentration  with  the  vertical  direction  (z),  a  comparative  plot  for  2-D  and 
3-D  mixing  flow,  (b)  three  dimensional  plot  of  the  flow  vorticity  structures  along  with  high  particle  concentration 
iso-surfaces  showing  accumulation  areas.  The  normalized  concentration  value  here  is  3.5. 


(b) 

Figure  4.  Particle  dispersion  for  St  =  2.5,  Fr  =  3.043.  (a)  plane  projection  images  of  the  particle  dispersion,  and  the 
variation  of  the  average  particle  concentration  with  the  vertical  direction  (z),  a  comparative  plot  for  2-D  and  3-D 
mixing  flow,  (b)  three  dimensional  plot  of  the  flow  vorticity  structures  along  with  high  particle  concentration  iso¬ 
surfaces  (blue,  or  dark  colored  in  gray-scale  plots)  showing  accumulation  areas.  The  normalized  concentration 
value  here  is  4.0. 
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ABSTRACT 

Motion  of  solid  particles  in  a  fully-developed  channel  flow  of 
water  was  investigated  by  Lagrangian  measurement  techniques. 
Digital  panicle  image  velocimetry  and  a  CCD  camera  mounted 
on  a  moving  shuttle  with  mean  streamwise  velocity  of  panicle 
were  used  to  detect  particle  motion  and  fluid  along  the  particle 
path  simultaneously.  Five  classes  of  particles  were  dispersed  in 
the  upstream  of  the  test  section.  It  was  observed  that  a  force  due 
to  fluid  pressure  gradient  and  viscous  stresses  can  be  dominant  in 
a  panicle  dynamic  equation  when  particle  density  ratio  was  close 
to  unity.  Lagrangian  velocity  spectrum  of  particles  which  has  their 
density  ratio  less  than  unity  was  found  to  be  higher  than  that  of 
fluid  along  the  particle  path,  which  is  consistent  with  theory  by 
Mci  (1996).  Lagrangian  autocorrelation  of  velocity  of  both  heavier 
particles  and  fluid  decreased  rapidly  with  increasing  values  of  the 
particle  time  constant. 

INTRODUCTION 

Particle  motion  in  a  turbulent  flow  dramatically  complicates 
characterization  of  the  flow  and  renders  the  traditional  empirical, 
methodology  for  single-phase  flow  as  far  from  complete.  Many 
researchers  have  been  fascinated  by  particle  dynamics  like  Stokes 
(1851)  and  Basset  (1888)  who  first  established  a  particle  dynamic 
equation.  The  most  important  and  fundamental  theory  in  history 
of  turbulence,  i.c.  the  turbulent  diffusion  theory,  by  G.I.  Taylor 
(1921),  which  was  developed  by  Batchelor  (1949)  and  Cousin 
(1953)  contributed  to  establishment  of  the  particle  dispersion 
theory  (Hardalupas  etal  1989, 1990).  Theories  and  accurate  mod¬ 
eling  are  needed  to  design  new  or  improved  products  and  also  to 
help  reach  decisions  in  such  matters  as  mitigation  of  environment 
impacts.  Only  recent  direct  numerical  simulations  in  isotropic  tur¬ 
bulence  (Squires  and  Eaton  1990, 1991,  Elghobashi  and  Truesdell 
1992,  1993)  have  shown  well-qualified  information  and  exam¬ 
ined  validation  of  theories  (e.g.  Yudine  1959,  Csanady  1963)  and 
models.  None  of  the  Lagrangian  statistics  obtained  from  the  ex¬ 
periments  existed,  therefore  it  has  been  unknown  how  theories 
and  models  work  well  in  wall-bounded  flows  or  shear  flows. 

The  objective  of  this  study  was  to  investigate  fluid/particle 
couelated  motion  in  a  turbulent  channel  flow  measured  by  a  digi¬ 
tal  particle  image  velocimetry  (Sakakibara  et  al  1993)  combined 


with  a  CCD  camera  mounted  on  a  moving  shuttle  with  particle 
streamwise  mean  velocity.  The  exact  forces  acting  on  a  particle, 
particle  frequency  response  and  Lagrangian  couelation  in  a  tur¬ 
bulent  channel  flow  are  reported  first  time  and  will  have  contri¬ 
bution  to  development  of  theories  and  models  in  a  field  of 
multiphase  flows. 

EXPERIMENTAL  SETUP 
Experimental  Facility 

The  present  experiments  were  performed  in  a  two-dimen¬ 
sional,  vertical  downflow  water  channel  which  was  identical  to 
that  of  Sato  (1996)  and  Sato  and  Hishida  (1996).  The  channel 
was  vertically  oriented  so  that  the  gravitational  force  on  the  par¬ 
ticles  was  aligned  with  the  direction  of  flow.  Figure  1  illustrates 
the  basic  flow  and  particle  supply  system.  Particles  were  injected 
through  a  long  pipe  of  4  mm  in  diameter,  which  located  at  the 
centerline  of  channel.  Water  was  streamed  into  the  pipe  for  in¬ 
jecting  only  polyethylene  particles  due  to  their  density  ratio  less 
than  unity.  Boundary-layer  trips  were  affixed  to  both  walls  at  the 
entrance  to  a  1.0  m  long,  30  x  250  mm  test  section.  The  flow 
exited  the  test  section  into  a  drain  tank,  where  the  particles  were 
collected  for  reuse.  Measurements  confirmed  that  the  flow  was 
fully-developed  at  the  channel  centerline  in  the  test  section  and 
was  unmodified  by  the  particle  feeder  pipe,  shown  in  figure  2. 
Figure  2  compares  profiles  of  mean  streamwise  velocity  by  the 
Eulerian  measurements  (Sato  and  Hishida  1996);  included  for 
reference  is  the  log  law.  All  the  experiments  were  run  at  a  centerline 
mean  velocity  of  15.5  cm/s,  corresponding  to  a  Reynolds  number 
of  5,740  based  on  channel  width.  Temperature  of  water  was  kept 
constant  by  using  a  heater  to  avoid  varying  fluid  properties. 

Five  classes  of  particles  were  used  in  the  present  set  of  ex¬ 
periments  and  their  characteristics  are  compiled  in  table  1.  Par¬ 
ticles  were  chosen  to  provide  being  approximately  340  /tm  in 
diameter  except  polystyrene  particles  of  1,700  /zm.  The  particle 
size  distributions  were  determined  by  using  successively  smaller 
sieves  and  the  particle  sphericity  was  checked  using  a  microscope. 

Experimental  Techniques 

Lagrangian  statistics  of  both  phases  were  obtained  using  a 
digital  particle  image  velocimetry  (DPIV)  developed  by 
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Figure  1. 

Schematic  of  experimental  apparatus  and  techniques. 

Table  1. 

Particle  properties 

Properties 

glass 

cellulose 

polyethylene 

polystyrene 

polystyrene 

number  mean  diameter 

df  [^m] 

454.4 

417.7 

432.8 

423.3 

1,720 

Stan.  dev.  of  diameter 

Of  [/ira] 

18.9 

27.5 

26.7 

24.8 

107.7 

density 

Pp  [kg/m’] 

2,590 

1,500 

918 

1,050 

1,050 

terminal  velocity 

V,  [mm/s] 

68.7 

26.6 

-6.40 

4.10 

26.3 

particle  time  constant 

r,  [ms] 

7.01 

2.71 

0.65 

0.42 

2.68 

particle  Reynolds  number 

Re, 

31.1 

11.0 

2.76 

1.78 

45.0 

Sakakibara  etal  (1993)  and  Hishida  etal.  (1996).  Shown  in  fig¬ 
ure  1  is  a  schematic  illustration  of  the  digital  particle  image 
velocimetry.  The  illuminated  laser  light  sheet  was  chopped  by  an 
acoustic  optical  modulator  (AOM)  cell  for  synchronizing  to  the 
video  signal.  Velocities  were  calculated  by  cross  correlation  tech¬ 
nique  between  two  images.  Polyethylene  panicles  of  10 pm  (den¬ 
sity  of  960  kg/m^)  were  added  as  a  tracer  to  the  liquid  phase.  The 
thickness  of  the  Ar-laser  light  sheet  was  3.0  mm  in  the  test  sec¬ 
tion. 

In  the  present  study,  a  CCD  camera  and  a  cylindrical  lens 
were  mounted  on  a  moving  shuttle  in  order  to  establish  the 
Lagrangian  measurement  techniques  which  realized  detecting 
panicle  motion  and  fluid  information  around  a  panicle  simulta¬ 
neously.  The  shuttle  moved  from  top  to  bottom  parallel  to  the 
water  channel  with  mean  sireamwise  velocity  of  particle.  A  step¬ 
ping  motor  was  used  to  control  shuttle's  velocity  and  it  is  neces¬ 
sary  to  calibrate  influence  of  vibration  of  shuttle  on  its  velocity.  A 
special  calibration  scale  in  which  solid  marks  were  randomly  dis¬ 
tributed  as  if  particle  concentration  were  detected,  shown  in  fig¬ 
ure  1,  was  added  to  the  present  system.  The  CCD  camera  cap¬ 
tured  images  of  flow  field  in  the  test  section  and  the  calibration 
scale  by  using  mirror  2,  which  was  illuminated  by  a  laser  sheet  via 
mirror  1.  Figure  3  displays  an  image  of  the  instantaneous  flow 


Figure  2.  Mean  streamwise  velocity  profiles  of  water.  Both 
axes  are  normalized  by  friction  velocity  and  kinematic  vis¬ 
cosity  of  water. 

field  and  the  calibration  scale  captured  by  the  CCD  camera.  By 
using  the  DPIV  system  combined  with  the  moving  shuttle  it  is 
possible  to  calibrate  the  shuttle's  vibration  per  unit  image.  The 
measurements  uncertainty  in  these  experiments  due  to  the  veloc¬ 
ity  calibration  was  2.0%  for  instantaneous  velocity  measurements. 
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Figure  3.  An  image  of  instantaneous  flow  field  and  calibra¬ 
tion  scale  captured  by  a  CCD  camera. 


Figure  4  shows  an  instantaneous  velocity  map  of  fluid  seen 
by  particle  in  which  the  position  and  the  velocity  vectors  arc  di¬ 
mensional  in  order  to  show  the  actual  size  of  the  measured  re¬ 
gion.  A  particle  and  surrounding  fluid  were  measured  by  the  CCD 
camera  in  a  few  seconds  and  then  velocities  in  time  series  were 
calculated  by  using  a  set  of  40  to  60  velocity  vector  images  within 
an  interval  of  1/20  s.  The  Lagrangian  statistics  were  evaluated  by 
averaging  15  to  20  sets  of  time  series  data. 

In  the  present  experiments  fluid  velocity  along  the  particle 
path  was  evaluated  by  averaging  fluid  velocities  at  four  points 
which  were  1.5  mm  distant  from  a  particle. 

RESULTS  AND  DISCUSSION 

The  axes  of  figures  presented  in  this  section  have  been 
nondimensionalized  values  using  the  centerline  mean  velocity, 
(C/^) ,  of  0.155  m/s  and  the  channel  width,  h,  of  30  mm. 

Forces  in_Particle  Dynamic  Equation 

Lagrangian  measurement  techniques  can  provide  the  instan¬ 
taneous  informations  such  as  how  forces  act  on  a  particle  in  a 
turbulent  shear  flow.  Exact  forces  in  a  particle  dynamic  equation 
by  Mei  (1994)  were  examined  in  this  subsection.  Mei  (1994)  pro¬ 
posed  the  following  equation  for  particle  Reynolds  number  less 
than  173: 
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A 

-“p.) 

dr 


■dr 
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'DUf 

du 

_._£L 

2pJ 

dt 

pf 

Pp  Dt 


(1) 


A  A 


where  and  are  ,  respectively,  the  instantaneous  velocity 
of  particle  and  fluid  along  the  particle  path,  p,  and  P/  are,  re¬ 
spectively,  density  of  particle  and  fluid,  g,  is  gravity  and  p  is 
fluid  viscosity.  The  first  terra  is  the  body  force  (gravity  minus 
buoyancy).  The  second  term  is  a  quasi-steady  viscous  force  in 
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Figure  5.  Time  (development  of  the  forces  acting  on  450 
jum  glass  particle  in  the  stream  wise  (direction.  All  the  forces 
are  normalized  by  the  centerline  mean  velocity  and  the 
channel  width. 
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Figure  6.  Probability  density  distributions  of  the  drag  force 
and  the  residual  of  equation  (1)  In  the  streamwise  direc¬ 
tion  for  450  fim  glass  particle.  The  residual  was  defined  as 
AR=  left  hand  side  -  right  hand  side  of  eq.  (1). 


which  the  coefficient  of  drag,  Q ,  is  given  by  Clift  et  al  (1978). 
In  this  paper  this  term  is  denoted  as  the  drag  force.  The  third  term 
is  called  the  history  force  or  Basset  force  in  which  is  the 
history  force  kernel  (Mei  1994).  The  fourth  term  is  the  added- 
mass  term.  The  fifth  term  represents  a  force  due  to  fluid  pressure 
gradient  and  viscous  stresses.  The  last  term  shows  any  other  ex¬ 
ternal  body  force.  In  this  study  the  Saffman  lift  force  0965) 


A  =1.615 


6/i 


du, 


dx, 


(2) 


and  the  lift  force  due  to  rotation  (Magnus  1852) 

A  =|p,i2x(v, -£/,)[!  + (3) 

are  considered  as  external  force. 

Figure  5  illustrates  the  time  development  of  the  forces  acting 
on  450  glass  particle  in  the  streamwise  direction  which  were 
directly  measured  first  time  in  experiments.  It  is  necessary  to  con¬ 
sider  an  influence  of  experimental  errors  on  examining  exact  forces 
acting  on  a  panicle,  thus  probability  density  distributions  of  the 
drag  force  and  the  residual,  4/?,  i.e.  difference  between  the  left 
and  the  right  hand  side  of  equation  (1),  are  calculated  for  aiding 
discussion.  Figure  6  shows  the  probability  density  distributions 
of  the  above  terms  in  equation  (1),  which  are  along  the  Gaussian 
distribution.  When  the  gravity  acts  on  particles,  the  drag  and  grav¬ 
ity  forces  are  dominant  in  equation  (1)  and  balance  with  each 
other.  Small  values  of  the  particle  density  ratio  results  in  slight 
large  values  of  the  added  mass  force  and  the  force  due  to  fluid 
pressure  gradient  and  viscous  stresses.  The  experimental  results 
support  that  the  effect  of  fluid  shear  on  lift  force  is  more  signifi¬ 
cant  than  that  of  rotation.  Further  investigation  for  other  par¬ 
ticles  indicates  that  when  the  particle  density  ratio  becomes  close 
to  unity,  the  force  due  to  fluid  pressure  gradient  and  viscous 
stresses  can  be  dominant  in  equation  (1). 

Figure  7  displays  the  time  development  of  the  forces  acting 
on  450  /im  glass  particle  in  the  transverse  direction.  It  is  observed 
that  the  force  due  to  fluid  pressure  gradient  and  viscous  stresses 
is  more  significant  than  other  terms.  With  decreasing  values  of 
the  particle  time  constant  the  drag  force  shows  larger  values  which 
is  opposite  to  results  in  the  streamwise  direction.  For  the  poly¬ 
ethylene  particles  the  force  due  to  fluid  pressure  gradient  and 
viscous  sU'esses  is  about  several  times  the  drag  force  in  the  trans¬ 
verse  direction. 
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Figure  7.  Time  development  of  the  forces  acting  on  450 
//m  glass  particle  In  the  transverse  direction.  All  the  forces 
are  normalized  by  the  centerline  mean  velocity  and  the 
channel  width. 


Particle  Frequency  Response 

Csanady  (1963)  discussed  the  response  of  particles  to  the 
high-frequency  part  of  the  spectrum  with  the  particle  response 
function: 


^ _ \_ 

i+ty- 

E(^uation  (4)  indicates  that  the  Lagrangian  velocity  spectrum 
{co)  never  exceeds  that  of  fluid  along  the  panicle  (^W) . 

While  Mei  (1996)  derived  the  following  energy  transfer  function 
defined  as 
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where  5^  is  a  Stokes  number  in  frequency  space.  Mei’s  theory 
has  an  ability  to  represent  the  over-response  for  buoyant  par¬ 
ticles  (r= 

Figure  8  depicts  profiles  of  the  Lagrangian  velocity  spectra 
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Figure  8.  Lagrangian  velocity  spectra  of  450  fum  glass 
particle  and  fluid  along  the  particle  path  in  the  streamwise 
direction. 
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Figure  10.  Lagrangian  velocity  spectra  of  430  /im  polyeth¬ 
ylene  particle  and  fluid  along  the  particle  path  in  the  trans¬ 
verse  direction. 
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Figure  9.  Lagrangian  velocity  spectra  of  430  polyethyl¬ 
ene  particle  and  fluid  along  the  particle  path  in  the 
streamwise  direction. 
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Figure  11.  Lagrangian  autocorrelation  of  particle  velocity 
in  the  streamwise  direction. 


of  450  fim  glass  panicle  and  fluid  along  the  particle  path  in  the 
streamwis  direction.  The  abscissa  is  the  wavenumben  K  which  is 
related  to  6)  in  equation  (4)  via  co  =  1kk{U^)  ,  Lines  -C-  and  -M- 
show  the  Lagrangian  velocity  spectrum  of  particle  evaluated  by 
equations  (4)  and  (5),  respectively,  using  the  experimental  values 
of  fluid  spectrum.  In  the  streamwise  direction  profiles  of  particle 
spectrum  is  close  to  that  of  fluid.  It  means  that  the  glass  particles 
respond  well  to  high-frequency  fluctuations  of  fluid,  which  seems 
to  contradict  Csanady’s  theory. 

Figures  9  and  10  display  profiles  of  the  Lagrangian  velocity 
spectra  of  430  /im  polyethylene  particle  and  fluid  along  the  par¬ 
ticle  path  in  the  streamwise  and  transverse  direction,  respectively. 
Csanady’s  theory  is  not  satisfied  for  the  over-response  as  indi¬ 
cated  in  figure  9.  It  is  observed  from  this  experiments  that  par¬ 
ticles  which  have  the  density  ratio  less  than  unity  tend  to  over- 
response  to  high-frequency  fluctuations  of  surrounding  fluid, 
which  is  supported  by  Mei’s  theory.  However,  the  particles  can¬ 
not  respond  to  the  transverse  fluctuations. 

Lagrangian  Correlation 

It  is  possible  to  know  how  Lagrangian  statistics  are  in  a  tur¬ 
bulent  channel  flow  by  the  present  measurement  techniques. 
Lagrangian  autocorrelations  of  the  particle  velocities  in  the 
streamwise  direction  are  shown  in  figure  11.  The  correlations  in 
non-stationary  turbulence  are  defined  as 


{up,  (.r„)u^  (t„  +  r)) 


(6) 


The  results  from  this  experiments  shows  that  the  velocity 
autocorrelations  of  heavy  particles  decrease  faster  than  those  of 
lighter  particles  due  mainly  to  the  crossing-trajectories  effect 
(Yudine  1959),  which  is  consistent  with  the  experiment  in  grid¬ 
generated  turbulence  by  Snyder  and  Lumley  (1971)  and  DNS  in 
decaying  isotropic  turbulence  by  Squires  and  Eaton  (1991)  and 
Elghobashi  and  Truesdell  (1992).  It  should  be  noted  that  the  ef¬ 
fects  of  inertia  and  drift  (gravity)  are  not  isolated  in  this  experi¬ 
ments.  It  is  evident  that  the  correlations  do  not  decrease  to  zero 
at  long  separation  limes. 

Figure  12  displays  the  Lagrangian  correlations  of  fluid  veloc¬ 
ity  along  the  particle  path  in  the  streamwise  direction.  It  is  ob¬ 
served  that  the  correlation  of  the  fluid  velocity  along  the  path  of 
the  heavier  particles  decreases  more  rapidly  than  does  that  of  the 
lighter  particles,  which  is  probably  caused  by  the  heavier  par¬ 
ticles  overshooting  the  fluid  particle  paths. 

Some  models  of  particle  dispersion  by  turbulence  are  based 
on  choosing  functional  forms  of  the  Lagrangian  velocity  correla¬ 
tion  of  the  fluid  velocities  along  the  particle  path.  Gouesbet  et  ai 
(1984)  used 


-r 

cos 

mr 


K+lKV. 


.  (7) 


where  is  the  Lagrangian  time  integral  scale  tensor  of  the 
fluid  along  the  particle  path.  This  functional  form  was  originally 
used  by  Frenkiel  (1953).  Lines  in  figure  12  show  the  correlation 
coefficients  calculated  by  equation  (7)  with  the  loop  parameter  m 
=  0  and  1,  and  the  experimental  values  of  .  Gouesbet  et  ai 


24-15 


0  12  3 


r<C/^3/A 

Figure  12.  Lagrangian  autocorrelation  of  fluid  velocity  along 
the  particle  path  in  the  streamwise  direction. 


(1984)  has  shown  that  by  using  equation  (7)  with  m  =  1  it  is 
possible  that  heavy  particles  will  disperse  faster  than  fluid  ele¬ 
ments.  However,  the  experimental  evidence  indicates  that  a  simple 
decaying  exponential  form,  i.e.  w  =  0,  gives  a  better  result  than  m 
=  1.  Equation  (7)  was  derived  in  the  framework  of  Tchen’s  theory 
for  which  the  effect  of  an  external  body  force  is  ignored.  As  over¬ 
shooting  is  not  allowed  in  Tchen’s  theory  it  seems  unlikely  that 
the  correlation  of  fluid  velocities  along  the  particle  path  will  have 
negative  loops.  None  of  the  velocity  correlations  of  the  fluid  along 
the  panicle  path  in  the  streamwise  direction  showed  negative  re¬ 
gions  from  this  experiments. 

CONCLUSION 

Particle  dynamics  in  a  turbulent  channel  flow  have  been  in¬ 
vestigated  by  the  Lagrangian  measurement  techniques  which  was 
developed  first  time  in  the  present  study.  Digital  particle  image 
velocimetry  combined  with  a  system  traversing  a  CCD  camera 
with  mean  streamwise  velocity  of  particle.  Five  classes  of  spheri¬ 
cal  particles  were  used  to  provide  varying  values  of  density  ratio 
and  particle  time  constant  which  have  significant  effects  on  par¬ 
ticle  motion. 

Investigations  of  exact  forces  acting  on  particles  in  a  particle 
dynamic  equation  by  Mei  (1994)  showed  that  the  drag  and  the 
gravity  were  main  forces  in  the  streamwise  (gravity)  direction. 
When  the  particle  density  ratio  was  close  to  unity,  the  force  due 
to  fluid  pressure  gradient  and  viscous  stresses  can  be  dominant. 
While  in  the  transverse  direction  the  drag  force  showed  larger 
values  with  decreasing  values  of  the  particle  time  constant  which 
was  opposite  to  results  in  the  streamwise  direction. 

Particles  responded  well  to  the  high-frequency  fluctuations 
of  fluid  in  the  streamwise  direction  except  the  over-response  of 
particles  which  have  their  density  ratio  less  than  unity,  supported 
by  Mei's  theory.  In  the  transverse  direction  all  the  particles  were 
less  responsive  to  fluid  fluctuations. 

The  Lagrangian  velocity  autocorrelations  obtained  by  the 
present  measurements  indicated  that  the  correlations  of  heavier 
particles  decreased  faster  than  those  of  lighter  particles  due  to 
the  crossing-trajectories  effect.  The  autocorrelations  of  fluid  along 
the  path  of  heavier  particles  decreased  more  rapidly  than  did  of 
the  lighter  particles,  which  is  attributed  to  overshooting  of  the 
heavier  particles. 
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ABSTRACT 

Direct  numerical  simulation  (DNS)  is  conducted  of  a 
homogeneous  turbulent  shear  flow  laden  with  mono-size 
particles.  The  dispersed  phase  is  simulated  in  the  La- 
grangian  frame  and  the  carrier  phase  is  considered  in  the 
Eulerian  manner.  The  coupling  between  the  two  phases 
is  ‘‘two-way”  which  allows  investigation  of  the  effects  of 
“the  mass  loading  ratio”  and  “the  particle  time  constant” 
on  both  phases.  A  new  Reynolds  stress  model  (RSM)  is 
developed  based  on  a  “two-fluid’’  methodology  in  which 
both  the  carrier  phase  and  the  dispersed  phase  are  consid¬ 
ered  in  the  Eulerian  frame.  Closures  are  suggested  for  the 
unclosed  terms  (including  the  pressure-velocity  gradient) 
which  manifest  the  effects  of  two-way  coupling.  The  results 
generated  by  DNS  are  used  to  determine  the  magnitudes 
of  some  of  the  empirical  constants  appearing  in  RSM.  The 
final  model  predictions  for  all  the  components  of  the  fluid, 
the  particle,  and  fluid-particle  Reynolds  stresses  are  as¬ 
sessed  via  detailed  comparisons  against  DNS  data. 


INTRODUCTION 

The  objective  of  this  work  is  twofold:  (1)  conduct  DNS 
of  particle-laden  turbulent  shear  flows,  (2)  provide  a  new 
second-order  Reynolds  stress  model  for  statistical  predic¬ 
tions  of  two-phase  flows.  While  the  DNS  results  are  used  to 
investigate  some  physical  issues  pertaining  to  the  structure 
of  such  flows,  their  primary  use  is  to  aid  the  development  of 
RSM.  The  model  is  associated  with  the  Reynolds  stresses 
in  both  phases  and  the  cross-correlation  between  the  ve¬ 
locities  of  the  two  phases.  Some  of  the  previous  contribu¬ 
tions  in  such  modeling  are  due  to  Shih  and  Lumley  (1986); 
Zhou  (1993);  Zhou  et  al.  (1994);  Simonin  et  al.  (1995). 
Here,  DNS  data  are  used  rather  extensively  for  both  model 
parameterization  (determination  of  some  of  the  empirical 
constants  appearing  in  the  model),  and  model  assessments. 
The  RSM  as  proposed  here  is  in  the  form  of  full  second 
order  transport  equations. 

One  of  the  first  implementation  of  DNS  in  two-phase 
flows  is  due  to  Riley  and  Patterson  (1974)  who  investi¬ 
gate  particle  dispersion  in  isotropic  turbulence.  McLaugh¬ 
lin  (1989)  simulates  particle  deposition  in  a  channel,  and 


Squires  and  Eaton  (1991a);  Squires  and  Eaton  (1991b) 
have  conducted  extensive  DNS  of  stationary  and  decay¬ 
ing  turbulence  fields  with  one-  and  two-way  coupling.  EI- 
ghobashi  and  Truesdell  (1992);  Elghobashi  and  Truesdell 
(1993)  report  the  results  of  similar  studies.  While  there  are 
no  reported  DNS  results  on  particle-laden  homogeneous 
turbulent  shear  flows,  several  large  eddy  simulation  (LES) 
results  of  such  flows  are  available  (Yeh  and  Lei,  1991; 
Simonin  et  al.y  1995).  These  studies  have  been  very  useful 
for  understanding  the  physics  of  particle-laden  shear  flows 
and  for  assessment  of  some  of  the  recent  theories  pertain¬ 
ing  to  such  flows  (Reeks,  1993;  Liljegren,  1993).  However, 
the  uncertainties  associated  with  the  subgrid  scale  closures 
as  used  in  LES,  does  not  allow  for  a  through  assessment 
of  turbulence  closures.  This  assessment  is  better  furnished 
via  DNS. 


DIRECT  NUMERICAL  SIMULATION 
The  governing  equations  considered  here  are  the  conti¬ 
nuity  and  Navier- Stokes  equations  for  the  continuous  fluid 
phase,  coupled  with  the  Lagrangian  equations  for  discrete 
particles.  The  particles  are  assumed  to  be  spherical  with 
diameter  smaller  than  the  smallest  length  scale  of  the  tur¬ 
bulence  and  to  obey  an  empirically  corrected  Stokesian 
drag  relation.  The  particle  density  is  much  larger  than 
the  fluid  density  such  that  only  the  drag  force  is  signifi¬ 
cant  to  the  particle  dynamics.  In  addition,  the  particle  vol¬ 
ume  fraction  is  assumed  to  be  relatively  small  and  particle- 
particle  interactions  are  jieglected.  The  fluid  velocity  and 
pressure  are  denoted  by  Ui  and  P,  ai^  the  particle  position 
and  velocity  are  denoted  as  Xi  and  Vi ,  respectively,  where 
the  hat  ^indicates  the  instantaneous  quantity.  With  this 
nomenclature,  the  continuity  and  momentum  equations  for 
the  fluid,  and  the  Lagrangian  equations  of  motion  for  a 
single  particle  are  given  by: 


dUj 

dxj. 


(1) 


1  ap  ^  1  d^Uj 

pf  dxi  v  dxjdxj 
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dXi 

dt  ~  *’  dt  .p 

where  Xi  and  i  are  the  spatial  and  temporal  coordinates, 
respectively,  and  pj  and  v  are  the  fluid  density  and  kine¬ 
matic  viscosity,  respectively.  The  particle  time  constant 
for  Stokesian  drag  of  a  spherical  particle  is  Tp  = 
where  pp  and  dp  are  the  particle  density  and  diame¬ 
ter,  respectively,  and  p  is  the  fluid  viscosity.  The  func¬ 
tion  /  =  1  -f  O.lSiiep®*^  in  (2)  and  (3)  represents  an 
empirical  correction  to  Stokesian^drag^for  large  particle 
Reynolds  numbers  (Rcp  =  p*fdp\U*  —  yi\lp)  and  is  valid 
for  Rcp  <  1000.  The  superscript  (»)  indicates  the  values  of 
the  fluid  variables  at  the  particle  location.  The  last  term 
in  (2)  represents  the  effects  of  the  particle  drag  which  is 
calculated  by  volume  averaging  the  contributions  from  all 
of  the  individual  particles  residing  within  the  cell  volume 
[AV  =  (Ax)^,  where  Ax  is  the  grid  spacing)  centered 
around  each  grid  point  (nip  =  ^ppdp/6  is  the  mass  of  a 
single  particle  and  rip  is  the  number  of  particles  within  the 
cell  volume). 

The  carrier  phase  is  simulated  by  a  Fourier  pseudo- 
spectral  method,  and  the  particles  are  tracked  individu¬ 
ally  in  a  Lagrangian  msuiner.  For  a  given  mean  shear  (5) 
we  have  considered  flve  cases  to  investigate  the  effects  of 
one-  and  two-way  coupling  at  various  values  for  the  par¬ 
ticle  time  constant  (rp)  and  the  mass  loading  ratio  (^m), 
using  as  many  as  6.67  x  10*  particles  on  96*  collocation 
points.  To  ensure  the  accuracy  of  the  single  phase  flow 
simulation,  successful  comparisons  have  been  established 
with  the  simulation  results  of  Rogers  et  al.  (1986),  and 
the  experimental  data  of  Tavoularis  and  Corrsin  (1981). 

The  modification  of  turbulence  by  the  particles  is  illus¬ 
trated  in  Fig.  1  by  considering  the  temporal  variations  of 
the  fluid  turbulent  kinetic  energy  (k  =  |  <  mui  >,  where 
<>  indicates  the  Eulerian  ensemble  average  over  the  num¬ 
ber  of  grid  points.)  and  its  dissipation  rate  (c).  Both  vari¬ 
ables  are  normalized  with  their  corresponding  initial  values 
denoted  by  subscript  (0).  For  all  of  the  cases,  initially  the 
fluid  turbulent  kinetic  energy  decays  due  to  the  absence  of 
the  off-diagonal  (shear)  Reynolds  stress  term.  This  term, 
along  with  the  mean  velocity  gradient,  are  responsible  for 
the  production  of  energy  in  the  streamwise  direction.  Af¬ 
ter  the  shear  Reynolds  stress  component  is  produced  by 
the  action  of  the  mean  velocity  gradient,  the  kinetic  en¬ 
ergy  starts  to  increase  (Si  >  4).  The  primary  effect  of  the 
particles  on  the  fluid  is  to  decrease  the  turbulent  kinetic 
energy  with  respect  to  its  single  phase  value.  This  is  also 
the’ case  for  the  dissipation  rate  as  shown  in  Fig.  lb.  The 
decrease  of  the  kinetic  energy  and  its  rate  of  dissipation 
in  the  presence  of  particles,  suggests  the  existence  of  an 
extra  dissipation  which  originates  from  the  drag  force. 

The  equation  governing  the  particle  turbulent  kinetic  en- 
crgy  (^p  =  §  <<  VtVi  >>)  with  <<>>  denoting  the  La¬ 
grangian  ensemble  average)  is 


dk^ 

— =  -  <<  VlV2  »  S 
at 

+  «f»(«  uiVi  »  -2kp).  (4) 

In  deriving  (4),  the  triple  correlations  between  /  and  ve¬ 
locity  components  have  been  neglected  after  analyzing  the 


Figure  1:  Temporal  variations  of  the  fluid  turbulent  kinetic 
energy  and  its  rate  of  dissipation.  Both  quantities  are  nor¬ 
malized  with  their  initial  values. 


DNS  data.  The  first  term  on  the  RHS  of  (4)  represents 
a  production  by  the  mean  velocity  gradient  while  the  sec¬ 
ond  term  is  due  to  drag.  The  temporal  evolution  of  these 
terms  in  Fig.  2  indicates  that  for  all  of  the  cases  the  term 
due  to  drag  behaves  as  a  dissipation  and  tends  to  bal¬ 
ance  the  production.  Obviously,  during  the  initial  times 
(Si  <  4),  the  dissipation  overcomes  the  production  and 
the  particle  turbulent  kinetic  energy  experiences  a  rapid 
decay,  similar  to  those  for  the  fluid.  At  longer  times,  Fig. 
2  shows  that  the  increase  of  the  mass  loading  ratio  results 
in  the  decrease  of  the  magnitude  of  both  the  production 
and  dissipation.  However,  the  decrease  of  the  production 
with  the  mass  loading  ratio  occurs  with  a  faster  rate  than 
that  of  the  dissipation.  As  a  result,  the  growth  rate  of 
the  particle  turbulent  kinetic  energy  is  decreased  with  the 
increase  of  the  mass  loading  ratio.  A  comparison  of  cases 
with  different  particle  time  constant  values  (at  the  same 
mass  loading  ratio)  reveals  that  the  initial  evolutions  of  the 
production  and  the  dissipation  terms  are  more  sensitive  to 
the  variations  of  the  particle  time  constant,  thcin  are  to 
the  variations  of  the  mass  loading  ratio.  During  the  initial 
times,  the  increase  of  the  particle  time  constant  decreases 
the  decay  rate  of  the  particle  turbulence  energy  while  at 
long  times  it  results  in  the  decrease  of  the  growth  rate  of 
the  kinetic  energy. 

The  overall  effects  of  the  interaction  between  the  car¬ 
rier  and  dispersed  phases  are  summarized  in  table  1  which 
shows  results  at  =  12.  It  is  seen  that  the  turbu¬ 
lence  non-dimensional  time  scale  Sk/e  increases  with  mass 
loading  indicating  the  turbulence  becomes  more  sluggish. 
As  observed  from  the  components  of  the  anisotropic  ten¬ 
sors,  a{j  =<  UiUj  >  /k  —  28ij/Z  and  a?  =<<  v{Vj  » 
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Table  1:  DNS  Results  at  St  —  12. 


Figure  2:  Temporal  variations  of  the  production  and  drag  dis¬ 
sipation  terms  appearing  in  the  particle  kinetic  energy  equa¬ 
tion. 
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/Jbp  —  2Sij  /3,  the  normal  components  of  both  the  fluid  and 
the  particle  velocity  correlations  become  more  anisotropic 
with  increasing  mass  loading  whereas  the  shear  compo¬ 
nents  decrease  slightly.  Also,  the  particle  normal  Reynolds 
stress  in  the  flow  direction  is  Izixger  than  that  of  the  car¬ 
rier  fluid.  This  is  in  agreement  with  the  theoretical  results 
of  Reeks  (1993);  Liljegren  (1993)  and  the  LES  results  of 
Simonin  et  al.  (1995),  and  is  due  to  the  lack  of  small  scale 
dissipation  in  the  dispersed  phase  as  opposed  to  the  fluid 
phase.  Furthermore  for  large  mass  loading  the  kinetic  en¬ 
ergy  of  the  particles  becomes  larger  than  that  of  the  fluid. 


REYNOLDS  STRESS  CLOSURES 
In  this  section  a  second-order  moment  Reynolds  stress 
model  is  proposed  for  particle-laden  flows  that  includes 
the  effects  of  two-way  coupling  between  the  two  phases. 
The  predictions  of  the  model  are  then  compared  with  the 
DNS  generated  data.  The  model  is  based  on  the  two-fluid 
treatment  of  two-phase  flows.  Similarly  to  DNS,  we  con¬ 
sider  the  transport  of  an  incompressible  fluid  (the  carrier 
gas)  laden  with  mono-size  particles  (the  dispersed  phase). 
The  governing  equations  for  both  phases  are  expressed 
in  the  Eulerian  frame  by  performing  volume  averaging. 
For  a  dilute  dispersed  phase,  typically  the  volume  fraction 
^  0(10"'*);  the  transport  equation  for  the  carrier  phase 

simplifies  to  (2)  except  the  particle  drag  term  becomes 
A$(i7,  —  Vi)lTp^  A  =  PpIps^  due  to  the  volume  averag¬ 
ing  process.  We  assume  Stokes  drag,  and  the  effect  of  the 
carrier  phase  pressure  on  the  particles  is  negligible.  The 
volume  averaged  particle  equation  in  the  Eulerian  form 
can  be  written  as 


dt 


Uu,  -  Vi). 


(5) 


Following  the  standard  Reynolds  decomposition  pro¬ 
cedure,  the  flow  variables  are  decomposed  into  ^the 
“ensembl^mean’’  and  fluctuations  a^out  the  mean:  Ui  = 
+  tti,  Vi  ^  Vi  Vi,  F  =  P-f  p  and  #  =  #  +  and  mean 


flow  equations  can  be  obtained  by  averaging  (2)  and  (5). 
For  the  homogeneous  shear  flow  considered  here,  the  fluid 
velocity  is  specified  with  K  =  Ui  and  with  zero  void  frac¬ 
tion  fluxes  and  Viij>.  The  transport  differential  equa¬ 
tions  for  other  second-order  moments  are  obtained  from 
(2)  and  (5)  by  standard  methods: 


duiUj 


_ dUj  _ dUi  ^  , 


-- -  ^i)  +  “i(“>  -  "OJ.  (6) 

for  the  carrier  phase  Reynolds  stress, 

_ dVj  _ dVi  1.  _  _  _ . 

for  the  dispersed  phase  Reynolds  stress,  and 


(7) 


dvTvj  _ dVj 


di 


dxi 


—  UlVj 


,dUi 

dxi 


+  Xij 


-F— (u.-Uj  —  UiVj)  —  ^^(uiVj  —  viVj), 


(8) 


for  fluid-particle  velocity  covariance.  In  (6),  = 

pjpj {dm /dxj  -F  duj/dxi)  is  the  pressure-strain  correla¬ 
tion,  and  €ij  =  2v{duild^i)(dujldxi)  indicates  the  dis¬ 
sipation  rate.  In  (8),  Xij  =  vl Psi^vj/dxi)  is  the  pressure- 
dispersed  phase  velocity  gradient  correlation.  In  these 
equations,  the  third-order  correlations  involving  both  the 
velocity  and  the  void  fraction  fluctuations  are  neglected. 

The  pressure  terms,  rl^ij  and  Xij  are  modeled  similarly  to 
the  widely  utilized  closure  of  Launder-Reece-Rodi  (LRR) 
(Launder  et  al.,  1975).  Utilizing  Fourier  transform  meth¬ 
ods  the  Poisson’s  equation  for  the  pressure  can  be  solved 
resulting  in  expressions  for  and  Xij  terms  of  integrals 
of  two-point  velocity  correlations.  The  result  for  tjjij  con¬ 
tains  extra  terms,  involving  fluid-particle  velocity  correla¬ 
tions,  arising  from  the  effects  of  the  particles  on  the  fluid. 
FoDowing  Launder  et  al.  (1975)  the  pressure-strain  term 
il)ij  is  formulated  as  a  linear  polynomial  of  the  velocity  cor¬ 
relations.  The  coefficients  of  this  polynomial  are  obtained 
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by  applying  the  constraints  of  symmetry,  incompressibil¬ 
ity,  and  normalization.  The  final  result  for  homogeneous 
flows  is 

Eii  =  -Cjiea{- 

+€  ~  6C/2  +  ^jk^ki  ~ 

+C/S— pioj,  -OmVmibif  +  ijf)],  (9) 

where  C/i,  C/2  and  C/s  are  empirical  constants  to  be  de¬ 
termined,  a{j  =  uiUj/h  —  26,'j/3  and  h{j  =  UiVj/umVm  — 
6ij /3  are  the  normalized  form  of  the  fluid-fluid  and  the 
fluid-particle  Reynolds  stresses,  respectively;  and  Sjj  = 

k/(2e)(dUi/dxj  +  dUildxi)  and  w,/  =  k/{2€){aUi/dxj  - 
dUjIdxi)  are  the  strain  rate  and  the  rotation  tensors  of 
the  carrier  phase,  respectively.  In  (9)  the  first  two  terms 
are  the  LLR  closure  for  the  slow  and  fast  pressure-strain 
effects,  respectively,  and  the  last  term  depicts  the  particle 
effects.  Following  a  similar  procedure,  a  model  is  derived 
for  the  pressure-dispersed  phase  velocity  gradient  correla- 

Xii  -  -Cjpi  ^ 

+C/p3— (10) 

where  t  k/c  is  the  carrier  phase  turbulent  time  scale, 
and  C/pi,  C/p2,  and  C/p3  are  empirical  constants. 

Equations  (9)  and  (10)  indicate  that  the  proposed  clo¬ 
sures  involve  six  empirical  constants  which  must  be  deter¬ 
mined.  The  terms  involving  C/i  or  C/2  in  Eq.  (9)  are 
the  equivalent  of  those  in  LRR.  Thus,  the  magnitudes 
of  these  constants  are  set  to  be  the  same  (C/i  =  1.75, 
C/2  =  —0.159)  to  ensure  that  in  the  limit  of  one-way  cou¬ 
pling  Eq.  (9)  reduces  to  the  equivalent  LRR  model  for 
single  phase  flows.  The  magnitudes  of  the  other  four  con¬ 
stants  are  determined  by  balancing  the  transport  equa¬ 
tions  for  all  of  the  components  of  the  fluid  Reynolds  stress 
tensor  (Eq.  6)  and  the  fluid-particle  covariance  tensor  (Eq, 
8),  Note  that  all  of  the  remaining  terms  in  these  equations 
as  well  as  the  terms  in  models  of  pressure-strain  correla¬ 
tion  and  pressure-particle  velocity  gradient  correlation  are 
computable  directly  from  the  Lagrangian  simulations.  By 
considering  all  of  the  components  and  all  of  the  cases  a 
large  data  bank  is  furnished  to  determine  and  to  optimize 
the  values  of  the  remaining  four  constants.  A  sample  case 
is  shown  in  Fig.  3  for  the  energy  budget  of  <<  uiva  >> 
for  =  0.25  and  Vp  =  0.032s.  In  this  figure,  the  pro¬ 
duction,  the  dissipation  rate,  and  the  contribution  from 
drag  are  calculated  from  DNS.  The  values  of  the  pressure- 
dispersed  phase  velocity  gradient  are  calculated  from  the 
proposed  models.  The  term  LHS  indicates  the  derivative 
of  the  energy  component  and  is  obtained  from  DNS.  This 
value  is  compared  with  ^RHS  which  is  the  sum  of  the 
production,  dissipation  rate,  and  drag  contribution  (from 
DNS),  and  the  pressure  term  (from  models).  It  is  ob¬ 
served  that  the  general  agreement  between  the  LHS  and 
the  ]^RHS  is  good,  especially  for  Si  >  2  when  the  tur¬ 
bulence  is  well-developed.  Similar  comparisons  have  also 
been  performed  for  other  components  for  all  of  the  cases. 
The  final  (optimized)  values  of  the  empirical  constants  are 
given  in  table  2. 


Figure  3:  Budget  of  <<  uivj  >>  from  the  case  with  = 
0.25  and  Tp  =  0.0325. 


Table  2:  Empirical  constants. 


Constant 

Magnitude 

Basis  for  choice 

C,1 

1.75 

Launder  et  al.  (1975) 

C/2 

-0.159 

Launder  et  al.  (1975) 

Cfz 

0.5 

Budget  of  uiuj 

Cfpi 

2.5 

Budget  of  uivj 

Cfp2 

0.5 

Budget  of  uiVj 

Cfp3 

0.2 

Budget  of  uiVj 

1.45 

Standard  fc-e 

Ce, 

1.85 

Standard  k-c 

C.3 

0,8 

Overall  performance  of  RSM 

The  final  form  of  the  transport  equations  for  all  of 
the  components  of  the  Reynolds  stress  tensors  consti¬ 
tute  a  set  of  Reynolds  stress  models  for  particle-laden 
homogeneous  shear  flows.  To  close,  an  equation  must 
be  provided  for  the  dissipation  rate  of  the  fluid  tur¬ 
bulent  kinetic  energy.  The  modeled  dissipation  rate 
equation  can  be  rationalized  from  the  exact  equation 
for  the  dissipation  rate  as  obtained  from  (2).  For  the 
present  case  this  equation  includes  an  additional  term, 
2X^/Tp[i/(dui/dxj){dui/dxj)  —  v{dv\ldx > ) ( du,  / dx / ) J , 
due  to  coupling  with  the  dispersed  phase.  In  this  expres¬ 
sion  the  first  term  is  the  dissipation  c  and  the  second  term 
is  modeled  as  the  relaxation  of  the  trace  of  fluid-particle 
velocity  correlation  tensor,  i.e,  CesWmVm/'r.  The  final  form 
of  the  modeled  transport  equation  for  the  dissipation  rate 
for  homogeneous  flow  is  expressed  as: 

dt  € _ c  . 

^  ~  CaUmVr.), 

(11) 

where  Cei,  Cc2,  and  Cc3  are  constants.  The  values  for 
Cel  and  C€2  are  taken  from  their  single-phase  equivalents; 
Cel  =  1*45  and  Ce2  =  1-85.  The  value  of  constant  Ces  = 
0.8  is  found  by  comparison  with  DNS  data. 

The  data  generated  by  DNS  for  the  fluid,  particle, 
and  fluid-particle  Reynolds  stresses  are  used  to  assess  the 
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Reynolds  stress  model.  In  this  assessment  the  stress  and 
the  dissipation  rate  values  at  St  =  2  are  taken  from  DNS 
as  initial  values.  This  time  is  chosen  as  the  initial  time 
in  order  to  allow  the  flow  and  the  particles  to  reach  a  dy¬ 
namic  equilibrium.  All  of  the  cases  have  been  considered; 
however,  the  results  of  only  two  cases  are  presented  here. 
Similar  trends  were  obtained  for  cases  with  different  mass¬ 
loading  ratios  and  particle  relaxation  times. 

The  numerical  procedure  involves  simultaneous  integra¬ 
tion  of  14  coupled  equations  (13  for  Reynolds  stresses  and 
1  for  the  dissipation  rate).  The  time  derivative  term  is 
discretized  by  a  backward  finite  difference  scheme.  The 
decay  term  is  evaluated  by  averaging  between  the  two  suc¬ 
cessive  time  levels  in  order  to  expedite  convergence.  By 
performing  two  iterations  at  each  time  level  the  resulting 
technique  is  similar  to  the  Crank-Nicholson  method. 

First  we  consider  the  case  with  one-way  coupling  ($m  = 
0)  for  Tp  =  0.016s.  The  model  predictions  (lines)  are  com¬ 
pared  with  DNS  results  (symbols)  in  Fig.  4  for  all  of  the 
components.  The  overall  agreement  is  very  good;  the  par¬ 
ticle  Reynolds  stress  components  (Fig.  4b)  show  the  best 
overall  agreements.  This  is  expected  as  the  transport  equa¬ 
tions  for  the  particle  Reynolds  stresses  involve  no  model¬ 
ing.  Small  deviations  observed  in  Fig.  4b  is  due  to  uTvj 
terms.  It  is  noted  that  the  shear  components  which  are  of 
primary  importance  are  predicted  very  closely  to  DNS.  For 
this  one-way  coupling  case,  Fig.  4a  essentially  evaluates 
the  performance  of  the  LRR  model.  Some  deviations  are 
observed  in  the  streamwise  (uiui  )  component  but  other 
components  are  in  reasonably  good  agreements. 

The  effects  of  two-way  coupling  at  =  0.25  and 
Tp  =  0.016s  are  portrayed  in  Fig.  5.  Again  the  agreement 
between  the  model  predictions  and  DNS  results  is  very 
promising.  Similar  to  the  case  with  one-way  coupling,  the 
largest  deviations  are  observed  in  the  streamwise  direction, 
especially  for  the  fluid.  Finally,  Fig.  6  shows  that  the  dis¬ 
sipation  rate  is  also  calculated  very  closely  to  DNS  results, 
for  the  two  cases. 


CONCLUDING  REMARKS 
This  work  deals  with  direct  numerical  simulation  of 
particle-laden  homogeneous  shear  flow,  and  proposes  a 
new  Reynolds  stress  model  for  statistical  prediction  of  two- 
phase  flows.  The  DNS  results  are  used  to  assess  the  perfor¬ 
mance  of  the  RSM.  Reasonable  agreement  between  model 
and  DNS  results  are  observed,  especially  for  the  shear  (off- 
diagonal)  components  which  are  of  primary  importance.  A 
very  important  feature  of  model  is  that  the  effects  of  the 
two-way  coupling  are  included  in  every  aspect  of  the  for¬ 
mulation.  Work  is  underway  in  implementation  of  the  pro¬ 
posed  RSM  in  homogeneous  plane-strain  flows  and  their 
validations  via  DNS. 
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ABSTRACT 

Particle  dispersion  in  a  two-dimensional  mixing  layer  has 
been  investigated  numerically.  The  time-evolving  veloc¬ 
ity  field  was  computed  using  the  Discrete  Vortex  Method 
(DVM)  and  the  trajectories  of  heavy  particles  were  then 
calculated.  Profiles  of  mean  velocities  agree  well  with  the 
experimental  measurements  of  Ishima  et  al  (1992),  The 
agreement  is  less  satisfactory  for  the  Reynolds  stress,  and 
worst  for  the  fluctuating  velocities.  The  agreement  for  par¬ 
ticle  dispersion  is  more  variable.  This  approach  enables  us 
to  investigate  the  interaction  between  heavy  particles  and 
large  scale  coherent  structures. 

INTRODUCTION 

Many  important  industrial  and  environmental  processes 
involve  the  transport  and  dispersion  of  heavy  particles  by 
a  turbulent  flow.  Typical  examples  include  flow  reactors 
and  combustion  chambers.  Often  it  is  necessary  to  predict 
the  dispersion  of  the  heavy  particles,  and  many  studies 
(e.g.  Chein  &  Chung  1987,  Chung  Sc  Troutt  1988,  Ishima 
et  aL  1992,  Hishida  et  al.  1993  and  Marcu  Sc  Meiburg 
1996a, b)  have  suggested  that  the  particle  dispersion  de¬ 
pends  strongly  on  the  ability  of  the  particles  to  follow  the 
motion  of  large-scale  eddies. 

Since  the  publication  by  Brown  Sc  Roshko  (1974)  of  their 
well-known  photographs  of  a  turbulent  mixing  layer,  there 
has  been  a  great  deal  of  interest  in  the  large-scale,  eddy¬ 
like  structures  which  occur  in  certain  classes  of  turbulent 
shear  flow.  These  photographs  confirmed  that  large-scale 
coherent  structures  are  indeed  intrinsic  features  of  turbu¬ 
lent  mixing  layers  at  high  Reynolds  numbers.  Furthermore, 
sequential  merging  of  vortices  provides  the  primary  mech¬ 
anism  for  the  spreading  of  the  layer  in  the  downstream 
direction.  It  is  generally  considered  that  these  coherent 
structures  dominate  the  transport  of  mass,  momentum  and 
heat  in  these  flows. 

Several  of  the  investigations  of  particle  dispersion  in  flows 
dominated  by  large  scale  coherent  structures  have  sug¬ 
gested  that  the  particle  dispersion  can  exceed  that  of  fluid 
elements  when  the  particle  response  time  is  of  the  same 
order  as  the  time  scale  of  the  large  coherent  structures. 
Potentially,  this  effect  is  relevant  to  many  engineering  ap¬ 


plications  and  processes,  in  which  particles  or  droplets  are 
injected  into  a  turbulent  flow,  and  the  objective  is  to  maxi¬ 
mize  the  subsequent  dispersion  of  the  particles  or  droplets. 
Such  results  demonstrate  the  importance  of  the  role  played 
by  coherent  structures  in  determining  particle  dispersion, 
and  suggest  that  in  such  flows  the  characteristic  time  and 
velocity  scales  of  the  large  scale  structures  (relative  to  the 
particle  response  time  and  the  fall  velocity)  are  the  im¬ 
portant  scaling  par^eters.  This  is  in  contrast  to  particle 
dispersion  in  some  other  types  of  turbulent  flow  (e.g.  ho¬ 
mogeneous  turbulence)  where  the  Kolmogorov  scales  might 
provide  the  most  suitable  scaling  parameters  (e.g.  Wang 
Sc  Maxey  1993). 

Mixing  layers  and  jets  provide  useful  generic  models  for 
this  type  of  problem.  For  example,  Chung  Sc  Troutt  (1988) 
developed  a  DVM  of  an  axisymmetric  jet  (using  ring  vor¬ 
tices)  and  they  used  this  to  investigate  particle  dispersion. 
However,  the  enforced  axisymmetry  in  the  simulation  may 
have  produced  large  scale  structures  that  were  ‘too  coher¬ 
ent’  compared  with  a  real  circular  jet  and  this  may  have 
exaggerated  the  importance  of  the  structures. 

In  order  to  investigate  this,  we  have  developed  a  DVM  of 
a  plane  mixing  layer.  This  paper  describes  (very  briefly) 
the  basis  of  that  model,  and  the  use  of  the  model  to  simu¬ 
late  the  experiments  of  Ishima  et  al.  (1992)  and  Hishida  et 
al.  (1993).  A  sketch  of  their  experimental  arrangement  is 
shown  in  Figure  1.  This  comparison  between  model  and 
experiments  (which  was  not  possible  for  the  model  devel¬ 
oped  by  Chung  Sc  Troutt  1988)  is  an  important  preliminary 
step,  before  using  the  model  to  investigate  the  interactions 
between  particles  and  coherent  structures  in  detail. 

THE  MIXING  LAYER 

Two  parallel,  semi-infinite  streams  of  velocity  Ui  and 
U2  (U2  >  Ui)  merge  at  a:  =  0  to  create  a  steady  flow 

U{x^y)  which  is  weakly  diverging  but  self-similar.  The 
velocity  difference  Js  given  by  Ai7  =  U2  —  Ui^  and  the 
average  velocity  isU  =  {Ui  -f  C/2)  / 2.  The  flow  can  be  char¬ 
acterized  by  the  dimensionless  velocity  ratio  R  =  AU  /  2U 
and  the  Reynolds  number  =r  UI  j  u  where  /  is  a  char¬ 
acteristic  length  scale  and  1/  is  the  kinematic  viscosity. 
Goertler  (1942)  used  an  eddy  viscosity  model  to  develop 
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Figure  1:  Experimental  flow  configuration 


a  similarity  solution  for  the  mean  velocities  : 


u-C/i 

U2-Ui 


i(l  +erfO 


(1) 


where  ^  =  cry  f  x  and  <r  is  a  constant  which  depends  on 
(U/AUy'\  In  some  cases  the  self-similar  coordinate  ^  is 
replaced  by  t;  =  [y  —  2/0.5)  /  0  where  2/0.5  is  the  value  of  y 
at  which  u  =  and  6  is  the  momentum  thickness  of  the 
mixing  layer. 

The  experiments  of  Ishima  et  al.  (1992)  and  Hishida 
et  al.  (1993)  were  performed  with:  Ui  =  4m.s”^, 

U2  =  13m.s“^,  R  =  1.89  and  Re  ^  30  000. 


THE  DISCRETE  VORTEX  METHOD 

In  this  study  we  restrict  our  attention  to  two-dimensional 
viscous  flow  of  a  fluid  with  kinematic  viscosity  z/.  Then  the 
equation  for  the  transport  and  diffusion  of  vorticity  u?  can 
be  written: 


Dw 


= 


(2) 


This  leads  to  a  Lagrangian  interpretation  of  the  Euler  equa¬ 
tions,  and  is  the  basis  for  the  DVM.  This  technique  is  de¬ 
scribed  in  detail  in  a  number  of  reviews  and  articles  (e.g. 
Chorin  1973,  Acton  1976,  Ashurst  1979,  Leonard  1980),  so 
we  only  provide  a  brief  description  here. 

The  continuous  distribution  of  vorticity  is  discretised  into 
a  finite  number,  Nv^  of  point  vortices,  each  with  circula¬ 
tion  AFj,  and  located  at  Xj.  The  complete  velocity  field 
is  given  by  the  sum  of  an  irrotational  background  veloc¬ 
ity  field  Ub(x)  and  the  velocity  fields  generated  by  all  the 
point  vortices.  Each  vortex  moves  at  the  local  velocity,  so 
for  a  vortex  located  at  x,-,  the  velocity  is  given  by: 


u{xO  =  Up(xO- 


AFj  (x,-  —  Xj)  A  k 
27r  |xi-x,l^ 


where  k  is  the  unit  vector  out  of  the  plane.  This  means 
that  the  model  requires  0(7V^)  calculations  per  time  step. 
Several  approaches  have  been  proposed  to  reduce  the  com¬ 
putational  time  (e.g.  Peyret  &  Taylor  1983,  Spalart  k 


Ui*U2  Ui-  U2  U2 

2  ~  2  “ 


Figure  2:  Model  of  a  mixing  layer  by  the  DVM 


Leonard  1981,  Clarke  k  Tutty  1994)  but  these  generally 
introduce  additional  numerical  diffusion  of  vorticity.  To 
avoid  this,  we  have  computed  all  vortex  interactions  di¬ 
rectly. 

In  the  inviscid  model,  the  discretised  vorticity  is  modelled 
by  irrotational  point  vortices,  but  these  introduce  problems 
of  numerical  stability  when  vortices  approach  each  other 
too  closely.  Therefore,  in  most  practical  calculations,  the 
discretised  vorticity  is  modelled  by  “vortex  blobs”  -  vor¬ 
tices  with  rotational  cores.  The  two  most  common  forms 
for  this  are  the  Rankine  vortex  and  the  Lamb  vortex;  these 
simulations  have  been  carried  out  using  Lamb  vortices,  for 
which  the  vorticity  distribution  is  given  by: 


It  is  generally  found  that,  even  with  the  smoothing  effect  of 
a  rotational  core,  the  two-dimensional  vortex  model  over¬ 
estimates  the  fluctuating  velocities  when  compared  with 
experimental  measurements.  This  is  because  the  model 
neglects  the  diffusion  of  vorticity  caused  by  viscosity,  and 
the  three-dimensional  stretching  by  the  velocity  field.  For 
this  reason,  most  implementations  of  the  vortex  method 
include  a  model  for  the  diffusion  of  vorticity.  Several  ap¬ 
proaches  have  been  proposed,  (see  Clarke  k  Tutty  1994  for 
a  recent  survey),  but  we  have  adopted  a  solution  in  which 
the  core  radius  grows  with  time: 

=>  (rl(t)  =  0-^(0)  +  4vt  (5) 


DISCRETE  VORTEX  MODEL  OF  A  MIX¬ 
ING  LAYER 

We  have  used  the  DVM  to  construct  a  two-dimensional 
model  of  a  mixing  layer  (see  Figure  2).  The  irrotational 
background_velocity  field  is  represented  by  a  uniform  flow 
of  velocity  U  together  with  a  semi-infinite  bound  vortex, 
with  a  circulation  per  unit  length  f  =  C7i  —  ^72-  Vortices 
are  shed  from  the  splitter  plate  at  intervals  of  At,  with  cir¬ 
culation  AF.*  =  ft/At  and  are  advected  at  the  local  fluid 
velocity.  The  influence  of  vortices  which  have  left  the  sim¬ 
ulation  domain  at  the  downstream  boundary  [x  —  L)  is 
included  through  the  use  of  a  second  semi-infinite  bound 
vortex.  Some  studies  (e.g.  Basu  et  al.  1992)  have  sug¬ 
gested  that  the  simulations  can  be  improved  by  using  sev¬ 
eral  inclined  bound  vortex  sheets  at  the  downstream  end; 
preliminary  tests  showed  that  this  did  not  have  a  signifi¬ 
cant  effect  on  our  calculations. 

These  simulations  were  performed  for  the  same  conditions 
as  those  in  the  experiments  of  Ishima  et  al.  (1992),  with 
L  =  0.45  m  and  Af  =  10“'^  s. 

Figure  3  shows  the  location  of  the  vortices  in  the  domain 
every  0.001  s  (namely  10  time  steps).  Although  the  vor¬ 
tices  are  released  at  regular  intervals  they  soon  begin  to 
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Figure  3:  Location  of  the  vortices  at  five  consecutive  instants 


Spanwise  velocity  fluctuations 


Reynolds  stress 


cluster  together,  to  form  larger  coherent  structures,  and 
the  size  of  such  structures  continues  to  increase  with  dis¬ 
tance  from  the  splitter  plate,  through  pairing  events.  Such 
a  process  can  be  seen  at  x  ^  0.15  m.  The  structure  of  the 
mixing  layer  resembles,  qualitatively,  that  revealed  in  the 
experiments  of  Brown  &  Roshko  (1974).  Profiles  of  mean 
and  fluctuating  velocities  and  Reynolds  stress  are  shown  in 
Figure  4,  together  with  the  experimental  measurements 
of  Ishima  et  al.  (1992). 

The  computed  mean  velocities  agree  well  with  the  mea¬ 
sured  profiles,  and  show  that  the  mixing  layer  is  self¬ 
similar,  at  least  for  x  >  0.1  m.  The  computed  profiles 
of  u*  also  appear  to  be  self-similar;  the  maximum  value  of 
u  occurs  on  the  centerline,  and  agrees  well  with  the  mea¬ 
sured  value.  The  computed  profiles  reproduce  the  same 
asymmetry  with  respect  to  »;  =  0  that  can  be  observed  in 
the  measured  profiles,  but  away  from  the  centerline,  the 
DVM  consistently  over-predicts  the  values  of  u',  compared 
with  experimental  results. 

The  profiles  of  v  show  less  evidence  of  self-similarity,  and 
the  centerline  values  are  strongly  over-estimated  compared 
with  the  experimental  results.  The  computed  results  sug¬ 
gest  that  V*  increases  with  x,  whereas  the  experimental 


Figure  4:  Comparison  between  numerical  and  experimental 
statistical  quantities 

results  show  a  decrease  with  x.  Once  again,  both  the  com¬ 
puted  and  the  measured  profiles  show  a  similar  asymmetry 
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Figure  5:  Particle  trajectories  of  three  kinds  of  particles 
where  (a)  Buoyancy  -f  Drag,  (b)  Buoyancy  +  Drag  Ac¬ 
celeration  -f  Lift 
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with  respect  to  77  =  0. 

The  profiles  of  the  Reynolds  stress  also  show  less  evi¬ 
dence  of  self-similarity^  and  the  centerline  values  are  over¬ 
estimated  compared  with  the  experimental  results.  The 
experimental  results  show  a  decrease  with  a:,  which  is  not 
reproduced  in  the  computed  results.  On  the  other  hand, 
the  asymmetry  in  the  computed  results  is  similar  to  that  of 
the  experimental  results.  The  over-prediction  of  the  fluc¬ 
tuating  velocities  (particularly  v')  and  Reynolds  stress  is 
a  well-known  problem  with  the  DVM,  and  is  caused  prin¬ 
cipally  by  the  failure  to  model  the  3-D  process  of  vortex 
stretching,  which  enhances  the  diffusion  of  vorticity.  Con¬ 
sequently,  the  structures  which  are  formed  are  too  ‘coher¬ 
ent’,  and  the  fluctuating  velocities  and  Reynolds  stress  are 
over-estimated.  One  possible  solution  to  this  problem  is 
to  increase  the  effective  viscosity  in  the  model,  to  enhance 
the  diffusion  of  vorticity. 

PARTICLE  DISPERSION 

A  particle  in  motion  in  a  turbulent  fluid  experiences  a 
variety  of  forces  and  the  complete  equation  of  motion  is 
complicated.  However,  the  forces  on  a  particle  are  not 
necessarily  all  of  the  same  magnitude.  For  a  heavy  particle 
in  air,  it  is  often  assumed  that  the  lift  Etnd  pressure  gradient 
forces  are  small  compared  with  the  gravitational  and  drag 
forces.  For  example,  the  ratio  of  lift  to  drag  force  is  given 
by  Ft  !  Fd  ^  {4>  /  6)  {k  /  where  k(=  du  /  dy)  is  the 

local  velocity  gradient.  For  typical  values  of  the  mean  shear 
in  these  experiments  and  simulations,  Fl  /  Fd  ~  10'~^.  In 
order  to  test  the  assumption  that  the  lift  and  added  mass 
forces  can  be  neglected,  we  have  computed  some  sample 
particle  trajectories  using  all  forces,  and  compared  them 
with  trajectories  computed  in  an  identical  velocity  field, 
using  just  drag  and  buoyancy  forces.  Typical  results  are 
shown  in  Figure  5,  which  shows  that,  even  for  the  smallest 
particles,  the  contribution  from  the  added  mass  and  lift 
forces  is  negligible.  As  a  final  check,  we  have  also  computed 
the  relative  magnitudes  of  the  forces  experienced  by  the 
particles.  These  calculations  show  that,  close  to  the  origin 
of  the  mixing  layer,  the  added  mass  force  can  be  of  the  same 
order  as  the  buoyancy  force  (but  much  less  than  the  drag 
force),  but  this  decays  very  rapidly.  However  the  computed 
lift  force  is  negligible,  at  all  times,  and  for  all  the  particle 
sizes. 

The  equation  of  motion  for  the  particle  can  therefore  be 
written  : 

where  is  the  particle  velocity,  u  is  the  fluid  velocity 
at  the  particle  location,  (f>  is  the  particle  diameter,  g  is 
the  gravitational  vector,  7  (=  Pp  !  pf)  is  the  relative  den- 
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Figure  6:  Location  of  vortices  and  particles  0.1  s  after  the 
first  release 


X 


Figure  7:  Scheme  of  an  eddy  in  a  mixing  layer 


sity  of  the  particle  and  Cd  is  the  drag  coefficient.  The 
value  of  Cd  depends  on  the  particle  Reynolds  number 
72.ep  (=  (|u  —  Up|<^)  /  u)  and  must  be  computed  from  em¬ 
pirical  relationships  (e.g.  Morsi  &  Alexander  1972). 

We  have  computed  particle  dispersion  for  the  three  types 
of  particle  used  in  the  experiments  of  Ishima  et  al.  (1992): 
p  =  2590kg.m“^,  <j>i  =  42 /im,  (f>2  =  72pm,  <f>z  =  IZb pm, 
with  response  times  0.014  s,  0.041  s,  and  0.144  s  respec¬ 
tively.  Once  the  flow  has  reached  a  statistically  station¬ 
ary  state,  particles  are  released  from  the  end  of  the  split¬ 
ter  plate,  with  initial  velocities  Up{0)  =  0.9m.s“^  and 

t;p(0)  =  0.  Their  trajectories  are  calculated  by  integrating 
eq  (6),  using  the  fluid  velocities  obtained  from  the  DVM. 
At  the  moment  we  assume  that  the  particle  concentrations 
are  so  low  that  the  particles  do  not  modify  the  flow. 

Figure  6  shows  the  particle  and  vortex  locations  at  one 
instant,  0.1  s  after  the  release  of  the  first  particle.  As  ex¬ 
pected,  the  unsteady  structure  of  the  mixing  layer  has  most 
influence  on  the  smallest  particles,  and  almost  no  influence 
on  the  largest  particles.  Two  distinct  types  of  behaviour 
can  be  observed  for  the  smallest  particles.  In  the  region 
X  <  0.2  m,  the  main  effect  of  the  instantaneous  structure 
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Figure  8:  Particles  trajectories  in  a  plane  turbulent  mixing 
layer 


seems  to  be  to  cause  a  mean  deflection  of  all  the  particles. 
However,  for  x  >  0.2  m,  the  particles  appear  to  be  clus¬ 
tered  around  the  outside  of  the  large  coherent  structure. 
That  is,  the  particle  response  to  the  unsteady  structure 
in  the  mixing  layer  has  changed.  This  effect  can  be  ex¬ 
plained  by  considering  the  particle  response  times,  and  the 
typical  time  scale  in  the  mixing  layer  which  depends  on 
the  distance  from  the  origin.  A  very  simple  model,  based 
on  the  turnover  time  of  an  eddy  in  the  mixing  layer  (Fig¬ 
ure  7)  suggests  ie  =  (2  /  AU)  •  2^S  0.1  x  for  this  case). 

Thus  we  see  that  the  characteristic  time  scales  for  the  re¬ 
gion  0  <  ar  <  0.25  m  are  too  short  for  the  instantaneous 
structure  to  have  any  real  impact  on  the  motion  of  the  two 
largest  classes  of  particles,  but  the  smallest  particles  should 
begin  to  show  some  influence  of  the  coherent  structures  for 
X  >  0.15  m.  This  is  confirmed  by  the  results  shown  in 
Figure  6.  Other  models  and  calculations  (e.g.  Wang  & 
Maxey  1993)  have  suggested  that  the  particle  dispersion 
should  scale  on  the  ratio  of  the  particle  response  time  to 
the  Kolmogorov  time  scale,  rather  than  the  time  scale  of 
the  large  scale  structures,  as  used  here.  In  these  experi¬ 
ments  and  calculations  the  Kolmogorov  time  scale  Tk  is  of 

the  order  of  (i/l  /  where  I  and  u  are  the  character¬ 

istic  length  and  velocity  scales  of  the  large  scale  eddies  in 
the  mixing  layer.  If  we  take  I  ~  0  (the  momentum  thick¬ 
ness)  and  u  ~  Atx/2  then  T)t  ~  so  within  our 

simulation  Tp  /  Tk  >  500  at  all  positions  and  for  all  types 
of  particles.  This  should  be  contrasted  with  the  condi¬ 
tions  studied  by  Wang  &  Maxey  (1993)  when  Tp  /  Tk  ~  1. 
One  important  reason  for  this  is  the  difference  in  Reynolds 
numbers.  In  these  simulations  the  Reynolds  number  based 
on  the  Taylor  microscale  (T^e^)  was  of  the  order  of  350, 
using  the  preceding  estimate  for  Tk  in  the  calculation  of 
Wang  &  Maxey  (1993)  21.2  <  'JZex  ^  61.5.  This  explains 
why  it  is  the  large  scale  coherent  structures,  and  not  the 
fine  scale  turbulence,  which  dominate  particle  dispersion 
in  these  types  of  flow,  and  why  a  scaling  based  on  the  ratio 
Tp  /  Tk  is  not  approximate  here. 

Some  sample  pau'ticle  trajectories  are  shown  in  Figure  8. 
These  show  that  the  turbulent  structure  of  the  mixing 
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Figure  9:  Profiles  of  particle  number  density  at  x  =  0.1  m 


layer  has  no  appreciable  influence  on  the  largest  particles, 
but  the  other  two  show  some  effects.  As  expected,  the 
lightest  particles  respond  first,  but  even  they  do  not  show 
any  sign  of  entrainment  into  the  coherent  structures,  or 
rapid  ejection  from  the  structures,  as  has  been  suggested 
by  other  researchers  (e.g.  Chung  k  Troutt  1988,  Chein  k 
Chung  1987). 

Profiles  of  particle  number  density  at  z  =  0.1  m  are 
shown  in  Figure  9,  together  with  the  experimental  results. 
The  agreement  is  very  good  for  the  intermediate  particles 
(^2  =  72pm)  but  less  satisfactory  for  the  other  two  classes; 
in  both  cases  the  DVM  under-estimates  the  lateral  disper¬ 
sion  of  the  particles,  and  it  fails  to  reproduce  the  asymme¬ 
try  in  the  experimental  profiles.  For  the  135/rm  particles. 
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Figure  10:  Particle  dispersion 

this  may  be  caused  by  the  initial  conditions.  In  the  DVM, 
the  particles  are  all  released  with  identical  initial  veloci¬ 
ties,  and  because  the  particle  inertia  is  so  high,  the  initial 
dispersion  is  very  low.  However,  in  the  experiments,  there 
must  have  been  some  variability  in  the  release  conditions. 
The  reasons  for  the  under-estimation  of  the  dispersion  of 
the  smallest  particles  (^i  =  42/xm)  are  not  yet  clear.  In  or¬ 
der  to  investigate  the  variation  of  particle  dispersion  with 
distance  from  the  origin  of  the  mixing  layer  we  have  also 
computed  the  mean  square  displacement  as  a  function  of 
travel  time  as  shown  in  Figure  10. 

LIMITATIONS  AND  FUTURE  DEVELOP¬ 
MENTS 

A  numerical  study  has  been  performed  of  particle  disper¬ 
sion  in  a  two-dimensional  mixing  layer  in  order  to  investi¬ 
gate  the  factors  which  govern  particle  motion  in  turbulent 
flows. 

The  profiles  of  mean  velocities  agree  reasonably  well  with 
the  measurements  of  Hishida  et  al.  (1993),  but  the  DVM 
overestimates  the  fluctuating  velocities.  This  is  probably 
because  the  model  does  not  include  three-dimensional  ef¬ 
fects  such  as  vortex  stretching,  which  would  enhance  the 
diffusion  of  vorticity,  and  reduce  the  coherence  of  the  struc¬ 
tures.  We  are  currently  investigating  ways  of  correcting 
this. 

When  we  compare  the  numerical  results  obtained  with  the 
two-phase  flow  with  the  same  experiment,  we  can  observe 
that  we  obtain  comparable  conclusions  about  the  disper¬ 
sion  of  different  sizes  of  particles  but  it  is  necessary  now 
to  develop  the  model  to  take  into  account  the  influence  of 
particles  on  the  flow. 
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ABSTRACT 

The  mixing  process  in  an  axisymmetric  coaxial  jet 
configuration  is  analyzed  by  means  of  numerical  simulation. 
The  evolution  of  mixing  in  the  initial  stage  of  the  flow 
development,  when  the  dynamics  of  vorticity  is  dominated 
by  the  large  start-up  vortex,  is  compared  to  the  results  of 
previous  studies  on  the  mixing  process  in  the  formation  of  an 
axisymmetric  vortex.  The  effects  of  Reynolds  and  Schmidt 
number  are  also  studied.  The  influence  of  the  dynamics  of 
vortical  structures  on  the  mixing  processes  have  also  been 
analyzed  in  the  full  regime,  after  the  initial  transient,  for 
different  Reynolds  numbers.  Comparisons  between  the 
mixedness  parameters  computed  numerically  and  those 
obtained  fix)m  experimental  flow  visualizations  are  shown 
and  discussed. 


INTRODUCTION 

The  flow  originated  by  coaxial  jets  is  of  great  interest  in 
the  design  of  new  industrial  burners.  In  particular,  the 
characterization  and  control  of  mixing  between  the  streams  is 
basic  to  obtain  efficient  combustion  and  low  pollution. 

It  has  been  suggested  in  the  literature  that  the  evolution  of 
the  mixing  between  the  two  jets  is  mostly  controlled  by  the 
dynamics  of  the  vortical  structures,  forming  from  the 
instability  of  the  shear  layers.  In  coaxial  jets,  the 
simultaneous  presence  of  two  mixing  layers  leads  to  non¬ 
trivial  interactions  between  these  instabilities.  Although 
the  flow  originated  by  coaxial  jets  has  been  studied 
extensively,  the  amount  of  information  presently  available  on 
the  mixing  mechanisms  is  far  from  exhaustive. 

The  aim  of  the  present  study  is  to  investigate  the  mixing 
mechanisms  in  a  coaxial  jet  configuration  and,  in  particular, 
how  instantaneous  and  average  mixing  are  related  to  the 
dynamics  of  the  flow.  The  present  analysis  is  carried  out  by 
means  of  direct  numerical  simulation  of  a  coaxial  jet 
configuration,  for  which  experimental  flow  visualizations  are 


also  available.  Flow  visualizations  have  been  obtained  by 
seeding  the  external  jet  of  a  configuration  having  external  to 
internal  radius  and  velocity  ratios  i?///?e=0.517  and 
Ui/Uc~Q.61.  The  Reynolds  number  based  on  the  axis 
velocity  and  internal  radius  is  /?e=6340.  Details  on  the 
experimental  set-up  can  be  found  in  (Talamelli  et  aL,  1996). 

Although  limited  to  low  Reynolds  numbers,  numerical 
simulation  is  useful  because  it  provides  simultaneously  the 
time  evolution  of  scalar  concentrations  and  of  the  vorticity 
field,  so  that  the  effects  of  the  dynamics  of  vortical  structures 
on  the  mixing  processes  can  be  studied.  Furthermore,  in  the 
numerical  simulation,  the  simultaneous  “seeding”  of  both 
the  internal  and  external  jets  is  possible  and  the  analysis  of 
the  effect  of  different  flow  parameters,  such  as  Reynolds 
number  or  Schmidt  number,  is  much  easier  than  in 
experiments. 

NUMERICAL  METHOD  AND  BOUNDARY 
CONDITIONS 

The  axisymmetric  Navier-Stokes  equations  in  cylindrical 
coordinates  and  primitive  variables  (omitted  here  for  sake  of 
brevity)  have  been  solved.  The  unknowns  are  q:=U,  qr^rV 
and  the  pressure  /?,  where  U  and  V  are  respectively  the  axial 
and  the  radial  velocity  components.  The  equations  have  been 
non-dimensionalized  using  the  radius  of  the  internal  jet,  /?„ 
as  a  length  scale,  and  the  centerline  axial  velocity,  t/y,  as  a 
velocity  scale.  The  reference  Reynolds  number  is  then 
Re=Ri  Wv,  where  v  is  the  kinematics  viscosity. 

The  spatial  discretization  of  the  system  of  equations  is 
performed  on  a  staggered  grid  by  centered  finite  differences, 
second-order  accurate. 

The  advancement  in  time  is  carried  out  by  a  fractional-step 
method,  in  which  an  intermediate  non-solenoidal  velocity 
field  is  first  provisionally  calculated;  it  is  then  projected 
into  a  solenoidal  one  by  a  scalar  quantity  <b,  which  is  related 
to  the  pressure.  The  momentum  equations  are  advanced  in 
time  by  a  third-order  Runge-Kutta  scheme,  in  which  non 
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linear  terms  are  computed  explicitly  and  linear  terms 
implicitly.  An  approximate  factorization  technique  is  used  to 
avoid  the  inversion  of  large  sparse  matrices. 

The  method  is  second-order  accurate  in  time  and  consists  of 
three  sub-steps;  at  each  sub-step  the  scalar  <P>  is  calculated 
by  solving  a  Poisson  equation  through  trigonometric 
expansions  applied  in  the  axial  direction.  Details  of  the 
numerical  method  can  be  found  in  (Verzicco  and  Orlandi, 
1996)  and  (Salvetti  et  aL,  1996). 

In  previous  simulations  of  another  coaxial  jet 
configuration  (Salvetti  et  aL,  1996),  the  employed  numerical 
method  had  given  results  in  good  qualitative  agreement  with 
experimental  flow  visualizations  in  the  near-field,  where  the 
assumption  of  axisymmetry  is  justified.  Therefore,  the 
numerical  study  is  focused  on  the  analysis  of  mixing  in  the 
initial  flow  region,  by  the  solution  of  the  transport 
equations  for  two  passive  scalars: 


At  the  outflow,  radiation  boundary  conditions  are  applied 
to  each  variable  qi  and  <5/: 


dt  dz 

(2) 

ii.cii.o 

(3) 

dt  dz 

where  C  is  assumed  to  be  constant,  equal  to  0.6 1//,  and 
represents  the  advection  speed  of  the  large-scale  structures. 
This  assumption  leads  to  simple  boundary  conditions  that 
have  the  advantage  of  satisfying  automatically  the  global 
conservation  of  mass,  and  appear  to  be  appropriate,  as  shown 
in  (Salvetti  et  aL,  1996). 

RESULTS 
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where  §  is  the  concentration  of  the  passive  scalar  i,  Sc=  v/D 
the  Schmidt  number,  assumed  to  be  the  same  for  both  scalars, 
and  D  the  scalar  diffusivity. 

The  computational  grid  is  non-uniform  in  the  radial 
direction,  with  points  clustered  in  high-shear  regions,  and 
uniform  in  the  z  direction.  In  the  present  simulations  385 
points  have  been  used  in  the  axial  direction  and  305  in  the 
radial  one.  The  axial  and  radial  dimensions  of  the 
computational  domain  are,  respectively,  16i?/and  10/?,. 

At  the  external  radial  boundary  free-slip  conditions  are 
assumed.  Since  we  are  interested  in  simulating  free  jets,  it  has 
been  verified  that  the  radial  dimension  of  the  domain  in  the 
present  simulations  is  large  enough  to  avoid  spurious  effects 
of  free-slip  conditions  on  the  dynamics  of  the  jet. 

At  the  inlet  of  the  computational  domain  (corresponding  to 
the  Jet  outlet),  the  axial  velocity  is  set  to  zero  at  t^O,  and 
evolves  to  a  prescribed  profile  Q:(rJ  in  a  time  r.  The 
evolution  law  and  the  value  of  rare  the  same  as  in  (Salvetti 
et  aL,  1996)  and  permit  the  reproduction  of  the  transient 
generated  by  the  opening  of  a  valve,  or  the  time  required  for  a 
motor  to  reach  its  final  speed  in  an  experiment.  The  basic 
stationary  velocity  profile  0:(r)  is  obtained  through  fifth- 
order  polynomial  functions  (Salvetti  et  al.,  1996). 

In  the  present  simulations  the  ratio  between  the  maximum 
velocity  of  the  internal  and  the  external  jet  is  Ui/Ue=0.67 
and  the  ratio  between  the  internal  and  external  radius  is 
Rj/Re  =  0.517,  as  in  the  experiments  in  (Talamelli  et  aL, 
1996).  The  inlet  concentration  of  the  first  scalar  is  1  in  the 
internal  jet  and  0  elsewhere,  while  the  other  has  a 
concentration  at  the  inlet  equal  to  the  unity  in  the  external 
jet  and  equal  to  0  elsewhere. 

In  the  simulations  analyzed  in  the  present  paper,  after  the 
end  of  the  transient,  a  random  perturbation  of  zero  mean  value 
is  superposed  on  the  velocity  0:(r).  Details  on  its  definition 
may  be  found  in  (Salvetti  et  aL,  1996).  This  perturbation 
allows  the  fluctuations  of  the  inlet  velocity  profile  due  to  the 
turbulence  in  the  nozzle  to  be  accounted  for,  even  if  in  an 
approximate  manner,  and  was  shown  in  (Salvetti  et  aL,  1996) 
to  provide  a  flow  field  whose  general  features  are  in  better 
agreement  with  experiments.  As  regards  the  radial  velocity 
component,  qr  is  set  equal  to  zero  at  the  computational  inlet. 


Initial  development  of  the  flow 

The  analysis  of  mixing  at  the  initial  stage  of  the 
development  of  the  flow,  after  the  impulsive  start-up,  is 
important  for  combustion  or  pulsating  jet  applications. 

At  this  stage,  the  vorticity  dynamics  is  dominated  by  the 
large  start-up  vortex,  as  discussed  in  (Salvetti  et  aL,  1996), 
and  the  situation  is  "similar"  to  that  of  an  isolated 
axisymmetric  vortex.  Thus,  the  results  obtained  in  the  present 
simulations  can  be  compared  to  those  of  the  experimental  and 
numerical  studies  of  mixing  in  the  formation  of  an 
axisymmetric  vortex  ring,  carried  out  respectively  in 
(Cetegen  and  Mohamad,  1993)  and  in  (Verzicco  and  Orlandi, 
1995).  Nevertheless,  in  the  present  coaxial  jet  configuration, 
the  vortical  field  after  the  start-up  is  characterized  by  the 
roll-up  of  both  the  positive  and  negative  vorticity  layers  in 
the  external  jet.  This  can  be  seen,  for  instance,  from  the  iso¬ 
contours  of  vorticity,  obtained  at  /=10  in  a  simulation  at 
/?5-500  and  Sc-l,  shown  in  Fig.  1.  Indeed,  the  large  vortex 
formed  from  the  instability  of  the  external  shear-layer  is 
surrounded  by  a  negative  vorticity  layer,  that  concentrates 
in  a  second  smaller  vortical  structure. 
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FIG.  1:  ISO-CONTOURS  OF  VORTICITY  AT  f  =  10, 
FOR  Re=500. 
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In  (Cetegen  and  Mohamad,  1993)  and  in  (Verzicco  and 
Orlandi,  1995),  the  mixedness  f  has  been  used  as  a 
quantitative  measure  of  the  mixing.  For  non  reacting  flows 
the  global  mixedness  / can  be  defined  as: 

/  =  (4) 

A 

where  A  is  the  measure  of  the  domain  over  which  the 
integration  is  performed  and  is  the  concentration  of  one  of 
the  inert  scalars  seeded  in  the  internal  and  external  jets.  The 
mixedness  per  unit  axial  and  radial  length,  Fz(z)  and  Fr(r), 
have  also  been  calculated,  defined  as: 

Lr 

=  (5) 

^  0 
L: 

=  (6) 

L>z  J 
0 

where  L:  and  Lr  are  radial  and  axial  dimensions  of  the  domain 
over  which  the  integration  is  performed:  and  Lr=6Ru 

Thus,  in  eq.  (4),  A=LzLr. 

It  has  been  shown  in  (Cetegen  and  Mohamad,  1993)  and  in 
(Verzicco  and  Orlandi,  1995)  that  the  mixing  is  directly 
proportional  to  the  vortex  circulation.  Fig.  2  shows  the 

circulation  per  unit  axial  length  and  F:(z),  computed  using 
the  concentration  of  the  two  scalars,  for  the  same  simulation 
and  at  the  same  time  instant  as  in  Fig.  1.  In  agreement  with 
the  results  presented  in  (Cetegen  and  Mohamad,  1993)  and 
(Verzicco  and  Orlandi,  1995),  in  the  initial  stage  of  the 
present  coaxial  jet  flow  most  of  the  mixing  occurs  in  the  large 
start-up  vortex,  which  corresponds  to  the  maximum  of 
circulation.  Nevertheless,  significant  values  of  mixedness  are 
found  also  in  correspondence  to  negative  peaks  of 
circulation,  due  to  the  negative  vorticity  layer  structures 
described  above  (see  Fig.  1).  As  expected,  since  the  start-up 
vortex  fornis  fiom  the  instability  of  the  external  jet,  most  of 
the  mixing  is  between  the  scalar  injected  in  the  external  jet 


and  the  surrounding  fluid.  Indeed,  the  values  of  F:(z) 
obtained  from  the  concentration  of  the  scalar  in  the  internal 
jet,  are  generally  much  lower  than  those  obtained  from  the 
concentration  of  the  other  scalar,  except  than  in  the  negative 
vorticity  layer  surrounding  the  start-up  vortex. 

As  in  (Cetegen  and  Mohamad,  1993)  and  (Verzicco  and 
Orlandi,  1995),  the  mixing  increases  with  time.  Nevertheless, 
even  in  the  initial  stage  of  the  flow  development,  the  time 
evolution  of  global  mixedness  has  a  slope  directly 
proportional  to  global  circulation  only  in  a  limited  time 
interval.  This  can  be  seen  from  the  time  evolution  of  the  ratio 
between  /  computed  using  the  concentration  of  the  scalar 
seeded  in  the  external  jet,  and  global  circulation,  for  the  same 
simulation  as  previously,  shown  in  Fig.  3.  The  linear 
behavior  is  observed  starting  from  /=5,  when  the  formation  of 
the  start-up  vortex  is  completed,  until  r=12,  when  another 
vortex  forms  from  the  roll-up  of  the  external  shear  layer. 


FIG.  3:  RATIO  BETWEEN  GLOBAL  MIXEDNESS  f  AND 
GLOBAL  CIRCULATION  F  AT  f?e=500  AND  Sc=1. 

The  effects  of  Re  and  Sc  on  the  mixing,  in  the  initial  stage  of 
development  of  the  flow,  have  also  been  studied.  In  Fig.  4, 
the  time  evolution  of  global  mixedness,  obtained  for 
and  /?e=500,  1000,  2000,  using  the  concentration  of  the 
scalar  seeded  in  the  external  jet,  are  shown.  The  time 
evolution  of  / obtained  at  i?e=500  and  5'c=4  is  also  reported. 


FIG.  2:  PER  UNIT  AXIAL  LENGTH  CIRCULATION  AND 
MIXEDNESS  F^AT  f=:10,  FOR  Fe=500  AND  Sc=1. 
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FIG.  4:  GLOBAL  MIXEDNESS  f  OF  THE  SCALAR 
SEEDED  IN  THE  EXTERNAL  JET. 
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FIG.  5:  ISO-LINES  OF  CONCENTRATION  OF  THE 
SCALAR  SEEDED  IN  THE  EXTERNAL  JET,  AT  t  =10. 
LINES  RANGE  FROM  0.1  WITH  AN  INCREMENT  OF  0.3. 

At  this  stage  of  the  flow  development,  the  Reynolds 
number  only  slightly  affects  the  global  mixedness.  This 
result  is  not  surprising  because  most  of  the  mixing  occurs  in 
the  large  start-up  vortex  and  the  evolution  in  time  of  this 
vortex  is  independent  of  the  Reynolds  number,  as  shown 
also  in  (Salvetti  et  al.,  1996).  Nevertheless,  a  slight  decrease 
of  global  mixedness  is  observed  as  the  Reynolds  number 
increases.  This  is  the  result  of  two  opposite  effects.  The  first 
one  can  be  observed,  for  instance,  from  the  isolines  of 
concentration  of  the  scalar  seeded  in  the  external  jet, 
obtained  at  /=10,  for  /?e=500  and  /?e=1000,  reported  in  Fig. 
5.  Though  the  shape  of  the  isolines,  and  then  the  contact 
area,  is  very  similar  in  the  two  different  cases,  it  is  more  lobed 
for  the  higher  Re,  and  this  would  tend  to  increase  the  mixing. 
On  the  other  hand,  the  diffusion  of  the  scalar  is  clearly  higher 
for  lower  Reynolds  numbers  and,  hence,  the  region  in  which 
mixing  is  significant  narrows  as  the  Re  increases;  as  a  result, 
the  global  mixedness  decreases. 

As  concerns  the  dependence  on  Schmidt  number,  the  latter 
effect  is  even  more  predominant,  yielding  a  more  remarkable 
decrease  of f. 


Analysis  of  mixing  after  the  initial  transient  and 
comparison  with  the  experiments 

The  dynamics  of  vorticity,  after  the  initial  transient,  is  clearly 
highly  dependent  on  the  Reynolds  number,  as  can  be  seen  for 
instance  from  two  typical  vorticity  fields  obtained  at  r=\10, 
for  /?e=500  and  /?e=1000,  shown  in  Fig.  6. 
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b)  jR^-1000 

FIG.  6:  ISO-CONTOURS  OF  VORTICITY,  AT  t=170. 

Since  mixing  is  deeply  related  to  the  dynamics  of  the  large 
vortical  structures,  the  mixedness  parameters  are  affected  by 
the  Reynolds  number.  F:(z)  and  fr(r),  computed  from  the 
scalar  concentrations,  averaged  in  a  time  interval  ranging 
from  /=100  and  r=180,  are  shown  in  Figs.  7a  and  7b,  for 
J?e=500  and  /?e=1000.  For  both  Reynolds  numbers,  the 
comparison  between  the  mixedness  parameters  obtained  from 
the  concentrations  of  the  two  different  scalars  indicate  that, 
as  expected,  the  mixing  between  the  two  streams  occurs 
mainly  in  the  shear-layers  between  the  two  jets  and  that  most 
of  the  mixing  is  between  the  external  jet  and  the  surrounding 
fluid.  For  the  higher  Re,  since  the  roll-up  of  the  shear-layers 
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FIG.  7:  MIXEDNESS  PARAMETERS  COMPUTED  FROM 
MEAN  SCALAR  CONCENTRATIONS. 


occurs  closer  to  the  jet  outlet,  the  zone  in  which  vortical 
structures  are  present  is  larger  than  for  the  lower  Re  (Fig.  6). 
Therefore,  the  zone  in  which  mixing  is  significant  is  larger 
and  this  yields  higher  mixedness  values. 

If  we  are  interested  in  the  mixing  occurring  between  the 
two  jets  only,  a  clearer  evaluation  can  be  obtained  from  the 
time  correlation  between  the  internal  and  external  scalar 
concentrations.  The  radial  distributions  of  this  correlation 
are  shown  at  different  axial  locations  in  Fig.  8a  and  8b,  for 
/?e=500  and  /?e=1000  respectively.  As  discussed 
previously,  the  mixing  between  the  two  layers  mainly  occurs 
in  the  shear-layers  between  the  two  jets  and,  moving 
downstream,  the  thickness  of  the  zone  in  which  mixing  is 
significant  increases  noticeably  in  correspondence  of  the 
roll-up  of  the  shear  layers. 


FIG.  8:  CORRELATION  BETWEEN  SCALAR 
CONCENTRATIONS  AT  DIFFERENT  AXIAL  LOCATIONS. 

In  agreement  with  the  analysis  of  Fig.  7,  for  the  higher  Re, 
since  the  roll-up  of  the  shear-layers  occurs  closer  to  the  jet 
outlet,  at  a  given  axial  location,  the  zone  of  mixing  between 
the  two  scalars  is  significantly  larger  than  for  the  lower  Re, 
Time  signals  of  scalar  concentration,  recorded  in  numerical 
simulations,  have  also  been  analyzed  by  a  new  wavelet 
cross-correlation  technique  (Onorato  et  ai,  1997),  that 
provides  a  clear  characterization  of  spectral  and 
instantaneous  contribution  to  the  correlation  between  the 
two  signals;  the  results  are  not  shown  in  the  present  paper 
due  to  lack  of  space. 

The  previous  results  show  that  mixing  phenomena  are,  as 
expected,  related  to  the  dynamics  of  vorticity.  Nevertheless, 
except  than  in  the  initial  phase  of  the  flow  development, 
analyzed  above,  the  correlation  between  mixing  and 
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circulation  appears  to  be  quite  low,  for  all  the  Reynolds 
numbers.  This  can  be  seen  from  the  table  below,  in  which  the 
correlation  coefficients  between  per  unit  axial  length 
mixedness  and  circulation  are  shown,  for  different  Reynolds 
numbers  and  different  stages  of  the  flow  development  In  the 
computation  of  these  coefficients,  averaging  is  carried  out  in 
space  over  the  computational  domain  and  in  time  over  the 
intervals  specified  in  the  table. 


Re=S00 

Re=1000 

Re=^2000 

t  =  0-20 

0. 79 

0.77 

0. 73 

t  =  100-180 

0.25 

0.34 

0.28 

TAB.  1:  CORRELATION  COEFFICIENTS  BETWEEN  PER 
UNIT  AXIAL  LENGTH  MIXEDNESS  AND  CIRCULATION. 


In  order  to  make  a  qualitative  comparison  between  the 
numerical  simulation  and  experimental  flow  visualizations, 
in  Fig.  9a  and  9b,  F:(z)  and  Fr(r),  computed  from  the 
experimental  images  are  shown.  In  this  case,  is  a  parameter 
indicating  the  concentration  of  the  seeding  particles, 
obtained  by  the  gray  level  in  the  experimental  image:  is 
averaged  on  several  images.  The  integration  in  Eqs.  (5)  and 


FIG.  9;  COMPARISON  BETWEEN  EXPERIMENTAL  AND 
NUMERICAL  MIXEDNESS  PARAMETERS. 


(6)  is  now  carried  out  on  the  width  of  the  experimental 
image:  L:-lRi  and  Lr~3Rj.  The  values  of  the  mixedness  per 
unit  axial  and  radial  length,  computed  from  the  time  averaged 
concentration  of  the  passive  scalar  seeded  in  the  external  jet, 
are  also  shown  in  Figs.  9a  and  9b,  for  a  simulation  at 
/?e=2000  and  Sc=\.  In  spite  of  the  axisymmetry  assumption 
and  lower  Reynolds  number,  reasonable  agreement  is 
observed  with  experimental  values. 

CONCLUDING  REMARKS 

The  mixing  process  in  an  axisymmetric  coaxial  jet 
configuration  has  been  analyzed  by  means  of  numerical 
simulation.  Transport  equations  have  been  solved  for  two 
passive  scalars,  “seeded”  in  the  internal  and  in  the  external 
jet  respectively. 

In  the  initial  stage  of  the  flow  development,  when  only  the 
large  start-up  vortex  is  present,  the  global  mixedness  has 
been  found  to  increase  in  time  proportionally  to  the 
circulation.  This  is  in  agreement  with  the  results  of  previous 
studies  on  the  mixing  process  in  the  formation  of  an 
axisymmetric  vortex  ring.  Since  the  dynamics  of  vorticity  at 
this  initial  stage  is  independent  of  the  Reynolds  number,  the 
mixing  is  only  slightly  affected  by  Re.  The  effect  of  the 
Schmidt  number  is  more  significant. 

Conversely,  in  the  full  regime,  the  Reynolds  number 
strongly  affects  the  dynamics  of  vorticity  and,  hence,  the 
mixing.  Nevertheless,  for  all  the  Reynolds  numbers,  the 
mixing  between  the  two  streams  occurs  mainly  in  the  shear- 
layers  between  the  two  jets  and  most  of  the  mixing  is 
between  the  external  jet  and  the  surrounding  fluid. 

Comparisons  between  the  mixedness  parameters  computed 
numerically  and  those  obtained  from  experimental  flow 
visualizations  show  that,  in  spite  of  the  axisymmetry 
assumption  and  lower  Reynolds  number  in  the  simulations, 
reasonable  agreement -is  observed  with  experimental  values. 
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ABSTRACT 

The  near  flow  field  structure  of  large  outer  to  inner  ve¬ 
locity  ratio  coaxial  jets  has  been  investigated.  Two  flow 
regimes  are  identified  according  to  the  velocity  ratio  be¬ 
tween  the  streams.  For  moderate  velocity  ratios,  the  flow 
structure  is  characterized  by  a  central  potential  cone  whose 
length  varies  as  Ajr^  where  ^4  is  a  constant  depending  on 
the  initial  conditions.  Above  a  certain  critical  value  of  the 
velocity  ratio  Tuc,  a  transition  to  a  recirculation  regime 
occurs.  The  recirculation  regime  installed  favours  a  pre¬ 
cocious  mixing  in  the  near  field.  The  mean  concentration 
in  the  recirculating  cavity  is  nearly  constant  and  the  con¬ 
centration  fluctuations  are  weak  reflecting  the  flow  homo¬ 
geneity  in  the  backflow  region.  Simple  models,  based  on 
mass  conservation  and  the  intensity  of  entrainment  across 
the  mixing  layers,  are  consistent  with  the  experimental  re¬ 
sults. 


INTRODUCTION  AND  MOTIVATION 

Coaxial  jets  are  used  in  many  engineering  applications 
as  for  instance  in  combustion  chambers  of  rocket  engines, 
where  slow  speed  {Ui)  liquid  oxygen  injected  in  the  central 
jet  is  mixed  with  high  speed  (172)  gaseous  hydrogen  injected 
in  the  annular  jet.  The  present  paper  is  concerned  with 
the  near  field  flow  structure  of  coaxial  turbulent  water  jets 
and  is  aimed  at  understanding  the  flow  dynamics  in  the 
limit  of  large  annular  to  central  velocity  ratios  (tu  —  ^  > 
1)  and  high  Reynolds  numbers  (the  Reynolds  number  is 
defined  from  momentum  conservation  as  Re  =  [1  — 

(£>1/1)2)^]^^^,  where  Di  and  D2  are  the  inner  and  the  outer 
exit  diameters  respectively,  when  >>  1  and  ranges  from 
10^  to  10^). 

The  near  field  flow  behavior  is  investigated  through  both 
the  velocity  and  the  concentration  fields.  Two  flow  regimes 
have  been  identified  depending  on  whether  the  velocity  ra¬ 
tio  Tu  is  larger  or  smaller  than  a  critical  value  r^c-  When 
<  Tuc,  the  flow  structure  is  characterized  by  a  central 
potential  cone  invaded  progressively  by  the  fast  annular 


Figure  1:  Instantaneous  picture  of  the  flow  structure  for 
Tu  =  4.  The  annular  jet  (dark)  is  seeded  with  fluorescent 
dye  and  the  laser  light  sheet  cuts  through  the  central  plane. 
View  from  a:  =  0  to  x/Di  =  3. 


dominating  stream.  This  invasion  is  associated  with  a  pe¬ 
riodic  pinch-off  of  the  central  cone  at  its  downstream  end  at 
a  frequency  /  giving  a  Strouhal  number  of  St  =  =  0.3 

characteristic  of  the  preferred  jet  mode.  Above  Tuc,  a  tran¬ 
sition  to  a  reverse  flow  regime  occurs.  This  regime  is  char¬ 
acterized  by  a  recirculating  flow  of  wake  type,  whose  dy¬ 
namics  is  governed  by  the  annular  stream  only.  The  bubble 
size  increases  with  and  reaches  approximately  Di  for 
Tu  =  00.  The  mean  backflow  intensity  is  proportional  to 
U2  and  is  measured  to  he  Ur  ^  0.3 1/2  for  Tu  =  oo.  When 
the  reverse  flow  intensity  is  large  enough  {URjU2  >  0.15) 
the  recirculation  cavity  oscillates  at  a  characteristic  low 
frequency  relatively  to  the  preferred  jet  mode,  giving  a 
Strouhal  number  of  St  =  ^  0.035  (Rehab  et  al.,  1997). 

We  pay  a  pairticular  attention  here  to  the  characteriza¬ 
tion  of  the  mixing  ability  in  both  regimes.  Quantitative 
visualizations  have  been  made  by  a  laser  induced  fluores¬ 
cence  technique.  Disodium  fluorescein  dye  is  used  as  a  high 
Schmidt  number  Sc^  2000  passive  tracer.  The  spatial  res¬ 
olution  of  the  images  is  fixed  by  the  thickness  of  the  laser 
sheet,  which  corresponds  also  to  the  size  of  a  pixel.  For 
the  Reynolds  numbers  used  {Re  ~  lO'^)  and  this  value  of 
the  Schmidt  number,  the  pixel  size  corresponds  to  a  scale 
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Figure  2:  Instantaneous  cross-section  picture  of  the  flow 
structure  for  =  4  at  x/Di  —  1.  The  central  jet  (dark) 
is  seeded  with  fluorescent  dye. 


equivalent  to  Kolmogorov  scale  and  is  about  40  times  larger 
than  the  Batchelor  scale. 


MODERATE  VELOCITY  RATIOS  -  <  r^c 

In  this  regime  the  flow  structure  is  characterized  by  two 
axisymmetric  shear  layers  separated  by  two  potential  cones 
(Fig.l).  The  annular  potential  cone  where  U2  is  approxi¬ 
mately  constant,  has  a  length  essentially  fixed  by  the  di¬ 
ameter  ratio  0=  and  is  slightly  dependent  on  The 
central  potential  cone  length  Xpi,  determined  from  mean 
velocity  variations  along  the  axis,  is  strongly  dependent  on 
Tu  and  decreases  as  is  increased.  The  measurements  give 
^  ~  indicating  that  the  velocity  ratio  Tu  represents 
the  most  significative  parameter  of  the  flow. 

This  experimental  law  can  be  explained  as  follows: 
the  mass  conservation  implies  that  all  the  fluid  injected 
through  the  central  jet  is  entrained  across  the  surface  of 
the  inner  cone  of  length  x-pi  with  an  entrainment  velocity 
Ut  assumed  to  be  uniform  along  the  central  cone  surface. 
The  entrainment  process  is  carried  out  by  spanwise  and 
streamwise  coherent  structures  of  the  inner  and  the  outer 
mixing  layers  (Fig.2).  Hence,  the  mass  balance  is  given  by: 


jT  ttDi 


+  Xpi^ 


Ue, 


(1) 


where  Ui  is  the  inner  jet  bulk  velocity.  The  overall  en¬ 
trainment  rate  is,  for  large  values  of  essentially  fixed 
by  the  turbulent  intensity  within  the  dominant  outer  mix¬ 
ing  layer  that  is  u'  ~  GU2  with  d  =  0.17  (Hussain 
Zedan,  1978).  The  entrainment  velocity  is  expressed  by 
Ue  CaU2  with  C  »  0.5  (Rehab  et  al.,  1997).  Using 

these  values  and  expressions  in  equation  (1)  we  obtain 
^  ~  ^  which  is  in  good  agreement  with  the  ex¬ 

perimental  behavior.  The  value  of  the  numerical  constant 
liere  depends  on  both  the  initial  flow  conditions  and  the 
geometry  of  the  coaxial  injectors. 

The  same  reasoning  can  be  made  for  the  scalar  field. 
Fig.3  represents  the  mean  concentration  distributions  C 
along  the  jet  axis  normalized  by  the  initial  mean  concen¬ 
tration  Co  at  the  inner  nozzle  exit.  It  is  observed,  that 
the  mean  normalized  concentration  is  constant  along  the 
inner  unmixed  region,  then  decreases  in  the  mixing  zone 
where  the  two  streams  meet  on  the  axis.  The  unmixed 
zone  corresponds  to  the  inner  potential  cone.  The  mean 
concentration  decreases  as  the  inner  jet  is  diluted  by  the 
outer  clear  stream.  We  characterize  the  inner  unmixed 
zone  by  a  dilution  length  Ls  which  corresponds  to  a  cer¬ 
tain  value  of  the  dilution  level  Cs/Co  on  the  axis.  Figure 


Figure  3:  Mean  concentration  evolutions  along  the  axis; 
(a),  as  a  function  of  =  2;  □,  =  3;  o,  =  4. 


Figure  4'-  Dependence  of  the  central  dilution  length  Ls  on 
the  velocity  ratio  •,  C/Co  =  1;  x,  C/Co  =  0.9;  □, 
C/Co  =  0.5;  o,  determined  from  the  velocity  field. 


4  represents  the  evolutions  of  the  dilution  length  Ls  as  a 
function  of  the  velocity  ratio  Tu  for  three  values  of  the  di¬ 
lution  rate  Cs/Co  =  1, 0.9  and  0.5.  Then  it  appears  thatLs 
can  be  represented  by  a  law  of  the  form 


independently,  in  law,  of  the  dilution  rate  Cs/Co.  The 
numerical  constcint  As  is,  in  turn,  a  function  of  the  dilution 
level  and  increases  as  Cs/Co  decreases.  For  instance,  it  is 
found  that  -§7  =  ^  fo^  Cs/Co  =  0.5  while  for  Cs/Co  =  1, 
^  _  _6_  ^ 

Also  included  in  Fig.4,  are  the  results  of  the  inner  poten¬ 
tial  cone  length  obtained  from  the  axial  mean  velocity  field 
and  which  gives  also  a  power  law  evolution  on  .  A  good 
agreement  is  found  with  the  dilution  length  evolution.  In 
particular,  the  potential  cone  length  extracted  from  mean 
velocities  (Rehab  et  al.  1997)  giving  ^  ^  is  in  excel¬ 

lent  agreement  with  the  dilution  length  corresponding  to 
Cs/Co  =  0.9.  Represented  as  a  function  of  the  correlation 
the  mean  concentration  profiles  of  Fig. 5  show  a  per¬ 
fect  superposition  thus  confirming  the  importance  of  the 
velocity  ratio  as  the  main  parameter. 

The  dilution  length  law  (2)  can  be  explained,  again,  by 
a  mass  conservation  argument.  The  mass  balance  of  tracer 
is  QeoCo  =  Q(,sCs,  where 

Qeo  =  and  Qes  = 

the  dilution  length  and  ^  is  the  dilution  level.  We  then 
obtain  -§7  ^  §7;^?  giving  Ls  —  Xpi  for  Co  =  Cs,  in  good 
agreement  with  the  experimental  results. 
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Figure  5:  Mean  concentration  evolutions  along  the  axis  as 
a  function  of  the  similarity  parameter  -§^ru  The  central 
jet  is  seeded  with  fluorescein. 


This  result  indicates  that  the  large  scale  mixing  of  the 
two  streams  occurs  downstream  of  x  ~  Ls  and  closer  to  the 
nozzle  exits  when  is  large.  The  mean  concentration  de¬ 
creases  markedly  in  the  reattachement  region  by  dilution. 
The  mean  concentration  has  reached  one  third  of  its  initial 
value  on  the  axis  at  ^  15. 


Figure  6:  Mean  normalized  concentration  evolutions  along 
the  axis;  as  a  function  of  —  □,  =  4;  o,  =  8;  •, 

ru  =  15.  The  annular  jet  is  seeded  with  fluorescein. 


LARGE  VELOCITY  RATIOS  - 


The  flow  regime  when  >  rue  is  characterized  by  the 
truncation  of  the  central  potential  cone  and  the  formation 
of  a  recirculating  flow  bubble  (Villermaux  et  al.,  1994). 

The  transition  mechanism  is  based  on  the  entrainment 
process  in  the  mixing  layer.  The  entrainment  is  main¬ 
tained  by  a  radial  pressure  difference  AP  =  /ni'^/2  across 
the  entrainment  interface  with  it'  =  a{U2  —  Ui).  As 
long  as  the  inner  incident  kinetic  pressure  pV\l1  is  larger 
than  AP,  there  is  no  recirculating  flow.  At  the  thresh¬ 
old,  when  r-u  reaches  r^c,  the  inner  kinetic  pressure  is  not 
able  to  overcome  the  adverse  pressure  jump  AP  and  a  re¬ 
verse  flow  towards  the  inner  jet  exit  occurs.  The  recir¬ 
culation  sets  in  when:  \p{JJ2  —  —  \pUi  ,  giving 

rue  —  —rrr  +  1  ~  7  with  a  =  0.17,  in  good  agreement  with 

a=i 

the  observed  experimental  critical  value.  The  same  reason¬ 
ing  can  be  made  when  the  streams  have  different  densities. 
In  that  case,  the  critical  velocity  ratio  is  replaced  by  a 
critical  momentum  flux  ratio  (Villermaux  et  al.  1994). 

Figure  6  shows  the  mean  concentration  evolutions  C/Co 
along  the  axis  for  =  4,8  and  15.  These  curves  are 
deduced  from  mean  images  where  the  annular  stream  is 
seeded  at  the  same  concentration  Co  and  maintained  at 
a  constant  velocity  U2  =  0.4  m/s  (Re  7200).  The 
mean  concentration  increases  from  nearly  zero  in  the  cen¬ 
tral  clear  zone  to  higher  concentration  values  (C/Co  ^  0.4 
for  ru  =  4)  in  the  pinching  zone.  As  increases  and  for 
Tu  =  8,  which  represents  approximately  the  critical  veloc¬ 
ity  ratio,  Fig. 6  shows  a  mean  concentration  peak  at  ap¬ 
proximately  C/Co  ~  0.55,  above  which  the  concentration 
decreases  by  dilution  within  the  clear  fluid  medium.  This 
peak  is  reached  at  the  stagnation  point  (x/Di  ^  1.6),  of 
the  recirculation  cavity  that  just  forms. 

For  rtx  =  15  and  since  the  recirculation  bubble  size  gets 
larger  as  increases,  the  maximum  mean  concentration 
level  C/Co  ~  0.64  extends  on  1  <  x/Di  <1.6  which  rep¬ 
resents  approximately  the  backflow  cavity  size  .  The  mean 
concentration  distribution  for  =  15  presented  in  Fig. 7 
shows  clearly  the  invasion  of  the  inner  jet  and  the  higher 
mean  concentration  level  in  the  very  near  field  of  the  coax- 


Figure  7:  Mean  normalized  concentration  distribution 
from  X  =  0  to  x/Di  =  1.5  and  y  —  —D2/2  to  y  =  D2/2  for 
ru  =  15.  The  annular  jet  is  seeded  with  fluorescein. 
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the  initial  condition  on  the  axisymmetric  free  shear  layer: 
Effects  of  the  initial  momentum  thickness”.  Phys.  Fluids 
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Figure  8:  Fluctuation  normalized  concentration  distribu¬ 
tion  from  X  =  Qio  x/ D\  =  1.5  and  y  —  -D2I2  toy  =  D2/2 
for  ru  =  15.  The  annular  jet  is  seeded  with  fluorescein. 


x/D 

I 

Figure  9:  Intensity  of  segregation  /  =  ;  distribution 

along  the  axis  for  =  15. 


ial  jets.  As  expected,  the  recirculation  regime  favours  the 
mixing  of  the  two  streams  in  the  very  near  field  of  coax¬ 
ial  jets.  The  normalized  rms  concentration  distribution 
(Fig. 8)  reveal  weak  concentration  fluctuations  beyond  the 
upstream  stagnation  point  {C' /Co  ~  0.15  for  Vu  =  15) 
and  indicative  of  the  good  mixing  between  the  two  streams 
which  occurs  there.  The  recirculating  regime  {tu  >  rue)  is 
then  a  simple  way  to  realize  an  early  and  efficient  mixing 
in  the  coaxial  jets  near  field. 

This  is  further  confirmed  by  the  evolution  of  the  intensity 
of  segregation  I  defined  as  I  =  (0  <  /  <  1),  when 

its  evolution  on  the  axis  is  studied.  By  contrast  with  the 
evolution  of  alone,  I  gives  the  true  progress  of  the 
mixing  at  a  molecular  level  when  the  mean  concentration 
C  is  itself  variable  in  space.  7=1  when  the  scalar  is  stirred 
but  remains  segregated,  and  7  =  0  when  the  homogeneity 
at  the  molecular  level  has  been  reached. 

The  values  of  7  near  1  capture  the  frontier  of  the  recircu¬ 
lation  bubble  near  x/Dj  ^0.2,  and  the  inside  of  the  bubble 
where  7  is  10  times  weaker  around  x/Di  ~  1,  reflect  the 
smoothness  and  the  homogeneity  of  the  scalar  field  there. 
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ABSTRACT 

The  flow  downstream  of  a  plane  jet  is  investigated  for  a 
ratios  of  excess  centerline  to  freestream  velocity  that  range 
from  4.7  to  0.27.  The  lower  value  is  similar  though  slightly 
higher  than  values  where  some  evidence  of  wake-type 
similarity  has  been  observed.  In  the  present  study  only  jet- 
type  similarity  is  observed.  The  type  of  similarity  is 
determined  using  a  novel  approach  which  yields  values  not 
only  for  the  virtual  origin  and  decay  coefficient  but  also  for  the 
exponent  in  similarity  formulation  for  the  decay  of  the 
centerline  velocity  excess  and  the  growth  of  the  half-width. 
Experimental  values  of  0.485  and  0.95  are  obtained 
respectively.  In  contrast,  jet-type  similarity  analysis  yields 
values  of  respectively,  0.5  and  1.0. 

INTRODUCTION 

A  plane  jet  in  a  co-flowing  stream  begins  its  evolution  with 
downstream  distance  as  two  plane  mixing  layers  separated  by 
fluid  with  properties  that  correspond  to  the  jet-exit  flow. 
Eventually,  the  two  mixing  layers  begin  to  merge  and  jet  fluid 
which  is  unmixed  with  the  freestream  begins  to  appear  only 
intermittently  in  the  central  region  of  the  flow.  Further 
downstream  and  after  a  transition  or  interaction  region  where 
the  mixing  layers  interact  and  merge,  the  flow  may  exhibit  an 
approximate  jet-type  similarity  (cf.  Bradbury  (1965)  and 
Bradbury  and  Riley  (1967)).  If  it  does  exhibit  an  approximate 
jet-type  similarity  region,  further  downstream,  the  flow  will 
pass  through  another  transition  region  and  then  reach  a 
position  where  the  flow  should  exhibit  a  wake-type  similarity 
(cf.  Bilger  (1968)).  At  relatively  low  ratios  of  the  jet  exit  to 
freestream  velocity,  Bilger  (1968)  suggests  that  the  region  of 
approximate  jet-type  similarity  may  not  form  and  the  flow  will 
consist  of  developing,  transitional  and  wake-type  similarity 
regions.  In  both  similarity  regions,  profiles  of  the  mean 
velocity  and  other  statistical  properties  of  the  velocity  field 
should  become  similar  when  suitably  normalized. 


Bradbury  and  Riley  (1967)  present  the  downstream  decay  of 
the  mean  centerline  velocity  and  root  mean  square  (rms) 
downstream  velocity  fluctuations  and  the  downstream  growth 
of  the  half  width  for  free  stream  to  jet  velocity  ratios  of  0.16  to 
0.6  and  jet  heights  of  3.17  and  9.51  mm  to  as  far  downstream 
as  250  jet  heights.  Ratios  of  the  freestream  velocity  divided  by 
the  excess  velocity  on  the  centerline  vary  from  about  0.22  to 
10.  Tbe  downstream  variation  of  the  centerline  velocity  excess 
shows  some  evidence  of  a  change  from  jet-type  similarity  to 
wake-type  similarity  with  increasing  freestream  to  jet  velocity 
ratios  greater  than  0.36.  Specifically,  it  appears  that  the  rate  of 
change  with  downstream  distance  of  the  mean  velocity  excess 
on  the  centerline  changes  with  downstream  distance  from  a 
value  of  about  0.16  which  is  consistent  with  jet-type  similarity 
to  a  value  of  about  0.41  which  is  taken  to  be  consistent  with 
wake-type  similarity.  However,  profiles  of  the  rms  of  the 
fluctuating  velocities  and  the  Reynolds  stresses  are  not 
presented  and,  consequently,  it  is  not  known  if  the  profiles  of 
the  higher  order  statistics  are  similar.  In  addition,  for  each 
ratio  of  the  freestream  to  jet  velocity,  different  values  of  the 
virtual  origin  are  used  and  the  data  are  collected  in  different 
ranges  of  downstream  distance  normalized  by  the  momentum 
thickness. 

Kotsovinos  (1976)  has  shown  that  it  is  likely  that  the  use  of 
different  downstream  ranges  will  lead  to  different  values  for 
the  rate  of  change  of  the  mean  velocity  excess  as  well  as  the 
virtual  origin.  Thus,  some  of  the  difference  in  the  decay 
coefficients  reported  by  Bradbury  and  Riley  (1967)  may  be  due 
to  the  use  of  different  data  ranges.  Further  Koptsovinos  (1976) 
concludes  that  the  spreading  rate  for  a  plane  jet  issuing  into  a 
quiescent  stream  may  not  vary  linearly  with  downstream 
distance.  This  is  inconsistent  with  the  prediction  of  similarity 
theory  as  presented  by  Townsend  (1976)  and  Tennekes  and 
Lumley  (1972).  However,  Libby  (1996)  suggests  an  alternate 
similarity  formulation  which  is  consistent  with  the  observation 
of  Kotsovinos  (1976). 
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Everitt  (1972)  presents  results  for  the  plane  jet  in  a  co- 
flowing  stream  to  314  slot  heights  downstream  of  the  jet  exit 
where  the  ratio  of  the  freestream  velocity  to  excess  mean 
centerline  velocity  reaches  about  0.158.  This  value  is  about 
60%  larger  than  the  maximum  value  of  0.093  for  the  ratio  of 
the  freestream  to  centerline  deficit  velocity  in  a  plane  wake 
where  wake -type  similarity  is  observed  (cf.  Townsend  (1949) 
and  (1976)).  The  normalized  rms  longitudinal  velocity  does 
not  appear  to  reach  a  constant  value  and  thus,  wake-type 
similarity  while  perhaps  approached  in  the  Everitt  (1972) 
study,  does  not  appear  to  have  been  observed. 

The  downstream  distance  required  for  the  two  mixing  layers 
to  begin  to  merge  depends  on  the  turbulence  level  and  flow 
characteristics  at  the  jet  exit  (cf.  Flora  and  Goldschmidt 
(1969),  Hussain  and  Clark  (1977)  and  Goldschmidt  and 
Bradshaw  (1981).  For  example,  the  growth  rates  of  the 
longitudinal  turbulence  intensity  and  the  nondimensional 
entrainment  rates  are  higher  for  a  jet  exit  flow  with  a  laminar 
boundary  layer  in  comparison  to  a  jet  exit  flow  with  a  fully 
turbulent  boundary  layer.  With  respect  to  similarity 
behaviour,  these  observations  suggest  that  jet  initial  conditions 
will  have  an  effect  on  the  apparent  or  virtual  origin  of  the 
turbulence  but  not  necessarily  on  the  relative  centerline 
intensities,  the  normalized  Reynolds  stresses  and  other 
suitably  normalized  properties  at  distances  far  downstream  of 
the  jet  exit. 

In  the  present  study,  the  range  of  measurements  extends  to 
about  880  slot  heights  or  88  momentum  thicknesses 
downstream  of  the  jet  exit.  The  results  include  not  only  the 
centerline  decay  of  the  mean  velocity  and  rms  of  the 
longitudinal  fluctuations  but  also  the  rms  of  the  transverse 
velocity  fluctuations  and  maximum  Reynolds  stresses.  Profiles 
of  the  mean  velocity,  the  rms  of  the  longitudinal  and  transverse 
velocity  fluctuations  and  the  Reynolds  stresses  have  also  been 
obtained  but  only  the  profiles  of  the  rms  of  the  longitudinal 
velocity  fluctuations  are  presented  here.  The  type  of  similarity 
is  assessed  using  a  novel  approach  that  provides  not  only  the 
virtual  origin,  the  proportionality  coefficients  in  the  similarity 
expressions,  but  also  the  optimal  value  of  the  exponent. 

The  results  presented  herein  correspond  to  one  flow  condition 
of  three  that  are  planned  or  have  been  carried  out.  For  this 
case,  the  ratio  of  the  jet  exit  to  fieestream  velocity  is  chosen  to 
be  about  4.8.  This  leads  to  a  range  of  ratios  of  the  freestream 
to  centerline  excess  velocity  of  0.27  to  4.7.  These  values  all 
exceed  values  for  the  velocity  ratio  where  wake-type  similarity 
(  specifically  for  the  flow  downstream  of  circular  cylinders) 
would  be  observed.  Future  studies  will  use  lower  values  for 
the  freestream  to  jet  velocity  ratio  so  that  wake-type  similarity 
can  conceivably  be  observed.  Thus,  for  the  present  study,  only 
jet-type  similarity  should  be  observed. 

Similarity  Theory 

Detailed  discussions  of  wake-type  and  jet-type  similarity  are 
presented  in  Townsend  (1976)  and  Tennekes  and  Lumley 
(1972).  Therefore  only  a  brief  review  of  similarity  theory  and 
the  most  relevant  consequences  are  presented  here.  For  this 
discussion  and  all  the  results  presented  subsequently,  the  x 
axis  is  taken  to  be  in  the  downstream  direction  with  origin  at 
the  jet  exit,  the  y  axis  is  taken  to  be  normal  to  the  x  axis  and 
flow  center  plane  with  origin  at  the  center  plane  and  the  z  axis 
is  taken  to  be  normal  to  the  plane  formed  by  the  x  and  y  axes. 
Similarity  theory  predicts  that 


U  =  i/^  +  C/J(y/S) 

uv  =  U^g^2{yl  S) 

T  - 

u^  =  U;g,(,y/S) 

^=U;g,(y/d) 

where  Uis  the  mean  velocity,  Uj^  is  the  freestream  velocity, 
C/j  is  the  centerline  velocity,  3  is  the 

y location  where  U(5)  =  Q.5(U^-U^)and  Wand  V  are, 

respectively,  the  fluctuating  velocities  in  the  X  and 
y  coordinate  directions.  From  Egn.  1,  it  is  easy  to  see  that  the 

following  relationships  must  be  satisfied:  -const., 

const.,  and  /  V]  =  const. 

For  C/^  »  Up  jet-type  similarity  can  occur  where 

5  oc  :c  and  C/,  oc  (2) 

For  «  V j,  wake-type  similarity  can  be  observed  where 
and  ^3^ 


libby  (1996)  also  provides  and  alternative  formulation  for 
flows  that  are  similar  and  suggests  a  generalization  of  Eqns.  2 
and  3  where 


Us  /o(0)  ,  /(O)  , 
Uf  X, 

where  ^ 


(4) 


EXPERIMENTAL  FACILITIES  AND  CONDITIONS 

All  results  presented  herein  are  obtained  using  a  NACA 
0020  airfoil  that  is  placed  horizontally  on  the  centeiplane  of 
the  UCI  large  wind  tunnel,  which  has  a  test  section  cross- 
section  of  61  by  91  cm  and  a  length  of  6.71  m.  In  the  central 
part  of  the  test  section  at  a  mean  velocity  of  10  m/s,  the  mean 
velocity  is  found  to  vary  by  less  that  1%  and  the  free  stream 
turbulence  intensities  at  the  entrance  and  exit  of  the  test 
section  are  found,  respectively,  to  be  0.17%  and  0.22%.  The 
temperature  in  the  wind  tunnel  varies  by  less  than  ±1C  during 
the  course  of  a  data  collection  period. 

The  airfoil  has  a  chord  of  25.4  cm,  a  thickness  of  5.08  cm  and 
spans  the  width  of  the  test  section.  The  center  of  the  airfoil  is 
hollow  and  consists  of  an  air  supply  manifold  which  is 
supplied  from  a  high  pressure,  regulated,  compressed  air 
source,  a  plenum,  a  screen  section  to  damp  out  velocity 
fluctuations,  a  contraction  section  and  a  two  dimensional 
channel  with  a  width  of  60  cm.  a  height,  A=3.175  mm,  and  a 
length  of  16-5  cm  which  exits  at  the  trailing  edge  of  the  airfoil. 
For  all  tests,  the  jet  centerline  exit  velocity  is  about  20  m/sec 
and  the  freestream  velocity  is  about  4.1  m/sec.  The  Reynolds 
number  for  the  channel  is  about  4.1x10^  Thus,  the  flow  at  the 
exit  of  the  jet  is  turbulent  channel  flow  in  contrast  to  the  top 
hat  type  profile  used  in  the  studies  of  Bradbury  (1965)  and 
Bradbury  and  Riley  (1967). 

The  resulting  momentum  thickness,  6  ,  is  about  3.5  cm  and  is 
computed  by  numerical  integration  of  the  mean  velocity 
profiles  between  ±35  using  the  following: 
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An  increase  of  the  limits  of  integration  to  ±3.55  leads  to  less 
than  a  1%  change  in  the  computed  value  of  the  momentum 
thickness.  A  summary  of  the  flow  conditions  for  each  profile  is 
shown  in  Table  1. 

Most  of  the  data  presented  herein  are  obtained  using  an  X- 
wire  probe  which  consists  of  two  TSI  T1.5  hot  wire  sensors 
operated  at  overheats  of  1.7  by  means  of  TSI  Model  1050 
constant  temperature  anemometers  (CTA).  Based  on  the 
square  wave  test,  the  frequency  response  is  computed  to  be 
about  50  kHz  at  25  m/s.  The  calibration  methodology  is  based 
on  that  described  by  Bradshaw  (1971).  Pre-  and  post- 
calibrations  are  performed  and  data  are  presented  only  when 
the  pre-  and  post-calibration  coefficients  yield  values  for  the 
mean  and  nns  of  the  fluctuating  velocities  that  differ  by  less 
than  1%. 

The  output  voltage  from  the  CTA*s  are  each  used  as  the  input 
to  two  precision  buck  and  gain  amplifiers  which  are  used  to 
match  the  signal  level  to  the  allowable  dynamic  range  of  the 
analogue  to  digital  converter.  All  signals  are  low-pass  filtered 
at  4  kHz.  For  each  CTA,  the  output  of  one  of  the  associated 
buck  and  gain  amplifiers  is  connected  to  an  analogue 
differentiator.  The  output  of  the  diflerentiator  and  the 
undifferentiated  signal  from  each  CTA  are  connected  to  a 
Computer  Boards  Inc.  (CBl)  SSH-16  sample  and  hold  board 
and  then  to  a  CBI  CIO-AD16F  12  bit  analogue  to  digital 
converter  which  is  mounted  in  a  PC  clone  and  controlled  by 
means  of  DataLog 

acquisition  software.  The  hot  wire  data  are  sampled  at  8000 
samples  per  second  for  each  channel  of  data.  At  each  position, 
about  20  seconds  of  data  are  recorded  and  subsequently 
archived  on  a  Pinnacle  Micro  RCD  1000  recordable  CD-ROM 
drive.  The  data  are  analyzed  using  DataReady  analysis 
software. 

To  assess  the  two  dimensionality  of  the  flow,  vertical  profiles 
of  the  statistical  properties  of  the  velocity  field  at  the  furthest 
downstream  position,  i.e,  at  x/d  -  976,  are  obtained  at  various 
transverse  positions.  The  half  width  at  this  location  is  about 
5.8  cm.  The  mean  centerline  velocity  and  the  nns  of  the 
fluctuating  velocity  are  found  to  vary  by  less  than  2%  over  a 
central  region  of  23.2  cm  in  span-wise  extent.  If  the  large 
scale  structures  are  assumed  to  be  about  1/25  in  transverse 
extent,  the  two-dimensional  portion  of  the  flow  can  be 
estimated  to  be  about  eigth  times  the  size  of  the  large  scale 
structure.  Thus,  the  region  of  two-dimensionality  normal  to 
the  x-y  plane  should  be  adequate  to  ensure  that  the  flow  at  this 
position  is  two-dimensional. 

RESULTS 

The  mean  velocity  profiles  are  shown  on  Figs,  la-lc.  In  the 
central  region  of  the  flow,  i.e.  for  y  /  5  <  1.5 ,  the  mean  velocity 
profiles  appear  to  be  nearly  similar  starting  at  x!  6-  0.32 . 
However,  for  y  /  5  >  1.5  and  x  /  0  <  1 1 ,  a  velocity  deficit  which 
arises  from  the  boundary  layer  on  the  airfoil  can  be  observed. 
Thus,  the  flow  can  be  similar  only  for  x  /  6  >  1 1 
We  next  consider  the  downstream  evolution  of  the  inverse  of 
the  normalized  velocity  excess.  We  assume  that  the  inverse  of 
the  normalized  velocity  excess  raised  to  a  power  Ifnu  is 


linearly  related  to  the  downstream  position  as  shown  in  the 
following: 


If  the  exhibits  jet- type  or  wake  type  similarity,  based  on  Eqns. 
3  or  4,  should  equal  unity.  To  find  the  value  of  that 
provides  the  best  description  of  the  measured  data,  a  value  of 
nu  is  chosen  and  the  corresponding  values  of  the  coefficient,  Av 
and  virtual  origin,  Xq  ^  are  obtained  using  the  method  of  least 

squares.  The  optimal  values  for  the  exponent,  coefficient  and 
virtual  origin  are  those  that  minimize  the  rms  of  the  difference, 
Ou ,  between  computed  and  measured  values  of  Uj-  /  C/,  where 


where  the  subscript  m  refers  to  a  measured  value,  c  refers  to  a 
value  computed  using  the  coefficients  obtained  from  the 
method  of  least  squares  at  values  of  the  downstream  position 
that  correspond  to  measured  values. 

Fig.  2  shows  a  plot  of  Ofj  versus  nu.  It  is  easy  to  see  that 
the  optimal  value  for  nu  is  about  0.485 — a  value  acceptably 
close  to  the  value  of  0.5  predicted  by  similarity  theory.  The 
corresponding  values  for  Ay  and  Xg  j;  /  9  are,  respectively,  0.27 

and  -3.82. 

Motivated  by  the  similarity  form  of  the  centerline  variation  of 
the  mean  velocity  as  indicated  in  Eqns.  3  and  4,  the  square  of 
the  inverse  of  the  normalized  centerline  velocity  excess  as  a 
function  of  downstream  distance  is  shown  on  Fig.  3.  For 
x/6>l6,  and  consistent  with  similarity  theory,  the  decay  of 
square  of  the  inverse  of  the  centerline  velocity  excess  appears 
to  vary  linearly  with  downstream  distance.  The  solid  line 
shown  on  Fig.  3  represents  a  least  square  fit  through  the  data 
in  the  range  l6<x/0<88. 

The  optimal  exponent,  ,  coefficient,  Ag ,  and  virtual  origin, 
XQg  IS  ,  can  be  found  following  the  same  procedure  used  to 

find  the  corresponding  coefficients  for  the  decay  of  the  inverse 
of  the  centerline  velocity  excess  and  equations  that  correspond 
to  Eqns.  6  and  7.  Specifically,  the  optimal  values  for  the 
exponent,  coefficient  and  virtual  origin  are  those  that  minimize 
the  rms  of  the  difference,  cr^,  between  computed  and 
measured  values  of  5/6.  Fig.4  shows  a  plot  of  (Jg  versus 
nu-  It  is  easy  to  see  that  the  optimal  value  for  ng  is  about 
0.95 — a  value  acceptably  close  to  the  value  of  1 .0  predicted  by 
similarity  theory  for  a  jet-type  similarity.  The  corresponding 
values  for  A^  and  x^^lB  are,  respectively,  0.017  and  -34.4. 

For  plane  jets  issuing  into  quiescent  or  very  low  speed  co- 
fiows,  Ag  «  0.1  (cf.  Rodi  (1972)).  Thus,  consistent  with  the 
observations  of  Bradbury  and  Riley  (1967),  the  effect  of  an 
increase  in  the  co-flow  or  free  stream  velocity  relative  to  the  jet 
exit  velocity  is  to  reduce  the  rate  of  growth  of  the  half-  width. 

The  downstream  variation  of  5/6  is  shown  on  Fig.  5.  It 
would  appear  that  the  linear  variation  predicted  by  similarity 
theory  does  not  begin  until  about  x  /  6  =  28  where  it  can  be 
seen  that  the  half-width  grows  linearly  with  downstream 
position.  Thus,  it  appears  that  even  as  far  downstream  as 
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xl  d-  888  or  equivalently  xf  6  =  the  flow  exhibits  jet- 
type  similarity  but  not  wake-type  similarity. 

The  centerline  decay  of  the  normalized  variance  of  the 
downstream  and  transverse  fluctuating  velocities  are  shown  on 
Figs.  6  and  7.  The  developing  region  which  is  taken  to 
correspond  to  the  region  of  increasing  normalized  velocity 
variance  can  be  seen  to  extend  to  about  x  1 6^10.  This  region 
is  followed  by  a  transition  region  where  the  normalized 
variance  decreases  with  increasing  downstream  distance  which 
extends  to  about  x  /  0 « 60 .  Further  downstream,  the 
normalized  velocity  variances  appear  to  become  nearly 
constant,  i.e.  consistent  with  similarity,  and  the  normalized 
values  of  the  variance  for  the  downstream  and  vertical  velocity 
fluctuations  are,  respectively  0.062  and  0.048.  These  values 
are,  respectively  about  10%  and  25%  than  the  corresponding 
values  reported  by  Gutmark  and  Wygnanski  (1976)  for  a 
plane  jet  issuing  into  a  quiescent  flow. 

The  downstream  variation  of  the  maximum  of  the 
normalized  Reynolds  stress  is  shown  on  Fig.  8.  The  developing 
region  extends  from  the  jet  exit  to  about  x!  9-10  where  the 
normalized  Reynolds  stress  reaches  its  maximum.  With 
increasing  downstream  distance,  the  Reynolds  stress  gradually 
decreases  through  the  transition  region  until  about  x/6-55. 
With  further  increases  in  the  downstream  position,  the 
Reynolds  stress  appears  to  be  nearly  a  constant  of  about  0.024. 
In  contrast  to  the  difference  found  between  the  normalized 
variance  for  the  present  and  previous  studies,  the  nonnalized 
Reynolds  stress  for  xtQ'^55  is  nearly  equal  to  the 
corresponding  values  reported  by  Bradbury  (1965)  and 
Gutmark  and  Wygnanski  (1976).  This  agreement  must  be 
considered  fortuitous  rather  than  indicating  that  the  present 
flow  is  similar  to  that  of  the  two  referenced  studies. 

The  transverse  profiles  of  the  normalized  downstream 
velocity  variance  are  shown  in  Rgs.  9a-c.  The  expected 
variation  in  the  profile  shapes  is  observed  on  Fig.  9a  which 
shows  profiles  extending  from  very  near  the  jet  exit  to 
x/6  =  12.  The  variation  of  the  profiles  in  the  transition 
region  shown  on  Fig.  9b  is  less  than  observed  in  the 
developing  region  but  the  profiles  do  not  become  similar  until 
the  furthest  two  stations  which  are  presented  on  Fig.  9c. 


CONCLUSIONS 

1-  The  transverse  profiles  of  the  velocity  excess  and  the 
downstream  variation  of  normalized  half-width  and  the 
normalized  inverse  of  the  square  of  the  centerline  velocity 

X 

excess  are  consistent  with  jet-type  similarity  for  ■— >  16. 

9 


The  exponent  in  the  similarity  expression  for  the  downstream 
variation  of  square  of  the  inverse  of  the  normalized  centerline 
velocity  excess  is  found  to  be  0.485  which  is  close  to  the  value 
of  0.5  predicted  by  similarity  theory. 

The  exponent  in  the  similarity  expression  for  the  downstream 
variation  of  the  half-width  is  found  to  be  0.95  which  again  is 
close  to  the  value  of  unity  predicted  by  similarity  theory  for 
jet- type  similarity. 

The  rate  of  growth  of  the  half- width  is  about  one-sixth  that  of 
a  plane  jet  in  a  quiescent  stream.  The  observed  slower  growth 
rate  of  the  half- width  of  a  jet  in  a  co-flowing  stream  is 
consistent  with  the  observations  of  Bradbury  and  Riley  (1967). 
Values  of  the  virtual  origin  in  the  similarity  expressions  for 
the  downstream  variation  of  the  square  of  the  inverse  of  the 
centerline  velocity  excess  and  the  half-width  differ 
significantly.  The  virtual  origin  for  the  former  is  -3.82  while 


that  of  the  latter  is  -34.4.  It  is  not  surprising  that  the  two 
virtual  origins  differs  as  the  virtual  origin  for  the  half-width 
may  have  a  greater  dependence  on  the  low  momentum  fluid  in 
the  boundary  layer  that  forms  on  the  airfoil. 

The  downstream  decay  of  the  centerline  values  of  the 
longitudinal  and  transverse  fluctuating  velocities  as  well  as  the 

X 

maximum  Reynolds  stress  exhibit  similarity  for  —  >  60 .  The 

transverse  profiles  of  the  variance  of  the  longitudinal  velocity 
fluctuations  are  also  similar  starting  at  about  this  location. 
Thus,  consistent  with  other  studies  in  plane  jet  flows, 
statistical  features  of  the  flow  associated  with  the  fluctuating 
quantities  require  considerable  more  downstream  distance  to 
become  similar  than  do  the  mean  flow  quantities. 

Only  jet-type  similarity  is  observed  even  though  the  ratio  of 
the  centerline  to  freestream  velocity  reaches  0.27.  While  this 
value  is  similar  to  the  value  where  Bradbury  and  Riley  (1967) 
find  wake-type  similarity,  it  is  consistent  with  the  lack  of 
wake-type  similarity  found  by  Everitt  (1972)  at  the  even  lower 
value  of  0.158  for  the  velocity  ratio.  Based  on  the  cylinder 
results  of  Townsend  (1949)  and  (1976),  it  appears  that  velocity 
ratios  less  than  0.1  may  be  required  over  an  extended 
downstream  distance  to  observe  wake-type  similarity  in  a  plane 
jet  flow.  This  may  be  difficult  to  achieve  because  of  the  excess 
jet  momentum  needed  to  overcome  the  momentum  deficit  in 
the  boundary  layer  on  the  airfoil. 
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ABSTRACT 

A  turbulent  plane  jet  at  Re= 10000  is  investigated  using  large 
eddy  simulation  based  on  Schumanns  ‘volume  balance  proce¬ 
dure’.  The  Smagorinsky  model  is  used  to  describe  the  unresolved 
scales.  The  simulation  results  with  an  inlet  condition  prescribed 
as  an  inflowing  ’top  hat’  profile  with  superimposed  weak  random 
fluctuations  are  compared  with  time-dependent  inlet  profiles  of 
a  pre-calculated  channel  flow  simulation.  The  computed  mean 
quantities  and  the  turbulence  intensities  are  compared  with  exper¬ 
imental  data  in  the  far  field  of  the  jet  as  well  as  near  the  exit.  The 
analysis  shows  a  better  representation  of  the  physics  when  using 
the  channel  flow  as  the  inlet  condition.  Random  excitation  at  the 
same  rmj-level  yields  a  strong  underprediction  of  the  turbulent 
intensities  in  the  near  field.  It  is  assumed  that  this  behaviour  is 
due  to  the  typical  time  scale  of  the  excitation. 

INTRODUCTION 

Turbulent  plane  jets  have  been  widely  investigated  experimen¬ 
tally  and  numerically.  Experimental  work  has  been  done  to  an¬ 
alyze  the  mean  jet  characteristics  in  the  self-preservation  region 
as  well  as  in  the  near  field  of  the  nozzle  (Miller  and  Com¬ 
ings  1957,  Gutmark  and  Wygnanski  (1976),  Everitt  and  Robins 
(1978),  Thomas  and  Goldschmidt  (1986)).  Recent  numerical  in¬ 
vestigations  were  based  on  second-order  one-point  closure  mod¬ 
els  to  turbulence.  Launder  et  al.  (1975)  presented  computed 
results  of  the  turbulent  plane  jet  using  their  well-known  linear 
model.  Shih  et  al.  (1992)  developed  a  non-linear  second  order 
closure  for  boundary-free  shear  flows.  A  systematic  comparison 
of  second-order  closure  models  applied  to  the  selfpreservation  re¬ 
gion  of  plane  and  round  jets  was  conducted  by  Pfuderer  et  al. 
(1996)  and  showed  the  limitations  of  one-point  closure  models 
for  the  prediction  of  jets. 

The  first  application  of  a  large-eddy  simulation  (LES)  to  a  prac¬ 
tical  engineering  problem  is  dated  as  early  as  1970  (Deardorff 
(1970))  but  only  for  some  years  LES  has  been  adapted  to  inves¬ 
tigate  turbulent  plane  jets  (Dai  et  al.  (1995),  Hoffmann  (1996), 
Meinke  et  al.  (1996),  Weinberger  and  Janicka.  (1996)).  Unfortu¬ 
nately  it  is  quite  difficult  to  compare  the  aforementioned  works. 
On  the  one  hand  the  analysis  of  the  computation  based  on  differ¬ 
ent  quantities  which  were  chosen  for  the  evaluation.  On  the  other 
hand  different  configurations  were  used  especially  concerning  the 
inlet  conditions.  Hoffmann  (1996)  as  well  as  Weinberger  and  Jan¬ 


icka  (1996)  set  a  ’top  hat’  profile  for  the  mean  axial  velocity  with 
surperimposed  random  disturbances.  Dai  et  al.  (1995)  prescribe  a 
parabolic  mean  profile  and  sinuoidal  fluctuations.  Finally  Meinke 
et  al.  (1996)  pick  the  inlet  conditions  out  of  a  channel  flow. 

These  studies  reveal  that  LES  is  capable  to  describe  the  main 
characteristics  of  this  type  of  flow  such  as  mean  velocity  pro¬ 
files,  the  spreading  and  the  dominant  frequency  at  the  end  of  the 
potential  core.  Additionally  the  observed  symmetrical  arrange¬ 
ment  of  vortices  near  the  nozzle  and  their  asymmetrical  arrange¬ 
ment  beyond  the  potential  core  are  captured.  However,  the  tur¬ 
bulence  intensities  in  the  selfpreservation  region  show  discrepan¬ 
cies  compared  to  measurements.  The  computation  of  Hoffmann 
(1996)  overpredicts  all  turbulence  intensities  by  approximately 
25  %  whereas  the  shear  stress  is  captured  quite  well.  The  same 
tendency  is  observed  by  Weinberger  and  Janicka  (1996)  concern¬ 
ing  the  spanwise  and  vertical  fluctuations  whereas  the  agreement 
of  the  streamwise  intensity  is  fairly  good.  These  discrepancies  are 
somewhat  surprising  because  the  inlet  profile  with  the  superim¬ 
posed  weak  random  fluctuations  is  comparable  to  the  inflow  con- 
ditons  in  experiments  (Gutmark  and  Wygnanski  (1976),  Thomas 
and  Goldschmidt  (1 986)). 

The  objective  of  this  work  is  to  investigate  the  influence  of  the 
inlet  conditions  on  the  incompressible  plane  jet  calculations.  Sim¬ 
ulations  with  a  flat  profile  and  artificial  disturbances  are  compared 
with  a  simulation  in  which  the  ingoing  velocities  and  turbulent  in¬ 
tensities  are  obtained  from  a  pre-calculated  channel  flow  simula¬ 
tion.  It  is  clear  that  the  first  case  is  characterized  by  a  transitional 
process  to  turbulent  flow.  However,  it  is  commonly  expected  that 
in  the  far  field  of  the  jet  the  results  are  independent  of  the  inlet 
conditions  and  selfpreservation  is  achieved. 

NUMERICAL  TECHNIQUE 

In  LES  the  large  scale  structures  of  a  turbulent  flow  are  re¬ 
solved  whereas  a  model  is  applied  to  the  unresolved  subgrid 
scales  (SGS).  To  decompose  the  velocity  and  pressure  fields  the 
’volume  balance  procedure’  developed  by  Schumann  (1975)  is 
adopted.  It  is  based  on  a  grid  volume  integration  of  the  Navier 
Stokes  equations  and  leads  to  quantities  which  can  be  interpreted 
as  discretely  located  volume  and  surface  averages.  They  represent 
the  resolved  fields.  The  surface  average  is  indicated  as 
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Table  1:  CONFIGURATION. 


and  the  volume  average  is 


Name 

comp,  domain 

grid  points 

i‘h-RL 

TH-RH 
GH-CH 
channel  flow 

25.7  X  6.28  X  2U 
25.7  X  6.28  X  30 
25.7  X  6.28  X  20 
16  X  6.28  X  I 

257  X  16  x  70 
257  X  16  x  80 
257  X  16  x70 
128  X  64  X  10 

‘  iy  j ! 1 0  ® 

This  procedure  applied  to  the  incompressible  Navier  Stokes 
equations  yields  the  following  equations  for  the  large  scales: 

+  ^  +  VjSCS^‘  )dAj, 

where  «,•  denotes  the  velocity,  p  the  pressure,  p  the  density,  iij 
the  stress  tensor  and  XijSGS  the  subgrid  scale  stress.  The  surfaces 
of  each  volume  cell  are  indicated  as  My.  The  manipulated  Navier 
Stokes  equations  are  solved  on  staggered  grids  on  the  basis  of  the 
pipe  flow  simulation  code  FLOWSI  developed  at  Lehrstuhl  fiir 
Fluidmechanik,  TU  Miinchen  (Schmitt  1982).  For  the  integration 
in  time  the  explicit  second-order  Adams-B  as hforth  scheme  is  ap¬ 
plied  providing  an  intermediate  solution  The  divergence 

free  velocity  field  at  the  new  time  level  w  +  1  is  obtained  via  a 
correction  step 


pAA,  dxi 

with 


^AA,-,«+l  _^AA,-,n+l 

Taking  the  divergence  of  (4)  yields  a  Poisson  equation  for  the 
pressure  correction  It  is  discretized  with  a  second-order 

central  difference  scheme  and  solved  with  a  direct  2D-elIiptic 
solver  which  utilizes  a  FFT  in  the  homogeneous  direction. 

SUBGRID  SCALE  MODEL  AND  REQUIREMENTS 
ON  LES 

The  eddy  viscosity  model  proposed  by  Smagorinsky  (1963)  is 
used  to  represent  the  unknown  subgrid  scale  stresses,  denoted  by 
a  double  prime,  in  terms  of  the  resolved  fields: 


(4) 


(5) 


'^ijSGS 


=  2v,5,-,— 


2“k“k  °y> 


(6) 


V,  =  (7) 

where  V;  represents  the  subgrid  eddy  viscosity.  5/y  is  the  strain 
rate  tensor  and  A  =  ((Ar^  +  Ay-  +  Az-)/3)°-‘’  is  a  characteristic 
subgrid  length  scale.  It  should  be  noted  that  the  Smagorinsky 
model  has  a  strictly  dissipative  character,  i.e.  kinetic  energy  is 
only  transferred  from  the  large  scales  to  the  subgrid  scales.  This 
is  in  contrast  to  the  observed  back  scattering  of  energy  to  the  mean 
flow  (Hsiao  and  Huang  1990). 

The  simulations  revealed  that  it  is  very  important  not  to 
damp  the  highly  oscillating  fluctuations  of  the  computed  large 
scales.  Therefore  a  non-dissipative  fourth-order  Lagrange  inter¬ 
polation  scheme  was  used  to  calculate  the  convective  fluxes  inside 
the  computational  domain  whereas  a  second-order  interpolation 


scheme  is  adopted  at  the  boundaries.  The  diffusive  terms  are  dis¬ 
cretized  to  second-order  accuracy.  The  Smagorinsky  constant  is 
set  to  Cv  =  0.075  .  Higher  values  lead  to  a  higher  damping  which 
prevents  the  formation  of  large  structures.  On  the  other  hand  the 
computation  gets  unstable  when  using  lower  values. 

CONFIGURATION  AND  BOUNDARY  CONDITIONS 

A  turbulent  plane  jet  is  simulated  with  a  Reynolds  number 
Re  =  UoB/v  =  10000  where  Uf,  denotes  the  bulk  velocitiy  at  the 
inlet,  B  the  width  of  the  nozzle  and  v  the  kinematic  viscosity.  The 
extension  of  the  computational  domain  (see  Figure  1)  in  axial  (x), 
homogeneous  (y)  and  vertical  (z)  direction  non-dimensionalized 
by  the  nozzle  width  and  the  number  of  points  are  listed  in  Table 
1 .  The  inlet  conditions  consising  of  top-hat  profiles  with  super¬ 
imposed  random  fluctuations  are  denoted  TH-RL’  and  TH-RH’ 
for  a  low  rm.y-level  of  0.5%  and  a  mean  rm^-level  of  about  5%, 
respectively.  The  latter  excitation  is  similar  to  channel  turbulence 
and  its  distribution  was  set.  For  mn  ’CH-CH’  the  inlet  velocity 
is  extracted  from  a  simulated  channel  flow  with  its  charateristic 
mean  profile,  turbulent  quantities  and  the  developed  correlations. 
Beyond  the  nozzle  region  the  grid  is  smoothly  stretched  in  vertical 
direction.  The  dimensionless  time  step  is  A/  =  0.02 . 


hat* 
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0 
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Fig.  1:  COMPUTATIONAL  DOMAIN. 

The  channel  flow  simulation  is  separately  performed  at  same 
Reynolds  number.  The  grid  resolution  in  vertical  direction  is  pre¬ 
scribed  by  the  jet  simulation  whose  configuration  parameters  are 
determined  by  memory  and  computation  time  limitations.  The 
mean  velocity  profile  as  well  as  the  turbulence  intensities  show  a 
fairly  good  agreement  with  measurements.  However,  the  coarse 
vertical  resolution  causes  discrepancies  especially  near  the  wall. 
It  turned  out  to  be  necessary  to  resolve  the  spanwise  direction 
with  64  points.  The  reduction  to  16  points  of  the  jet  simulation  is 
done  by  taking  each  fourth  point.  Thus  the  integral  length  scale 
information  is  maintained.  The  jet  inlet  profile  is  taken  from  the 
middle  of  the  channel. 

When  setting  the  boundary  conditions  it  is  focused  on  not  to 
prescribe  any  data  known  in  advance,  e.g.  founded  on  similar¬ 
ity  considerations.  Neumann  conditions  for  all  velocities  and  the 
pressure  were  found  to  deal  quite  well  with  the  arising  negative 
velocities  at  the  outflow  boundary.  At  the  upper  and  lower  bound¬ 
ary  the  pressure  is  set  to  zero.  The  tangential  velocities  are  con¬ 
stantly  extrapolated.  Periodic  boundary  conditions  are  applied  in 
the  homogeneous  direction. 
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RESULTS  AND  DISCUSSION 

The  instantaneous  results  provided  by  the  LES  are  averaged 
after  reaching  the  beginning  of  the  statistical  stationary  state.  Sta¬ 
tistical  data  is  obtained  from  1 200  samples  which  is  additionally 
averaged  in  the  homogeneous  direction.  The  presented  results  are 
non-dimensionalized  by  the  centreline  velocity  and  the  velocity 
half-width  zo5-  Mean  quantities  and  turbulence  intensities  of  the 
large  scales  are  compared  with  measured  data  from  Gutmark  and 
Wygnanski  (1973),  Everitt  and  Robins  (1978)  and  Thomas  and 
Goldschmidt  (1985)  labeled  ’GuWy’,  ’EvRo’,  ThoGo’,  respec¬ 
tively.  These  experiments  had  ’top-hat’-profiles  with  inlet  turbu¬ 
lent  intensities  of  about  0.2%.  In  the  plots  large  scale  fluctuations 
are  denoted  by  a  prime. 


Spectra!  Considerations 

The  near  field  of  a  jet  is  characterized  by  the  so-called  ’poten¬ 
tial  core’.  It  covers  the  region  in  which  the  centerline  velocity  is 
unaffected.  The  potential  core  is  bounded  by  the  adjacent  shear 
layers  in  which  vortices  are  generated  due  to  the  instability  of  an 
initial  fundamental  frequency.  At  the  end  of  the  potential  core  the 
shear  layers  coalesce.  Consequently  this  is  the  point  where  the 
centerline  velocity  begins  to  decay  and  the  jet  starts  to  spread. 

On  the  basis  of  the  fundamental  instability  linear  and  non-linear 
interactions  of  fluctuations  cause  the  generation  of  further  spectral 
modes,  e.g.  harmonics  or  subharmonics.  The  end  of  the  potential 
core  is  dominated  by  a  preferred  frequency  in  the  spectrum  of  the 
axial  velocity.  It  represents  the  number  of  vortices  per  unit  length 
of  the  jet  (Namer  and  Otiigen  (1988)).  The  non-dimensionalized 
form  is  the  Strouhal  number  5r  =  fB/Uo.  In  Figure  2  the  frequen¬ 
cies  of  the  peak  values  in  the  velocity  spectra  along  the  axis  are 
to  be  seen.  The  profiles  are  shifted  upstream  when  strongly  excit¬ 
ing  the  ingoing  velocities  (runs  TH-RH,  CH-CH)  without  creating 
other  characteristic  frequencies  downstream  x/B  3.  This  indi¬ 
cates  that  the  instability  mechanism,  i.e.  the  order  of  the  generated 
frequencies  is  neither  affected  by  the  mean  inlet  profile  nor  by  the 
level  of  exciting. 


x/B 

Fig.  2:  MAXIMUM  AMPLITUDE  IN  THE  SPECTRUM  OF 
AXIAL  VELOCITY  ALONG  AXIS.  —  TH-RL;  -  TH-RH; - 
CH-CH. 


Mean  Flow  Field 

The  mean  axial  velocity  profiles  at  x/B  =  20  are  presented  in 
Figure  3.  All  simulations  agree  very  well  with  measured  selfp- 
reserved  profile.  Selfpreservation  is  already  reached  downstream 
x/B  12.  Figure  4  shows  the  velocity  half-width  which  grows 
linearly  with  nearly  0.1  -xin  all  runs.  The  spreading  rate  of  run 
CH-CH  is  somewhat  lower  as  also  observed  by  Hussain  and  Clark 
(1977)  who  experimentally  investigated  the  influence  of  inlet  con¬ 
ditions  on  plane  jets.  They  also  compared  channel  flow  data  and 
laminar  profiles  at  the  inlet. 


Fig.  3:  MEAN  AXIAL  VE-  Fig.  4:  VELOCITY  HALF- 
LOCITY  ACROSS  JET  —  WIDTH  ALONG  AXIS  — 
TH-RL;  -  TH-RH;  --  CH-  TH-RL;  -  TH-RH;  CH- 
CH;  □  GUWY.  CH;  □  0.1  x 

Hence  the  mean  quantities  such  as  the  mean  velocity  and  the 
spreading  rate  as  well  as  the  principal  generation  of  jet-typical 
frequencies  turn  out  to  be  independent  of  the  inlet  conditions  even 
near  the  nozzle. 

Compared  to  the  simulation  TH-LH  the  end  of  the  potential 
core  in  the  configurations  TH-RH  and  CH-CH  is  located  farther 
upstream.  As  aforementiond  the  order  of  the  created  frequen¬ 
cies  does  not  differ.  On  the  other  hand  the  content  of  energy  of 
the  dominant  frequencies  is  increased  when  superimposing  higher 
fluctuations  leading  to  an  accelerated  saturation  of  the  participated 
harmonics  and  subharmonics.  The  preferred  mode  and  conse¬ 
quently  the  end  of  the  potential  core  is  reached  faster. 

Results  in  the  Near  Field 

The  near  field  data  provided  by  Gutmark  and  Wyngnanski 
(1976)  is  not  relevant  for  the  comparison  in  this  work.  In  their 
work  a  Reynolds  number  of  30000  was  used  contrary  to  1 0000  in 
the  presented  simulations.  Namer  and  Otugen  (1988)  investigated 
the  influence  of  the  Reynolds  number  on  the  near  field.  The  far 
field  results  turned  out  to  be  independent. 


z  +  B/2 


Fig.  5:  MEAN  AXIAL  VELOCITY  ACROSS  JET  NEAR  THE 
NOZZLE  (x/B  =  2).  —  TH-RL;  -  TH-RH;  -  CH-CH;  o 

THOGO. 

Figure  5  presents  the  mean  axial  velocity  across  the  jet  at 
x/B  =2.  The  block  profiles  of  TH-RL  and  TH-RH  are  smerged 
due  to  the  turbulent  diffusive  terms  which  are  determined  by  gra¬ 
dients  of  the  mean  velocities.  The  velocity  profiles  are  in  good 
agreement  with  the  measured  ones  of  Thomas  and  Goldschmidt 
(1986).  Similar  results  are  obtained  for  x/B  =  3.5  (not  shown). 
Run  CH-CH  leads  to  a  wider  profile. 
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Fig.  6:  STREAMWISE  FLUCTUATIONS  ALONG  AXIS;  — 
TH-RL;  -  TH-RH;  *-  CH-CH;  o  THOGO. 

The  development  of  the  streamwise  fluctuations  along  the  axis 
of  run  CH-CH  fits  very  well  with  the  experiments  of  Thomas  and 
Goldschmidt  (1985),  see  Figure  6.  In  run  TH-RH  the  increase  of 
the  disturbance  level  sets  on  further  downstream.  The  difference 
between  the  cacluations  TH-RH  and  TH-RL  is  due  to  the  minor 
exciting  level  of  the  latter  one.  With  decreasing  Reynolds  num¬ 
bers  the  peak  of  the  axial  fluctuations  near  the  exit  became  more 
distinct  (Thomas  and  Goldschmidt  (1985)). 


turbulence  production  in  the  shear  layers  are  represented. 

The  transport  of  turbulence  intensity  from  its  location  of  pro¬ 
duction  in  the  shear  layers  to  the  core  of  the  jet  also  seems  to  be 
sufficiently  represented  because  of  the  good  agreement  between 
run  CH-CH  and  the  measurements  over  the  long  distance  from 
x/£  =  3.5t0A*/5=  11. 

The  reason  can  be  found  in  the  prescribed  initial  excitation  in 
combination  with  the  purely  dissipative  Smagorinsky  model.  The 
temporal  excitation  is  characterized  by  a  typical  time  scale  t.  The 
Taylor  hypothesis  yields  the  related  length  scale  L  =  With 

the  assumption  e  =  one  obtains  an  expression  for  the  dis¬ 

sipation 


where  the  turbulent  kinetic  energy  k  is  substituted  by  the  ex¬ 
citation  level  1.  I  corresponds  to  the  r/;75- value  which  is  equal 
in  the  simulations  TH-RH  and  CH-CH.  In  TH-RH  and  TH-RL 
the  fluctuations  are  superimposed  at  each  time  step  Aisim  of  the 
simulation.  Hence,  the  typical  time  scale  can  be  determined  by 
T  «  0.5Ar5/„,.,.A/5,>„.  This  is  in  contrast  to  run  CH-CH  where  T  is 
excactly  the  integral  time  scale  Tchannd  of  the  developed  channel 
flow.  Because  of  Aisim  <  T'channd  OT^o  obtains 


^TH-RLJH  ^  ^H-CH-  (9) 

This  may  explain  the  low  fluctuation  intensities  when  exiciting 
randomly. 

Figure  8  shows  time  series  of  the  fluctuations  of  the  centerline 
velocity  for  different  ;c/B-positions.  The  same  excitation  levels 
are  to  be  seen  at  x/B  =  0. 1 .  At  x/B  =  0.3  the  randomly  generated 
fluctuations  are  smoothed  so  that  the  effective  r/n^-level  of  the 
inlet  flow  is  strongly  reduced  resulting  in  a  delayed  onset  of  tur¬ 
bulent  intensities.  In  contrast  to  this  behaviour  the  profile  of  u\t) 
of  run  CH-CH  is  maintained  until  1.  Thus  approximation 

9  is  confirmed.  At  x/B  =  8  time  correlations  have  developed  due 
to  the  generation  of  large  scale  structures. 

-3-2-10123  -3-2-10123 
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Fig.  7:  STREAMWISE  FLUCTUATIONS  NEAR  NOZZLE 
a)  RUN  TH-RH,  b)  RUN  CH-CH;  LINES:  SIM.,  POINTS: 

THOGO;  — ,  □.r/5  =  3.5;“,+  x/fi  =  5; ,o ;c/B=  8; . ,x 

=  1 1 ;  ■  CHANNEL  FLOW 

Figure  7a  presents  the  profiles  in  the  near  field  of  the  jet  at 
x/B  =  3.5,  5,  Sandx/B=\l. 

The  measurements  of  Thomas  and  Goldschmidt  (1985)  show 
that  that  there  is  a  strong  increase  of  axial  fluctuations  on  the 
first  nozzle  widths  downstream  the  exit.  Starting  from  the  initial 
r/775-value  of  about  0.2%  the  measured  intensity  level  reaches  5% 
on  the  centerline  at  x/B  =  3.5.  In  the  shear  layer  the  fluctuations 
are  approximately  50  %  higher  than  the  channel  fluctuations  near 
the  wall.  This  indicates  a  strong  production  of  axial  fluctuations 
on  the  first  nozzle  widths  downstream  the  exit. 

It  is  to  be  seen  that  the  shear  layer  fluctuations  of  mn  TH-RH 
downstream  x/B  =  5  nearly  reaches  the  maximum  value  of  the 
shear  layer  whereas  the  centerline  value  is  underpredicted.  Con¬ 
cerning  run  TH-RL  all  streamwise  fluctuations  near  the  nozzle 
(not  shown)  are  far  too  low. 

The  excellent  agreement  in  the  near  field  characteristics  from 
the  exit  to  x/B  1 1  is  to  be  seen  in  Figure  7b.  This  result  is  some¬ 
what  surprising.  Firstly  the  initial  rm-levels  of  CH-CH  and  TH- 
RH  are  the  same.  Secondly  Thomas  and  Goldschmidt  (1985)  got 
fiat  initial  velocity  profiles  with  a  fluctuation  intensity  of  less  than 
0.2  %.  Thus  the  jet  underwent  a  transition-like  process.  There¬ 
fore  this  configuration  resembles  more  run  TH-RL  and  TH-RH, 
respectiN'ely,  contrary  to  the  fully  developed  inflow  in  CH-CH. 

The  production  of  axial  fluctuations  is  determined  by  mean  gra¬ 
dients  of  the  velocity.  The  mean  axial  velocity  is  captured  quite 
well  by  the  simulations  with  even  better  results  for  TH-RL  and 
TH-RH.  Therefore  it  is  assumed  that  the  essential  features  of  the 


It  is  to  be  investigated  if  less-dissipative  subgrid-scale  models 
and  random  excitations  with  defined  time  scales  yield  better  re¬ 
sults.  However,  it  is  believed  that  the  laminar-like  disturbances 
found  in  experiments  do  not  have  the  character  of  white  noise. 
The  spectrum  of  the  axial  velocity  of  Thomas  and  Goldschmidt 
(1985)  contains  distinct  frequencies  5/  =  0.25,0.34  and  5/  =  0.46 
already  at  xfB  =  1 .  The  corresponding  function  of  the  velocity 
in  time  is  therefore  rather  smooth  which  is  approximately  repre¬ 
sented  by  the  developed  channel  flow  fluctuations. 

Analysis  of  Structures 

The  isosurfaces  of  the  vorticity  component  cOy  of  run  CH-CH 
and  TH-RL  are  shown  in  Figure  9a  and  9b,  respectively.  Com¬ 
pared  to  run  TH-RL  the  higher  excitation  level  of  run  CH-CH 
leads  to  fluctuations  of  the  vorticity  right  behind  the  exit.  This  cor¬ 
responds  to  higher  values  fo  the  kinetic  energy  of  the  large  scales. 
The  break-down  of  vortices  occurs  much  faster  causing  the  afore¬ 
mentioned  faster  increase  of  the  turbulent  intensities.  The  forming 
structures  of  run  CH-CH  look  smoother  and  are  orientated  in  the 
streamwise  direction  more  regularly.  Until  xjB  — 25  these  differ¬ 
ences  maintain  which  let  expect  that  the  turbulent  intensities  in 
this  region  are  still  influenced  by  the  inlet  conditions. 


Fig.  9a:  ISOSURFACE  OF  VORTICITY  cOy  (RUN  CH-CH). 


Fig.  10:  TURBULENT  INTENSITIES  ACROSS  JET  {C,  = 
0.075).  a)  STREAMWISE  FLUCT.,  b)  SPANWISE  FLUCT., 
b)  LATERAL  FLUCT,  d)  SHEAR  STRESS  —  TH-RL;  - 
TH-RH  ;  -  CH-CH;  □  GUWY;  +  EVRO. 

In  shear  stress  (Figure  10  d)  is  captured  quite  well  by  all  sim¬ 
ulations  corresponding  to  the  correct  prediction  of  the  spreading 
rate. 


Variation  of  the  Smaqorinskv  Constant 

Figure  1 1  shows  that  the  inlet  conditions  affect  the  turbulence 
intensities  until  x/B  =  25.  In  order  to  evaluate  the  influence  of 
the  Smagorinsky  constant  computation  TH-RH  is  performed  with 
Cv  =  0.1.  An  overall  improvement  in  the  far  field  is  achieved 
(Figure  1 1 ). 


Fig.  9b:  ISOSURFACE  OF  VORTICITY  cOy  (RUN  TH-RL). 


Results  in  the  Far  Field 

Figure  10  a)-d)  presents  the  turbulence  intensities  as  well  as  the 
shear  stress  in  the  far  field  of  the  jet  {xjB  —  20).  They  are  com¬ 
pared  with  the  selfpreserved  profiles  of  Gutmark  and  Wygnanski 
(1976)  and  Everitt  and  Robins  (1978). 

The  calculated  axial  fluctuations  lie  within  the  experimental 
scatter.  Concerning  the  spanwise  intensities  good  results  are 
obtained  in  TH-RH  and  CH-CH  whereas  the  lateral  fluctuations 
are  overpredicted  by  all  simulations.  The  turbulent  intensities  of 
the  simulation  TH-RL  are  approximately  equal  or  higher  than 
those  of  TH-RH  and  strongly  overpredict  the  measured  level 
for  v^-.  The  same  trend  is  to  be  seen  concerning  the  results  of 
TH-RH  and  CH-CH.  It  is  believed  that  the  lack  of  excitation  at 
the  nozzle  hinders  the  break-down  of  the  vortices  to  small-scale 
turbulence  resulting  in  an  overprediction  of  kinetic  energy  at  the 
large  scales. 


CONCLUSION 

A  large  eddy  simulation  of  a  turbulent  plane  jet  with  a  ’top 
hat’  profile  with  superimposed  randomly  generated  disturbances 
was  compared  with  a  simulation  in  which  the  inflowing  time- 
dependent  turbulent  profiles  were  extracted  from  a  pre-calculated 
channel  flow  computation. 

Selfpreserved  profiles  of  the  axial  velocity  develop  already 
downstream  x/B  =11.  Mean  quantities  like  the  normalized  mean 
axial  velocity  profile  as  well  as  the  spreading  rate  turned  out  to 
be  independent  of  the  inlet  conditions.  As  -far  as  this  first  investi¬ 
gation  shows  the  mean  profile  of  the  inlet  velocity  have  a  minor 
influence  in  the  near  field  due  to  a  rather  fast  turbulent  diffusive 
smerging. 

Random  excitations  together  with  the  use  of  the  dissipative 
Smagorinsky  model  lead  to  a  decrease  of  the  effective  disturbance 
level.  Apparently  the  implicit  prescription  of  a  time  scale  yields 
high  dissipation  rates  and  therefore  immediate  smoothing  right 
behind  the  nozzle.  The  onset  of  turbulence  fluctuations  is  delayed. 
When  prescribing  channel  flow  turbulence  with  its  characteristic 
integral  time  scale  an  excellent  agreement  with  measured  turbu¬ 
lent  intensities  near  the  exit  is  achieved. 

Additionally  measurements  show  that  even  with  laminar-like 
inflow  conditions  typical  frequencies  are  built  up  right  behind 
the  nozzle.  This  character  of  the  developing  flow  is  better  rep- 
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resented  when  prescribing  disturbances  with  distinct  frequencies 
represented  by  channel  flow  turbulence. 

The  turbulent  intensities  in  the  far  field  {xjB  =  20)  still  depend 
on  the  inlet  conditions.  Far  low  excitation  levels  at  the  exit  yield 
higher  large  scale  fluctiuations  as  a  lack  of  sufficient  small-scale 
turbulence. 

However,  more  detailed  studies  and  especially  a  more  extended 
computation  region  on  axial  direction  should  be  performed  to  gain 
more  insights. 
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Fig.  11:  TURBULENT  INTENSITIES  ACROSS  JET  (C,  = 
0.1).  a)  STREAMWISE  FLUCT.,  b)  SPANWISE  FLUCT, 
b)  LATERAL  FLUCT.,  d)  SHEAR  STRESS  —  TH-RH;  □ 
GUWY;  +  EVRO. 
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INTRODUCTION 

Jets  are  prototype  shear  flows  well  suited  for  the  study  of 
large-scale  and  microscale  turbulent  mixing.  In  the  last  five 
years,  the  progress  in  the  experimental  methods  for  detec¬ 
tion  and  identification  has  made  possible  a  detailed  investi¬ 
gation  of  the  complex  three-dimensional  coherent  vortices 
imbedded  within  the  flow.  For  instance,  the  influence  of  the 
entrainment  of  the  secondary  stream  wise  vortices  has  been 
studied  by  Liepmann  and  Gharib  (1992).  On  the  numerical 
side,  several  simulations  of  two-dimensionnal  or  temporally 
evolving  jets  have  been  performed.  Very  few  have  however 
investigated  the  three-dimensionnal  spatial  development  of 
the  round  jet.  We  here  present  a  statistical  and  topologi¬ 
cal  numerical  study  of  the  spatial  growth  of  the  round  jet 
from  the  nozzle  up  to  twelve  diameters  downstream.  The 
use  of  large-eddy  simulations  (LES)  techniques  allow  us 
to  reach  high  values  of  the  Reynolds  number:  here,  Re  is 
taken  around  20000.  The  advantage  of  these  techniques  is 
that  high  Reynolds  number  flows  can  be  simulated  with 
a  moderate  number  of  resolution  points  and  a  reasonable 
computer  cost.  Our  goal  here  is  to  demonstrate  the  ability 
of  the  LES  to  properly  reproduce  the  coherent  vortex  dy¬ 
namics  in  the  transitional  region  of  the  jet.  We  also  show 
the  possibility  of  controlling  the  jet  behaviour  by  manipu¬ 
lating  the  inflow  conditions. 

SUBGRID-SCALE  MODELS  AND  NUMERICAL 
TOOLS 

One  of  the  major  challenge  for  the  LES  is  to  allow  the 
laminar-turbulent  transition  to  take  place.  Indeed,  most  of 
the  subgrid-scale  models  dissipate  the  kinetic  energy  even  if 
the  flow  is  not  turbulent,  and  therefore  prevents  the  proper 
growth  of  the  instabilities.  Here,  we  have  used  two  distinct 
subgrid-scales  models  which  act  only  ,  in  the  regions  where 
the  flow  presents  an  important  level  of  small-scale  three- 
dimensional  turbulence.  These  are  modified  versions  of  the 
structure  function  model  originally  proposed  by  Metals  and 
Lesieur  (1992):  the  “selective”  and  “filtered”  structure- 
function  models  (see  Lesieur  and  Metals,  1996,  for  details). 
Those  two  models  have  demonstrated  their  ability  to  simu¬ 
late  the  transition  towards  turbulence  in  flows  such  as  the 
weakly- compressible  boundary-layer  flow  over  a  flat  plate 


(see  Ducros  et  aL,  1996),  or  the  spatially  growing  mix¬ 
ing  layer  (Silvestrini,  1996).  Note  that  the  dynamic  model 
proposed  by  Germano  et  al.  (1991)  has  also  managed  to 
simulate  transitional  shear-flows  (see  Abba  et  al  1996,  for 
the  round  jet). 

In  the  present  work,  we  compare  the  results  given  by  two 
very  distinct  numerical  codes  solving  the  three-dimensional 
incompressible  Navier-Stokes  equations: 

•  The  first  code  is  an  industrial  software  called  TRIO- 
VF  developed  for  thermal-hydraulics  applications  at 
the  Commissariat  a  TEnergie  Atomique  de  Grenoble 
by  Grand  et  al.  (1988).  It  has  been  thoroughly  vali¬ 
dated  in  many  LES  of  various  flows  (see  e.g.  Silveira- 
Neto  et  aJ.,  1993,  for  the  backward  facing  step).  It 
uses  the  finite  volume  method  on  a  structured  mesh. 
Temporal  discretisation  is  a  first  order  Euler  scheme; 
spatial  discretisation  is  a  third  order  Quick  Sharp 
scheme.  Zero  pressure  gradient  is  assumed  at  the  out¬ 
flow. 

♦  The  second  code  (SPECOMPACT)  mixes  2D  pseudo- 
spectral  methods  in  the  radial  homogeneous  flow 
direction  and  6*^  order  compact  finite-differences 
schemes  (see  Lele,  1992)  in  the  axicd  one.  Non- 
reflective  outflow  boundary  conditions  are  approxi¬ 
mated  by  a  multi-dimensional  extension  of  Orlansky’s 
discretization  scheme.  Temporal  discretization  is  per¬ 
formed  by  means  of  a  low-storage  3rd  order  Runge- 
Kutta  scheme  (see  Gonze,  1993,  for  details).  The 
high-precision  of  the  numerical  methods  used  in  this 
second  code  implies  a  very  low  numerical  diffusion 
allowing  to  precisely  study  the  subgrid-scale  models 
effects. 

NUMERICAL  EXPERIMENTS 

The  experimental  studies  by  Michalke  and  Hermann 
(1982)  have  clearly  pointed  out  the  capital  effect  of  the 
inflow  momentum  boundary  layer  thickness  B  and  of  the 
ratio  DjB  {D  :  jet  diameter)  on  the  jet  donwstream  devel¬ 
opment.  It  was  shown  that  the  detailed  shape  of  the  mean 
velocity  profile  strongly  influences  the  nature  of  the  co¬ 
herent  vortices  appearing  near  the  nozzle  (see  Cohen  and 
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Wygnanski,  1987):  either  axisymmetric  structures  (vor¬ 
tex  rings)  or  helical  structure  can  indeed  develop.  Here, 
we  compare  two  simulations  (with  or  without  cofiow)  at 
=  20  and  confront  our  numerical  results  with  experi¬ 
mental  data.  We  have  restrained  ourself  to  relatively  small 
values  oi  DIB  after  having  checked  that  a  correct  resolu¬ 
tion  of  the  shear  zone  at  the  border  of  the  nozzle  is  crucial 
to  correctly  reproduce  the  initial  development  of  the  insta¬ 
bilities. 

Cartesian  coordinates  have  been  prefered  to  cylindrical 
coordinates  since  the  former  will  allow  us  to  consider,  in 
future  works,  more  complex  geometries  of  industrial  inter¬ 
est  (multi-jets  for  instance).  Furthermore,  phenomena  like 
side  jets,  can  be  well-resolved  even  in  regions  far  from  the 
jet  axis. 

We  consider  a  computational  domain  starting  at  the  noz¬ 
zle  and  extending  up  to  \^D  downstream  (for  the  TRIO 
simulation)  and  to  10 D  downstream  (for  the  SPECOM- 
PACT  simulation).  The  section  perpendicular  to  the  jet 
axis  consists  of  a  square  lOD  *  10 D,  which  has  been  shown 
to  be  sufficient  to  avoid  jet  confinement.  We  use  a  coarse 
spatial  resolution  of  48  *  48  *  88  points  for  TRIO  taking 
advantage  of  the  possibility  of  mesh  refinement  within  the 
jet  shear-layer  (stretched  mesh).  Conversely,  288*288*101 
points  are  used  for  SPECOMPACT  and  the  mesh  is  regu¬ 
larly  distributed. 

The  two  runs  do  not  start  with  the  same  inflow  condi¬ 
tions.  For  the  SPECOMPACT  run,  the  mean  and  fluctua¬ 
tion  velocity  profiles  are  taken  from  experimental  results  at 
Re  =  21000  performed  by  Djeridane  (1994).  The  fluctua¬ 
tions,  which  correspond  to  a  fully-developed  turbulent  pipe 
flow  of  turbulent  intensity  15%,  are  modeled  by  stochastic 
perturbations.  For  the  TRIO  run,  the  jet  is  forced  up¬ 
stream  by  a  top-hat  profile  to  which  is  superposed  a  weak 
3D  white  noise  (“natural  forcing”).  The  intensity  of  the 
noise  mimics  experimental  measurements  performed  at  the 
nozzle  (see  Liepmann  and  Gharib,  1992  for  instance):  we 
choose  1%  for  the  rate  of  turbulence  level  at  the  center  and 
5%  near  the  border.  The  Reynolds  number  is  25000.  With 
the  TRIO  code,  the  case  of  the  jet  excited  with  specified 
inflow  perturbations  at  the  nozzle  will  be  presented  in  the 
laset  section. 

STATISTICAL  RESULTS 

In  order  to  reach  a  good  statistical  convergence,  the 
statistics  evaluation  is  performed  over  a  period  of  100 
D/Wnoz  with  the  TRIO  code  and  of  40  D/{Wnoz  -  Wcof) 
with  the  SPECOMPACT  code  (Wnoz  inlet  bulk  velocity; 
Wcof  coflowing  velocity).  Statictics  are  compared  with  ex¬ 
perimental  results.  Figure  la  shows  the  downstream  evo¬ 
lution  of  the  mean  axial  velocity  on  the  jet  axis.  The  fall 
around  Z/D  =  5  (SPECOMPACT)  and  around  Z/D  =  6 
(TRIO)  indicates  the  end  of  the  potential  core.  The  com¬ 
puted  values  fzdls  within  the  experimental  range.  The  sub¬ 
sequent  velocity  decrease  is  somewhat  overestimated  by  the 
LES  indicating  an  overprediction  of  the  jet  spreading  rate. 
This  is  more  pronounced  for  the  results  with  the  TRIO 
code:  this  may  be  due  to  the  different  inflow  conditions  for 
the  two  runs.  Notice  that  the  same  overestimation  has  been 
observed  in  the  recent  LES  by  Olsson  and  Fuchs  (1996)  us¬ 
ing  the  dynamic  model  proposed  by  Germano  et  ai  (1991). 
The  late  decay  rate  corresponds  however  with  the  experi¬ 
mental  one. 

The  mean  radial  velocity  profile  (Figure  2)  confirm  the 
previous  tendencies.  At  first,  both  the  jet  expansion  and 
the  axial  velocity  decays  are  underestimated  by  the  nu¬ 
merical  simulations.  The  two  quantities  are  subsequently 
overestimated  as  compared  with  the  experimental  results. 

The  compilation  of  various  laboratory  experiments  on 
turbulent  round  jets  reveals  an  important  scatter  in  the 
experimental  data  for  the  downstream  evolution  of  fluc¬ 
tuating  quantities  like  the  r.m.s.  axial  velocity.  This  in- 


Figure  1:  Numerical  and  experimental  results  comparisons. 
Centerline  axial  velocity:  time  averaged  (a)  and  r.m.s. (b) 
(Wcof  is  the  coflowing  velocity,  Wnoz  is  the  inlet  bulk  ve¬ 
locity) 


Figure  2:  Transversal  mean  axial  velocity  profiles  at  vari¬ 
ous  stations  Z/D.  Top:  SPECOMPACT  code  (lines)  com¬ 
pared  with  Djeridane's  (1994)  experiment  (symbols).  Bot¬ 
tom:  TRIO  code  (lines)  compared  with  Moore  's  (1977)  ex¬ 
periment. 
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Figure  3:  Frequency  spectra  of  the  fluctuating  axial  velocity 
at  different  downstream  locations  and  around  t/D  =  0.5. 
left:  SPECOMPACT;  right:  TRIO 


dicates  a  very  strong  sensitivity  of  the  jet  developement 
to  inflow  fluctuations.  Such  a  sensitivity  will  be  clearly 
demonstrated  in  the  last  sections  devoted  to  the  controlled 
jet.  Considering  our  “artificial”  inflow  conditions  (white 
noise),  we  may  consider  that  the  evolution  of  the  r.m.s. 
fluctuating  axial  velocity  away  from  the  nozzle  is  well  re¬ 
produced  by  the  numerics  (see  Figure  lb).  In  an  adjuste- 
ment  stage,  the  inlet  fluctuations  first  decrease.  Further 
away  from  the  inlet,  the  flow  becomes  unstable  within  the 
jet  shear  layer  leading  to  a  strong  increase  of  the  fluctua¬ 
tions.  Those  reach  a  maximum  intensity  around  Z/D  =  ^ 
for  the  SPECOMPACT  case  and  Z/D  =  8  for  the  TRIO 
case.  Further  downstream,  the  fluctuation  amplitude  de¬ 
cays,  sign  of  a  (almost)  fuUy-developped  turbulent  flow. 

Spectral  analysis 

For  the  two  computations,  we  have  applied  fast  Fourier 
transform  to  periodized  temporal  longitudinal  velocity 
samples  taken  in  the  shear  layer  zone  (around  r/D  =  0.5) 
at  Z/D  =  2,  4,  6  and  10  (Figure  3).  Nondimensional- 
ization  is  based  on  the  jet  diameter  and  the  inlet  bulk 
velocity  providing  a  Strouhal  number  St  =  fd/Wnoz- 
The  same  behaviour  is  observed  in  both  simulations.  For 
Z/D  >2  ^  first  frequency  peak  emerges  around  St  =  0.4 
in  both  cases.  A  subharmonic  energetic  frequency  is  also 
present  around  St  =  0.2.  The  dominant  observed  fre¬ 
quency  is  in  good  agreement  with  the  experimental  value 
(0.3  <  StTD  <  0.5  Hussain  Zaman  1981).  Past  the 
potential  core  [Z/D  =  6),  the  energy  spectrum  reaches 
a  maximum  amplitude,  and  the  subharmonic  peak  around 
Si  =  0.2  has  become  dominant.  This  indicates  vortex  pair¬ 
ing  yielding  large-scale  structures  advected  in  the  jet.  At 
Z/D  —  10,  the  subharmonic  frequency  saturates  and  the 
high  frequency  energy  decreases  due  to  dissipative  effects. 
Note  that  a  Kolmogorov  range  is  not  reached  at  the 

outlet  of  the  computational  domain  indicating  that  a  fully 
developped  turbulent  state  is  not  yet  achieved.  The  spec¬ 
tral  slope  is  steeper  than  5/3  with  approximately 
(SPECOMPACT  case)  and  (TRIO  case)  behaviours. 
The  steeper  slope  obtained  with  the  TRIO  code  may  be 
associated  with  the  coarser  grid  inducing  a  high  frequency 
damping  outside  the  refined  mesh  regions. 

COHERENT  VORTICES 

We  here  characterize  the  coherent  structures  with  the 
aid  of  both  high  vorticity  regions  and  low-pressure  re¬ 
gions.  Figure  4  a)  and  b)  (TRIO  case)  shows  that  the 
Kelvin- Helmholtz  instability  along  the  jet  border  yields, 
further  downstream,  vortex  structures  mainly  consisting 
in  axisymmetric  rings  (Figure  4  a).  We  have  found  that 
these  structures  are,  however,  not  always  present  and  al- 


Figure  4:  Natural  jet:  instantaneous  visualization  (TRIO-VF 
code)  at  three  different  times.  Low  pressure  isosurface  in  light 
gray:  YZ  cross-section  (through  the  jet  axis)  of  the  vorticity 
modulus  {min  =  0;  max  =  W/noz/ D)\  XZ  cross-section  of 
the  velocity  modulus  {min  =  0;  max  —  1.2Wnor)- 
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Figure  5:  Instantaneous  visualization:  vorticity  modulus  iso¬ 
surface  {max  =  3{Wno2  -  Wccf)/D),  and  XY  cross-section 
at  the  outlet  Z/D  =  10  (SPECOMPACT  code). 


Figure  6:  Focus  on  transversal  cross-sections  of  the  vortic¬ 
ity  modulus  (left)  and  axial  velocity  (right)  zt  ZfD  =  4.5 
(SPECOMPACT  code). 


ternate  with  vortices  of  helicoidal  shape  (Figure  4  b).  We 
then  follow  the  structures  further  downstream.  The  3D 
low  pressure  isosurface  visualization  shows  an  original  vor¬ 
tex  arrangement  subsequent  to  the  varicose  mode  growth: 
the  “alternated-pairing”.  We  have  checked  that,  during 
their  advection  downstream,  the  vortex  rings  axis  tends  to 
deviate  from  the  jet  axis.  The  inclination  angle  of  two  con¬ 
secutive  vortices  appears  to  be  of  opposite  sign  eventually 
leading  to  a  local  pairing  with  an  alternate  arrangement 
(Figure  4  c).  Note  that  such  a  structure  was  previously 
observed  by  Comte  et  ah  (1992)  in  a  direct  simulation  of 
a  temporally  evolving  round  jet  at  low  Reynolds  number 
{Re  =  2000). 

Figure  5  displays  a  vorticity  modulus  isosurface  obtained 
in  the  SPECOMPACT  run.  We  observe  similar  topological 
organization  as  on  Figure  4  c)  with  alternatively  inclined 
vortex  loops.  In  the  vorticity  field  close  to  the  nozzle,  a 
detailed  investigation  of  the  longitudinal  vorticity  reveals 
pairs  of  counter-rotating  vortices  linked  with  the  primary 
rings  and  responsible  for  the  creation  of  side  jets  (Figure  6 
a).  These  yield  a  transverse  finger  shape  stretching  of  the 
velocity  field  (Figure  6b)). 

EXCITED  JET 

As  opposed  to  the  previous  “natural”  unexcited  jet,  we 
now  excite  the  jet  with  specified  inflow  perturbations  at 
the  nozzle.  The  simulations  are  performed  with  the  TRIO 
code. 
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Figure  7:  Jet  with  varicose  mode  excitation.  Comparison 
with  experimental  results  of  Crow  and  Champagne  (1971): 
centerline  axial  velocity  r.m.s.  fluctuations 


Varicose  excitation 

Numerous  experimental  visualizations  have  been  per¬ 
formed  with  an  axisymmetric  excitation  of  the  jet.  Crow 
and  Champagne  (1971)  were  the  first  to  notice  that  the 
jet  response  is  maximal  with  a  preferred  mode  frequency 
corresponding  to  SitD  between  0.3  and  0.5.  We  here  repro¬ 
duce  such  an  excitation  of  the  varicose  mode  by  imposing 
a  periodic  perturbation  (alternatively  low-speed  and  high 
speed)  to  the  axial  velocity  at  the  nozzle: 

W{r)  -fc  Wnoz  sin  (1) 

This  is  superposed  to  the  white  random  perturbation  of  the 
previous  case.  The  periodic  fluctuation  level  is  e  =  1%,  and 
its  imposed  frequency  corresponds  to  SItd  =  0.35. 

Comparisons  of  the  axial  velocity  fluctuations  with  ex¬ 
perimental  results,  show  that,  as  opposed  to  the  unexcited 
jet,  a  strong  and  fast  amplification  of  the  instability  ap¬ 
pears,  resulting  in  a  first  peak  at  Z/D  =  4  (Figure  7). 
This  saturation  is  followed  by  a  decrease  until  a  second 
peak  is  reached.  Note  that  the  above  behaviour  is  in  good 
correspondance  with  experimental  observations. 

The  visualizations  show  that  the  varicose  mode  is  now 
present  at  every  instant  at  the  beginning  of  the  jet  ZjD  < 
6.  The  vortex  structures  are  more  intense  than  in  the 
natural  cztse  with  well  marked  and  organized  pressure 
trough  (Figure  8  top).  The  Figure  8  (bottom)  shows 
that  the  rings  resulting  from  the  varicose  mode  are  linked 
together  with  longitudinal  vortices.  These  have  already 
been  observed  experimentally  at  moderate  Reynolds  num¬ 
ber  flow  (Lasheras,  Lecuona  and  Rodriguez,  1991;  Monke- 
witz  and  Pfitzenmaier,  1991,  and  Liepmann  and  Gharib, 
1992).  Here,  we  also  find  them  at  our  high  Reynolds 
Re  =  25000.  These  longitudinal  vortices  are  known  to  en¬ 
train  and  eject  fluid  outside,  thus  creating  transverse  side 
jets  and  “branches”.  The  latter  were  studied  numerically, 
in  temporal  simulations  of  Martin  and  Meiburg  (1991), 
Abid  and  Brachet  (1992)  at  low  Reynolds  number.  No¬ 
tice  that,  in  these  works,  they  were  directly  excited  with 
a  specified  azimuthal  excitation  of  the  vortex  rings:  this 
is  at  variance  with  the  present  study.  Here,  we  evaluate 
their  number  to  be  between  3  to  7  at  the  end  of  the  poten¬ 
tial  core.  Furthermore,  the  maximum  vorticity  magnitude 
within  the  longitudinal  structures  is  about  40%  of  the  vor¬ 
ticity  of  the  cLssociated  rings. 

One  possible  explanation  for  the  origin  of  these  longitu¬ 
dinal  vortices  is  an  azimuthal  oscillation  of  the  vortex  lines 
at  the  stagnation  points  between  consecutive  primary  rings 
followed  by  a  strong  stretching  mechanism  by  the  latter 
(Lasheras,  Lecuona  and  Rodriguez,  1991).  The  number  of 
longitudinal  structures  should  therefore  be  directly  linked 
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Figure  8:  Jet  with  varicose  mode  excitation;  top)  same  vi> 
sualizations  as  Figure  6  plus  three  cross-sections  of  the  axial 
velocity  component  in  planes  perpendicular  to  the  jet  axis, 
bottom)  black  and  grey:  positive  and  negative  longitudinal 
vorticity  isosurfaces  corresponding  to  Wz  =  ±12Wnoxl D. 
YZ  and  XZ  cross-sections  (through  the  Jet  axis)  of  the  lon¬ 
gitudinal  vorticity  component  {min  =  —4:.WnozlD-,  max  = 
+4.PFnoz/i> 


Figure  9:  Bifurcation  of  a  "Alternated  pairing"  mode  excited 
jet.  instantaneous  vizualisation  of  streamlines  emerging  from 
the  nozzle.  Low  pressure  isosurface  in  grey  {P  =  25%Prntn). 


to  the  a.ziinuthal  oscillations  of  the  primary  rings.  Many 
studies  have  been  devoted  to  the  instability  of  isolated  vor¬ 
tex  rings.  Widnall  et  al.  (1974)  have  predicted  that,  for 
a  vortex  ring  of  radius  R  and  of  core  size  a,  the  most  un¬ 
stable  azimuthal  mode  n  is  given  by  n  =  Rfaa.  a  is  equal 
to  2.7,  for  a  smooth  vorticity  distribution  inside  the  core, 
given  by 

a;(r)  =  [(|r|-iZf-a^f  (2) 

Rring  and  aring  deduced  from  the  numerical  results  are 
respectively  Rring  =  0.59i)  and  aring  =  O.llD.  For  this 
parameter  couple  (jRrmp,  arms),  the  ring  should  develop 
an  instability  with  approximately  15  waves,  as  opposed  to 
our  3  to  7.  Further  investigations  are  therefore  needed  to 
determine  the  nature  of  the  azimuthal  instability  giving 
rise  to  the  longitudinal  vortices. 

Alternated  pairing  excitation 

As  mentioned  above,  when  the  toroidal  structures  are  ad- 
vected  downstream,  they  display  alternated  localized  pair¬ 
ings.  Since  this  vortex  arrangement  seems  to  be  character¬ 
istic  of  the  jet  topology,  we  next  propose  to  preferentially 
excite  it  from  the  nozzle.  The  excitation  method  is  based 
on  the  same  principle  as  previously  described. 

W (r)  +  (  Wnoz  sin  (3) 

where  r  =  y/W+Y^  is  the  radial  distance  from  the  jet 
axis.  The  perturbation  intensity  is  here  e  =  5%.  Its  fre¬ 
quency  is  the  same  as  before  except  that  now  half  of  the 


Figure  10:  "Alternated  pairing”  mode  excited  jet.  Time 
averaged  axial  velocity  (only  55  adimensional  times  are  rep¬ 
resented):  a)  XZ  plane;  b)  YZ  plane  {min  —  0;  max  — 
l.OVFnoz) 


jet  presents  a  speed  excess,  while  a  speed  defect  is  imposed 
on  the  other  half,  and  this  alternatively.  Note  that  this 
perturbation  has  a  preferred  direction,  chosen  along  the  Y 
axis.  The  resulting  structures  are  shown  on  Figures  9. 

Inclined  vortex  rings  exhibiting  localized  pairing  persist 
far  downstream  till  Zj D  =  10.  The  striking  facts  are  the 
very  distinct  spreading  rates  in  the  Y  and  X  directions. 
The  spreading  rate  is  here  to  be  taken  to  be  the  angle 
between  the  jet  borders  at  half  velocity  (VF(ri/2)  =-W{r  = 
0)/2).  In  the  XZ  plane,  the  spreading  rate  is  increased, 
and  reaches  50®  —  55®  dX  Z / D  ^  b.  Conversely,  it  is  close 
to  zero  {Z°  dX  Z/D  ^  6)  in  the  YZ  plane  (Figure  10). 
Notice  that,  because  of  such  a  development,  this  jet  is  now 
affected  by  the  lateral  boundaries  downstream  Z/D  =  8. 

The  present  jet  exhibits  strong  similarities  with  the  “bi¬ 
furcating”  jet  of  Lee  and  Reynolds  (1985).  They  have  ex¬ 
perimentally  showed,  that  a  properly- combined  axial  and 
helical  excitations  can  cause  a  turbulent  round  jet  to  split 
into  two  distinct  jets.  Such  a  bifurcation  is  indeed  ob¬ 
served  here  (see  figure  10).  The  streamKnes  originally  con¬ 
centrated  close  to  the  nozzle  tend  to  clearly  separate  for 
ZjD  >  4.  Furthermore,  the  alternatively  inclined  vortex- 
rings  seem  to  separate  and  move  away  from  the  jet  center- 
line  to  form  a  T-shaped  pattern.  As  in  the  present  simula¬ 
tion,  the  exprimental  jet  was  observed  to  rapidly  spread  in 
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one  preferential  axial  plane,  while  spreading  was  inhibited 
in  the  perpendicular  plane.  The  measured  spreading  rate 
in  the  former  plane  was  40®  — TO'’,  depending  on  the  excita¬ 
tions  characteristics.  This  is  in  good  correspondance  with 
our  computed  value.  A  more  precise  comparison  would 
require  to  push  our  lateral  boundaries  away.  One  of  the 
important  technological  application  of  this  peculiar  excita¬ 
tion  resides  in  the  ability  to  polarize  the  jet  in  a  preferential 
direction. 

CONCLUSION 

We  have  simulated  the  three-dimensional  spatial  growth 
of  a  free-round  jet  using  L.E.S.  based  upon  the  filtered  and 
selective  structure  function  subgrid-scale  models.  By  using 
two  distinct  numerical  codes,  we  were  able  to  investigate 
the  influence  on  the  results  of  the  numerical  discretiza¬ 
tion  and  of  the  grid  stretching.  In  the  natural  jet  case 
(white  noise  perturbation  at  the  inflow),  we  have  studied 
the  influence  of  the  inflow  mean  velocity  and  perturbation 
velocity  profiles  on  the  flow  developement.  With  both  nu¬ 
merical  codes,  we  are  able  to  reproduce  the  primary  and 
secondary  vortex  coherent  structures  and  to  obtain  a  good 
statistical  agreement  with  experimental  results.  As  far  as 
coherent  structures  dynamics  are  involved,  the  LES  show 
an  alternance  between  axisymmetric  vortex  rings  and  he- 
licoidal  structures.  Further  downstream,  the  rings  yield 
an  originzd  flow  structure  consisting  in  localized  alternated 
pairings.  In  agreement  with  several  experimental  results, 
we  have  next  clearly  showed  how  a  specific  excitation  (ax¬ 
isymmetric,  alternate,  etc)  of  the  jet  at  the  nozzle  renders 
possible  the  control  of  the  jet  vortical  structures  and  yields 
a  strong  modification  of  its  statistics.  This  demonstrates 
that  LES  constitute  a  very  good  tool  to  validate  flow  con¬ 
trol  techniques. 
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ABSTRACT 

Standard  dynamic  subgrid  models  have  numerical  stability 
problems.  The  remedy  is  to  average  in  some  homogeneous 
flow  direction(s)  or  to  introduce  some  artificial  clipping. 
Thus  this  type  of  models  do  not  seem  to  be  applicable  to 
real  three-dimensional  flow  without  introducing  ad  hoc  user 
modifications.  In  the  present  study  a  new  one-equation 
subgrid  model  is  presented  which  reduces  the  need  of  this 
type  of  user-modifications.  The  present  model  is  a  modi¬ 
fication  of  the  model  presented  in  Ref.  [5].  The  model  is 
applied  to  recirculating  flow  in  an  enclosure. 

INTRODUCTION 

Germano  et  at.  [10,  11]  propose  a  dynamic  subgrid  model 
in  which  the  constant  in  the  Smagorinsky  model  is  not  ar¬ 
bitrarily  chosen  (or  optimized),  but  where  it  is  computed. 
The  dynamic  models  which  have  been  developed  have  prob¬ 
lems  with  negative  values  of  the  C-coefiicient.  When  a 
negative  C  occurs  it  is  believed  to  represent  backs catter, 
i.e.  spectral  flow  of  energy  from  subgrid  scales  to  resolved 
scales.  This  means  that  the  production  term  in  the  trans¬ 
port  equation  for  subgrid  kinetic  energy  Pk^g^  =  — rjuij 
becomes  negative,  and  feeds  energy  back  to  the  resolved 
scales.  The  problem  is  that  negative  diffusion  (negative 
C)  causes  numerical  problems.  These  can  be  handled  as 
long  as  the  total  (i.e.  viscous  plus  turbulent)  diffusion  is 
positive.  However,  large  negative,  turbulent  diffusion  re¬ 
mains  a  problem.  It  is  not  only  negative  values  on  C  that 
causes  numerical  problems.  It  exhibits  very  strong  gradi¬ 
ents  and  “fluctuates  wildly”  [23].  In  a  ventilated  enclosure, 
for  example,  the  author  has  found  that  C  varies  typically 
in  the  range  ±4  which  should  be  compared  with  a  standard 
value  of  the  Smagorinsky  constant  Cl  =  0.01.  In  the  litera¬ 
ture  [23, 19,  24,  20,  2,  22,  6, 17, 18]  it  has  been  found  that  in 
order  to  achieve  numerical  stability  present  dynamic  sub¬ 
grid  models  require  either  that  there  exist  a  homogeneous 
flow  direction  or  that  the  dynamic  coefficient  is  clipped  at 
some  arbitrary  limit  in  an  ad  hoc  manner.  Thus  the  model 
does  not  seem  to  be  applicable  to  real  three-dimensional 
flows  where  no  homogeneous  flow  direction  exists. 

An  attempt  to  improve  this  restriction  was  presented 
by  Ghosal  et  al  [13,  12]  where  they  try  to  optimize  the 


equation  for  C  globally,  but  still  with  the  constraint  that 
C  >  0.  This  optimization  leads  to  an  integral  equation 
(Fredholm’s  integral  equation  of  the  second  kind)  which  is 
very  expensive  to  solve  numerically.  They  report  that  it 
increases  the  CPU  time  by  50%  [1]. 

In  the  present  work  a  new  one- equation  dynamic  subgrid 
model  is  applied  to  recirculating  flow  in  an  enclosure.  It  is 
an  modification  of  the  model  presented  in  Ref.  [5]. 


THE  ONE-EQUATION  MODEL 

If  we  follow  Germano  [9]  and  introduce  generalized  central 
moments  the  transport  equation  for  the  subgrid  kinetic 
energy  ksgs  reads  [4] 

-  \^'Ts(uj,Ui,Ui)  +  Ts[ui,p)^ 

“  ^T/(Ui  J  ,  Ui  j).  (l) 


The  dynamic  coefficient  C  in  the  production  term 


■F/fc  j  ga  “  Tij  Ui  J 

T{j  =  Pj Uj^  =  2C/ ^kgggSij  (2) 

is  computed  in  a  similar  way  as  in  the  standard  dynamic 
model  [10,  11,  13,  12],  i.e. 


C 

K 

Mij 


Cjj  Mjj  _ 


UiUj  —  UiUj 


(3) 


where  Cij  denotes  the  dynamic  Leonard  stresses,  and 
where  K  =  ^Ta  is  the  subgrid  kinetic  energy  on  the  test 
level  [13,  12,  4].  The  diffusion  constant  can  also  be  com¬ 
puted  dynamically  as  in  Refs.  [13,  12].  In  the  present  study 
the  standard  gradient  hypothesis  is  used  with  the  turbu¬ 
lent  Prandtl  number  set  to  one.  The  dissipation  term  Ckag, 
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is  estimated  as 


3 

=  C.^.  (4) 

In  order  to  estimate  C»  attention  is  turned  to  the  trans¬ 
port  equation  for  K.  The  equations  for  ksgs  and  K  read 
in  symbolic  form 


n 


Ck  —  Dk  =  Pk  —  C* 


where  C  and  D  on  the  left-hand  sides  denote  convection 
and  diffusion,  respectively.  Apply  the  test  filter  to  Eq,  5.  In 
Ref.  [5]  an  ASM-like  expression  was  used,  which  was  found 
to  have  an  undesired  positive  feedback  feature,  which  made 
it  necessary  to  restrict  the  variations  in  the  C* -coefficient. 
Here  we  use  a  modified  relation.  The  transport  of  ksgs  is 
set  proportional  to  that  of  K  so  that 


/-N  1 "  P  (  Ki 

Pk,„-^C.k2,s=\^K-C.— 

2iiid  we  obtain 


PK-Pk 


The  dissipation  cannot  be  negative  which  requires  that  we 
limit  C*  to  positive  values,  i.e.  C*  >  0.  In  Eq.  8  C*  is 
kept  inside  the  filtering  process.  Following  Piomelli  [20] 
the  dynamic  coefficient  under  the  filter  is  taken  at  the  old 
time-step. 

To  ensure  numerical  stability  a  constant  value  of  C  in 
space  {{C)xyz)  is  used  in  the  momentum  equations,  which 
is  determined  by  requiring  that  the  production  in  the  whole 
computational  domain  should  remain  the  same,  i.e. 

{2CA.ksgsSijSij)xyz  =  2{C)xyz{^ksgsSij  Sij)xyz  (9) 

The  idea  is  to  include  all  local  dynamic  information 
through  the  source  terms  of  the  transport  equation  for  ksgs  • 
This  is  probably  physically  more  sound  since  large  local 
variations  of  C  appear  only  in  the  source  term,  and  the 
effect  of  the  large  fluctuations  in  the  dynamic  coefficients 
will  be  smoothed  out  in  a  natural  way.  This  means  that  the 
need  to  restrict  or  limit  the  dynamic  coefficient  is  reduced 
or  may  not  be  necessary  altogether.  However,  if  we  have 
to  restrict  the  dynamic  coefficients  in  the  ksgs  equation 
this  does  not  affect  the  results  as  much  as  if  the  coefficient 
in  the  original  dynamic  model  is  restricted.  The  reason  is 
that  in  the  one-equation  model  the  coefficients  affect  the 
stresses  only  in  an  indirect  way  (the  source  terms  are  part 
of  a  transport  equation)  whereas  in  the  original  dynamic 
model  the  dynamic  C-coefficient  is  linearly  proportional 
to  the  stresses.  It  is  extremely  important  to  use  sub  grid 
models  which  are  numerically  stable  and  where  the  need 
to  introduce  ad  hoc  modification  is  limited  as  far  as  possi¬ 
ble,  if  we  want  to  develop  turbulence  models  applicable  to 
general  flow  situations. 

The  spatial  variation  of  C  is  included  via  the  production 
term  in  the  modelled  ksgs  equation.  In  this  way  backscat- 
ter  is  taken  into  account  in  an  indirect  way.  Although  it 
is  not  fed  directly  back  to  the  resolved  flow,  it  influences 
the  resolved  flow  via  the  kinetic  subgrid  energy.  A  nega¬ 
tive  production  reduces  ksgs  and  this  effect  influences  the 
neighborhood  through  convection  and  diffusion  of  ksgs. 


The  new  model  can  be  summarized  as  follows: 

1.  The  equation  for  the  kinetic  subgrid  energy  is  solved 
(Eq.  1); 

2.  The  production  term  (see  Eq.  2)  is  computed  using 
the  local  dynamic  coefficient  (Eq.  3)  without  any  averaging 
or  restrictions; 

3.  The  turbulent  Prandtl  number  in  the  diffusion  term 
is  set  to  one; 

4.  The  local  dynamic  coefficient  in  front  of  the  dissipa¬ 
tion  term  is  computed  from  Eq.  8; 

5.  The  subgrid  stresses  in  the  momentum  equation  are 
computed  using  a  homogeneous  values  {C)xyz  of  the  dy¬ 
namic  coefficient  determined  from  Eq.  9;  {C)xyz  is  also 
used  in  the  diffusion  term  in  the  ksgs  equation. 

6.  The  boundary  condition  for  ksgs  is  zero  at  all  bound¬ 
aries. 

The  boundary  conditions  for  ksgs  does  not  seem  to  affect 
the  results  much,  and  the  reason  is  that  the  equation  is 
dominated  by  its  source  terms,  production  and  dissipation 
(see  Fig.  8b). 

Some  limits  on  C*  are  used.  It  is  not  allowed  to  go 
negative  (this  occurs  in  approximately  25%  of  the  nodes). 
A  limit  is  also  used  to  prevent  C*  from  growing  too  large. 
Presently  an  arbitrary  value  of  10  is  used;  this  limit  is 
reached  in  approximately  0.3%  of  the  nodes.  It  is  presently 
not  clear  if  this  limit  is  needed  at  all.  Note  that  the  present 
formulation  for  C*  in  Eq.  8  is  considerably  better  than  that 
used  in  Ref.  [5]. 


THE  NUMERICAL  METHOD 

An  implicit,  two-step  time-advancement  methods  is  used. 
When  the  filtered  Navier-Stokes  equation  for  ui 


is  discretized  it  can  be  written 


<■*■*)  -  -aAei 


-1(1 

p "  dxi 


where  H  includes  convection  and  the  viscous 

and  subgrid  stresses,  and  a  =  0.5  (Crank-Nicolson).  Equa¬ 
tion  11  is  solved  which  gives  which  does  not  sat¬ 
isfy  continuity.  An  intermediate  velocity  field  is  computed 
by  subtracting  the  implicit  part  of  the  pressure  gradi¬ 
ent,  and  the  resulting  Poisson  equation  is  solved  employ¬ 
ing  an  efficient  multigrid  method.  For  more  details,  see 
Refs.  [5,  16,  8,  7]. 


RESULTS 

A  steady  computation  is  first  carried  out  using  the  CALC- 
BFC  code  and  the  k  —  e  model  [3].  These  results  axe  used 
as  initial  start  fields  in  the  LES  calculations.  The  predic¬ 
tions  are  compared  with  Laser-Doppler  measurements  of 
Restivo  [21]  (also  available  in  Ref.  [15]).  The  geometry  is 
given  by  (see  Fig.  1): 

L/H  =  3,  W/H  =  1,  h/H  =  0.056,  t/H  =  0.16 

Tie  =  =  5000. 

u 

where  W  is  the  extent  of  the  domain  in  the  2  direction. 
We  have  used  iiT  =  3  m,  Uin  =  0.455  m/s,  and  air  of  20®  C. 
Inlet  boundary  conditions  are  set  as 

ILin  ”  Uin  ^  md  ‘  Ut  ms, exp  (12) 

Vxn  ”  md  ■  tirmSjCxp,  UJin  ~  TTld  ‘  V>Tms,exp 

Homogeneous  inlet  profiles  are  used  for  all  variables.  Note 
that  the  random  function  rnd  is  called  at  different  times 
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Figure  1:  Ventilated  enclosure. 


for  Uin ,  vin  and  Win ,  which  means  that  the  fluctuations  are 
not  correlated  so  that  (M)in  =  =  0. 

At  the  outlet  the  exit  velocity  is  computed  from  globed 
continuity  and  it  is  taken  as  constant  over  the  outlet.  Zero 
gradient  is  set  for  the  remaining  variables. 

At  all  six  walls  traditional  wall  functions  [3]  are  used  if 
>  11.  Along  the  ceiling  these  are  never  used  as  the 
boundary  layer  is  well  resolved  (y'^  <  3  for  the  first  node). 

A  96  X  64  X  64  grid  has  been  used.  A  hyperbolic  tan¬ 
gent  function  is  used  in  x  and  z  direction,  whereas  geo¬ 
metric  stretching  is  used  in  the  y  direction.  At  the  po¬ 
sition  x/H  =  2  (see  Fig.  6)  17  nodes  are  located  inside 
the  velocity  maximum,  2/1/2  corresponds  to  y/H  =  0.89, 
and  for  the  near-wall  node  y"*"  2.  For  more  details,  see 

Ref.  [5].  The  number  of  time  steps  used  in  each  calcu¬ 
lation  is  typically  40000  using  a  maximum  CFL  number 
of  approximately  two.  This  corresponds  to  approximately 
2200  seconds.  The  streamwise  average  of  the  peak  velocity 
in  the  wall  jet  along  the  ceiling  is  close  to  Uav  =  O.SUin 
(=  0.228  m/s).  Thus  the  time  it  takes  for  a  fluid  particle  to 
move  from  the  inlet  to  the  opposite  wall  can  be  estimated 
as  LjUav  —  40  seconds,  which  meains  that  2200/40  =  55 
characteristic  time  units  (L/Uav)  are  covered  in  a  simula¬ 
tion.  Averaging  has  been  performed  during  the  last  19  000 
time  steps.  Tests  presented  in  [3]  show  that  this  is  more 
than  enough.  Unless  otherwise  stated  all  results  presented 
have  been  obtained  with  the  new  dynamic  one-equation 
model. 

In  Fig.  2  the  time  averaged  u  velocities  are  compared 
with  experiments,  and  as  can  seen  the  agreement  is  good. 
The  predicted  peak  velocity  in  the  wall  jet  is  in  good  agree¬ 
ment  with  experiments,  much  better  than  for  the  one- 
equation  model  presented  in  Ref.  [5].  The  original  dynamic 
model  [10,  11,  3]  is  compared  with  the  new  dynamic  one- 
equation  model.  As  can  be  seen  the  one-equation  model 
performs  better. 

In  Fig.  3  instantaneous  velocity  vector  plots  are  shown. 
Looking  at  the  wall  jet  in  side  view  (Fig.  3a)  we  see  the 
characteristic  wavy  pattern.  This  accounts  for  the  entrain¬ 
ment  process  between  the  wall  jet  and  its  surrounding.  If 
we  are  used  to  Reynolds  Averaged  Navier-Stokes  (RANS) 
we  can  easily  misinterpret  the  effect  of  turbulent  (or,  as 
in  LES,  subgrid)  viscosity.  In  RANS  a  high  turbulent  vis¬ 
cosity  gives  a  smeared  out,  diffusive  velocity  profile  due  to 
high  diffusion  of  momentum  in  the  normal  direction  (y). 
In  LES  it  is  vice  versa.  A  high  subgrid  viscosity  damps  the 
resolved  fluctuations  which  are  responsible  for  diffusion  of 
time-averaged  momentum  in  the  y  direction  and  the  result 
is  a  more  pointed  velocity  profile  due  to  reduced  diffusion 
of  momentum. 

The  time  history  of  u  is  shown  in  Fig.  4.  It  can  be  seen 
that  there  is  a  large  difference  between  the  turbulence  in 
the  wall  jet  (Fig.  4a)  and  that  in  the  middle  of  the  room 
(Fig.  4b),  The  magnitude  of  the  fluctuations  in  the  wall  jet 
is  larger  and  there  are  much  higher  frequencies.  In  Fig.  4b 
the  flow  is  not  fully  turbulent. 


Figure  2:  Time  averaged  velocity  profiles.  Symmetry 
plane  z/H  —  0.5.  Lines:  predictions;  -h:  experimental 
mean  velocity  [21]  (see  also  [15]. 


H 


Figure  3:  Vector  plots,  a)  zjH  =  0.5.  b)  x/H  =  1.5. 
Reference  arrow  above  the  figure  shows  U /Uin  =  1- 
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Figure  4:  Time  history  of  u  at  two  chosen  cells.  zlH  = 
0.5.  a)  x/H  =  1.0,  y/H  =  0.92.  b)  x/H  =  1.0,  y/H  =  0.5 


Prom  the  time  history  of  the  homogeneous  dynamic  co¬ 
efficient  {C)xyz  in  Fig.  5a  we  find  that  the  time  averaged 
value  is  close  to  0.04  which  corresponds  to  a  value  of  the 
Smagorinsky  constant  Cs  =  0.2.  The  {C)xyz  coefficient 
sometimes  (at  approximately  3%  of  the  time  steps)  wants 
to  go  negative,  but  it  is  clipped  at  zero.  The  Cm  coefficient 
connected  with  the  dissipation  term  in  the  ksgs  equation 
is  presented  in  Fig.  5b.  Its  behavior  is  more  stochastic 
than  {C)xyz,  because  it  is  local.  It  often  tends  to  zero, 
but  it  rarely  hits  the  upper  bound  which  has  been  set  to 
10.  In  fact,  at  x/H  =  2  the  Cm  coefficient  never  becomes 
larger  than  approximately  3.  Possibly  the  upper  limit  is 
not  needed  at  all.  Here  it  is  clearly  seen  that  the  present 
model  works  much  better  than  that  presented  in  Ref.  [5]. 

Wall  let 

The  flow  along  the  ceiling  is  a  wall  jet.  Thus  it  could  be 
interesting  to  compare  the  predictions  with  wsJl  jet  data. 
The  experiments  of  Karlsson  et  aL  [14]  have  been  chosen. 
The  Reynolds  number  in  the  wall  jet  experiment  is  higher 
(Re  =  10000)  than  in  the  present  study. 

In  Fig.  6  the  strezimwise  mean  velocities,  computed  with 
the  standard  dynamic  model  and  the  one-equation  dy¬ 
namic  model,  are  compared  with  experiments,  and  the 
agreement  is  very  good.  If  we,  however,  compare  the  width 
and  the  maximum  velocities  this  picture  changes.  The  pre¬ 
dicted  wall  jet  spreads  too  much  compared  with  experi¬ 
ments  (see  Table  1),  which  agrees  with  the  comparison  in 
Fig.  2.  The  peak  velocity,  however,  agrees  well  with  ex¬ 
periments,  in  particular  for  the  predictions  with  the  one- 
equation  model.  The  reason  for  the  rather  poor  agreement 
in  the  spreading  rate  could  be  due  to  insufficient  grid  res¬ 
olution.  It  could  also  be  that  the  subgrid  models  (both 
the  dynamic  and  the  dynamic  one-equation  model)  give 
too  low  a  subgrid  viscosity.  As  a  results  this  would  give 
too  large  exchange  of  momentum  in  the  y  direction  due  to 
too  little  damping  (by  the  subgrid  stresses)  of  the  resolved 
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Figure  5:  Time  history  of  the  dynamic  coefficients,  a)  The 
dynamic  coefficient  {C)xyz-  b)  The  dynamic  coefficient  C» 
at  one  chosen  cell  x/H  =  2.0,  y/H  =  0.92,  z/H  =  0.5. 


x/h 

Umax/Uin 

dSi  /2  /  dx 

yi/2/h 

1-eq.  model 

17.9 

0.786 

- 

2.01 

1-eq.  model 

35.7 

0.592 

0.111 

4.01 

dyn.  model 

17.9 

0.739 

- 

2.20 

dyn.  model 

35.7 

0.581 

0.126 

4.46 

Exp. 

20 

0.771 

- 

;  1.88 

Exp. 

40 

0.566 

0.08 

3.48 

Table  1:  Comparison  with  wall  jet  data  [14] 


fluctuations. 

The  stresses  in  the  wall  jet  are  shown  in  Fig.  7.  Gen¬ 
erally,  the  stress  levels  are  too  low,  both  the  normal  ones 
and  the  shear  stress.  The  stress  changes  sign  near  the 
wail  and  the  location  agrees  well  with  the  experimental 
one;  the  positive  peak,  however,  is  under-predicted.  The 
dynamic  Leonard  stress  £12  (see  Eq.  3)  is  also  included, 
and  it  is  almost  as  large  as  the  resolved  stress.  It  can 
be  seen  that  the  subgrid  stress  (also  included  in  Fig.  7) 
is  much  smaller  than  the  resolved  stress,  except  close  to 
the  wall.  Actually,  at  x/H  =  2,  the  time  averaged  sub- 
grid  turbulent  viscosity  is  of  the  same  order  as  the  viscous 
one  ((z^5ps)i  <  4i/),  whereas  the  instantaneous  value  can  be 
much  higher  (  ^sgs,max  ~  26j/). 

In  Fig.  8a  turbulent  kinetic  energies  are  presented.  We 
find  that  the  subgrid  energy  ksgs  is  rather  large.  It  is  much 
larger  than  for  the  model  presented  in  Ref.  [5].  The  reason 
is  that  the  dissipation  in  the  present  study  is  much  smaller 
due  to  a  smaller  Cm  coefficient.  The  dynamic  Leonard  ki¬ 
netic  energy  is  a  large  fraction  of  the  resolved  kinetic  en¬ 
ergy.  In  Fig.  8b  the  time  averaged  production  and  dissipa¬ 
tion  term  in  the  ksgs  equation  are  shown.  As  can  be  seen 
they  are  fairly  much  in  balance.  The  spatial  variation  of 
{Cm}t  at  x/H  =  2  is  also  included.  It  has  values  close  to 
0.5  except  close  to  the  wall  where  it  attains  values  around 
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Figure  6:  Time  averaged  velocity.  zjH  ^  0.5.  LES: 
xjH  =  2  {xjh  35.7);  exp:  xjh  —  40.  Solid  line:  1-eq. 
dynamic  model;  dashed  line:  dynamic  model;  +:  experi¬ 
ments  [14]. 


Figure  7:  Resolved  stresses.  Symmetry  plane  zjH  =  0.5. 
LES:  x/H  =  2  {x/h  =  35.7);  exp:  x/h  =  40.  a) 
Solid  line:  {u”u”)t/Uiiax\  dashed  line:  {v”v'}t/U^ax\ 
^h-dotted  line:  {w”w”)tJU^ax^  +:  experimental 
u^/U^ax\  o‘  experimental  v^/U^ax  [14].  b)  Solid  line: 
shear  stress  {u"v')t/Uin]  dashed  line:  dynamic  Leonard 
stress  {Ci2}t/Uin]  dash-dotted  line:  subgrid  shear  stress 
{ri2)t/Ufr,\  o:  experimental  mJ/L/^ax [14]. 


Figure  8:  Symmetry  plane  zjH  =  0.5.  x/H  =  2.  a) 
Kinetic  turbulent  energies.  Solid  line:  resolved  turbulent 
kinetic  energy  dash-dotted  line:  kinetic  en¬ 
ergy  of  dynamic  Leonard  stresses  dashed  line: 

turbulent  kinetic  subgrid  energy  {ksgs)ilUiy^.  b)  Terms  in 
the  subgrid  kinetic  energy  equation.  Solid  line:  production 
{Pk)t\  dashed  line:  dissipation  ^)t\  dash-dotted 

line:  0.01  {C»)t. 


1.3. 

CONCLUSIONS 

A  contribution  towards  a  development  of  a  new  dynamic 
subgrid  one-equation  model  has  been  presented.  The  gen¬ 
eral  idea  is  to  include  dynamic  information  in  the  source 
terms  of  an  equation  for  the  turbulent  kinetic  subgrid  en¬ 
ergy  ksgs  rather  than  directly  in  the  momentum  equations. 
In  the  momentum  equation  a  homogeneous  value  (keeping 
the  time  dependence)  of  the  local  dynamic  coefficient  is 
used.  In  this  way  numerical  stability  is  greatly  enhanced 
since  the  large  oscillation  in  the  local  dynamic  coefficients 
enter  as  source  terms  in  the  ksgs  equation,  and  they  are 
naturally  smoothed  out  through  convection  and  diffusion. 
This  model  naturally  accounts  for  back-scatter  since  the 
production  term  in  the  ksgs  equation  is  permitted  to  go 
negative. 

The  proposed  new  one-equation  model  gives  closer  agree¬ 
ment  with  experimental  data  than  the  standard  original 
dynamic  model. 
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ABSTRACT 

In  the  present  work  the  turbulent  flow  past  a  circular 
cylinder  {Re  =  3,900)  has  been  computed  by  LES.  The 
objective  was  not  to  investigate  the  physical  phenomena 
of  this  flow  in  detail  but  to  study  numerical  and  mod¬ 
elling  aspects  which  influence  the  quality  of  LES  solu¬ 
tions.  Concerning  the  numerical  method  the  most  im¬ 
portant  component  is  the  discretization  of  the  non-linear 
convective  fluxes.  Five  different  schemes  have  been  inves¬ 
tigated.  Moreover,  the  influence  of  different  grid  resolu¬ 
tions  has  been  examined.  On  the  modelling  side  two  as¬ 
pects  play  an  importauit  role,  namely  the  neair-wciil  model 
and  the  subgrid  scale  model.  Due  to  the  restriction  to 
low  Reynolds  numbers  in  this  study  no-slip  boundary  con¬ 
ditions  were  used  at  solid  walls.  Therefore  only  the  sec¬ 
ond  aspect  was  taken  into  account.  Two  different  subgrid 
scale  models  have  been  applied.  Additionally,  computa¬ 
tions  without  any  subgrid  scale  modelling  have  been  car¬ 
ried  out  in  order  to  prove  the  performcince  of  the  models. 

INTRODUCTION 

Turbulent  flows  past  bluff  bodies  are  in  general  very 
complicated  including  complex  phenomena  such  as  sepa¬ 
ration,  reattachment  or  vortex  shedding.  An  appropriate 
description  by  Reynolds-averaged  Navier-Stokes  equations 
combined  with  statistical  turbulence  models  is  difficult  to 
achieve.  In  contrast  to  statistical  turbulence  models  di¬ 
rect  numerical  simulations  require  no  extra  assumptions 
but  will  not  be  applicable  to  engineering  flows  in  the  near 
future.  The  concept  of  large  eddy  simulation  (LES)  offers 
a  suitable  way  of  solving  such  flow  problems.  In  LES  the 
large  eddies  strongly  depending  on  the  special  flow  configu¬ 
ration  and  its  boundary  conditions  are  resolved  numerically 
whereas  only  the  fine-scale  turbulence  has  to  be  modeled 
by  a  subgrid  scale  model. 

However,  before  LES  can  be  used  for  applications  of 
practical  relevance  we  have  to  learn  more  about  all  in¬ 
fluences  on  the  quality  of  LES  solutions.  This  includes 
numerical  cispects  like  discretization  schemes  or  resolution 
requirements  as  well  as  modelling  aspects  like  subgrid  scale 
models  or  near-wall  models.  Due  to  extremely  Icirge  com¬ 
putation  times  detailed  studies  on  this  important  topic  are 


rcire.  There  have  been  attempts  to  distribute  the  load  to 
different  groups  by  orgcinizing  workshops  on  LES  for  spec¬ 
ified  test  cases.  One  of  these  was  the  “Workshop  on  LES 
of  Flows  past  Bluff  Bodies”  at  Tegemsee,  June  1995.  The 
results  have  been  published  by  Rodi  et  al.  (1997).  How¬ 
ever,  despite  the  large  number  of  contributions  it  was  quite 
difficult  to  draw  any  concrete  conclusions.  Different  groups 
applied  different  numerical  methods  on  grids  with  varying 
resolutions  using  different  subgrid  scale  models  and  wall 
boundary  conditions.  Much  of  what  was  learned  in  terms 
of  how  the  various  factors  affect  the  results  was  derived 
from  those  cases  in  which  a  single  group  made  multiple 
simulations  that  differ  in  just  one  factor. 

The  objective  of  the  work  reported  here  is  to  continue 
such  efforts  in  order  to  learn  more  about  LES  and  the  im¬ 
portant  factors  affecting  the  qucility  of  the  solution.  In  con¬ 
trast  to  the  test  cases  of  the  LES  workshop  at  Tegemsee 
(flow  past  a  square  cylinder  and  flow  past  a  cubical  obsta¬ 
cle)  which  could  be  tackled  by  Cartesian  grids,  a  geometri¬ 
cally  and  physically  more  complex  flow  problem  is  consid¬ 
ered,  namely  the  flow  past  a  long,  circular  cylinder.  In  con¬ 
trast  to  its  square  counterpairt  this  configuration  requires 
curvilinear  body-fitted  grids  and  the  separation  point  on 
the  surface  is  not  fixed  by  the  geometry. 

DESCRIPTION  OF  THE  LES  METHOD 
Finite  Volume  Method 

For  LES  the  three-dimensional,  time-dependent  Navier- 
Stokes  equations  are  filtered  in  order  to  separate  the  large 
scale  and  the  small  scale  motions.  In  tliis  study  an  incom¬ 
pressible  fluid  is  assumed.  A  box  filter  is  applied  as  filter 
kernel.  The  governing  equations  can  be  found  in  Breuer 
and  Rodi  (1994).  The  code  (LESOCC  =  Large  Eddy 
Simulation  On  Curvilinear  Coordinates)  used  to  solve  the 
filtered  equations  is  bcised  on  a  3-D  finite  volume  method 
for  arbitrary  non-orthogonai,  body-fitted  grids  (Breuer  et 
al.,  1994,  1996,  1996a-b).  The  surface  integrals  are  ap¬ 
proximated  by  the  midpoint  rule,  which  is  equivalent  to 
the  product  of  the  integrand  at  the  cell  face  center  and  the 
cell  face  area:  =  /  f  • 
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This  approximation  is  of  second  order  accuracy  in  space 
if  the  value  of  /  is  known  at  the  location  i  +  For  a 
cell-centered  (non-staggered)  grid  arrangement  as  used  in 
LESOCC  the  values  of  /  at  the  cell  faces  are  not  avail¬ 
able  and  have  to  be  obtained  by  interpolation.  In  order 
to  examine  the  influence  of  the  interpolation  scheme  es¬ 
pecially  for  the  non-linear  convective  fluxes  five  different 
options  have  been  investigated.  For  simplification  these 
scliemes  are  described  here  under  the  assumption  of  a  uni¬ 
form  Cartesian  grid  cind  a  positive  flow  direction.  Then 
the  approximation  for  the  value  at  the  east  cell  face  is  as 
gi\'en  in  Table  1. 


Scheme 

Value  at  cell  face:  fi^x  = 

7 — 

Hybrid 

f  i(/.  +  fi+i)-Pe,+  L<2 

1  :  otherwise 

Ax^ 

Ax 

CDS-2 

kifi  +  /t+l) 

Ax^ 

HLPA 

/.+7(/.+.-/.)(  A  !>::,) 

r  1  :  0  <  <  1 

7=<  /.+1-/1-1 

[  0  :  otherwise 

Ax^ 

Ax 

Quick 

l/t  +  l  +  jfi  -  jfi-i 

Ax'^ 

CDS-4 

Ax"^ 

Table  1:  Overview  of  all  interpolation  schemes 


The  Hybrid  scheme  is  a  combination  of  two  different 
approximations.  It  switches  between  the  upwind  differ¬ 
encing  scheme  (UDS)  and  the  central  differencing  scheme 
(CDS-2)  depending  on  the  local  value  of  the  Peclet  num¬ 
ber.  For  LES  the  Peclet  number  is  in  general  larger  than 
two.  Therefore  the  leading  truncation  error  term  T  of  this 
scheme  is  proportional  to  the  gnd  spacing  Ax.  The  Hybrid 
scheme  satisfies  the  boiindedness  criterion  unconditionally. 
However,  it  is  known  to  be  numerically  quite  diffusive  and 
therefore  not  well  suited  for  LES.  Nevertheless,  it  is  added 
here  for  completeness.  The  CDS-2  scheme  linearly  interpo¬ 
lates  the  value  at  the  cell  face  which  leads  to  a  truncation 
error  term  proportional  to  the  squcire  of  the  grid  spacing 
Ax‘.  This  scheme  has  often  been  used  for  LES  compu¬ 
tations.  The  HLPA  scheme  (hybrid  linear/parabolic  ap¬ 
proximation)  was  proposed  by  Zhu  (1991)  and  combines  a 
second  order  upstream— weighted  approximation  with  first 
order  upwind  differencing  under  the  control  of  a  convection 
boundedness  criterion.  Zhu  claims  that  HLPA  is  capable  of 
yielding  low  diffusive  and  always  bounded  solutions.  Espe¬ 
cially  the  first  property  makes  it  worth  investigating  this 
scheme  in  the  context  of  LES.  The  Quick  scheme  origi¬ 
nally  proposed  by  Leonard  (1979)  is  a  logical  improvement 
of  the  CDS-2  scheme.  Instead  of  a  straight  line  between 
the  nodes  i  and  z  -f  1  a  parabola  is  used  to  approximate  the 
function  /.  To  construct  this  polynomial  three  instead  of 
t  wo  nodes  have  to  be  tciken  into  account.  The  third  point  is 
taken  from  the  upstream  side  which  is  in  accordance  with 
the  nature  of  convection.  By  performing  Taylor  series  ex¬ 
pansions  it  can  be  shown  that  this  quadratic  interpolation 
has  a  third  order  leading  truncation  error  term.  However, 
it  is  important  to  mention  that  the  Quick  scheme  is  still 
of  second  order  accuracy  if  it  is  used  in  conjunction  with 
the  midpoint  rule  approximation  of  the  surface  integral. 
Although  this  restriction  holds  true  for  other  higher  order 
interpolations  the  CDS— 4  scheme  wcis  implemented  which 
i.«i  the  naturad  extention  of  CDS-2  and  Quick.  It  fits  a 
tliird  order  polynomial  through  four  nodes.  Two  nodes 
are  taken  from  the  upstream  side  and  two  nodes  from  the 
downstream  side.  Similarly  to  CDS-2  the  CDS-4  scheme 
is  a  symmetric  interpolation  which  does  not  depend  on  the 
flow  direction  like  the  Hybrid  or  the  Quick  scheme.  Again, 
in  combination  with  the  midpoint  rule  this  scheme  has  for¬ 
mally  the  same  order  of  accuracy  as  CDS-2,  Quick  and  in 
most  cases  HLPA.  However,  in  spite  of  this  fact  large  differ¬ 
ences  will  be  observed  in  the  quality  of  LES  results  if  these 


different  schemes  are  used  for  LES  computations.  This 
will  demonstrate  that  the  numerical  dissipation  produced 
by  the  scheme  for  the  convective  fluxes  is  of  much  greater 
relevance  for  LES  than  its  formal  order  of  accuracy  in  space 
itself.  This  topic  will  be  discussed  below.  Finally  it  should 
be  mentioned  that  all  viscous  fluxes  are  approximated  by 
central  differences  of  second  order  accuracy,  which  fits  the 
elliptic  nature  of  the  viscous  effects. 

Time  advancement  is  performed  by  a  predictor-corrector 
scheme.  A  low-storage  multi-stage  Runge-Kutta  method 
(3  sub-steps,  second  order  accurate  in  time)  is  applied  for 
integrating  the  momentum  equations  in  the  predictor  step. 
Within  the  corrector  step  the  Poisson  equation  for  the  pres¬ 
sure  correction  (SIMPLE  method)  is  solved  implicitly  by 
cm  incomplete  LU  decomposition  method  which  is  acceler¬ 
ated  by  a  FAS  multigrid  technique.  Explicit  time  marching 
works  well  for  LES  with  small  time  steps  which  are  neces¬ 
sary  to  resolve  turbulence  motion  in  time.  Due  to  a  higher 
stability  limit  of  the  Runge-Kutta  scheme,  much  larger 
time  steps  {CFL  =  0(1))  can  be  used  than  with  the  pre¬ 
viously  applied  Adams-Bashforth  scheme.  This  leads  to  a 
reduction  in  computing  time  by  a  factor  of  about  two. 

Subgrid  scale  models 

The  filtering  procedure  provides  the  governing  equations 
for  the  resolvable  scales  of  the  flow  field.  They  include 
an  additional  term  for  the  non-resolvable  subgrid  scale 
stresses  which  describe  the  influence  of  the  small-scale 
structures  on  the  larger  eddies.  For  modelling  these  non- 
resolvable  subgrid  scales  two  different  models  are  applied, 
namely  the  well  known  Smagorinsky  model  (1963)  with 
Van  Driest  damping  (I  =  Cs A(1  -•  exp(— y'^/25)^)°'^)  near 
solid  walls  as  well  as  the  dynamic  model  originally  proposed 
by  Germane  et  al.  (1991).  All  computations  based  on  the 
Smagorinsky  model  have  been  done  with  a  Smagorinsky 
constant  of  Cs  =  0.1.  Following  a  suggestion  of  Lilly  (1992) 
a  least-squares  approach  is  used  to  determine  values  for 
Depending  on  the  flow  problem  different  kinds  of  aver¬ 
aging  procedures  can  be  applied  in  the  dynamic  approach. 
For  homogeneous  flows  averaging  can  be  performed  in  the 
corresponding  direction.  For  fully  inhomogeneous  flows 
only  an  averaging  procedure  in  time  is  applicable.  Here  a 
recursive  lowpass  digital  filter  is  chosen  (Breuer  and  Rodi, 
1994).  In  case  of  the  flow  past  a  circular  cylinder  it  is  nec¬ 
essary  to  average  in  the  homogeneous  direction  as  well  as  in 
time  (filter  parameter  c  =  10*“^)  in  order  to  get  a  stable  so¬ 
lution.  Additionally,  negative  eddy  viscosities  are  clipped. 
Moreover,  computations  have  been  performed  without  any 
subgrid  scale  model. 

DETAILS  OF  THE  TEST  CASE 

The  flow  past  a  long,  circular  cylinder  is  an  appropri¬ 
ate  test  case  for  the  intended  investigations.  First  a  low 
(subcritical)  Reynolds  number  of  3,900  (based  on  cylinder 
diameter  D  and  free-stream  velocity  u<»)  is  chosen.  It 
is  known  from  experiments  that  for  this  Reynolds  num¬ 
ber  transition  takes  place  in  the  free  shear  layers.  The 
flow  problem  has  already  been  simulated  and  analyzed  by 
Beaudan  cind  Moin  (1994).  For  this  low  Reynolds  num¬ 
ber  no-slip  boundary  conditions  are  used  at  solid  walls, 
whereas  for  high  Reynolds  number  computations  two  dif¬ 
ferent  wadi  function  approaches  are  available  in  LESOCC 
(Breuer  and  Rodi,  1994,  1996).  In  the  spanwise  direction 
of  the  cylinder  periodicity  of  the  flow  is  assumed.  At  the 
inflow  plane  constant  velocity  is  imposed  (no  perturba¬ 
tions  added).  A  convective  boundary  condition  given  by 
^  4-  Woo^-  =  0  is  used  at  the  outflow  boundary. 

Various  curvilinear,  0-type  grids  have  been  generated 
for  this  investigation.  Table  2  gives  an  overview  of  these 
different  grids  and  the  corresponding  number  of  control 
volumes  ais  weU  as  the  size  of  the  domain.  All  grids  ex¬ 
cept  one  consist  of  165  x  165  control  volumes  in  the  cross- 
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Rim 

Grid 

Domain 

Scheme 

nos  Mod. 

mmm 

mamm 

"s; — 

- 

A 

165  X  165  X  1 

30D  X  j-E* 

CDS-2 

- 

- 

1.625 

■lihM 

- 

Bl 

165  X  165  X  32 

30/)  X  ttD 

Hvbrid 

Smago. 

0.397 

1.486 

-1.665 

95.2 

126.0 

B2 

30D  X  ttD 

HLPA 

Smago. 

1.319 

-1.432 

91.4 

115.5 

— 

B3 

165  X  165  X  32 

30D  X  ttD 

Quick 

Smago. 

1.686 

0.969 

-0.867 

86.7 

121.5 

150.6 

B4 

165  X  165  X  32 

30D  X  kD 

CDS-2 

Smago. 

1.115 

1.099 

-1.049 

87.9 

112.0 

147.3 

B5 

165  X  165  X  32 

ZOD  X  ttD 

CDS-4 

Smago. 

1.214 

1.071 

-1.011 

87.6 

113.7 

150.6 

Cl 

165  X  165  X  32 

30D  X  rZ) 

CDS-2 

0.994 

BSI 

88.6 

111.3 

150.6 

C2=B4 

165  X  165  X  32 

ZOD  X  tt/) 

CDS-2 

1.115 

87.9 

112.0 

147.3 

C3 

165  X  165  X  32 

ZOD  X  tzD 

CDS-2 

Dynam.  | 

1.197 

1.071 

BSO 

87.7 

113.4 

148.8 

165  X  165  X  64 

ZOD  X  ttD 

CDS-2 

0.870 

1.156 

-1.164 

89.3 

165  X  165  X  64 

ZOD  X  ttD 

CDS-2 

Smago. 

1.043 

1.097 

-1.069 

88.5 

|||B 

165  X  165  X  64 

ZOD  X  7tD 

CDS-2 

Dynam, 

1.372 

1.016 

-0.941 

87.4 

im 

El 

165  X  165  X  64 

3QD  X  2ttD 

CDS-2 

Smago. 

BSI 

1.089 

-1.036 

87.9 

113.2 

E2 

209  X  165  X  32 

120 D  X  ttD 

CDS-2 

Smago. 

Mm 

1.081 

-1.023 

88.0 

112.7 

Experiments  (Son  and  Hanratty,  1969;  Norberg,  1987; 

CardeU,  1993) 

1.33 

±0.2 

0.98 

±0.05 

-0.90 

±0.05 

87.0 

±2.0 

— 

— 

Table  2:  Overview  of  ail  simulations 


sectional  plane.  Primarily  two  grids  have  been  used  in  this 
study  which  only  differ  in  the  number  of  control  volumes 
in  the  spanwise  direction  (32  for  B/C  and  64  for  D).  The 
size  of  the  integration  domain  for  these  grids  is  ZOD  in 
the  cross-section  and  ttD  in  the  direction  of  the  cylinder 
axis.  Additionally,  three  other  version  are  used.  The  first 
(Run  A)  is  for  a  2-D  computation  with  only  one  control 
volume  in  spanwise  direction.  The  second  (Rvn  El)  is  for 
a  test  with  a  larger  domain  in  spanwise  direction  whereas 
the  third  (Run  E2)  covers  a  four  times  larger  domain  in 
the  cross-sectional  plane.  The  interned  region  of  this  grid 
(radius  <  IZD)  is  exactly  the  same  as  for  the  other  grids. 
The  additioned  points  in  the  radial  direction  are  added  to 
extend  the  grid  to  its  new  outer  size.  In  all  cases  the  grid 
points  are  clustered  in  the  vicinity  of  the  cylinder  (geomet¬ 
rical  series  with  a  stretching  factor  of  1.03)  and  in  the  wake 
region. 

Statistics  are  in  general  compiled  over  periods  of  at  least 
lOOD/uoo  time  units  or  approximately  22  vortex  shedding 
cycles.  In  most  cases  even  longer  periods  of  more  than 
ZOOD/uqo  time  units  have  been  computed  to  prove  conver¬ 
gence  of  the  statistics.  Of  course  additional  averaging  has 
been  performed  in  spanwise  direction. 

RESULTS  AND  DISCUSSION 

Three-dimensional  effects 

In  order  to  show  the  necessity  for  three-dimensional  com¬ 
putations  for  LES  a  2-D  simulation  has  been  carried  out 
in  addition  to  3-D  simulations.  For  the  2-D  case  the  same 
code  and  the  same  cross-sectional  grid  with  only  one  con¬ 
trol  volume  in  spanwise  direction  is  used.  Table  2  gives  an 
overview  of  all  simulations.  For  investigations  on  the  im¬ 
pact  of  three-dimensionality  simulation  A  has  to  be  com¬ 
pared  with  Run  Cl.  Both  simulations  have  been  carried 
out  with  the  CDS-2  scheme  and  no  subgrid  scale  model. 
Fig.  2  shows  the  streamlines  of  the  time-averaged  flow 
field.  Totally  different  streamline  patterns  can  be  observed 
for  the  2-D  (A)  and  the  3-D  simulation  (Cl).  The  largest 
difference  is  given  by  the  absence  of  am  attached  recircula¬ 
tion  region  behind  the  cylinder  in  the  2-D  case.  In  spite  of 
nearly  the  same  averaging  time  for  the  2-D  and  3-D  simu¬ 
lations  the  2-D  flow  field  is  more  as.ymmetric  than  the  3-D 
one.  Even  increaising  the  averaging  time  does  not  improve 
the  2-D  results  significantl5^  The  reason  for  this  strange 
behavior  can  only  be  detected  by  observations  of  the  in¬ 
stantaneous  flow  structure  past  the  cylinder.  Contrary  to 
t  he  3-D  LES  asymmetric  vortex  shed^ng  with  a  non-zero 
mean  lift  coefficient  is  observed  in  the  2-D  case.  This  phe¬ 
nomenon  is  shown  in  Fig.  1  by  a  plot  of  the  instantaneous 
pressure  distribution.  The  vortices  which  shed  from  the 


cylinder  move  downstream  along  an  axis  which  is  inclined 
with  reference  to  the  symmetry  line.  Irregularly  the  axis 
of  the  vortex  street  changes  from  positive  to  negative  an¬ 
gles  and  the  other  way  round.  Similar  observations  have 
been  reported  in  the  literature.  Due  to  this  behavior  the 
asymmetric  time-averaged  streamlines  can  be  explained. 


Figure  1:  2-D  LES  (Run  A):  Instantaneous  pressure  distri¬ 
bution  for  the  flow  past  a  circular  cylinder,  Re  =  3,900. 

In  contrast  to  experimental  measurements  and  3-D  LES 
the  2-D  simulation  shows  an  (imphysical)  positive  time- 
averaged  streamwise  velocity  distribution  at  ciU  centerline 
stations  downstream  of  the  cylinder.  In  the  3-D  case  (Cl) 
the  flow  field  consists  of  a  large  recirculation  region  behind 
the  cylinder  and  two  additional,  small  separation  bubbles 
attached  to  the  downstream  face  of  the  cylinder.  As  a  re¬ 
sult  of  this  flow  structure  the  computed  drag  coefficient 
Cd  and  the  back-pressure  coefficient  are  much  too 

high  in  the  2-D  case  compared  with  experimental  mea¬ 
surements  (e.g.  Norberg  (1987),  Cd  =  0.98  ±  0.05  and 
Cpf^^ck  —  “0.9  ±  0.05).  The  large  deviations  between  2-D 
and  3-D  results  indicate  that  three-dimensional  structures 
strongly  influence  the  near-wake  of  the  flow.  Beaudan  and 
Moin  (1994)  have  already  pointed  out  that  these  struc¬ 
tures  consist  of  pairs  of  counter-rotating  streamwise  vor¬ 
tices,  which  cannot  be  captured  by  a  2-D  calculation.  This 
is  an  illustrative  proof  that  2-D  LES  (eis  well  cis  DNS)  is 
worthless  due  to  the  impact  of  three-dimensionality  of  the 
flow  even  in  case  of  (nearly)  two-dimensional  flow  prob¬ 
lems. 

Influence  of  discretization  scheme 

The  second  aspect  which  has  been  investigated  is  the  in¬ 
fluence  of  different  approximations  for  the  convective  fluxes 
in  the  filtered  Navier-Stokes  equations.  For  that  reason 
five  different  simulations  (Run  Bl— 5,  see  Table  2)  have 
been  carried  out  which  differ  only  according  to  this  detail. 
All  simulations  are  based  on  the  grid  with  165  x  165  x  32 
control  volumes  and  the  Smagorinsky  model  with  C5  =  0.1. 
Fig.  2  shows  a  first  qualitative  comparison  of  the  time- 
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Figure  2:  Time-averaged  streamlines  for  the  flow  past  a  circular  cylinder,  Re  =  3,900  (for  description  see  Table  2). 


averaged  streamlines.  Although  it  is  already  known  in 
the  LES  community  that  the  discretization  scheme  plays 
a  dominant  role  for  the  quality  of  the  solution  it  is  worth 
demonstrating  this  important  issue  by  illustrative  applica¬ 
tions.  As  shown  in  Fig.  2  the  structure  and  the  length  of 
the  recirculation  bubbles  behind  the  cylinder  are  strongly 
influenced  by  the  numerical  scheme.  In  all  simulations  a 
recirculation  region  behind  the  cylinder  exists.  Addition¬ 
ally,  two  small  counter-rotating  vortices  attached  to  the 
backward  side  of  the  cylinder  can  be  observed.  Therefore 
three  angles  can  be  determined:  the  primary  separation 
cmgle  ©1,  the  reattachment  angle  ©2,  and  the  secondary 
separation  angle  ©3.  The  values  are  listed  in  Table  2  in 
conjunction  with  the  recirculation  length  Lr/D,  the  drag 
coefficient  Cd,  and  the  back-pressure  coefficient  ■ 

The  Strouhal  number  of  the  vortex  shedding  frequency  has 
not  been  added  to  Table  2  because  for  all  simulations  the 
computed  values  are  fotmd  to  be  within  the  experimental 
range  of  St  =  0.215  ±  0.005  determined  by  Cardell  (1993). 
Apparently,  this  quantity  is  not  very  sensitive  to  the  pa¬ 
rameters  of  the  simulation.  Rodi  et  al.  (1997)  already 
i:^ointed  out  that  accurate  prediction  of  the  Strouhal  num- 
i:)er  is  not  necessarily  an  indication  of  a  quality  simulation. 

As  known  from  measurements  (e.g.  Son  and  Hanratty, 
1969)  separation  should  take  place  before  the  apex  of  the 
cylinder  at  approximately  ©1  =  85±2.  In  Run  Bl  (Hybrid 
scheme)  separation  is  postponed  for  about  10  degrees.  The 
recirculation  length  is  only  one  third  of  the  experimental 
value  resulting  in  a  much  too  high  back-pressure  coeffi¬ 
cient  and  drag  value.  Simulation  B2  shows  a  similar  trend. 
However,  the  results  are  quantitatively  slightly  better  but 


still  not  in  good  agreement  with  measured  values.  Run 
B3  based  on  the  Quick  scheme  shows  an  opposite  behav¬ 
ior.  Here  the  computed  recirctilation  length  is  about  27  % 
Icirger  than  the  experimental  value  and  the  back-presstire 
and  drag  coefficients  are  even  smaller  them  in  experiment. 
This  is  a  totally  unexpected  result.  As  already  mentioned 
above  the  Quick  scheme  combined  with  the  midpoint  rule 
is  of  second  order  accuracy.  It  generates  a  disperse  third 
order  error  term  as  well  as  a  dissipative  fourth  order  er¬ 
ror  term  thats  acts  like  an  additional  subgnd  scale  model. 
Similarly  to  the  dissipative  second  order  error  term  of  the 
Hybrid  and  the  HLPA  scheme  the  fourth  order  term  is  ex¬ 
pected  to  add  numerical  diffusion  to  the  problem  leading, 
at  lecist  in  part,  to  shorter  recirculation  zones.  However, 
the  Quick  scheme  shows  the  opposite  result  and  actually 
no  expiamation  can  be  offered  for  this  behavior. 

The  best  results  compared  with  experiments  available 
(e.g.  Ong  2md  Wallace,  1996)  are  achieved  by  the  CDS-2 
and  the  CDS-4  scheme.  The  error  terms  of  both  schemes 
do  not  have  any  even  component  (second  or  fourth  or¬ 
der  derivatives)  which  damp  out  high  frequency  compo¬ 
nents  in  the  solution.  The  results  of  CDS-4  (B5)  are  in 
slightly  better  agreement  with  experimental  observation 
than  those  of  CDS-2  (B4).  However,  the  variations  be¬ 
tween  these  two  results  are  much  smaller  than  among  the 
others.  In  Fig.  3  the  time-averaged  axial  velocity  distri¬ 
bution  along  the  centerline  is  plotted  in  comparison  with 
measurements  by  Lourenco  and  Shih  (1993)  and  Ong  and 
Wallace  (1996).  This  figure  summarizes  the  observations 
based  on  the  streamline  plots.  Additionally,  the  distribu¬ 
tion  of  the  resolved  turbulent  kinetic  energy  k  is  shown. 
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The  Hybrid  scheme  (Bl)  and  the  HLPA  scheme  (B2)  gen¬ 
erate  the  largest  maxima  of  k  quite  close  to  the  cylinder 
in  a  distance  of  about  0.5D  and  0,75l>,  respectively.  Ad¬ 
ditional  peaks  of  k  can  be  observed  directly  in  the  vicinity 
of  the  wall.  The  maxima  of  k  produced  by  CDS-2  (B4) 
and  CDS~4  (B5)  are  smaller  than  for  Bl  and  B2  and 
their  locations  farther  downstream.  The  lowest  maximum 
is  achieved  by  the  Quick  scheme  (B3).  In  all  simulations 
the  position  of  the  maxima  coincides  quite  well  with  the 
recirculation  length  Lr/D.  However,  the  high  levels  of  k 
especially  for  Bl  and  B2  have  to  be  explained  because 
they  seem  to  be  contradictory  to  the  high  numerical  dif¬ 
fusion  produced  by  these  approximations.  In  the  circu¬ 
lar  cylinder  flow  we  see  strong  vortex  shedding  behind  the 
cylinder,  accompanied  by  turbulent  fluctuations.  Due  to 
this  large-scale  vortex  shedding  the  resolved  turbulent  ki¬ 
netic  energy  k  is  a,  sum  of  the  quasi-periodic  oscillations 
and  the  resolved  turbulent  fluctuations.  In  order  to  sep¬ 
arate  these  two  effects  it  would  be  necessary  to  perform 
phase-averaging  which  is  associated  with  several  problems 
as  described  by  Breuer  and  Pourquie  (1996).  However, 
looking  at  instantaneous  flow  fields  of  Bl— 5  (not  shown 
here)  the  apparent  contradiction  turns  out  fine.  In  case  of 
Bl  and  B2  the  simulated  flow  looks  like  laminar  vortex 
shedding  showing  nearly  no  turbulent  fluctuations  as  ex¬ 
pected  for  LES  of  a  turbulent  flow.  That  means  that  the 
high  levels  of  k  for  these  simulations  are  almost  completely 
generated  by  the  quasi-periodic  vortex  shedding  and  not 
by  turbulent  fluctuations.  This  observation  is  consistent 
with  the  high  level  of  numerical  diffusion  typical  for  up¬ 
wind  schemes  (Bl-2  ).  Simillations  B4  and  B5  generate 
instantaneous  flow  fields  as  expected  for  the  flow  past  a 
cylinder  at  a  subcritical  Reynolds  number.  The  vortex 
shedding  motion  is  superimposed  by  strong  turbulent  fluc¬ 
tuations.  Again,  the  result  of  Run  B3  is  difficult  to  explain. 
Turbulent  motions  can  be  observed.  However,  exact  split¬ 
ting  of  quasi-periodic  and  txirbulent  components  cannot  be 
achieved  without  phase-averaging. 
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Figure  3:  Mean  axial  velocity  and  total  resolved  turbulent 
kinetic  energy  along  the  centerline  for  Run  Bl-5. 
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Influence  of  subgrid  scale  modelling 

In  comparison  with  these  large  variations  of  the  results 
applying  different  numerical  schemes  Fig.  2  indicates  a 
rather  small  influence  of  subgrid  scade  modelling  (Rim  Cl- 
3).  This  is  a  series  of  three  simulations  in  which  only 
the  model  for  the  non-resol vable  subgrid  scale  stresses  has 
been  varied.  In  Table  2  the  computed  integral  quantities 
are  listed.  Simulation  Cl  without  any  subgrid  scale  model 
shows  the  shortest  recirculation  length  and  the  highest 
l)ack~pressure  cind  drag  coefficient  of  aU  C-cases.  Switch¬ 
ing  on  the  Smagorinsky  model  (C2)  results  in  slightly  im¬ 
proved  values.  The  recirculation  length  increases  and  ac¬ 
cordingly  the  drag  decreatses.  This  trend  continues  if  the 
dynamic  model  (C3)  is  applied  instead  of  the  Smagorin¬ 
sky  model.  The  distribution  of  the  pressure  coefficient  Cp 
and  the  friction  coefficient  C/  on  the  surface  of  the  cylin¬ 
der  is  plotted  in  Fig.  4  for  Cl-3.  In  the  front  part  of 
the  cylinder  nearly  no  differences  in  the  results  can  be  ob¬ 
served.  Because  the  flow  is  laminar  in  this  region  subgrid 
scale  modelling  does  not  have  any  influence  (as  expected). 


However,  on  the  backward  side  small  deviations  occur  es¬ 
pecially  for  the  pressure  distribution.  The  results  obtained 
with  the  Smagorinsky  (C2)  and  dynamic  models  (C3)  are 
close  to  each  other  and  show  better  agreement  with  exper¬ 
imental  v2Jues  for  Re  =  3,000  (Norberg,  1987)  than  Cl 
without  any  subgrid  scale  model.  The  size  of  the  separa¬ 
tion  and  reattachment  regions  on  the  cylinder  is  similar  in 
all  simulations. 
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Figure  4:  Pressure  coefficient  Cp  and  friction  coefficient  Cf 
using  different  subgrid  scale  models  (Run  Cl-3). 


In  Fig.  5  the  time-averaged  axial  velocity  as  well  as  the 
resolved  turbulent  kinetic  energy  k  along  the  centerline  are 
plotted  for  Run  Cl-3.  As  observed  before  the  location  of 
the  maximum  of  k  corresponds  fairly  well  with  the  recir¬ 
culation  length.  It  appears  that  k  is  reduced  when  the 
Smagorinsky  model  is  switched  on.  Stirprisingly,  k  is  fur¬ 
ther  reduced  when  the  Smagorinsky  model  is  replaced  by 
the  dynamic  approach. 
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Figure  5:  Mean  axial  velocity  and  total  resolved  turbulent 
kinetic  energy  along  the  centerline  for  Run  Cl-3. 
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Influence  of  resolution 

In  order  to  investigate  the  influence  of  the  spanwise  res¬ 
olution  a  new  series  of  simulations  Dl-3  hets  been  carried 
out  which  differs  from  Cl-3  only  by  the  doubled  num¬ 
ber  of  control  volumes.  Agciin,  Fig.  2  shows  the  streamline 
plots  of  the  time-averaged  flow  cind  Table  2  lists  the  com¬ 
puted  integral  parameters.  The  Icirgest  deviation  between 
a  D-  cind  a  corresponding  C-result  occurs  for  the  simu¬ 
lation  applying  the  dynamic  model  (C3/D3).  In  Fig.  6 
the  turbulent  Idnetic  energy  k  is  plotted  along  the  center- 
line  as  well  as  the  pressure  distribution  on  the  surface.  In 
comparison  with  the  results  of  series  C  sketched  in  Fig.  5 
k  increases  for  all  subgrid  scale  models  and  the  deviations 
between  the  results  achieved  with  different  models  do  not 
decrecise  on  improving  the  spanwise  resolution.  For  the 
pressure  distribution  the  deviations  are  even  emphasized. 
However,  Run  D3  shows  a  fairly  good  agreement  with  the 
measurements  of  Norberg  (1987)  ais  well  as  with  the  inte¬ 
gral  quantities  listed  in  Table  2, 

Fig.  7  shows  totcil  Reynolds  stress  profiles  in  the  near 
wake  (x/D  =  1.54)  obtained  from  Dl— 3.  For  all  simu¬ 
lations  the  streamwise  Reynolds  stress  u'u'  is  fairly  well 
predicted  in  comparison  with  measurements  of  Lourenco 
and  Shih  (1993).  The  dynamic  model  D3  yields  slightly 
better  results.  However,  the  cross-stream  Reynolds  stress 
u'u'  is  highly  overpredicted  in  the  simulation  without  any 
subgrid  scale  model  Dl  and  with  Smagorinsky  model  D2. 
This  result  is  totally  contradictory  to  the  observations  of 
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Beaudan  and  Moin  (1994)  who  found  underpredicted  val¬ 
ues  of  this  quantity.  Again,  the  dynamic  model  (D3)  shows 
an  excellent  agreement  with  the  measurements  according 
to  the  simulations  of  Beaudan  and  Moin  (1994). 
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Figure  6:  Total  resolved  turbulent  kinetic  energy  along  the 
centerline  and  pressure  coefficient  Cp  along  the  cylinder  sur¬ 
face  for  Run  Dl— 3. 
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Figure  7;  Total  resolved  Reynolds  stresses  u'u‘  and  at 
xjD  =  1.54  for  Run  Dl-S. 


Finally,  two  more  aspects  have  been  investigated.  First 
the  domain  of  integration  is  doubled  in  the  spanwise  di¬ 
rection  (Rim  El)  by  doubling  the  number  of  gnd  points 
compared  with  C2  while  keeping  the  spanwise  cell  size 
constant.  According  to  the  computed  integral  parameters 
this  modification  does  not  improve  the  results  sipiificantly. 
Another  test  (Run  E2)  increases  the  domain  of  integration 
four  times  in  the  radial  direction  while  keeping  the  internal 
grid  unchanged  (as  described  above).  Also  this  modifica¬ 
tion  is  rather  irrelevant  to  the  computed  results  indicating 
that  the  previously  used  domain  size  is  fully  sufiicient- 


CONCLUSIONS 

The  strong  impact  of  three-dimensionality  for  LES  cal¬ 
culations  as  well  as  the  important  aspect  of  low-diffusive 
discretization  schemes  for  the  convective  fluxes  have  been 
presented  and  discussed.  The  investigation  confirms  the 
statement  that  the  numerical  dissipation  produced  by  a 
scheme  is  more  crucial  for  LES  than  its  formal  order  of  ac¬ 
curacy.  Furthermore,  the  influence  of  subgrid  scale  mod¬ 
elling  and  spcinwise  resolution  hais  been  studied  in  detail. 
Drawing  conclusions  from  the  investigations  above  the  dy¬ 
namic  model  (D3)  yields  the  best  solution  which  agrees 
fairly  well  with  experimental  measurements.  Finally,  the 
important  role  of  spanwise  resolution  has  to  be  emphasized 
which  has  often  been  underestimated  for  LES  of  flow  prob¬ 
lems  with  a  homogeneous  direction. 
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ABSTRACT 

An  experimental  study  was  made  of  the  flow  over  a  backward- 
facing  step  in  a  wind  tunnel  as  well  as  in  a  water  channel.  Exci¬ 
tations  were  given  to  separated  flow  by  means  of  a  sinusoidally 
oscillating  jet  issuing  from  a  thin  slit  near  the  separation  line.  To 
characterize  the  lare-scale  vortex  evolution  due  to  the  local  forc¬ 
ing,  a  flow  visualization  was  performed  by  a  dye  tracer  method 
with  fluorescent  ink.  Small  localized  forcing  near  the  separation 
edge  enhanced  the  shear  layer  growth  rate  and  prodced  a  large 
roll-up  vortex  at  the  separation  edge.  A  large  vortex  in  the  shear 
layer  gave  rise  to  a  higher  rate  of  entrainment,  which  led  to  a 
reduction  in  reattachment  length  as  compared  with  the  unforced 
flow. 


g  =  1.0±0.1mm-j 


Woofer 


INTRODUCTION 

Flows  with  separation  and  reattachment  have  been  long  sub¬ 
jects  of  fluids  engineering  research.  The  presence  of  a  separated 
flow,  together  with  a  reattaching  flow,  gives  rise  to  increased  un¬ 
steadiness,  pressure  fluctuations,  structure  vibrations  and  noise. 
Also  they  tend  to  enhance  heat  and  mass  transfer  and  augment 
mixing.  In  particular,  reattaching  flows  cause  large  variations  of 
the  local  heat  transfer  coefficients  as  well  as  substantial  flow  noise 
augmentation.  Thus,  control  of  separated  and  reattaching  flows  is 
expected  to  have  a  wide  application  in  fluids  engineering. 

A  literature  survey  reveals  that  there  have  been  many  attempts 
to  control  or  lessen  the  unfavorable  behavior  associated  with  sep¬ 
arated  and  reattaching  flows.  Several  methodologies  have  been 
applied  by  many  researchers  (Nagib  et  al.,  1985;  Roos  and  Kegel- 
man,  1986;  Bhattacharjee  et  al,  1986;  Obi  et  al,  1993;  Kiya  et  al, 
1993;  Sigurdson,  1995).  Among  the  techniques  in  the  literature, 
the  introduction  of  a  local  forcing  in  the  vicinity  of  the  separa¬ 
tion  edge  has  been  contemplated  (Kiya  et  al,  1993;  Sigurdson, 
1995;  Chun  and  Sung,  1996).  These  experimental  efforts  utilized 
a  small-amplitude  localized  jet  flow  close  to  the  separation  edge. 
The  jet  flow  contained  a  well-defined  single-frequency  pulsation. 
It  was  demonstrated  that,  by  means  of  small  localized  perturbation 
near  the  separation  edge,  overall  characteristics  of  the  separated 
and  reattaching  flows  were  altered  significantly.  The  afore-said 
method  of  controlling  the  separated  and  reattaching  flow  presents 
a  promising  ground  for  further  study.  The  idea  is  that  unfavorable 
characteristics  may  be  reduced  by  the  introduction  of  a  small,  lo¬ 
calized  perturbation  near  the  vicinity  of  the  separation  edge.  The 


Figure  1 :  Test  section  and  definition  of  axis. 


success  of  the  prior  experiments  suggests  a  need  to  extend  ex¬ 
perimental  studies  into  the  feasibility  of  separation  control.  In 
view  of  the  relatively  simple  configuration,  turbulent  flow  over  a 
backward-facing  step  was  selected  for  further  experimental  study. 

EXPERIMENTAL  PROCEDURES 

Wind  tunnel 

The  dimensions  of  the  inlet  channel  were:  the  span  wise  width 
W  =  625mm,  height  2i7  =  100mm,  and  the  length  in  the 
streamwise  direction  was  750mm.  Figure  1  shows  a  schematic 
view  of  the  configuration  of  the  test  section.  The  step  height  (H) 
of  a  backward-facing  step  was  50mm  and  the  aspect  ratio  was 
equal  to  12.5.  A  300mm  woofer  acoustic  speaker  was  mounted 
inside  the  chamber.  A  sinusoidal  velocity  fluctuation  was  intro¬ 
duced  through  a  spanwise  thin  slit  along  the  separation  line.  The 
width  of  the  slit  p,  was  equal  to  1.0  ±  0.1mm.  The  forcing  ampli¬ 
tude  (Ao)  was  defined  as  the  ratio  of  the  difference  of  total  veloc¬ 
ity  (Q)  due  to  oscillation  to  the  mean  free  stream  velocity  (Uo): 
Ao  =  {Q forced  -  Qunforced)/Uo.  The  total  velocity  Q  was 
equal  to  -h  where  f/  and  V  are  the  time-mean  veloc¬ 

ity  fluctuation  components  near  the  separation  point.  The  exper- 
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Figure  2:  Test  section  and  local  forcing  system. 


Figure  4:  Velocity  spectra  along  the  streamwise  position  at 

Ren  =  33000. 


Figure  3:  Normalized  reattachment  Xr/xro  against  Stn^  at 
Ren  =  33000. 


iment  was  carried  out  over  the  ranges  of  Stn  (0  <  Stn  <  5.0) 
and  Ao  (0.03  <  Ao  <  0.07)  at  moderate  Reynolds  numbers 
(13000  <  Ren  <  33000). 

Water  channel 

A  test  rig  of  the  present  backward-facing  step  was  immersed 
in  a  uniform  main  flow.  As  shown  in  Fig.  2,  the  step  height 
was  H  =  20m7n  and  the  spanwise  width  was  250mm.  Since 
the  aspect  ratio  was  12.5,  the  two  dimensional  flow  assumption 
can  be  applicable  to  a  reasonable  accuracy  in  the  central  portion 
of  the  lest  section.  The  local  forcing  was  also  introduced  by  a 
sinusoidally  oscillating  jet  through  a  spanwise  thin  slit  along  the 
separation  line.  The  slit  width  was  equal  to  p  =  2.0  ±  0.1mm. 
The  forcing  was  driven  by  a  scotch-yoke  system.  As  seen  in  Fig. 
2,  the  slit  was  connected  to  a  square  cavity  in  which  water  was 
sinusoidally  forced  through  a  rigid  pipe.  A  dye  tracer  method  with 
fluorescent  ink  was  employed  in  the  present  flow  visualization. 
A  4W  Argon-ion  laser  was  used  as  a  light  source.  Photographs 
were  taken  with  an  ASA-3200  film  with  the  exposure  time  (1/125- 
I/250s).  The  moving  image  was  managed  by  a  CCD  camera  with 
a  suitable  diaphram  and  the  recorded  in  a  S-VHS  video  recorder. 
A  three-beam,  two-color  LDV  system  (TSI  9100-8)  was  used  to 
measure  the  velocity  components  in  the  recirculating  region.  In 
order  to  find  the  reattachment  length  (xr),  the  forward-flow  time- 
fraction  (7p)  in  the  vicinity  of  the  wall  was  measured  by  a  splitter 


film  probe  (TSI- 1 288).  For  an  effective  flow  visualization,  the 
Reynolds  number  was  fixed  dX  Ren  ==  1200  at  the  fixed  local 
amplitude  Ao  =  0.3.  The  forcing  frequency  was  varied  in  a  range 
of  0.3  <  StH  <  1.0. 

RESULTS  AND  DISCUSSION 

As  a  measure  of  effectiveness  of  the  local  forcing,  the  normal¬ 
ized  reattachment  length  Xr/xr©  at  Ren  =  33000  was  plotted 
and  shown  in  Fig.  3.  Here,  Xr©  denotes  the  time-mean  reattach¬ 
ment  length  without  local  forcing  (A©  =  0).  As  seen  in  Fig.  3, 
the  effect  of  local  forcing  on  the  reattachment  length  is  substan¬ 
tial.  At  a  high  forcing  level  (A©  =  0.07),  the  reattachment  has 
a  single  minimum  approximately  at  Sin  =  0.27.  The  forcing 
amplitude  (A©)  affects  only  the  size  of  reattchment  length,  i.e., 
the  reattchment  length  decreases  generally  with  increasing  forc¬ 
ing  levels. 

However,  a  closer  inspection  of  Fig.  3  for  lower  forcing  am¬ 
plitude  (Ao  =  0.03)  discloses  that  double  minima  of  Xrjxro  are 
observed  at  about  Stn  =  0.27  and  Stn  —  0.40.  These  two  dis¬ 
tinct  minima  also  have  been  detected  by  other  researchers  (Nagib 
ei  al.,  1985;  Kiya  et  al.,  1993).  The  smaller  reduced  frequency 
{Stn  =  0.27)  is  related  to  the  shedding-type  instability  in  the 
separated  shear  layer  and  is  associated  with  the  momentum  ex¬ 
change  induced  by  the  modulation  of  the  separated  shear  layer 
(Nagib  et  al.,  1985).  For  a  large  value  of  the  reduced  frequency 
(Stn  =  0.40),  the  dominating  mechanism  is  the  formation  and 
shedding  of  energetic  vortices  caused  by  local  forcing.  This  effect 
may  be  related  to  the  shear  layer  instability  in  the  initial  boundary 
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Figure  5:  Normalized  reattachment  xr/xro  against  forcing 
frequency 


layer.  It  is  known  that  the  local  forcing  increases  the  shear-layer 
growth  rate  and  produces  a  large  roll-up  vortex  at  an  earlier  sep¬ 
aration  edge.  A  large  vortex  in  the  shear  layer  produces  a  higher 
rate  of  entrainment,  which  leads  to  the  reduction  of  the  reattach¬ 
ment  length  as  compared  to  the  unforced  flow  {Ao  ==  0). 

In  an  effort  to  understand  the  mechanism  of  the  effect  of  lo¬ 
cal  forcing,  the  spectra  of  streamwise  velocity  fluctuations  were 
measured  and  presented  in  Fig.  4  as  a  function  of  downstream  dis¬ 
tance.  The  spectra  were  obtained  at  the  position  U/Umax  =  0.95, 
where  the  value  of  streamwise  velocity  was  95%  of  the  maximum 
velocity.  Comparisons  are  made  for  two  cases :  i)  Ao  =  0,  and,  ii) 
Ao  =  0.07  and  SfH  =  0.275.  The  spectra  of  Ao  =  0  are  plotted 
with  dotted  lines  and  the  spectra  of  A©  =  0.07  and  Stn  =0.275 
with  solid  lines.  The  notation  St/  in  Fig.  4  denotes  the  reduced 
forcing  frequency  {St j  =  ffH/Uo)  and  Sts  is  the  reduced  shed¬ 
ding  frequency  {Sts  =  fsH/Uo).  Here,  the  shedding  frequency 
fs  was  obtained  near  the  reattachment  position  in  unforced  flow. 

Near  the  separation  edge  {x/H  =  1.0),  no  significant  peak 
is  displayed  for  the  unforced  flow  (A©  =  0);  whereas,  a  sharp 
peak  is  exhibited  at  the  forcing  frequency  {Stf).  It  can  be  ob¬ 
served  that  the  energy  levels  for  both  cases  are  relatively  low. 
At  x/H  =  2.0,  a  spectrum  peak  corresponding  to  the  first  sub¬ 
harmonics  {Stf/2)  of  the  forcing  frequency  begins  to  emerge. 
This  suggests  that  a  large-scale  vortex  amalgamation  takes  place 
in  the  separated  shear  layer  apparently  due  to  the  local  forcing. 
This  vortex  merging  causes  the  increase  in  turbulence  intensities 
so  that  the  overall  turbulence  levels  are  significantly  enhanced. 
The  vortex-shedding  frequency  {Sts)  in  the  unforced  flow  may 
be  observed,  which  is  nearly  coincident  with  the  present  forcing 
frequency  {Sts  =  Stf).  This  result  is  supportive  of  Sigurdson’s 
argument  that  the  most  effective  forcing  frequency  for  minimum 
reattachment  length  is  generated  at  or  near  the  frequency  of  the 
shedding  for  unforced  flow. 

As  the  flow  is  convected  downstream,  the  peak  value  of  St/ 
is  gradually  attenuated.  Conversely,  the  peak  value  of  Sf//2  be¬ 
comes  larger  as  a  function  of  downstream  distance.  Ai  x/H  = 
4.0,  the  second  subharmonics  {Stf /A)  appears,  which  suggests 
a  second  vortex  merging.  This  process  results  in  an  increase  in 
turbulence  levels.  After  reattachment,  however,  no  further  vortex- 
pairings  are  detected  and  the  energy  levels  also  are  diminished. 
For  x/iiT  =  6.0,  the  turbulence  energy  levels  are  even  lower  than 
for  the  case  of  the  unforced  flow.  Although  two  vortex-pairings 
are  present  in  the  forced  flow  (5f//2, 5f//4),  only  one  subhar¬ 
monics  {Sts/2)  appears  in  the  unforced  flow  (4.0  <  x/H  < 
8.0).  The  first  vortex-merging  creates  an  increase  of  turbulence 
levels,  where  the  turbulence  levels  are  higher  than  those  of  the 
forced  flow  until  the  reattachment  {x/H  =  8.0). 
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Figure  6:  Profiles  of  U/Uo  and  {u‘^f^^/Uo  at  Ren  =  1200, 
(a)  mean  velocity  (b)  turbulence  intensity. 


Next,  the  normalized  reattachment  length  Xr/xro  for  water 
channel  is  displayed  in  Fig.  5.  The  lower  limit  of  the  forcing  fre¬ 
quency  was  set  by  practical  loboratory  constraints.  At  a  particular 
forcing  frequency  Stn  =  0.4,  the  reattachment  length  is  reduced 
significantly.  However,  as  Stn  increases  further  Stn  >  0.8,  the 
reattachment  length  is  even  larger  than  that  of  the  unforced  flow 
(Ao  =  0). 

In  order  to  see  the  effect  of  local  forcing  on  the  time-averaged 
flow,  a  detailed  measurement  was  made  at  RjtB  =  1200  for  two 
cases  (A©  =  0  and  A©  =  0.3,  Stn  =  0.477).  Contrary  to  the 
air  flow  case,  the  measurement  in  the  recirculating  region  be¬ 
hind  a  backward-facing  step  was  possible  by  using  the  present 
two-component  LDV  system.  In  the  prior  wind  tunnel  experi¬ 
ment  (Chun  and  Sung,  1996),  the  hot-wire  anemometer  was  em¬ 
ployed,  i.e.,  the  profiles  in  the  recirculating  region  could  not  be 
measured.  As  seen  in  Fig.  6(a),  a  relatively  large  effect  by  lo¬ 
cal  forcing  is  displayed  on  the  development  of  the  separated  flow 
(1  <  x/H  <  6).  In  the  near-region  of  separation  {x/H  —  0),  the 
mean  velocity  profiles  are  only  slightly  modified  by  local  forc¬ 
ing.  However,  significant  changes  are  detected  in  the  shear  layer 
region  (1  <  x/H  <  3).  After  reattachment  {x/H  —  3),  the 
flow  is  gradually  redeveloped.  Figure  6(b)  represents  the  time- 
averaged  turbulence  energy  levels.  The  influence  of  local  forcing 
on  the  turbulence  energy  levels  is  pronounced  in  the  recirculating 
region.  As  opposed  to  the  mean  velocity  profiles  in  Fig.  6(a),  after 
reattachment  {x/H  >  3),  it  is  shown  that  the  turbulence  intensity 
is  recovered  more  rapidly.  This  suggests  that  the  amalgamation 
of  the  rolled-up  vortices  induced  via  local  forcing  can  increase 
turbulent  intensity  levels  within  the  separated  shear  layer. 

The  sequential  pictures  for  one  period  of  local  forcing  (0°  < 
(j)  <  360°)  are  presented  in  Fig.  7  for  three  forcing  cases.  These 
forcing  cases,  respectively,  are  prototypical  of  the  qualitatively 
distinct  conditions:  no  forcing  case  (Ao  =  0),  the  minimum 
reattachment  length  case  (A©  =  0.3,  Stn  =  0.477)  and  the 
maximum  reattachment  case  (A©  =  0.3,  Stn  =  0.650).  For 
Ao  =  0,  the  flow  at  the  separation  edge  is  flapped  downstream 
by  the  shear  layer  instability  at  x/H  =  4  ~  5.  A  closer  in¬ 
spection  near  the  comer  step  discloses  that  a  comer  flow  exists 
near  x/H  <  1.  Moreover,  the  weak  flow  circulation  are  clearly 
captured  within  the  recirculating  region  (0  <  x/H  <  4).  Af¬ 
ter  reattachment,  the  large-scale  vortices  are  separated  and  rede¬ 
veloped  downstream.  When  the  effective  local  forcing  is  per- 
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Figure  7:  Time  evolution  of  large-scale  vortices,  Ren  =  1200. 


turbed  (Ao  =  0.3,  St^r  =  0.477),  the  rolled-up  vortex  due 
to  local  forcing  is  clearly  seen  at  0  <  x/H  <1.  As  time 
elapses,  the  rolled-up  vortex  is  merged  with  the  prior  one  and  then 
convected  downstream.  However,  when  the  forcing  condition  is 
Ao  =  0.3,  StH  -  0.650,  the  recirculating  region  is  not  influ¬ 
enced  by  the  local  forcing.  The  disturbed  flow  is  simply  propa¬ 
gated  downstream  along  the  dividing  streamline. 

The  enlarged  view  of  the  initial  rolled-up  vortex  formation  is 
displayed  in  Fig.  8.  A  closer  inspection  of  the  flow  near  the  sepa¬ 
ration  edge  reveals  that,  in  a  local  suction  stage  (0°  <  <  90°), 

a  rolled-up  vortex  is  just  generated  from  the  inlet  wall  layer  at 
the  separation  edge.  As  time  proceeds,  this  rolled-up  vortex  is 
convected  downstream.  However,  when  a  local  blowing  is  com¬ 
menced  (<?S>  >  105°),  the  inlet  rolled-up  vortex  is  influenced  by  the 
local  issuing  jet.  It  is  clearly  seen  that  a  jet  flow  due  to  the  local 
blowing  penetrates  into  the  initial  rolled-up  vortex.  A  new  rolled- 
up  vortex  formation  is  shown,  which  is  then  splitted  into  a  pair 
of  vortices,  i.e.,  the  upper  and  lower  vortex.  As  stated  above,  the 
upper  vortex  is  merged  with  the  pre-staged  lower  vortex,  which 
increases  flow  mixing  in  the  recirculating  region. 

CONCLUSIONS 

The  effect  of  local  forcing  on  the  turbulent  flow  over  a 
backward-facing  step  was  significant.  The  amalgamation  of  the 
rolled-up  vortices  increased  the  turblence  intensity  levels.  In  the 
present  flow  visualization,  the  initial  rolled-up  vortex  was  split- 
led  into  two  vortices  with  different  rotations.  The  upper  vortex 
was  merged  with  the  prior  lower  one,  while  the  new  lower  onw 
was  convected  downstream.  These  amalgamation  of  the  rolled-up 
vortices  can  increase  flow  mixing,  which  results  in  shortening  of 
the  reattachment  length. 
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ABSTRACT 

Results  are  reported  for  an  experimental  study  of  the  flow  around 
a  two-dimensional,  square  prism  placed  in  the  vicinity  of  a  solid  wall 
with  a  cylinder  face  mounted  normal  to  the  on-coming  flow  at  a 
Reynolds  number  of 23,000  (  based  on  the  prism  side  dimension,  D, 
and  the  free-stream  velocity  )  for  several  wall-to-prism  gap  heights. 
The  nominal  boundary  layer  thickness  was  1.5D  at  the  cylinder 
location.  Velocity  data  were  acquired  using  a  two-component  Laser 
Doppler  Velocimeter  and  a  Hot-Wire  Anemometer.  Oil-film  and 
light-sheet  visualization  techniques  were  used  to  document  flow 
behavior.  Three  distinct  flow  topologies  are  identified  based  on  the 
gap  height.  For  large  gaps,  the  influence  of  the  wall  results  in  a 
deflection  of  the  far  wake  flow.  For  intermediate  gap  heights 
ranging  from  2D  to  0.3D,  the  vortex  shedding  frequency  increases 
while  the  drag  decreases  and  local  separation  of  the  wall  boundary 
layer  may  be  observed.  For  smaller  gaps,  vortex  shedding  activity 
could  not  be  detected. 


INTRODUCTION 

Bluff  body  flows  are  of  fundamental  interest  because  of  the 
complex  nature  of  the  interactions  between  the  turbulent  and  the 
large-scale,  often  periodic  coherent  flow  structures  in  the  wake 
region.  The  understanding  gained  from  such  studies  finds 
application  in  dispersion  problems  (eg.  Pollutant  transport,  cooling 
of  electronic  components)  or  in  wind  engineering.  Albeit  most 
practical  geometries  result  in  complicated  three-dimensional  flows, 
the  study  of  two-dimensional  configurations  is  a  valuable  diagnostic 
tool  for  investigating  the  physical  mechanisms  underlying  very 
complex  phenomena.  While  much  literature  is  dedicated  to  the  study 
of  two-dimensional  bluff  bodies  either  mounted  on  the  surface  of  a 
solid  wall  or  suspended  in  a  uniform  flow,  bluff  bodies  in  the 
proximity  of  solid  walls  have  received  much  less  attention.  This 
study  concentrates  on  documenting  one  such  flow  as  a  function  of 
the  separation  of  a  square  cylinder  from  a  solid  wall. 

At  high  Reynolds  numbers,  the  flow  around  two-dimensional  bluff 
bodies  suspended  in  a  uniform  flow  field  is  characterized  by  a 
highly  turbulent  wake  dominated  by  the  periodic  shedding  of  large- 


scale  vortices.  The  downstream  extent  of  the  near  wake 
recirculation  region  is  of  the  order  of  the  obstacle  dimension 
normal  to  the  flow.  For  square  cylinders  normal  to  the  flow,  the 
separation  streamline  originates  at  the  leading  edges  and  does  not 
reattach  on  the  obstacle.  The  mean  velocity  and  turbulent  fields  arc 
symmetric  about  the  prism  streamwise  centre  plane  (Bcanman  and 
Gradham,  1980;  Lyn  et  ai,  1995).  For  two-dimensional,  surface 
mounted  bluff  bodies,  there  is  a  separation  vortex-system  at  the 
windward  base  of  the  obstacle.  The  wake  is  highly  turbulent  and 
the  recirculation  extends  much  further  downstream  than  for  the 
suspended  case  (Shoficld  and  Logan,  1990).  Quasi-periodic  shear 
layer  flapping  activity  is  observed  in  the  wake.  For  square  prisms, 
the  flow  separates  at  the  leading  edge  and  will  reattach  on  the 
obstacle  top  face  only  if  the  on-coming  boundary  layer  thickness  is 
significantly  larger  than  the  obstacle  height  (Castro,  1978). 

Flows  around  bluff  bodies  in  the  proximity  of  solid  walls  show 
characteristics  of  both  suspended  and  wall-mounted  configurations. 
The  resulting  flow  field  depends  on:  (1)  the  shape  of  the  geometry, 
(2)  the  Reynolds  numbers.  Re;  (3)  the  channel  blockage  ratio;  (4) 
the  free  stream  turbulence  level,  Tu;  (5)  the  wall-to-prism 
separation,  S;  and  (6)  the  on-coming  wall  boundary  layer  thickness, 
6.  Wolochuk  et  al.  (1996) ,  using  hot-wire  anemometry  (HWA) 
show  that  the  vortex  shedding  frequency,  expressed  in  terms  of  the 
Strouhal  number  St,  is  much  lower  for  square  prisms  than  for 
triangular  prisms  at  the  same  Re.  The  results  of  an  HWA  study  of 
flow  past  suspended  cylinders  by  West  and  Aspclt  (1982)  show 
that  (I)  an  increase  of  Re  from  5x10^  to  5x1  O'*  results  in  a  decrease 
of  St  (0.207  to  0.190)  and  an  increase  in  the  drag  coefficient ,  Cp 
(1.26  to  1.32);  (ii)  both  St  and  increase  for  blockage  ratios 
greater  than  6%.  Wolochuk  et  al  (1996)  show  that  an  increase  of 
Tu  from  2.5%  to  10%  results  in  a  2.4%  increase  in  St  It  has  also 
been  shown  that  the  onset  of  vortex  formation  and  shedding  will 
only  occur  above  a  critical  gap  height.  Grass  et  al  (1984)  report 
that,  for  the  flow  around  a  circular  cylinder  of  diameter  D,  vortex 
shedding  could  not  be  observed  below  S/D « 0.3  for  boundary  layer 
thickness  6/D<2.5  and  S/D=0.5  for  6/D^3.5.  Taniguchi  and 
Miyakoshi  (1990)  report  critical  gap  heights  of  S/D«0.3  for 
6/D<0.4  and  0.8  at  6/D=l. 
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The  forces  induced  on  a  square  cylinder  placed  in  the  proximity  of 
a  solid  wall  were  investigated  by  Devarakonda  and  Humphrey 
(1995)  for  a  thin  boundary  at  a  Reynolds  number  ReD=10,000 
(based  on  the  prism  side  length,  D,  and  free  stream  velocity,  U.); 
blockage  ratio  of  13.75%  and  Tu=l  .7%.  It  was  found  that  while  the 
lift  coefficient  increases,  the  drag  coefficient  decreases  with 
decreasing  gap  height  Durao  et  al  (1991)  investigated  a  similar 
flow(ReD=  13,600;  Tu=3%;  blockage  ratio  of  12.8%  and  6/D=0.8) 
using  Lascr-Doppler  Velocimetry  (LDV)  and  reported  that  vortex 
shedding  activity  is  suppressed  for  gap  heights  smaller  than 
SyT>s=0.375.  Above  the  critical  gap  height,  it  was  found  that  St  was 
independent  of  Rcd  or  S/D.  Bosch  et  al  (1996)  and  Bosch  and 
Rodi  (1996)  conducted  both  experimental  and  numerical  studies  of 
vortex  shedding  past  a  square  cylinder  near  a  wall  at  Reo=22,000; 
blockage  ratio  of  12.8%;  Tu=3%  and  5/D=0.8.  It  was  observed  that 
vortex  shedding  occurs  for  S/D^O.5,  the  flow  is  steady  for  S/D=0.25 
and  an  intermediate  flow  behavior  is  observed  for  S/D=0.375. 

This  study  presents  results  for  the  flow  around  a  two-dimensional 
square  prism  at  Rci>-23,000;  6/D~1.5;  Tu=2%  and  a  total  flow 
blockage  ratio  of  5.5%.  Detailed  velocities  field  measurements  were 
performed  for  wall-to-prism  separations  of  S/I>=  0.25, 0.5, 1, 2, 4 
and  «  (remote  wall).  Eow  visualization  experiments  and  shedding 
frequency  measurements  were  made  for  these  and  other  gap  heights 
as  well. 


EXPERIMENTAL  SETUP  AND  CONDITIONS 

The  experiments  were  conducted  in  a  suction-type,  open-circuit 
subsonic  wind-tunnel.  The  geometry  and  nomenclature  are 
summarized  in  Fig.  1.  The  inlet  nozzle  has  a  smooth  gradual 
contraction  ratio  of  6:1.  Air  is  drawn  at  the  inlet  through  a  fine 
meshed  screen  grid  and  a  honeycomb  flow  straightener.  The  test 
section  consists  of  transparent  plexiglas  frame,  with  an  internal 
square  cross-section  of  18".  The  test  model,  a  square  cylinder  made 
of  steel  to  ensure  sharp  edges,  is  placed  at  the  working-section  mid 
height  (y/h=0.5)  and  40D  downstream  of  the  test  section  entrance 
with  one  face  perpendicular  to  the  on-coming  flow.  The  square 
cylinder  side  dimensions  are  D=l"  and  the  span  is  18D.  A  smooth 
flat  plate  with  a  serrated  leading  edge  was  used  to  obtain  a  controlled, 
fully-turbulent  boundary  layer.  The  square  prism  was  placed  at 
L=33.5D  downstream  of  the  plate  leading  edge.  The  boundary  layer 
thickness,  measured  in  the  absence  of  the  obstacle,  was  6=1. 5D  at 
the  location  L. 


MEASUREMENT  TECHNIQUES 

The  mean  velocity  and  the  Reynolds  stress  fields  were  measured 
using  a  two-component  LDV  system,  operated  in  back-scatter  mode, 
with  a  4  W  Argon-Ion  laser  light  sources.  A  Bragg-cell  and 
down  mixer  (shift  frequencies  5  and  10  MHZ)  were  used  for 
direction  discrimination.  The  optic  probe  (2.6x  beam  expander  and 
733  mm  focal  lens)  was  attached  to  a  computer-controlled  traversing 
mechanism  to  allow  positioning  AVithin  ±0.2  mm.  Signals  were 
processed  using  two  IFA  550  (TSIInc.)  signal  processors.  A  50  ps 
coincidence  window  was  set  as  velocity-pair  validation  criterion.  A 
water-glycerine  mixture  was  atomized  to  seed  the  flow.  The  typical 
particle  size  was  less  than  5pm  (see  Domnick  and  Martinuzzi,  1 994) 
The  particles  were  injected  upstream  of  the  channel  inlet  to  avoid 
interference.  Typical  data  rates  was  ranged  from  IkHz  to  5kHz  and 
30,000  events  were  recorded  at  each  point.  Shedding  frequencies 
were  determined  using  LDV  (FFT  with  time-history  method)  and 
HWA(even  time  sampling).  Measurements  were  repeated  several 
times  for  several  different  locations  in  the  obstacle  wake.  The 
frequency  corresponding  to  the  spectral  peak  was  associated  with 
vortex  shedding  activity.  The  drag  coefficient  was  calculated  from 
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Fig.l:  Definition  of  the  flow  geometry  and  nomenclature. 


the  integration  of  the  momentum  equation  for  several  profiles  in 
the  wake  region. 

Surface  flow  patterns  were  also  investigated  using  an  oil-film 
visualization  technique.  The  oil-film  consisted  of  a  kerosene, 
graphite  and  transmission  oil  mixture.  Results  were  recorded  on 
photographic  film.  The  transient  flow  field  behavior  was  also 
observed  using  a  laser  light-sheet  technique. 

The  uncertainty  in  the  velocity  measurements  was  estimated 
based  on  detector  electronic  resolution  and  the  statistical  variance 
of  the  velocity  data.  Eow  statistics  were  calculated  by  post¬ 
processing  the  acquired  velocity  data  with  an  arrival-time  weighting 
technique  to  compensate  for  bias  affects.  The  uncertainty 
estimates  for  the  mean  velocity  components  are  0.01 5U*  in  the  free 
stream  region  and  0.03U»  in  the  wake  region,  where  the  velocity 
fluctuations  were  very  large.  The  Reynolds  stresses  have 
uncertainties  of  5%  in  the  free  stream  and  8-10%  in  the  wake 
region.  The  uncertainty  bounds  for  the  Strouhal  number  and  drag 
coefficients  is  shown  in  the  figures  as  error  bars. 

RESULTS 

The  Mean  Flow  Field 

The  measured  mean  streamwise,  u,  and  vertical,  v,  velocity 
components  for  gap  heights  S/D=2, 1, 0.5  and  0.25  are  represented 
as  vectors  in  Fig.  2.  Surface  flow  patterns,  obtained  on  the  solid 
wall  with  an  oil-film  technique,  are  shown  in  Fig.  3  for  several  gap 
heights.  Analysis  of  the  data  indicates  that  they  are  at  least  three 
topologically  distinct  mean  flow  regimes  based  on  gap  height. 

For  large  wall-to-prism  separations  (  S/D  ^4),  the  influence  of  the 
wall  on  the  flow  field  is  small.  The  present  results  for  the  remote 
wall  case  (S/D-®)  arc  not  shown  here  since  these  are  very  similar 
to  those  extensively  discussed  by  Lyn  et  al  (1995).  Generally,  the 
flow  field  is  symmetric  about  the  centre-plane,  y/D=0.  The  flow 
separates  at  the  leading  edges  and  does  not  reattach  on  the  prism 
lateral  faces  (y/D=±0.5).  Over  each  of  these  faces,  a  topological 
node  can  be  identified  corresponding  to  the  centre  of  a  bound 
recirculation  vortex.  Two  counter-rotating  vortices  can  be 
identified  in  the  near  wake  the  recirculation  rcgion.The  reverse 
flow  region  ex'tends  to  x/D«0.9  along  y/D=0,  at  which  location  a 
free  saddle  point  is  located.  A  free  saddle  point  is  also  located  over 
each  of  the  trailing  edges  which  indicates  that  flow  from  the  wake 
can  penetrate  the  separation  region  over  the  lateral  faces.  This 
return  flow  gives  rise  to  a  very  small  secondary  recirculation  region 
which  is  observed  as  a  thin  dark  band  of  pigment  accumulation 
during  the  oil-film  experiments.  The  results  for  the  gap  height 
S/D=4  are  very  similar  to  those  for  S/D-».  The  flow  in  the  gap 
region  is  slightly  faster  than  over  the  cylinder  which  results  in  a 
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Fig.  3  -  Flow  patterns  of  the  oil-film  visualization:  a)  S/D=2; 


Fig.  2-Timc-avcragcd  vector  representation  of  mean  velocity: 
a)  S/D=2;  b)  S/D^l;  c)  S/D=0.5  and  d)  S/D=^.2$. 


b)  S/D=l;  c)  S/D=0.5;  d)  S/D=0.25  and  e)  S/D-0.19. 


slight  upwash  in  the  far  wake  most  noticeable  in  the  region 
2.5<x/D<4.  The  flow  field  in  the  recirculation  regions  around  the 
cylinder  remains  symmetric  (see  Wu  and  Martinuzzi,  1997). 

The  topological  structure  and  behavior  of  the  flow  field  changes 
significantly  as  the  gap  height  is  reduced.  For  example,  for 
0.5^S/Di2,  whOe  vortex  shedding  activity  was  clearly  detected,  only 
one  free  saddle  points  could  be  identified  (Fig.  2a-c).  For  S/D=0.25, 
only  the  free  saddle  point  was  observed  (Fig.  2d)  and  the  flow  did  not 
exhibit  any  periodicity.  In  general,  the  presence  of  the  obstacle  in 
the  wall  vicinity  resulted  in  a  thickening  of  the  on-coming  boundary 
layer.  Although  the  acceleration  of  the  fluid  through  the  gap 
increases  with  decreasing  S/D,  the  ratio  of  the  mass  flow  rate 


through  the  gap  to  that  deflected  over  the  obstacle  decreases  (i.e. 
the  upstream  origin  of  the  stagnation  streamline  drops  further 
below  y==0  as  S/D  decreases). 

For  the  cases,  S/D=l  and  2,  the  fluid  stream  from  the  gap 
expands  quickly,  by  reasons  of  continuity,  upon  entering  the  wake 
region.  Consequently,  the  structure  of  the  near  wake  recirculation 
region  is  distorted  away  from  the  solid  wall.  The  location  of  the 
vortex  cores  is  clearly  shifted  upwards.  The  flow  over  the  top  face 
of  the  obstacle  is  very  similar  to  that  for  the  suspended  cylinder. 
The  flow  separates  at  the  leading  edge  and  does  not  reattach.  This 
leads  to  a  small  secondary  recirculation  at  the  obstacle  trailing  edge 
(see  the  thin  pigment  accumulation  line  near  the  trailing  edge  in 
Fig.  3a, b)  and  a  free  saddle  point  above  the  trailing  edge.  On  the 
lower  face,  the  flow  again  separates  at  the  leading  edge,  but 
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reattaches  on  the  face,  as  seen  clearly  in  Fig.  2a  for  S/D=2. 
Measurements  could  not  be  made  for  S/D-1  on  the  bottom  face  due 
to  optical  access  restrictions.  However,  the  velocity  vectors  at  the 
trailing  edge  strongly  suggest  that  the  flow  reattaches  on  the  bottom 
face  for  S/E>=1  as  well  (see  Fig.  2b).  Thus,  a  free  saddle  point  cannot 
exist  below  the  trailing  edge.  The  flow  fields  for  S/D=l  and  2  are 
thus  topologically  different  from  those  at  S/D=4  or  S/D=~.  This 
result  differs  from  that  reported  by  Bosch  et  al  (1996).  Whereas 
the  far  wake  flow  for  S/D=2  is  characterized  by  a  downwash  (flow 
towards  the  wall),  that  for  S/D=l  shows  a  clear  upwash.  This 
difference  is  further  emphasized  by  the  appearance  of  a  separation 
bubble  along  the  solid  wall  between  x/D=0.9  and  2.  (sec  pigment 
accumulation  in  Fig.  3b).  Although  the  vector  diagrams  of  Fig.  2b 
do  not  clearly  show  this  boundary  layer  separation,  the  measured 
values  for  u  V  ^-profiles  show  an  inflection  point  and  a  sign  change 
near  the  wall  in  the  region  l<x/D<2  (sec  Fig.  4)  which  is  consistent 
with  the  appearance  of  a  recirculation  zone.  Further  evidence  is 
provided  by  observation  using  the  light-sheet  technique.  The  flow 
pattern  in  Fig.  5  shows  smoke  lifting  from  the  wall  at  approximately 
x/D=  1  and  the  entire  wake  flow  is  moving  upwards.  This  pattern 
was  a  dominant  occurance  for  S/D=l  but  was  not  observed  for 
S/D=2. 

The  flow  field  for  S/D=0.5  (Fig.  2c3c)  is  topologically  similar 
to  that  for  S/D=2.  The  flow  does  not  reattach  on  the  top  face  of  the 
obstacle  but  does  on  the  bottom  face.  The  near  wake  flow  is  also 
skewed  away  from  the  wall.  The  mean  reverse  flow  zone  extends 
much  further  downstream  for  S/D=0.5  than  for  S/D=2  or  1.  The  far 
wake  flow  is  also  directed  towards  the  wall  (downwash)  and  the  lack 
of  pigment  accumulation  along  the  solid  wall  suggests  that  the 
boundary  layer  does  not  separate. 

The  velocity  measurements  of  Durao  et  al  (1991)  for  S/D=0.5 
differ  in  several  important  aspects  from  the  present.  First,  the  reverse 
flow  over  the  top  face  shows  no  vortical  structure  in  the  earlier  study. 
Thus,  there  is  no  free  saddle  point  over  the  trailing  edge.  These 
differences  imply  smaller  stream  line  curvature  and  consequently 
higher  pressure  on  the  prism  back  face.  The  recirculation  vortex  core 
is  located  higher  than  in  the  present  study  (y/D~0.6  vs.  Y/D=0.4), 
and  the  absence  of  downwash  in  the  far  wake  flow. 

The  mean  flow  field  structure  for  S/D=0.25  (Fig.  2d,  3d)  is 
topologically  very  different  from  those  previously  discussed. 
Although  the  flow  over  the  top  face  does  not  reattach  ,  the  top 
recirculation  region  does  not  show  a  developed  vortex  core  (node 
point)  and  ,  consequently,  the  free  saddle  over  the  trailing  edge  has 
also  disappeared.  It  thus  follows  that  the  wake  recirculation  now 
extends  to  the  leading  edge  of  the  obstacle.  The  near  wake 
recirculation  is  nearly  twice  as  long  as  that  for  S/D=0.5.  The  far 
wake  flow  clearly  shows  an  upwash.  Similarly  to  the  case  S/D=l,  the 
presence  of  an  upwash  coincides  with  a  local  separation  of  the  wall 
boundary  layer  observed  from  the  pigment  accumulation  in  Fig.  3d 
atx/D=^32.  A  similar  separation  bubble  was  also  observed  by  Durao 
et  al  (1991).  The  pigment  accumulation  upstream  of  the  obstacle 
suggests  the  possible  existence  of  an  upstream  separation.  However, 
the  velocity  measurement  in  this  region  are  still  inconclusive.  The 
surface  flow  patterns  for  S/D=0.19  (Fig.  3e)  are  topologically  similar 
to  those  for  S/D=0.25  and  thus  the  flow  structure  is  expected  to  be 
qualitatively  similar. 

The  streamwise  velocity  component  along  the  plane  y=0  is 
shown  in  Fig.  6  for  several  S/D  cases.  The  recirculation  region  Fig. 
6  extends  to  x/D=^0.9  for  S/D^4  which  is  in  agreement  with  values 
reported  earlier  in  the  literature.  For  S/D=2,  1,  0.5  and  0.25,  the 
recirculation  extends  to  x/D=  1.2, 1.3, 1.6  and  3,  respectively.  Bosch 
et  al  (1 996)  measured  x/D=l .  1  for  S/D=0,75  which  is  in  close 
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Fig.  4  -  Reynolds  stress  (u'v')  for  S/D-=l. 


Fig.  5-Laser  light-sheet  visualization  for  S/D=l. 

agreement.  Durao  et  al  (1991)  measured  x/I>=2.4  and  3.7  for 
S/D=0,5  and  025,  respectively,  which  is  significantly  longer.  The 
present  results  also  suggest  that  the  velocity  recovery  region 
increases  dramatically  as  S/D  increases,  which  is  probably  due  to 
the  influence  of  the  wall.  For  wall  bounded  obstacles,  the 
recirculation  region  extends  to  approximately  8D. 


Shedding  Frequency  and  Drag 

The  frequency,/  associated  with  vortex  shedding  is  presented 
in  Fig.7  in  terms  of  the  Strouhal  number,  St=/D/U«,  as  a  function 
of  gap  size.  The  error  bars  enclose  the  range  of  all  measured 
values.  Data  from  other  studies  in  the  literature  are  included  for 
comparison.  St  increases  montonically  with  decreasing  gap  height 
from  0.133  at  S/D-®  to  0.157  at  S/D=0.3.  For  gap  heights 
S/Ds025,  vortex  shedding  activity  could  not  detected.  The  power 
spectral  density  function  (psdf)  show  well  defined,  narrow  peaks 
for  measurements  at  S/D  ^0.5.  When  comparing  psdf  measured  at 
the  same  location  relative  to  the  obstacle,  it  was  observed  that  the 
magnitude  (strength)  of  the  psdf-peak  decreased  with  decreasing 
S/D,  which  indicates  a  reduction  in  the  energy  of  fluctuations  of 
the  shed  vortices.  For  S/D^O.375,  the  psdf  showed  peak 
broadening  suggesting  intermittent  vortex  shedding  activity. 
Observations  from  laser  light-sheet  visualization  experiments  are 
consistent  with  this  interpretation.  Bosch  et  al  (1996)  also  report 
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Fig.  6  -  Time-averaged  centerline  n-velocity  as  a  function 
ofS/D*l. 


Fig.  7  >  Shedding  frequency  as  a  fiinction  of  the  gap  height. 


this  behavior,  however,  they  could  not  detect  vortex  shedding  below 
S/D-0.35.  The  results  of  Durao  et  al  (1991)  show  no  vortex 
shedding  activity  below  S/D=0,375  and  that  St  is  independent  of 
S/D.  The  major  difference  already  observed  for  the  flow  field 
structure  are  consistent  with  different  dynamic  behavior. 

The  drag  coefficients  as  a  function  of  S/D  are  shown  in  Fig.  8, 
where  the  error  bars  enclose  the  range  of  the  all  measurement  values. 
The  present  results  for  S/D-oo  (Cd=2.04±0.03)  agree  well  with  those 
of  previous  studies,  since  these  were  conducted  at  higher  blockage 
ratios  (13%  vs.  5.5%).  Devarakonda  and  Humphrey  (1995) 
calculated  Cc  by  integration  of  the  measured  surface  pressure 
distributions.  They  report  that  Cd  mainly  decreases  due  to  an 
increase  of  the  pressure  on  the  leeward  face.  The  present  results  are 
consistent  with  this  observation.  As  S/D  is  reduced  below  1,  the 
length  of  the  recirculation  region  grows  resulting  in  smaller 
streamline  curvature,  which  dictates  that  the  pressure  gradient 
normal  to  the  streamlines  also  decreases.  Specifically,  the  pressure 
in  the  near  wake  will  thus  increase  with  decreasing  gap  height  while 
the  pressure  on  the  windward  face  is  essentially  that  of  stagnation 
and  remains  unchanged. 


The  Turbulent  Field 

The  structure  of  the  turbulent  field  is  discussed  in  terms  of  the 
isoline  contours  of  the  Reynolds  stresses  ,  and 

Results  for  S/D=0.25  and  S/D=l  are  shown  in  Fig.  9  as  examples. 
For  S/D-*»  the  isolines  are  symmetric  about  the  plane  y/D=0.  The 
maxima  for  u  occur  at  x/D~0.8.  y/D=±0.6  and  v  y/D=0, 

x/D=22.  The  ratio  u  lower  than  the  value  of  0.71 

reported  by  Durao  et  al  (199 1).  The  Reynolds  shear  stress  u  V ' 


Fig.  8  '  Drag  coefficient  as  a  function  of  the  gap 
height  (S/D). 


approaches  a  maximum  value  of  0.1 3U»^  near  x/l>=2.2  and 
y/D==b0.8.  The  turbulent  field  remain  essential  unchanged  for 
S/D=4. 

The  locations  for  u  is  generally  in  the  vicinity  of  the 
maximum  strain  rate,  Mdy,  in  the  shear  layer.  As  S/D  decreases, 
the  u  ^  field  becomes  less  symmetric.  The  higher  values  of  u  ^ 
are  found  along  the  top  shear  layer.  The  location  of  u  shifts 
downstream  and  upwards  as  the  recirculation  region  expands  with 
decreasing  S/D.  On  the  bottom  side  of  the  prism,  the  location  of 
w  moves  downstream  and  towards  the  wall, 

max 

The  main  contribution  to  the  production  of  v^is  the  terra 

V  \dvfdy) .  The  location  and  magnitude  of  v  will  then  be  in 

the  vicinity  of  the  maximum  for  that  production  term.  This 
location  will  generally  coincide  with  that  of  the  free  saddle  point  for 
the  velocity  field  at  the  end  of  the  wake  recirculation.  The  value 
for  <^®creases  from  0.6  at  S/D=4  to  0.4  at  S/D-1. 

This  trend  implies  an  increase  of  fluctuations  in  the  v-direction  and 
is  in  opposition  to  the  results  reported  by  Duaro  et  al  (1991).  As 
S/D  is  further  reduced,  the  influence  of  the  wall  is  observed  as  a 
strong  damping  of  the  v-fluctuation  and  the  ratio  u 
increases  to  13  at  S/D=0.25.  The  location  for  u  ^^^is  generally 
directly  above  and  below  those  for  v^^^^.^Sjnee  the  main 
contribution  to  the  ^production  term  is  v^^0u/dy).  The 
magnitude  for  u  V  ^  generally  decrease  with  S/D  as  v  decreases 
due  to  damping  of  vertical  fluctuations  in  the  vicinity  of  the  wall. 
The  absolute  maximum  for  u  V  ^occurs  in  the  shear  layer  above  the 

V  .  The  values  of  w  V  ^  are  generally  higher  along  the  top  shear 
layer  (see  Fig.  4). 


CONCLUSIONS 

The  results  for  an  investigation  of  the  flow  field  around  a  square 
cylinder  mounted  in  the  proximity  of  a  solid  wall  were  summarized 
for  several  gap  heights.  The  blockage  ratio,  5.5%  and  the  on¬ 
coming  boundary  layer  thickness,  6/D=1.5,  are  significantly 
different  fiom  similar  investigations  found  in  the  literature  (12.5% 
and  0.8,  respectively). 

Analysis  of  the  mean  velocity  field  suggests  that  three  distinct 
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Fig.  9-Isolme  contours  (normalised  widt  U^J.  S/D=Q.25:  a)  b)  v^,  c)  -a'v^;  5/D=l:  d)  e)  -aV^. 


topological  flow  reginies  exist  based  on  the  wall-to-prism  separation. 
For  largeseparation  (S/D  ^4)  the  presence  of  the  obstacle  has  little 
influence  on  the  wall  boundary  layer.  The  near  wake  turbulent  field 
remains  symmetric  about  the  plane  yKl. 

For  intermediate  gap  heights  (0.5sS/D£2),  the  presence  of  the 
obstacle  results  in  a  thickening  of  the  wall  boundary  layer.  The  near 
wake  turbulent  field  is  asymmetric.  The  flow  which  separates  at  the 
leading  edges  does  not  reattach  on  the  obstacle  top  face  but  does  on 
the  bottom  face  resulting  in  a  topologically  different  flow.  It  is  also 
observed  that  separation  of  the  solid  wall  boundary  layer  is 
accompanied  by  an  upwash  of  the  wake  flow.  The  vortex  shedding 
frequency  increases  while  the  drag  coefficient  decreases  with 
decreasing  S/D. 

For  smaller  gap  heights  (S/D<0.3),  no  vortex  shedding  could  be 
detected.  The  flow  over  the  cylinder  top  face  no  longer  shows  a  well 
defined  vortex.  In  the  wake,  there  is  an  upwash  and  separation  of 
the  wall  boundary  layer  is  obseired. 
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ABSTRACT 

Turbulent  reattaching  flows  over  a  backward-facing 
step  have  motivated  many  experimental  and  numer¬ 
ical  (k-e,  LES  and  DNS)  investigations  in  the  past 
few  years.  A  reason  for  this  growing  interest  is  obvi¬ 
ously  the  variety  of  phenomenon  occuring  in  the  reat¬ 
tachment  region.  Previous  studies  have  mainly  con¬ 
tributed  to  the  statistical  characterization  of  this  flow. 
In  their  review,  Eaton  &  Johnston  [3]  insisted  on  the 
rapid  decay  of  Reynolds  stresses  and  turbulent  energy 
in  the  reattachment  zone  as  well  as  the  low  frequency 
flapping  in  this  reattachement  region.  The  causes  in¬ 
volved  in  these  phenomenon  are  not  yet  fully  under¬ 
stood.  Flow  visualizations  of  a  separation  bubble  by 
Kiya  et  al  [7]  have  shown  the  existence  of  large-scale 
structures  which  were  found  to  be  a  key  feature  of  the 
flow  dynamics.  The  present  paper  proposed  a  numeri¬ 
cal  investigation  of  these  coherent  structures  by  means 
of  Large  Eddy  Simulations. 

INTRODUCTION 

The  flow  over  a  backward-facing  step  is  a  combination 
of  two  sorts  of  turbulence  :  turbulent  free  shear  flows 
and  turbulent  wall  flows. 

Eaton  &  Johnston  [3]  made  an  excellent  review  of  this 
flow.  They  provided  a  very  complete  database  of  the 
previous  works.  Thus,  a  lot  of  investigations  have  been 
done  on  the  parameters  which  influence  the  mecanism 
of  reattachment  and  three  parameters  seem  to  influ¬ 
ence  a  lot  this  mecanism:  the  initial  boundary  thick¬ 
ness  the  expansion  ratio  R  and  the  Reynolds  num¬ 
ber.  Westphal  et  al  [14]  showed  that,  whereas  the 
reattachment  length  is  sensitive  to  the  inflow  condi¬ 
tions,  the  reattachement  process  is  quasi-independent 
of  these  conditions  using  the  renormalised  coordinate 

y  =  ^. 

A  more  recent  experimental  work  on  the  flow  over  a 
backward-facing  step  is  the  work  carried  out  by  Jovic 


k  Driver  [6]  on  a  double  expansion  with  an  aspect  ratio 
R  =  Q  and  with  a  low  Reynolds  number  Re^  =  5000. 
This  database  was  useful  for  the  validation  of  the  Di¬ 
rect  Numerical  Simulation  of  Le  k  Moin  [8]  and  the 
Large  Eddy  Simulations  of  Akselvoll  k  Moin  [1]. 

The  recent  work  carried  out  by  Le  et  al  [9]  is  certainly 
the  more  detailed  and  complete  calculation  of  this  flow 
on  the  statistical  point  of  view.  One  of  the  aim  of  this 
study  was  to  validate  diflerent  turbulent  models. 

This  paper  is  focused  on  the  dynamic  of  the  flow  and 
pay  more  attention  on  the  topology  of  the  flow. 

NUMERICAL  AND  EDDY  VISCOSITY  MOD¬ 
ELLING  ASPECTS 

A  finite  volume  approach  with  staggered  grid  is  used. 
Pressure  is  then  defined  at  the  centre  of  the  cells  and 
velocity  components  at  the  cells  interface.  The  inte¬ 
gration  method  is  derived  from  the  SOLA-ICE  algo¬ 
rithm  (Harlow  et  al  [4]).  Second  order  central  dif¬ 
ferencing  is  used  for  the  continuity  equation  and  for 
pressure  gradients  and  dissipative  terms  in  the  mo¬ 
mentum  equation.  Velocity  at  cells  interface  which 
are  required  to  evaluate  convective  fluxes  are  interpo¬ 
lated  by  the  QUICK-SHARP  scheme  (  Leonard  [10]). 
The  Poisson  equation  solution  is  obtained  iteratively 
by  solving  a  linear  system  with  a  conjugate  gradient 
method  with  SSOR  preconditioner.  Finally,  time  ad¬ 
vancement  scheme  is  a  low  storage  third-order  Runge- 
Kutta  scheme  (Williamson  [15])  with  a  CFL  condition 
on  the  time  step. 

LES  of  such  a  flow  have  been  carried  out  in  condi¬ 
tions  close  to  an  experiment  performed  by  Jovic  k 
Driver  [6].  The  subgrid  model  retained  is  the  selective- 
structure  function  model  (Lesieur  k  Metais  [11])  in 
its  four-point  version  in  planes  parallel  to  the  lower 
wall.  The  calculations  were  performed  with  an  inlet 
velocity  profile  obtained  from  Spalart’s  [13]  bound¬ 
ary  layer  simulation  at  Reg^^lO  {Res*  =  1000)  where 
0  and  6*  are  the  momentum  and  displacement  thick- 
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d  and  6*  are  the  momentum  and  displacement  thick¬ 
nesses.  For  this  particular  profile,  the  boundary  layer 
thickness  \s  ^  ^  6.16*  =  \flE.  Thus,  the  step- 
height  Reynolds  number  corresponding  to  this  profile 
is:  =  5100. 

The  inlet  fluctuations  are  generated  by  a  3D  random 
white  noise  of  an  amplitude  about  1.25%  on  the  shear 
zone  in  the  inlet  area.  The  inlet  velocity  profile  is 
imposed  0.3H  upstream  the  step.  The  computational 
domain  extent  is  15H  downstream  the  step,  the  span- 
wise  direction  size  is  4H  and  in  the  vertical  direction 
an  expansion  ratio  of  1.2  is  chosen  which  corresponds 
to  a  domain  height  of  6H.  Consequently,  the  mesh  size 
of  such  a  computational  domain  is  97  x  34  x  46.  Using 
the  inlet  wall  shear  velocity  Uro  =  4.9  x  10““C/o  ,  it  is 
then  possible  to  determine  the  grid  spacing  using  wall 
units.  Only  the  spanwise  grid  spacing  is  constant  and 
gives  a  Az"*’  =  30.  In  the  other  directions,  the  grid 
spacing  is  not  uniform.  In  the  streamwise  direction, 
the  mesh  is  stretched  to  increase  the  number  of  cells 
down  the  separation  point.  With  this  kind  of  mesh, 
the  minimum  streamwise  resolution  =  11  is 

achieved  just  on  the  corner  of  the  step.  The  maxi¬ 
mum  streamwise  resolution  is  at  the  exit  boundary, 
=  70.  A  non-uniform  mesh  distribution  was 
used  in  the  vertical  direction  with  fine  grid  near  the 
wall  and  at  the  location  of  the  step,  the  minimum  res¬ 
olution  is  Ay^i^  =  3.75  and  the  maximum  resolution 
=  110- 

RESULTS 

Statistics 

General  behavior. 

Le  &  Moin  [8]  have  shown  the  difficulty  to  obtain  a 
correct  reattachment  length:  this  requires  to  simu¬ 
late  deterministically  (calculating  a  channel  flow)  the 
boundary  layer  upstream  of  the  step.  The  reattach¬ 
ment  length  Xr  found  in  this  Large  Eddy  Simulation 
Xr  is  7.2  H  which  is  far  from  the  experimental  mea¬ 
surement  {Xr  =  6.15i7).  Indeed,  without  the  turbu¬ 
lent  structures,  the  transition  of  the  shear  layer  will  be 
larger  and  then  the  reattachement  length  larger  too. 
In  spite  of  this  discrepancy,  the  calculation  reproduces 
well  the  main  properties  described  by  Eaton  John¬ 
ston  [3](Fig.  1). 

Eaton  &  Johnston  [3]  provided  a  large  amount  of  data 
for  turbulent  flows  over  a  backward-facing  step.  In 
their  review,  they  emphasized  that  this  flow  has  a 
number  of  unusual  mean  properties  in  the  downstream 
direction.  One  of  the  most  interesting  behavior  is  the 
rapid  decay  of  Reynolds  stresses  and  turbulence  energy 
in  the  reattachment  zone. 

Consistently  with  this  review,  turbulence-intensity 
and  Reynolds  stresses  {—u'v')  firstly  increase  abruptly 
IH  downstream  the  step  and  reach  a  peak  one  step 
length  before  the  reattachment  and  then  decrease 
rapidly.  Tfie  value  of  the  maximum  of  turbulence  in¬ 
tensity  (u'^/U^)  is  about  0.038  which  is  the  typical 
value  found  by  Eaton  et  al.  [3].  For  the  Reynolds 
stress  (— u't;')  the  maximum  value,  0.015,  is  very  close 
from  the  typical  values  found  for  free  mixing-layers. 
The  sudden  decay  observed  is  subject  to  controversy 
among  the  research  community.  Some  authors  argued 


Figure  1:  Evolution  of  maxima,  of  turbulence  intensity  and 
Reynolds  stresses 

that  the  large  eddies  shed  behind  the  step  are  torn 
in  two  in  the  reattachment  zone.  Therefore,  this  phe¬ 
nomenon  would  be  responsible  of  this  decrease.  But, 
most  of  the  authors  disagreed  with  this  argument  and 
visualizations  of  the  flow  in  the  next  section  are  con¬ 
tradictory  with  this  hypothesis.  Indeed,  it  seems  to 
be  the  three-dimensional  effects  which  are  responsi¬ 
ble  of  this  behavior  generating  a  sudden  appearance 
of  small  scales  in  the  flow.  The  topological  study  in 
the  next  section  will  help  the  understanding  of  this 
phenomenon. 

Mean  profiles. 

A  comparison  between  the  experiment  of  Jovic 
Driver  [6],  the  DNS  of  Le  fc  Moin  [8]  and  the  LES 
carried  out  in  this  work  is  plotted  at  the  reattachment 
point  in  Fig.  2.  Here,  statistical  quantities  are  aver¬ 
aged  over  the  spanwise  direction,  using  the  periodicity 
condition,  and  time.  The  agreement  between  these 
three  set  of  data  is  good. 

The  renormalised  coordinate  X  =  is  used  to 

compare  the  statistical  results  obtained  in  the  calcu¬ 
lation  with  the  results  obtained  by  Le  et  al  [8]  in  their 
DNS.  This  scaling  is  classically  used  when  there  is  a 
discrepancy  on  the  reattachment  length  between  two 
experiences. 

The  mean  streamwise  velocity  profiles  show  infiexion- 
nal  point  for  X  =  0.66  which  means  that  the  turbu¬ 
lent  boundary  layer  is  not  yet  developing  in  the  exit 
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Figure  2:  Statistical  quantities  at  the  reattachment  length 


rms(u")/Uo 


Figure  4:  TurbuJent  streamwise  intensity  profiles 


Figure  5:  Overall  view  of  the  backward-facing  step  flow  (vor- 
ticity  modulus  ||u5||=J.5  ^ ) 


Figure  3:  Mean  streamwise  velocity  profiles 

boundary  (Fig.  3).  Topological  study  in  the  next  sec¬ 
tion  will  show  the  persistance  of  shear  layer  structures 
downstream  the  reattachment  which  could  explain  this 
behavior. 

Turbulent  intensity  are  helpful  to  understand  the  flow 
(Fig.  4).  In  the  streamwise  intensity  profile,  it  can 
be  seen  firstly  the  development  of  the  shear  layer  with 
typical  values  of  mixing  layers.  At  the  end  of  the  do¬ 
main,  it  is  possible  to  see  the  development  of  a  peak 
in  the  near  wall  region.  This  peak  is  a  proof  of  the 
redevelopment  of  the  boundary  layer. 

For  the  others  statistics,  a  good  statistical  agreement 
has  been  obtained. 

Topological  study  of  the  flow 

Overall  views. 

The  advantage  of  numerical  investigation  is  to  pro¬ 
vide  instantaneous  data  on  each  velocity  components 
and  pressure.  In  the  case  of  a  LES,  it  is  possible  to 
characterize  large  scale  coherent  motions  by  means  of 
vorticity  or  pressure  isosurfaces,  as  shown  in  Fig.  5 
and  6. 

For  the  detached  shear  layer,  the  boundary  layer  sepa¬ 
rates  at  the  corner  of  the  step  and  a  free  mixing-layer 


arises.  Then  Kelvin-Helmoltz  billows  are  shed  behind 
the  step.  These  vortices  become  quickly  3D  with  the 
growth  of  oblique  modes  which  leads  to  helical  pairing 
(Fig.  7). 

Thus,  these  span  wise  vortices  are  highly  threedimen- 
sionalized  by  the  development  of  this  instability  and 
are  then  stretched  into  big  longitudinal  A  shaped  vor¬ 
tices.  These  vortices  impinge  the  wall  and  are  strained 
into  big  arch- like  vortices.  They  are  eventually  dissi¬ 
pated  as  they  are  convected  downstream.  The  shape 
of  these  vortices  is  very  similar  to  the  structure  shown 
by  Kiya  et  al.  [7]  in  their  experiments. 

The  results  obtained  with  a  quasi  two-dimensional 
noise  are  in  contradiction  with  the  results  obtained 
by  previous  workers  in  the  case  of  a  free  mixing  layer  ( 
Comte  et  ai  [2]).  The  helical  pairing  is  still  the  predom¬ 
inant  instability  in  backward  facing  step  flows  whereas 
it  almost  vanishes  in  free  mixing  layers.  This  is  an  im¬ 
portant  difference  which  characterises  the  flow  over  a 
backward-facing  step.  Since  the  inflow  is  quasi  2D, 
spanwise  perturbation  can  only  exist  by  a  feedback 
excitation  produced  in  the  recirculation  zone. 

Three-dimensionalization  of  the  flow. 

A  key  feature  of  the  flow  over  a  backward-facing  step 
is  the  transformation  of  an  initially  spanwise  vortic¬ 
ity  field  in  a  field  where  streamwise  vorticity  predomi¬ 
nates.  It  is  then  important  to  study  the  transition  to¬ 
ward  turbulence  in  this  flow.  For  this  purpose  another 
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Figure  6:  Overall  view  of  the  backward-facing  step  flow  (iso- 
pressure  surfaces  P  =  —O.OGpo^o  ~  ^ mtn+0*65(/rnax“~Fmtn) j 


Figure  7:  Three-dimensional  effects  on  vortex  lines 


way  to  visualize  the  coherent  structures  shed  behind 
the  step  is  used.  It  consists  in  separating  the  regions 
where  the  strain  rate  is  lower  than  the  vorticity  magni¬ 
tude.  The  strain  rate  is  particularly  high  in  the  shear 
zone  at  the  beginning  of  the  shear  layer.  A  criteria 
based  on  this  differenciation  will  be  useful  in  this  area 
to  understand  how  Kelvin-Helmoltz  billows  develop. 
Hunt  et  ai  [5]  defined  a  criteria  based  on  a  Q  quantity 
where  Q  =  (QzjQzj  -  5fj5f;)/2.  Qij  is  the  antisymet- 
ric  part  of  duijdxj  and  Si^  the  symetric  part.  The 
positivity  of  Q  will  define  the  zones  where  rotation  is 
predominant  (the  vortices  cores). 

Flow  visualizations  of  the  vorticity  modulus  field  fil¬ 
tered  by  the  Q  criteria  and  coloured  by  the  value 
show  the  general  tendency  of  the  flow  to  transform  a 
span  wise  vorticity  field  to  a  stream  wise  vorticity  field. 
With  the  duplicated  domain,  it  is  obvious  that  the  he¬ 
lical  pairing  phenomenon  is  a  characteristic  of  this  flow 
(Fig.  S).  Thus,  the  topology  of  the  flow  is  completely 
changed  3H  downstream  the  step. 

The  transition  toward  turbulence  over  a  backward- 
facing  step  is  a  transformation  of  span  wise  vortices  to 
streamwise  vortices  enhanced  by  an  important  oscilla¬ 
tion  of  the  Kelvin-Helmoltz  vortices. 

A  statistical  study  on  the  orientation  angle  of  vortic¬ 
ity  vectors  was  done.  The  angle  Q  was  characterised 
as  follows:  Q  -  The  interval  of  variation 


Figure  8:  Overall  view  of  the  vorticity  modulus  ('||a;||=J.5 
with  Q  criteria  coloured  by  u;^  (black)  -1.5^  <  ufx  <  +1-5^ 
( whi te ) .  Domain  duplicated. 


of  this  angle  is  included  in  [-tTjTt].  The  evaluation 
of  this  angle  was  weighted  with  the  magnitude  of  the 

projected  vorticity  vector:  where  <> 

significates  a  spanwise  averaging.  Moin  &:  Kim  [12] 
used  this  procedure  to  analize  the  structure  of  vortic¬ 
ity  field  in  a  turbulent  channel  flow. 


lOO 
Angle 


TTm-nlTr 


Figure  9:  Pdf  of  the  angle  of  coherent  structures  upstream 
(above)  and  downstream  (below)  the  reattachment 

Using  Probability  Density  Functions  in  the  different 
areas  it  is  then  possible  to  define  this  angle  which  will 
correspond  to  the  peaks  on  the  pdf.  An  interesting 
remark  is  that  the  tt  periodicity  on  the  pdf  is  clearly 
obtained  and  then  shows  that  a  quasi  complete  sta¬ 
tistical  convergence  has  been  obtained.  In  the  rest  of 
this  section,  using  this  periodicity  only  the  part  where 


26-27 


©  is  positive  is  studied. 

The  evolution  of  this  angle  was  firstly  studied  in  the 
streamwise  direction  and  in  the  direction  normal  to 
the  wail.  It  is  then  possible  to  see  the  evolution  of  this 
angle.  At  the  beginning  of  the  flow,  the  maximum 
more  probable  angle  is  located  in  the  shear  layer  and 
corresponds  to  the  longitudinal  vortices  stretched  be¬ 
tween  the  Kelvin-Helmoltz  vortices.  The  value  of  this 
angle  is  approximately  35°  —  40°  (Fig.  9). 

The  value  of  this  angle  increases  going  downstream  the 
flow.  Downstream  the  reattachment  values  of  70°— 75° 
are  obtained.  The  extension  of  the  A-shaped  vortices 
is  IH  and  the  angle  of  these  structures  increases  from 
the  wall  to  the  mean  flow. 

Animations  of  the  vorticity  modulus  field  show  that 
the  A-shaped  vortices  rearrange  in  a  staggered  man¬ 
ner.  Their  occurence  downstream  the  reattachment 
is  highly  correlated  with  enlargement  and  shrinking 
of  the  recirculation  bubble  and  correspond  to  the  de- 
generescence  of  the  Kelvin-Helmoltz  vortices  which,  af¬ 
ter  various  pairing,  are  convected  downstream.  They 
are  relatively  fast  dissipated  with  a  persistance  of  the 
longitudinal  component  of  the  vorticity. 

Strouhal  numbers. 

It  has  been  shown  that  the  flow  over  a  backward-facing 
step  is  characterised  by  a  shedding  of  different  sorts 
of  vortices.  Pressure  fluctuations  spectra  in  different 
positions  (Fig.  10)  are  used  to  characterise  the  quasi 
periodic  behavior  of  the  flow  (Le  et  al  [9]). 


Figure  lOi  Spectra  of  spanw/se  averaged  pressure  fluctuations 
at  diflerent  positions 

There  are  three  dominant  frequencies  in  the  different 
areas  of  the  flow.  Pressure  fluctuations  spectra  show 
a  peak  (5ti  0.23)  in  the  first  region  (x  <  2H)  of 
the  flow.  It  is  the  frequency  of  the  Kelvin-Helmoltz 
shedding.  Then,  the  frequency  of  the  pairing  appears 
(5^2  %  0.12).  In  the  region  of  the  reattachment  an¬ 
other  frequency  emerges  (5^3  ~  0.07)  which  corre¬ 
sponds  to  a  flapping  oscillation  of  the  recirculation 


bubble  whose  mechanism  is  not  very  well  understood. 
Finally,  downstream  the  reattachment  zone  the  three 
Strouhal  number  have  approximately  the  same  content 
of  energy.  The  same  results  are  obtained  with  power 
spectras  of  velocity  fluctuations. 

CONCLUSION 

Large  Eddy  Simulations  with  the  selective  structure 
function  model  (Lesieur  k  Metais  [11])  in  the  configu- 
Tation  of  the  backward-facing  step  is  used  to  study 
the  flow  on  its  statistical  and  topological  behavior. 
Thanks  to  Le  et  al  [9]’s  study,  it  has  been  possible 
to  compare  the  statistical  results  obtained  in  this  sim¬ 
ulation.  Whereas  the  reattachment  length  is  relatively 
far  from  the  experiment  of  Jovic  k  Driver  [6]  (certainly 
due  to  the  simplicity  of  the  inlet  profiles)  using  renor¬ 
malised  coordinate  the  statistical  agreement  is  good. 
It  has  been  possible  to  obtain  the  general  behavior  of 
these  statistical  quantities  described  by  Eaton  k  John¬ 
ston  [3]  which  characterise  the  flow  over  a  backward¬ 
facing  step. 

Thanks  to  flow  visualisations,  it  has  been  possible  to 
describe  accurately  the  problem  of  vortex  topology  in 
a  turbulence  behind  a  back  ward- facing  step.  The  dif¬ 
ferent  Strouhal  numbers  associated  with  the  different 
vortices  are  in  good  agreement  with  previous  work¬ 
ers.  The  helical  pairing  is  the  predominant  instability 
in  the  flow  and  even  imposing  quasi  twodimensional 
perturbations  this  mode  is  obtained.  Then,  it  has 
been  shown  that  the  transition  toward  turbulence  over 
a  backward-facing  step  is  characterised  by  the  trans¬ 
formation  of  spanwise  vortices  onto  streamwise  vor¬ 
tices.  The  Kelvin-Helmoltz  vortices  are  turned  into  A- 
shaped  vortices  which  impinge  the  wall  and  are  elon¬ 
gated  into  big  arch  like  vortices.  Topology  study  of 
the  vortices  downstream  the  reattachement  was  done 
with  pdf  on  the  angle  of  these  large  scale  structures 
and  their  presence  may  justify  the  slow  readjustment 
of  the  mean  velocity  profile  to  a  canonical  boundary 
layer  profile. 
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ABSTRACT 

The  primary  instability  of  a  low-speed  liquid  jet  under 
the  action  of  a  high-speed  gas  stream  has  been  experimen¬ 
tally  investigated.  This  was  done  using  two  sets  of  experi¬ 
ments,  the  first  one  involving  a  two-dimensional  flow,  while 
the  second  one  was  performed  in  an  axisymmetric  round 
jet. 

This  interfacial  instability  is  of  the  form  of  two- 
dimensional  waves  which  are  amplified  and  advected  down¬ 
stream.  Measurements  of  the  convection  velocity,  the  fre¬ 
quency  and  the  wavelength  have  been  performed  for  a  wide 
range  of  liquid  and  gas  velocities.  It  is  shown  that  these 
quantities  scale  with  the  convection  velocity,  known  from 
large  density  difference  mixing  layers,  and  the  vorticity 
layer  in  the  gas  stream.  Surface  tension  is  of  no  impor¬ 
tance. 

The  results  are  shown  to  be  in  good  agreement  with  lin¬ 
ear  stability  analysis,  taking  into  account  the  large  density 
discontinuity  and  assuming  that  all  the  initial  vorticity  is 
in  the  gas  stream. 


INTRODUCTION 

The  atomization  of  liquid  jets  has  been  investigated  for 
many  years,  motivated  by  the  wide  range  of  applications 
of  two-phase  combustion  encountered  for  instance  in  diesel 
or  liquid  propellant  rocket  engines.  Nevertheless,  the  fun¬ 
damental  processes  of  liquit  jet  instability  which  leads  to 
the  breakup  of  the  liquid  and  the  formation  of  droplets  is 
still  not  well  understood. 

The  atomization  of  a  liquid  jet  can  be  divided  into  two 
distincts  regions.  The  first  one,  close  to  the  exit  section,  is 
the  region  where  primary  breakup  occurs;  inertia  effects, 
assisted  or  not  by  a  co-fiowing  gas  stream,  causes  the  liquid 
to  disintegrate  into  ligaments  leading  to  the  formation  of 
drops  with  a  wide  size  distribution.  The  second  one  is  lo¬ 
cated  farther  downstream  where  the  drops  may  be  further 
broken  up.  This  process  is  referred  as  secondary  breakup. 
Since  the  pionneer  works  of  Kolmogorov  (1949)  and  Hinze 


(1949),  the  breakup  of  drops  has  received  much  attention, 
see  e.g.  the  review  of  Hsiang  and  Faeth  (1992).  Less  work 
has  been  done  on  the  fundamental  process  involving  the 
primary  breakup.  Arai  and  Hashimoto  (1985)  and  Man- 
sour  and  Chigier  (1991)  have  measured  the  oscillation  fre¬ 
quency  of  a  two-dimensional  liquid  sheet  in  a  co-flowing 
gas  stream,  but  do  not  provide  a  physical  explanation  of 
their  results. 

In  the  present  paper,  it  is  shown  that  the  mechanism 
involved  in  primary  instabilities  developing  at  the  liquid- 
gas  interface  is  similar  to  a  large  density  difference  shear 
layer  and  is  well  described  by  a  linear  Kelvin-Helmholtz 
stability  analysis. 


EXPERIMENTAL  APPARATUS 


The  two  sets  of  experiments  are  shown  in  Fig.  1 .  The  first 
set-up  (Fig. la)  consists  in  a  plane  liquid-gas  shear  layer  of 
finite  thickness,  while  the  second  (Fig. lb)  corresponds  to 
axisymmetric  liquid-gas  coaxial  jets.  The  ranges  of  stream 
velocities  investigated  are,  for  the  liquid  (suffix  1)  Ui  =0.1 
to  Im/s,  and  the  gas  (suffix  2)  U2  =  10  to  100  m/s  in  the 
two  dimensional  case,  and  0.5  to  5  m/s  and  15  to  200  m/s 
in  the  axisymmetric  case.  In  both  sets  of  experiments  the 
fluids  used  are  air  and  water.  The  gas  and  liquid  sheet 
thicknesses  are  H  =  10  mm  in  the  plcinar  configuration, 
while  the  liquid  jet  diameter,  Di ,  is  7.6  mm  and  the  gas  an¬ 
nular  outer  diameter,'  D2,  is  11.4  mm  in  the  axisymmetric 
configuration.  The  injectors  used  are  convergent  nozzles 
with  high  enough  contraction  ratios  (between  6  and  10) 
to  ensure  in  all  conditions  studied  that  the  gas  and  liquid 
streams  are  practically  laminar  at  the  exit  sections. 

The  non-dimensional  numbers  involved  in  the  problem 
are:  the  Reynolds  numbers  Ra  =  i=i.2,  where  Dh 

designates  the  hydraulic  diameter  of  the  jet,  Dh  =  2H  or 
Di  depending  if  we  consider  the  planar  or  the  axisymmetric 


configuration,  the  Weber  number,  We  =  ^  where 

(J  is  the  surface  tension,  and  the  momentum  flux  ratio, 

M  =  whose  importance  in  atomization  problems 
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Figure  2:  Measured  convection  velocity  divided  by 
Ucth  whose  expression  is  given  by  equation  1. 

Ui  =  oO.ll,  00.28, 

0O.55,  X  0.83  +  1.11  m/s. 


EXPERIMENTAL  RESULTS 
Convection  velocity 


Figure  1:  Experimental  setup,  a)  plane  setup, 
b)  axisymmetric  setup. 


has  been  shown  by  Hopfinger  and  Lasheras  (1994).  Rei  is 
always  greater  than  2  x  10^  so  that  flows  quickly  become 
turbulent.  The  Weber  number  varies  from  30  to  more  than 
3000  and  M  covers  the  range  0.1-115  in  the  axisymmetric 
case  and  reaches  up  to  1200  in  the  planar  case.  As  M  >  1 
in  most  cases,  the  gas  stream  dominates  the  whole  two- 
phase  flow. 


In  the  case  of  homogeneous  mixing  layers,  it  is  well 
known  that  the  convection  velocity  of  the  coherent  span- 
wise,  two-dimensional  eddies  is  approximately  given  by 
(see  e.g.  Brown  and  Roshko  1974).  Several  studies 
have  been  done  with  streams  of  different  densities  but  still 
with  one  phase.  Using  of  mixture  of  helium  and  nitrogen, 
Bernal  and  Roshko  (1986)  propose  that  the  convection  ve¬ 
locity  of  the  spanwise  structures  is  in  that  case  : 

=  (1) 


Measurements  of  the  interfacial  wave  frequency  have 
been  done  using  a  Position  Sensitive  Detector  (PSD).  A 
\mW  laser  beam  is  projected  normal  to  the  liquid  inter¬ 
face;  the  beam  is  tramsmitted  through  the  liquid  sheet  and 
impacts  the  PSD  sensitive  surface  (12  x  12  mm^)  at  a  in¬ 
stantaneous  location  mainly  depending  on  the  local  slope  of 
the  interface.  Thus,  the  frequency  of  the  PSD  signal  gives 
the  frequency  of  interest.  This  frequency  is  determined 
from  the  most  energetic  peaJk  in  the  power  sprectrum  of 
the  signal.  In  most  cases,  peaks  are,  at  least,  one  decade 
above  their  base  so  that  frequencies  are  unambiguously  de¬ 
termined.  In  the  case  of  the  axisymmetric  experimental 
setup,  a  very  similar  technique  using  laser  beam  light  at¬ 
tenuation  was  used,  giving  results  with  similar  accuracy  as 
in  the  planar  case. 

In  order  to  measure  the  convection  velocity  of  the  in¬ 
terfacial  waves,  a  hot- film  was  placed  at  various  distances, 
d.  downstream  of  the  laser  beam.  Cross  correlations  be- 
tweeen  the  hot-film  and  the  PSD  signals  were  computed  to 
determine  the  time  shift,  At,  between  the  two  sensors  as 
a  function  of  the  distance  between  them.  The  convection 
velocity,  Uc,  is  given  by  the  slope  of  the  curve  d{At).  For 
given  fixed  values  of  velocities,  Ui  and  1/2,  three  different 
measurements  corresponding  to  three  different  values  of  d, 
at  least,  were  made  to  minimize  the  experimental  uncer¬ 
tainty. 


Equation  (1),  due  to  Brown  (1974)  was  later  justified 
by  Dimotakis  (1986)  involving  the  continuity  of  the  pres¬ 
sure  at  the  interface  in  a  frame  moving  at  the  convection 
velocity. 

Our  experimental  results  are  compared  to  Eq.(l)  for 
the  whole  ranges  of  liquid  and  gas  velocities  as  shown 
in  Fig.2.  The  measured  convection  velocities,  Ua  non- 
dimensionalized  by  the  theoretical  velocity  given  by  Eq.(l) 
(designated  in  the  figure  as  Ucth)^  are  plotted  against  the 
gas  velocity,  C/2.  The  measurements  presented  here  have 
been  carried  out  in  the  two-dimensional  setup  only.  One 
observes  a  very  good  collapse  of  nearly  all  data  around  a 
value  of  1,  so  that  Eq.(l)  represents  a  very  good  model  for 
this  velocity  in  the  two- phase  flow  of  interest.  Thus,  in  the 
following,  Uc  designates  the  convection  velocity  given  by 
Eq.(l),  in  place  of  the  experimental  values. 

Characteristic  frequency 

The  results  obtained  in  the  two-dimensional  setup  are 
shown  in  Fig.3.  The  interfacial  wave  frequency,  /,  is  plot¬ 
ted  against  the  gas  velocity,  C/2,  for  different  liquid  veloci¬ 
ties,  C/i.  One  observes  that  for  the  first  four  liquid  veloci¬ 
ties,  which  corresponds  to  an  increase  of  C/i  by  a  factor  of 
4,  the  collapse  of  the  different  data  is  rather  good.  This 
indicates  that  a  limit  regime  is  reached  where  the  liquid 
velocity  has  no  direct  influence.  It  can  be  seen  from  Eq.(l) 
that,  when  the  gas  velocity  is  high  enough,  meaning  that 
the  momentum  flux  ratio  is  high  enough,  the  convection 
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Figure  3:  Characteristic  frequency  versus  the  gas  velocity. 
Ui  =  O0.069,  DO.!!,  o0.19, 

X  0.28,  +  0.55,  A  0.83,  •  1.11  m/s. 


Figure  4^  Characteristic  frequency  against 
the  convection  velocity. 

Lower  group,  planar  case,  0.069  <  Ui  <  1.1  m/s, 
upper  group,  axisymmetric  case,  0.5  <Ui  <  5  m/s. 


velocity  is  simply  given  by  Uc  =  When  increas¬ 

ing  the  liquid  velocity,  the  frequency  increases  for  moderate 
gas  velocity,  and  again  above  a  certain  value  of  C/2,  it  col¬ 
lapses  with  the  values  obt2dned  for  lower  liquid  velocities. 
Although  not  plotted  here,  the  same  trends  are  observed  in 
the  frequencies  measurements  in  the  axisymmetric  setup. 

The  interfacial  wave  frequency  is  the  ratio  of  the  dis¬ 
tance  between  two  consecutive  structures  divided  by  the 
convection  velocity.  When  plotting  the  frequency  versus 
the  convection  velocity,  it  is  observed  that  the  influence  of 
tlie  liquid  velocity  is  entirely  taken  into  account  via  Uc. 
Figure  4  shows  that  frequencies,  obtained  in  both  exper¬ 
imental  setups,  as  a  function  of  the  convection  velocity, 
collapse  into  two  curves.  In  this  representation,  these  two 
curves  depend  on  the  experimental  set-up,  but  no  more  on 
the  liquid  velocities.  This  result  proves  that  the  wavelength 
of  the  instability  is  independent  of  the  liquid  velocity.  As 
the  power  of  the  curve  f{Uc)  is  well  represented  by  3/2 
(see  Fig.4),  the  characteristic  length  that  fixes  the  wave¬ 
length  of  the  instability  should  be  proportional  to  U2 
since  no  influence  of  the  liquid  velocity  is  expected.  As 


Figure  5:  Characteristic  frequency  versus 
the  flow  frequency  ^ . 

Same  symbols  as  in  Fig,3, 
experimental  — -  f  =  S.7  x  lO""^ 

theoretical - /  =  7.6  x  10“^ 

Oui 


previoulsy  said,  convergent  nozzles  were  used,  resulting  in 
laminar  boundary  layers,  whose  thicknesses  follow  a  power 
law  with  U2.  The  vorticity  thickness,  6^,  defined  by  : 

(2) 

Imaa: 


where  ^\max  is  the  maximum  shear  in  the  gas  velocity 
profile  at  the  exit  section,  has  been  actually  measured  in 
the  two-dimensional  experimental  setup  as  : 


H  y/  Re2 


(3) 


Figure  5  shows  the  frequency  of  the  interfacial  instability 
plotted  against  ^ .  This  group  is  entirely  given  by  the  flow 
exit  conditions  and  has  the  dimension  of  a  frequency.  It  is 
actually  observed  that  the  data  collapse  well  into  a  single 
curve  giving  a  non  dimensional  Strouhal  number: 

—  =  8.7x  10"^  (4) 

Uc 


In  the  axisymmetric  case,  the  dependence  of  Su;  on  R€2 
was  not  measured.  The  results  of  Fig.4  imply  however  that 
Su,  is  smaller  in  the  axisymmetric  case.  This  is  consistent 
with  the  fact  that  the  gas  inlet  dimensions  are  about  five 
times  less  in  the  axisymmetric  case  than  in  the  planar  case. 

The  form  of  the  law  and  the  numerical  value  in  equation 
4  can  be  represented  by  a  kelvin-Helmholtz  type  intability 
analysis. 


LINEAR  STABILITY  ANALYSIS 

These  calculations  have  been  carried  out  considering  the 
usual  temporal  linear  stability  analysis  approximations, 
inviscid,  parallel  streams,  infinitesimal  perturbations  (see 
Chandrasekhar  1961  for  more  details)  and  we  assume  no 
effect  of  surface  tension  (case  of  large  Weber  number).  The 
velocity  and  density  profiles  used  in  this  analysis  are  shown 
in  figure  6.  The  velocity  increases  gradually  while  there  is 
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Figure  6:  Velocity  and  density  profiles 
used  in  the  linear  stability  analysis. 

a  true  discontinuity  of  the  density  profile.  The  density  ra¬ 
tio,  5  =  is  varied  from  1  to  1/1000,  and  the  vorticity 
thickness  in  the  air  stream  is  given  by  the  thickness  of  the 
gas  boundary  layer,  ^2* 

Figure  7  shows  the  curves  of  the  amplification  rate,  Ui, 
versus  the  wave  number,  /c,  for  different  values  of  S.  One 
clearly  sees,  that  decreasing  S  leads  to  a  pronounced  de¬ 
crease  in  and  of  the  unstable  wavenumber  range.  Ne¬ 
vertheless,  there  are  still  wavenumbers  for  which  >  0, 
meaning  that  the  flow  is  still  unstable.  Figure  8  shows 
the  non-dimensional  selected  modes,  corresponding  to  the 
most  amplified  mode,  in  terms  of  wavenumber,  (or 

wavelength,  A  =  ^),  pulsation,  (or  frequency, 

/  =  ^),  amplification  rate  and  group  velocity. 

It  is  seen  that  the  wavenumber  decreases  as 
the  density  ratio  increases,  for  ^  >  10  this  decrease  is 
fairly  given  by: 

(5) 

V  Pi 

The  decrease  of  the  group  velocity,  which  has  to  be  com¬ 
pared  with  the  convection  velocity,  follows  also  closely  this 
“1/2  power  law.  Notice  that  the  decrease  of  the  wavenum¬ 
ber,  resulting  in  an  important  increase  in  the  wavelength, 
justifies,  a  posteriori,  the  fact  that  the  surface  tension  plays 
no  role  in  this  instability.  The  meaningful  Weber  number, 
for  this  instability,  should  actually  be  expressed  with  the 
wavelength  of  the  instability  instead  of  the  liquid  jet  diam¬ 
eter.  This  Weber  number  thus  increases  with  the  square- 
root  of  the  density  ratio  implying  that  the  surface  tension 
effects  become  less  important  as  this  ratio  increases. 

For  5  =  1.2  X  10"^,  the  value  of  interest  in  the  case 
of  water- air  shear  layers,  the  selected  wavelength,  corre¬ 
sponding  to  the  most  amplified  wavenumber,  is  such  that 
tlie  expected  theoretical  non  dimensional  frequency  of  the 
instability  is: 

Z^l  7.6x10-'  (6) 

Uc  ith  2-k  ]/  Pi 

This  result  is  shown  in  Fig.5  as  a  dotted  line.  Notice 
that  although  slightly  below  the  experimental  data  points, 
it  nevertheless  represents  a  good  prediction.  This  value 
should  actually  be  compared  to  the  experimental  value  of 


Figure  7:  Amplification  rate  versus  wavenumber. 
S=  ol,  01/10,0 1/100. 


Figure  8:  Selected  modes  for  5  varying 
from  1  to  1/1000. 


8.7  X  10“^  (see  Eq.(4)).  Considering  all  the  approxima¬ 
tions  used  in  our  linear  analysis,  agreeement  with  the  ex¬ 
perimental  results  is  indeed  very  good.  The  same  conclu¬ 
sion  holds  for  the  group  velocity.  The  calculation  has  been 
made  assuming  that  ^  >>  1,  this  limit  corresponding  to 
the  experimental  case,  and  it  provides: 

which  has  to  be  compared  with  Eq.(l)  in  the  limit  7^  >> 
1.  For  ^  =  100,  representative  value  of  the  experimental 
conditions,  Eq.(l)  gives  ^  =  0.040. 

CONCLUSION 

The  instability  developing  at  a  liquid-gas  interface  in  a 
two-dimensional  mixing  layer  and  a  coaxial  liquid-gas  jet 
have  been  experimentally  investigated.  It  is  found  that  the 
convection  velocity  of  the  interfacial  spanwise  structures 
is  in  good  agreement  with  the  formula  given  by  Bernal 
and  Roshko  (1986)  obtained  for  non-homogeneous  gaseous 
mixing  layers  (see  Eq.(l)).  The  frequency  of  the  interfacial 
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instability  is  shown  to  be  determined  by  the  shear  in  the 
gas  stream,  and  to  be  given  by  the  nondimensional  relation 
8.7  X  10”^  in  close  agreement  with  the  results  of 
a  linear  stability  analysis  of  inviscid  paralell  flows  in  the 
absence  of  surface  tension. 
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ABSTRACT 

The  process  of  liquid  sheet  disintegration  and  break-up 
into  a  spray  is  studied  making  use  of  a  flat  liquid  film 
surrounded  by  a  mixing  layer  for  variable  strain  levels. 
The  work  considers  a  liquid  sheet  with  an  aspect  ratio  of 
114  and  a  liquid  velocity  up  to  6  m/s  and  allows  to  study 
the  basic  phenomena  typical  of  air  blast  atomisation.  The 
results  include  the  quantification  of  convergence  lengths, 
disintegration  frequency  and  spray  and  deflection  angles, 
for  velocity  ratios  of  the  air  flows  in  each  side  of  the  liquid 
sheet  between  0  and  4,  and  show  that  the  disintegration 
of  the  liquid  sheet  is  associated  with  a  periodic  process, 
which  Is  mainly  dependent  on  the  absolute  air  velocity 
and  the  air-liquid  momentum  ratio. 

INTRODUCTION 

The  basic  mechanisms  involved  in  air  blast  atomisation 
have  been  studied  for  a  number  of  years  making  use  of  planar 
liquid  films  and  major  achievements  have  been  reported  since 
Fraser  et  al.  (1963)  and  Dombrowski  and  Jonhs  (1963),  namely 
by  Mansour  and  Chigier  (1990,  1991),  Eroglu  and  Chigier 
(1991),  Stapper  et  al.  (1992)  and  Lozano  et  al.  (1996).  These 
studies  were  conducted  in  quiescent  ambient  and/or  between 
two  co-flowing  air  streams  of  similar  velocity,  and  although  the 
results  have  contributed  to  improve  knowledge  of  basic 
processes  and  regimes  associated  with  liquid  break-up  and 
atomisation,  the  experimental  conditions  used  do  not  fully 
represent  the  shear  behaviour  of  the  more  practical 
configurations.  Moreover,  streamwise  vorticity  was  shown  to 
considerably  influence  the  break-up  process  (e.g.,  Lozano  et  al, 
1996;  Chigier  and  Reitz,  1996),  but  its  effect  on  the 
disintegration  process  has  not  been  quantified  in  a  systematic 
way.  This  has  motivated  the  present  work,  for  which  vorticity 
generation  can  be  easily  controlled  by  varying  the  velocity 
gradient  established  through  a  liquid  sheet  of  large  aspect  ratio. 


The  present  work  involves  the  analysis  of  the  flow 
downstream  a  2-D  planar  liquid  film  surrounded  by  a  mixing 
layer  for  variable  strain  levels,  which  was  made  possible  by 
injecting  the  liquid  sheet  between  two  independently  controlled 
air  flows.  The  ultimate  objective  is  to  improve  knowledge  of  the 
liquid  break-up  mechanisms  and  their  relation  with  the 
atomisation  quality  in  air  blast  nozzles  of  practical  relevance. 

The  next  section  describes  the  flow  configuration  and  the 
experimental  techniques  used  throughout  the  work.  The  third 
section  presents  and  discusses  the  results  and  the  main  findings 
are  summarised  in  the  last  section. 

EXPERIMENTAL  METHOD 

Figure  1  shows  a  schematic  diagram  of  the  liquid  film 
generator,  which  consists  of:  i)  an  inner  liquid  flow,  with  an  exit 
thickness  of  t  =  0.7  mm,  and  an  aspect  ratio  of  l/t=  1 14;  and  ii) 
outer  air  flows,  with  a  thickness  of  7  mm,  which  are  passed 
along  either  sides  of  the  liquid  film  to  produce  a  shear  force  at 
the  air-liquid  interface.  Air  can  be  fed  through  the  left  and  right 
channels  separately,  thus  allowing  the  air  velocity  ratio  to  be 
varied  between  0  and  4,  with  absolute  average  velocities  up  to 
40  m/s.  The  impingement  angle  of  the  air  flows  towards  the 
liquid  film  is  30  deg.  Water  was  used  as  the  test  liquid,  and  the 
results  reported  here  are  for  a  liquid  velocity  up  to  6  m/s. 

Different  visualisation  techniques  were  used  throughout  the 
work,  which  include  laser  light  sheet  illumination  obtained  by 
spreading  a  laser  beam  with  a  cylindrical  lens,  with  individual 
images  acquired  by  a  35  mm  camera  operating  with  400  ASA 
films,  and  exposure  time  varying  between  4  ms  and  66  ms.  In 
addition,  back  white  lighting  of  the  flow  was  used,  making  use 
of  a  strobelight  operating  at  different  frequencies.  Flow  images 
were  acquired  by  a  CCD  video  camera,  each  frame 
corresponding  to  an  individual  image  of  the  flow,  with  an 
exposure  time  of  1 .2  ps. 
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Figure  1.  Schematic  diagram  of  the  flat  liquid  film  generator 

The  oscillatory  frequency  of  the  liquid  sheet  prior  to  break-up, 
as  identified  before  in  the  literature,  was  analysed  by  matching 
the  strobelight  frequency  ,fs,  with  that  of  the  flow,  for 
0<fs(Hz)<250.  The  analysis  allowed  to  identify  the  fundamental 
frequency  of  the  sheet  oscillation,  as  well  as  related  harmonics, 
and  sample  results  are  presented  here  with  the  purposes  of 
contributing  to  the  qualitative  analysis  of  the  liquid  break-up 
process.  A  comprehensive  analysis  of  the  liquid  sheet 
oscillatory  motions  is  presented  elsewhere. 

RESULTS  AND  DISCUSSION 

The  results  of  the  work  discussed  in  this  paper  are  presented 
in  three  parts,  namely  :  i)  for  a  liquid  sheet  in  the  absence  of  air 
flow;  ii)  for  a  liquid  sheet  surrounded  by  two  sheets  of  high¬ 
speed  air  of  similar  flow  rate;  and  iii)  for  a  liquid  sheet  in  a 
mixing  layer  formed  between  two  air  sheets  of  different 
velocity.  The  results  presented  in  the  first  two  parts  allow  to 
assess  the  present  flow  field  in  terms  of  those  previously 
reported  in  the  literature  ,  while  the  last  part  introduces  new 
data  on  the  analysis  of  the  disintegration  of  liquid  sheets  typical 
of  practical  airblast  atomisation  .  The  novelty  derives  from  the 
need  to  better  control  the  atomisation  of  liquid  sheets,  namely 
by  increasing  the  shear-generated  vorticity  created  at  the  liquid 
interphases. 


disturbed  over  all  its  extension.  Following  again  Mansour  and 
Chigier  (1990),  it  is  interesting  to  note  that  these  disturbances 
are  dampened  on  the  downstream  region,  because  turbulent 
energy  production  ceases  at  the  nozzle  exit  and  the  liquid  sheet 
tends  to  laminarize  as  a  result  of  viscous  dissipation  of  turbulent 
energy. 


a) 


b) 


Figure  2.  Analysis  of  the  convergence  length  of  the  liquid  film 
(1=80  mm;  t=0.7  mm),  for  U]=U2=  0 

a)  Flow  visualisation 

b)  Lc  as  a  function  of  the  liquid  velocity,  Ul 


Figure  2  presents  sample  results  obtained  in  the  absence  of 
air,  which  characterise  a  convergent  sheet  bounded  by  thick 
rims  that  are  drawn  together  by  surface  tension  forces,  as  first 
described  by  Mansour  and  Chigier  (1990). 

The  convergence  length,  Lc,  increases  with  the  liquid  film 
velocity,  Ul,  as  shown  in  Figure  2  b),  where  Lc  is  plotted  versus 
the  relative  velocity  (Ur  =  Us-Ul).  The  results  must  be 
extrapolated  with  care  due  to  their  dependence  on  the  geometry 
of  the  sheet  generator,  but  show  a  clear  linear  increase  of  the 
convergence  length  as  the  liquid  flow  rate  increases,  which  is  in 
qualitative  agreement  with  the  results  of  Mansour  and  Chigier 
(1990).  The  central  part  of  the  film  keeps  a  smooth  appearance 
for  small  liquid  velocities  Ul,  although  it  exhibits  small  ripples 
near  the  exit  for  Ul  =  2.1  m/s,  Rcl  =  1628.  As  the  liquid  mass 
flow  rate  increases,  this  effect  is  more  pronounced  and  at  Ul  = 
2.9  m/s  (ReL  =  2249)  the  liquid  surface  becomes  clearly 


When  the  liquid  film  is  surrounded  by  two  sheets  of  air 
flow,  the  aerodynamic  forces  become  stronger  and  the  surface 
tension  forces  cannot  contradict  the  increase  of  the  growth  rate 
of  the  initial  disturbance,  thus  the  liquid  film  starts  to 
disintegrate  closer  to  the  nozzle  exit.  Consequently,  for  high 
enough  values  of  air  mass  flow  rate,  a  convergence  length  no 
longer  can  be  defined  and  a  break-up  length  is  quantified 
instead. 

Figures  3  and  4  show  two  different  views  of  the  liquid  film 
for  different  air  flow  rates  and  Ul  =  0.9;  1.6  m/s,  which  exhibit 
similar  liquid  surface  characteristics  to  those  reported  before  by 
Mansour  and  Chigier  (1991)  and  Lozano  et  al  (1996).  The 
results  obtained  for  high  liquid  velocities  resemble  those 
characterise  by  “cellular”  break-up,  in  that  the  liquid  sheet 
issuing  from  the  nozzle  is  drawn  up  into  small,  but  ordered 
“cell”  structures.  As  the  shear  strength  is  increased,  namely  by 
decreasing  the  liquid  velocity,  the  sheet  gives  rise  to 
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stream  wise  ligaments,  which  are  formed  very  close  to  the 
nozzle.  The  analysis  shows  that  a  span  wise  wave  is 
superimposed  on  top  of  the  streamwise  ligaments,  which  grow 
together  and,  as  a  result,  gives  rise  to  the  type  of  distorted 
waves  discribed  by  Mansour  and  Chigier  (1991)  downstream  of 
the  initial  sinusoidal  wave. 


98  mm _ ^  bj 


Figure  3.  Front  view  (strobelight  visualization)  of  the  flat  liquid 
film  for  Ui=U2=20  m/s 

a)  Ul  =  0.9  m/s 

b)  Ul=  1.6  m/s 


39  mm 


Figure  4.  Side  view  (strobelight  vizualization)  of  the  flat  liquid 
film  for  Ui=U2=20m/s 
a)UL  =  0.9m/s;  b)UL=1.6m/s 

It  should  also  be  noted  that  the  mixing  process  between  the 
two  air  flows  is  strongly  influenced  by  the  turbulence  field 
produced  by  the  aerodynamic  and  geometrical  exit  conditions. 
The  near  exit  region  is  influenced  by  the  velocity  ratio  between 
the  two  co-flowing  air  streams  and  by  the  geometry  of  the 
separation  wall  between  them,  which  is,  very  thin  in  the  present 
case.  In  addition,  the  characteristics  of  the  boundary  layers  at 
the  exit  plane  will  influence  the  characteristics  of  the  air-liquid 
interface.  In  the  present  configuration  the  atomising  air  has  a 
velocity  component  in  a  direction  normal  to  the  liquid  film  and, 
as  a  consequence,  the  interaction  between  the  liquid  and  the 
atomising  air  is  enhanced.  For  low  liquid  velocities,  the  liquid 
film  emerging  from  the  nozzle  is  rapidly  tom  into  small 
fragments  by  the  immediate  interaction  between  the  liquid  and 
the  impinging  air  streams,  as  already  suggested  by  Lefebvre 
(1992). 

As  clearly  shown  in  Figure  4,  disintegration  occurs  when 
the  wave  amplitude  reaches  a  critical  value,  as  previously 
described  by  Dombrowski  and  Johns  (1963),  and  fragments  of 
the  liquid  are  tom  off  from  the  ’’outer  layers”  of  the  liquid  film. 
The  fragments  rapidly  contract  into  unstable  ligaments  under 
the  action  of  surface  tension  and  drops  are  formed  as  a  result  of 
ligament  break  up,  as  illustrated  in  Figure  3.  According  to  this 
mechanism,  the  growing  waves  protrude  into  the  coflowing  air 


stream,  promoting  the  interaction  between  the  air  and  the  liquid 
and  causing  the  crests  of  the  waves  to  become  detached  and 
form  ligaments,  which  subsequently  break  into  drops. 

It  is  important  to  note  that  the  previous  analysis  of  liquid 
sheets  surrounded  by  a  co-flow  of  high-speed  air  have  shown 
that  vorticity  created  by  the  sharp  interphase  velocity  gradients 
plays  a  prominent  role  in  the  liquid  break-up  process,  which  is 
oscillatory  in  nature  and  dominated  by  contrast  frequencies. 
Based  on  the  measurement  technique  described  above,  sample 
results  of  the  sheet  oscillation  frequency  are  plotted  in  figure  5, 
as  a  function  of  the  liquid  velocity.  The  results  characterise  the 
sinusoidal  mode  of  oscillation  described  by  Mansour  and 
Chigier  (1991)  and  Lozano  et  al  (1996)  and  show  that  the 
frequency  oscillation  is  affected  by  the  liquid  velocity  only  for 
UL>lm/s. 


Figure  5.  Vibration  frequency  of  the  liquid  sheet  as  a  function 
of  the  liquid  velocity  for  Ui=U2=20  m/s 

The  characteristics  of  typical  oscillating  liquid  sheets  and  of 
the  downstream  spray  are  easily  observed  in  the  side  view  of 
figure  4,  which  clearly  identify  two  distinct  modes  of  operation. 
First,  the  liquid  film  may  oscillate  left  and  right,  and  drops  are 
tom  away  from  the  liquid  surface  at  the  extreme  radial  positions 
(i.e.,  far  away  form  the  geometrical  axis  of  the  liquid  film). 
Second,  the  liquid  film  seems  to  keep  vertically  aligned  with  the 
liquid  exit,  and  drops  are  spread  symmetrically  from  both  sides 
of  the  liquid  surface  with  a  very  precise  frequency.  Both  modes 
are  alternatively  present,  and  were  identified  for  a  large 
frequency  range,  above  44  Hz. 

The  analysis  above  validates  the  comparison  between  the 
present  flow  and  those  reponed  previously  in  the  literature, 
which  reflect  the  importance  of  streamwise  vorticity  in  the 
formation  of  liquid  ligaments  and  droplets.  We  now  turn  to 
the  analysis  of  the  process  of  liquid  disintegration  in  the 
presence  of  increased  shear,  by  surrounding  the  liquid  sheet 
with  two  air  flow  sheets  at  different  flow  rates.  As  a  result,  the 
liquid  flow  and  dispersed  phase  downstream  of  the  nozzle 
becomes  significantly  assymmetric  and  may  be  characterized,  as 
in  figure  6,  through  consideration  of  a  deflection  angle,  p,  in 
addition  to  the  typical  spray  angle, 
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Figure  6.  Schematic  diagram  of  the  liquid  sheet  analysis  for  Ui 

The  criterion  to  measure  these  angles  was  to  follow  the 
crests  of  the  major  liquid  perturbations,  but  not  considering  the 
droplets  surrounding  the  liquid  sheet.  In  general,  the  analysis 
has  shown  a  substantial  decrease  in  the  spray  angle,  as  the 
liquid  flow  rate  was  increased.  This  agrees  with  the 
observations  of  Mansour  and  Chigier  (1990)  and  is  explained 
since  the  specific  energy  of  air  per  unit  volume  of  liquid  leaving 
the  nozzle  is  reduced.  Increasing  the  liquid  flow  rate  results  in 
the  decrease  of  the  air-liquid  relative  velocity  at  the  interface, 
which  is  accompanied  by  a  reduction  of  the  amplitude  of 
oscillations  of  the  liquid  sheet,  with  a  corresponding  decrease  in 
the  spray  angle. 

Prior  to  the  quantitative  analysis  of  the  spray  and  deflection 
angles,  it  is  important  to  note  that  under  non-symmetric  mixing 
conditions,  the  liquid  sheet  break-up  process  follows  the 
mechanism  described  above.  Figure  7  shows  sample  front 
views  of  the  present  flow  for  different  air  velocity  ratios  (Ur 
U2)/Ui,  which  identify  the  “cellular”  and  “streamwise  ligament” 
break-up  processes  identified  before.  Figure  8  shows  the 
related  side  views  and  it  is  important  to  note  the  stabilizing 
effect  on  the  flow,  as  the  velocity  gradient  across  the  liquid 
sheet  is  increased,  namely  in  the  near  nozzle  region. 
Nevertheless,  this  does  not  alter  the  oscillatory  nature  of  the 
breakup  process,  which  is  characterized  again  by  the  presence 
of  ligaments  oriented  in  the  spanwise  direction,  as  a  result  of  the 
growth  of  spanwise  sinusoidal  waves  that  form  on  the  liquid 
sheet  as  it  exists  the  nozzle. 

Figure  9  shows  measured  spray  angles  plotted  as  a  function 
of  the  liquid  velocity  for  different  air  flow  rates.  The  results 
were  obtained  with  exposure  times  of  the  order  of  Is  and  the 
related  uncertainty  is  estimated  to  be  ±  10^^  (approximately 
10%).  For  all  operating  conditions,  a  region  of  maximum  spray 
angle  occurs,  followed  by  a  sharp  decrease  for  higher  values  of 
liquid  velocity.  The  maximum  value  of  spray  angle  is  displaced 
to  higher  values  of  liquid  velocity  as  the  air  flow  rate  increases, 
the  maximum  value  decreasing  with  the  air  flow  rate,  as 
observed  by  Mansour  and  Chigier  (1991)  and  Lozano  et  al 
(1996)  for  similar  and  higher  air  velocities. 


98  mm _ ^ 


Figure  7.  Front  view  (strobelight  visualisation)  of  the  flat  liquid 
film  for  Ui>U2 

a)  Ul  =  0.9  m/s;  Ui=  20  m/s;  U2=  0 

b)  Ul=  0.9  m/s;  U,=  39  m/s;  U2=  0 

c)  Ul  =  1 .6  m/s;  Ui=  20  m/s;  U2=  0 

d)  Ul=  1.6  m/s;  U,=  39  m/s;  U2=  0 


39  mm 


Figure  8.  Side  view  (strobelight  visualization)  of  the  flat  liquid 
film  for  Uj  >U2 

a)  Ui=  20  m/s;  U2=  0 

b)  Ui=  39  m/s;  U2=  0 

It  is  important  to  note  that  a  temporary  change  in  the  spray 
structure  was  detected  as  the  liquid  velocity  was  increased, 
which  is  accompanied  by  highly  unsteady  sprays  for  a  very 
narrow  range  of  Ul-  The  process  appears  to  be  dependent  on 
the  air  flow  rate,  with  the  spray  angles  varying  around  ±I5-20‘'. 
For  a  small  increase  in  liquid  velocity,  very  poor  atomisation  is 
obtained  and  the  spray  angle  undergoes  another  sharp 
decrease. 

The  deflection  angles,  as  shown  in  Figure  10a),  decrease 
with  increasing  liquid  velocity  for  a  constant  value  of  air  flow 
rate,  with  the  results  suggesting  a  well-behaved  nature  of  the 
liquid  disintegration  process  under  non-symmetric  mixing 
conditions.  The  results  are  found  to  be  represented  as  a  function 
of  the  reciprocal  of  the  air-to-Iiquid  momentum  ratio,  as  in 
figure  I  Ob).  This  behaviour  was  also  found  by  Carvalho  and 
Heitor  (1995)  with  reference  to  the  atomisation  of  an 
axissymmetric  liquid  sheet  formed  between  turbulent  coaxial 
jets  and  the  analysis  calls  for  the  importance  of  the  present 
results  in  order  to  improve  knowledge  of  practical  air 
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U  L  (n'/s) 

U  1  =  U  2  =  20  m/s 
U  ^  =  U  2  =  39  m/s 


— U  ,  =  39  m/s;  U  j  =  20  m/s 
-4|F—  U  ,  =  20  m/s:  U  2  =  5  m/s 


Figure  9.  Analysis  of  the  spray  angle  (following  the  definition 
of  Figure  6)  as  a  function  of  the  liquid  velocity 

a) U,=U2 

b)  Ui>U2 


U,  =  20  m/s;U2=10m/s 
U  ^  =  39  m/s;  U  j  =  20  m/s 
U  ^  =  20  m/s;  U  j  =  5  m/s 
U  ^  =  30  m/s;  U  g  =  10  m/s 


Figure  10.  Analysis  of  the  spray  deflection  for  U]>U2,  as  a 
function  of  the  liquid  velocity  and  air/liquid 
momentum  ratio 

a)  Spray  defection  as  a  function  of  the  liquid 
velocity,  Ul 

b)  spray  deflection  as  a  function  of  air/liquid 
momentum  ratio 


blast  prefilming  atomizers.  Another  interesting  observation  is 
that  even  under  strong  shear  conditions  across  the  liquid  sheet, 
when  the  droplets  are  generated  mainly  from  streamwise 
oriented  filaments,  the  presence  of  longitudinal  waves  causes 
intermittent  droplet  clouds. 


CONCLUSIONS 

The  disintegration  process  of  a  flat  liquid  film  under 
symmetric  and  non  symmetric  mixing  conditions  is  studied  by 
means  of  different  visualisation  techniques.  The  ultimate 
objective  is  to  improve  knowledge  of  shear-driven  atomisation 
processes,  in  a  way  that  allows  to  study  the  basic  phenomena 
typical  of  air  blast  atomisation. 


27-10 


The  results  quantify  the  process  of  liquid  disintegration  and 
breakup  for  a  liquid  sheet  with  an  aspect  ratio  of  114,  a 
thickness  of  0,7  mm  and  liquid  velocities  in  the  range  0.9  to 
6m/s,  and  show  that  the  deterioration  of  the  liquid  film  is 
associated  with  a  periodic  process  mainly  dependent  on  the  air 
velocity.  The  principal  cause  of  instability  is  due  to  the 
interaction  of  the  film  with  the  surrounding  air  flow,  whereby 
rapidly  growing  waves  are  imposed  on  the  liquid  surface. 
Disintegration  occurs  when  the  wave  amplitude  reaches  a 
critical  value  and  fragments  of  sheet  are  tom  off.  The  fragments 
rapidly  contract  into  unstable  ligaments  under  the  action  of 
surface  tension  and  drops  are  produced  as  the  latter 
subsequently  break  down.  The  process  seems  to  be  strongly 
dependent  on  the  “energy”  associated  with  the  air  flows, 
although  the  results  show  that  the  gas-to-liquid  momentum  ratio 
is  the  key  parameter  in  the  atomisation  process,  namely  under 
non-symmetric  mixing  conditions. 
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ABSTRACT 

An  experimental  characterization  of  the  dispersion  of 
bubbles  in  a  plane,  turbulent  mixing  layer  using  a  combina¬ 
tion  of  Phase  Doppler  Particle  Anaiizer  (PDPA)  and  laser 
scattering  measurements  is  presented.  It  is  shown  that  for 
bubbles  with  Stokes  Numbers  based  on  the  turnover  time 
of  the  large  eddies  equal  to  or  less  than  one,  their  mean,  lat- 
ercil  dispersion  is  independent  of  their  size.  This  is  shown 
to  be  the  case  even  for  downstream  distances  well  beyond 
the  mixing  transition  where  the  shear  layer  exhibits  a  wide 
range  of  eddy  sccdes,  and  the  Stokes  Number  of  the  bubbles 
based  on  the  smaller  scales  are  greater  than  one. 

INTRODUCTION 

The  characterization  of  particle-turbulence  interaction  is 
of  fundamental  importance  to  a  wide  variety  of  flows  and 
applications.  Dispersion  of  small,  heavy  spherical  particles 
in  temporally  evolving  shear  flows  hcis  been  studied  nu- 
mericcill}^  and  experimentally  in  the  last  decade.  It  is  well 
known  that  the  behaviour  of  free  shear  layers  is  dominated 
by  the  presence  of  l2uge-sc£de,  coherent  vortices  (Brown 
h  Roshko  1974),  whose  pairing  cind  amalgamation  deter¬ 
mine  the  growth  of  the  turbulent  mixing  region  (Winant 
&  Browand  1974).  The  receptivity  to  forcing  the  primary 
instability  which  leads  to  the  formation  of  these  large  ed¬ 
dies  makes  the  free  shear  layer  one  of  the  most  interesting 
turbulent  flows  with  which  to  study  the  motion  of  small 
particles  in  turbulent  flows  as  well  as  to  analyze  the  role  of 
the  coherent  structures  in  the  dynamics  of  the  dispersion 
process. 

Particles  of  different  density  than  the  bcise  flow  can  exhibit 
different  dispersion  characteristics  in  turbulent  flows.  Al¬ 
though  the  above  is  true  for  particles  denser  and  lighter 
than  the  base  fluid,  their  dispersion  mechanism  has  been 
shown  to  be  very  different.  Experimental  studies  of  liquid 
droplets  dispersing  in  a  gaseous,  free  shear  layer  (Lazciro  h 
Lasheras  1989,  1992a  and  1992b)  have  shown  that  small¬ 
sized  particles  behave  almost  as  fluid  particles  while  parti¬ 
cles  greater  than  a  critical  size  are  flung  out  to  the  edge  of 
the  vortex  leaving  their  core  depleted.  Lazciro  ctnd  Lasheras 
also  found  a  similarity  in  the  spreading  rate  of  the  droplet 
concentration  depending  on  their  size  by  normalizing  the 


downstream  distance  and  the  particle  concentration  thick¬ 
ness  of  each  droplet  size  family  using  a  particle  viscous 
relaxation  length  defined  as: 


18pu 


(1) 


When  the  particles  are  much  lighter  than  the  base  flow 
(i.e.  bubbles),  their  interaction  with  the  large-size  coher¬ 
ent  eddies  of  the  shear  layer  has  been  shown  to  lead  to  the 
opposite  phenomena  whereby,  depending  on  their  size,  the 
bubbles  accumulate  in  the  core  of  the  large  eddies  (Rightley 
1995).  Numerical  simulations  of  the  motion  of  bubbles  in 
a  planar,  free  shear  layer  by  Ruestsch  and  Meiburg  (1993) 
have  also  shown  that  the  concentration  of  bubbles  accumu¬ 
lating  in  the  vortex  cores  increases  with  the  bubble  Stokes 
number.  However,  numerical  simulations  by  Crowe  et  al 
(1992)  found  little,  or  no  effect,  of  the  Stokes  number  in 
the  dispersion  characteristics  of  the  bubbles,  a  result  which 
they  attributed  to  the  fast  relaxation  time  of  the  bubbles. 
In  spite  of  the  above  studies,  there  is  a  lack  in  the  exper¬ 
imental  characterization  of  the  dispersion  of  bubbles  in  a 
planar,  turbulent  shear  layer.  In  particular,  one  of  the  im¬ 
portant  issues  which  remains  unsolved  is  the  determination 
of  the  maximum  bubble  size  for  which  the  bubbles  can  be 
assumed  on  the  average  to  disperse  as  fluid  particles.  Al¬ 
though  the  turbulent  shear  layer  exhibits  a  wide  spectrum 
of  frequencies,  it  is  well  known  that  most  of  the  turbu¬ 
lent  kinetic  energy  is  contained  in  the  large-scale,  coherent 
vortices.  Thus,  it  is  reasonable  to  assume  that  the  mean 
dispersion  of  the  bubbles  will  be  dominated  by  their  inter¬ 
action  with  these  large  eddies.  One  can  conclude  therefore, 
only  particles  with  a  viscous,  relaxation  time  larger  than 
the  turnover  time  of  these  lca*ge  coherent  eddies  should 
have  a  mean  dispersion  different  from  fluid  particles.  The 
above  simplified  argument  will  only  hold  true  if  one  ne¬ 
glects  the  effect  of  the  interaction  of  the  bubbles  with  the 
wide  range  of  eddy  scales  also  present  in  the  shear  layer, 
an  issue  which  remains  unsolved.  Thus,  in  order  to  study 
the  ratnge  of  bubble  sizes  below  which  the  mean  disper¬ 
sion  characteristics  of  the  bubbles  are  equ2J  to  that  of  fluid 
particles,  we  have  conducted  a  series  of  detailed  experi¬ 
ments  where  bubbles  with  viscous  relaxation  times  equal 
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or  smaller  than  the  turnover  time  of  the  large-scale  eddies 
developing  in  the  mixing  layer  have  been  analyzed.  In  our 
study,  we  combine  PDPA  measurements  with  light  scat¬ 
tering  measurements  to  obtain  detailed  measurements  of 
the  evolution  of  the  bubble  concentration  field  as  a  func¬ 
tion  of  the  bubble  size.  These  measurements  are  then  used 
to  determine  the  optimum  diameter  of  the  bubbles  below 
which  their  mean  dispersion  is  independent  of  their  size. 
These  results  are  shown  to  be  relevant  to  the  implementa¬ 
tion  of  ^’arious  mecisurement  techniques  such  as  hydrogen 
bubble  visualizations,  LDV  and  PIV  measurements.They 
also  have  important  implications  in  the  design  of  industrial 
processes  such  as  two-phase  flow  chemical  reactors,  particle 
separators,  etc. . . . 

Experimental  Facility  and  Measurement  Tech¬ 
niques 

The  experimental  set-up  consists  of  a  horizontal  shear 
layer  produced  by  two  water  streams  which  meet  at  the 
trailing  edge  of  a  thin  splitter  plate  (Figure  1).  The  water 
is  supplied  from  two  1000  gallon  reservoirs  which  feed  two 
independent  constant  head  tanks.  The  water  channel  en- 


Figure  1:  Experimental  Facility 


trance  is  equipped  with  various  elements  to  attenuate  the 
turbulence  and  to  damp  out  the  surface  waves  produced  by 
the  supply  jets  discharging  into  the  channel.  A  variety  of 
honeycomb  sections  and  screens  are  carefully  placed  in  the 
upper,  slow  stream  to  homogenize  the  flow.  The  lower,  fast 
stream  uniformly  loaded  with  bubbles  is  therefore  undis¬ 
turbed  to  avoid  an  xmdesired  accumulation  of  bubbles  on 
the  screens  and  to  prevent  changes  in  the  flow  conditions 
with  time.  Both  streams  are  driven  through  a  3:1  area 
contraction  nozzle  before  dischcirging  into  the  test  section. 
The  water  at  the  end  of  the  test  section  is  collected  into  two 
tanks  where  the  bubbles  have  time  to  settle  down,  before 
the  flow  is  recirculated  back  into  the  meiin  reservoirs. 

The  bubbles  are  generated  by  injecting  water,  saturated 
with  CO2  from  a  water  tank  pressurized  at  60  psi,  through 
an  array  of  small  nozzles  drilled  into  a  grid  of  brass  tubes 
evenly  distributed  along  the  width  of  the  entrance  of  the 
lower  stream  in  the  chcinnel  (see  Figure  1).  The  turbulence 
produced  by  the  small  jets  mixes  the  bubbles  into  the  flow, 
thereby  reaching  a  homogeneous  bubble  concentration  at 
the  entrance  of  the  test  section.  Accumulation  of  bubbles 
on  the  plate  which  separates  the  upper  and  lower  layer  is  re¬ 
moved  by  suction  before  they  reach  the  edge  of  the  splitter 
plate  to  avoid  the  introduction  of  undesired  perturbations 
into  the  flow. 

Two  different  optical  measurement  techniques  are  used 
to  characterize  the  evolution  of  the  bubbles  in  the  shear 
layer  and  to  study  their  dispersion  characteristics  accord¬ 
ing  to  their  size:  digital  image  processing  of  time-averaged 
measurements  of  the  90^  scattered  light  by  the  particles 
(Figure  2),  and  Phase  Doppler  sizing  and  velocimetry 
(PDPA). 


Figure  2:  Evolution  of  the  concentration  of  bubbles  in  the 
shear  layer.  Intensity  of  the  scattered  light  at  distances  from 
25  to  350  mm  from  the  trailing  edge  of  the  splitter  plate  is 
shown.  The  cross-section  gaussian  profile  of  the  laser  beam 
can  be  seen  at  each  feestream  location. 


Initial  Conditions 

The  flow  conditions  chosen  for  our  study  are  a  turbu¬ 
lent,  free  shear  layer  with  mean  freestream  velocities  of 
Ui  =  7cm/ s  and  U2  =  2Scm/s  (Figure  1).  The  convective 
velocity  of  the  large  eddies  forming  in  the  mixing  layer  is 
Uc  =  =  17.5cm/s.  The  most  unstable  frequency 

of  the  naturally  evolving  shear  layer  was  experimentcdy 
found  to  be  approximately  2  Hz,  which  together  with  the 
above  convective  velocity  gives  a  wavelength  of  the  leirge 
eddies  of  about  8.75  cm,  A  uniform  concentration  of  po- 
iidispersed  size  bubbles  with  sizes  ranging  from  10  to  150 
/um  is  injected  in  the  lower,  fast  stream.  A  vertical  tra¬ 
verse  of  the  bubble-laden  freestream  performed  under  the 
splitter  plate  (Figure  4)  shows  a  uniform  initial  concen¬ 
tration  of  bubbles  (void  fraction).  In  addition,  very  few 
variations  of  the  probabilit}'  density  function  and  mean  di¬ 
ameters  (Ds2,Dio)  of  the  bubbles  across  the  freestream 
were  detected  (Figure  3).  Therefore, we  can  conclude  that 
our  bubble  generation  and  injection  mechanism  produces 
a  steady  bubble-laden  flow  containing  bubbles  with  a  wide 
range  of  diameters  which  cire  uniformly  distributed  across 
the  free  stream.  Furthermore,  the  initial  bubble  void  frac¬ 
tion  and  the  bubble  size  distribution  function  are  the  same 
everywhere  across  the  free  stream  indicating  that  gravita¬ 
tional  settling  is  negligible  in  our  experiments. 

Experimental  Techniques 

The  ch2u-acterization  of  the  evolution  of  the  bubble  field 
was  made  using  several  optical  techniques:  digital  image 
processing  of  the  intensity  of  the  90^  scattered  light  by 
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Figure  3:  Freestream  Conditions:  a)  Axial  evolution  of  the 
Probability  Density  Function,  b)  Axial  evolution  of  Mean  and 
Sauter  Mean  Diameter. 


Figure  4:  Initial  Conditions:  a)  Vertical  evolution  of  the 
Probability  Density  Function,  b)  Vertical  evolution  of  Mean 
and  Sauter  Mean  Diameter. 


the  bubbles,  and  PDPA  particle  sizing  and  velocimetry. 
The  light  scattered  by  the  cloud  of  bubbles  as  a  vertical 
laser  beam  is  shined  through  the  mixing  layer  is  collected 
at  90®  by  a  CCD  camera  and  processed  with  a  NIH  1.60 
image  processing  package.  Time  average  of  the  scattered 
light  at  different  downstream  positions  from  the  splitter 
plate  allows  us  to  measure  the  lateral  spreading  rate  of  the 
concentration  of  bubbles  (Figure  2).  When  the  scattering 
medium  is  diluted  cind  made  up  of  spherical  bubbles  whose 
mean  spacing  is  much  larger  than  their  diameter,  multiple 
scattering  effects  can  be  neglected.  Under  these  conditions 
Lazaro  1989  has  shown,  using  the  MIE  scattering  theory 
that: 


=  (2) 

Jo  ^ 

where  ai  and  Pdf{D)  are  the  concentration  of  bubbles  and 
the  volume  probability  density  function  respectively,  I  is 
the  scattered  light  intensity,  7©  is  the  intensity  of  the  in¬ 
cident  beam,  L  is  the  propagation  length  or  length  along 
the  path  of  the  laser  beam,  and  D  is  the  diameter  of  the 
bubbles.  Defining  the  attenuation  parameter  as  (t  = 
we  calculate  the  normalized  concentration  of  bubbles  as: 

where  oo  refers  to  a  reference  free  stream  conditions.  A 
Phase  Doppler  Particle  Analyzer  system  W2is  used  to  mea¬ 
sure  simultaneously  the  local  instantcineous  two  compo¬ 
nents  of  the  velocity  and  the  size  of  the  bubbles.  Therefore 
the  probability  density  functions  needed  in  equation  (3)  are 


measured  to  compute  the  concentration  of  the  bubbles,  a 6, 
and  its  evolution  within  the  mixing  layer.  By  distinguish¬ 
ing  the  velocity  data  by  size,  we  were  able  to  calculate  the 
mean  value  and  rms  of  the  velocity  of  the  bubbles  depend¬ 
ing  on  their  diameter,  and  to  calculate  the  spatial  variation 
of  the  time  average  concentration  of  bubbles  of  each  size 
Q:b(D)  as  follows: 

ab(D)  ^  Pdf(D)ioo  g  ... 

aboo(D)  Pdf(D)  (boo 


Theoretical  considerations 
The  imsteady  equation  of  motion  for  a  small  spherical 
particle  of  radius  and  mass  mb  is  given  by: 


dV 

m6—  =  (mb  -  m/)g  -  67TrbfJtf(V  -  u) 
Du  1  d(V-u) 

-\-m  f-zr - m/— ^ ; - - 

^  Dt  2  ^  dt 


(5) 


where  the  terms  on  the  right  hand  side  of  equation  (5)  are 
buoyancy,  viscous  Stokes  drag,  effects  of  pressure  gradient 
and  added  mass.  In  this  equation  we  have  neglected  the 
Basset  history  term  and  other  effects,  such  as  Faxen  cor¬ 
rection,  etc.  V  is  the  bubble  velocity,  u  is  the  velocity  of 
the  fluid  and  m/  is  the  mass  of  the  carrier  fluid  contained 
in  a  volume  of  the  same  size  as  the  volume  of  the  bubble. 
In  the  case  of  small  bubbles  where  mb  ^  mj  equation  (5) 
simplifies  to: 


dt 


9z^/(V  -  u)  ,  ^Du 


(6) 
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Figure  5:  Similar  profiles  of  velocity 


Figure  6:  Similar  profiles  of  global  concentration  of  bubbles 


For  the  flow  conditions  and  size  of  bubbles  presented  above, 
one  can  define  the  following  characteristic  times  which  gov¬ 
ern  the  bubble  motion: 


n 


^9 


dl 

36i^f 

6 

AU 

Vt 


(7) 


where  T6,  Tg  are  relaxation  (viscous)  and  buoyant  times  re¬ 
spectively,  and  Tf  is  the  eddy  turnover  time  (corresponding 
to  the  large  eddies).  Vt  =  is  the  terminal  velocity  of 
the  bubble  in  still  fluid,  S  is  the  characteristic  length  of 
the  large  scales  (taldng  as  the  momentum  thickness  of  the 
shear  layer),  and  AU  =  U2  —  Ui  is  the  difference  between 
the  freestream  velocities.  In  addition  to  the  fluid  time  (or 
turnover  time)  defined  with  the  large  scale  eddies,  we  can 
define  a  similar  turnover  time  for  each  of  the  scaJes  present 
in  the  shear  layer.  This  leads  to  a  wide  range  of  time  scales 
spaning  from  the  Kolmogorov  turnover  time,  Tfc,  to  the  r/ 
defined  in  equation  (7),  The  Stokes  number  is  defined  as 
the  ratio  between  the  bubble  relaxation  time  amd  the  tur¬ 
bulent  flow  time: 


Results 

From  the  dimensionless  profiles  of  the  mean  longitudi¬ 
nal  component  of  the  velocity  and  bubble  concentrations 
we  have  calculated  several  parameters  to  characterize  the 
lateral  spreading  of  the  bubbles  and  compared  it  to  that  of 
the  longitudinal  momentum.  For  this  comparison,  we  have 
specifically  selected  the  following  parameters: 


The  10%  Level  Thickness  of  the  axial  velocity,  Sl»,  or  the 
difference  between  the  vertical  coordinate  of  the  locations 
where  the  velocity  drops  from  90%  to  10%  of  the  freestream 
vcilue 

Slu  =  yiUn  =  0.1)  -  y{Ur^  =  0.9);  (9) 

the  momentum  thickness,  Su,  defined  as: 


Su 


Ur.{l-Un)dy 


(10) 


where  Un 


u-u^ 


the  10%  Concentration  Level  Thickness,  Sl^{D) 


Sl&(D)  =  y(an  =  0.1)  -  y(dn  =  0.9), 


(11) 


and  the  Concentration  Integral  Thickness,  define 

as: 


^  d^AU 


(8) 


For  the  bubbles  to  follow  the  flow  and  behave  as  passive 
scalars,  rt,  must  be  smaller  than  any  flow  characteristic 
times  for  all  ranges  of  scales,  i.e.  the  Kolmogorov  turnover 
time,  Tfc. 


S^{D)=  f  an(D)il-6„iD))dy  (12) 

J  —  OO 

where  an(-D)  =  .  It  is  important  to  notice  that,  as 

it  was  shown  in  equation  (4),  Slsi(D)  and  S&{D)  depend 
on  the  diameter  of  the  bubble  in  general. 


Selecting  a  characteristic  length  of  J  =  Imm,  diameter  of 
bubbles  of  d  =  100 fim  and  AU  =  21cm/s  we  can  calculate 
the  values  of  the  different  time  scales  from  equation  (7): 

Tb  ~  SrlO^'^s 
Tf  22  3.5rl0“^s 
Tg  ^  1.25s 

and  thus  the  Stokes  number,  St  ^  8rl0“^.  Smaller 

eddies  whose  time  scales  are  smaller  than  r/  may  be  able 
to  accumulate  certain  classes  of  bubbles  depending  on  their 
size.  In  our  case,  where  gravity  plays  an  unimportant  role, 
bubbles  are  expected  to  follow  the  fluctuations  produced  by 
the  large,  coherent  structures  in  the  shear  layer.  Increasing 
the  size  of  the  bubble  to  n  ^  tj,  will  decrease  Tg  as  (P,  and 
bubbles  will  escape  the  mixing  layer  due  to  buoyant  effects. 


The  evolution  of  the  mean  streamwise  velocity  and  the 
intensity  of  the  light  scattered  by  the  bubbles  is  shown  in 
figures  5  and  6  where  the  vertical  distance,  y,  has  been 
normalized  by  the  respective  integral  thickness.  Observe 
that  in  both  cases  self  similar  profiles  occurs  at  50  mm 
downstream  from  the  splitter  plate  in  both  cases.  Thus,  it 
is  clear  from  these  results  that  the  shear  layer  has  already 
developed  after  this  point  and  it  is  well  beyond  the  mixing 
transition. 

ExperimentaJ  data  obtained  with  a  Phase  Doppler  Sys¬ 
tem  at  different  downstream  locations  allows  us  to  study 
the  motion  of  the  microbubbles  as  they  are  convected 
within  the  mixing  region.  Figure  7  shows  the  evolution  of 
the  volume  probability  density  fimction,  Pdf(D),  measured 
at  various  vertical  positions  at  a  downstream  distance  of 
20  cm  from  the  trailing  edge  of  the  splitter  plate.  Very  few 
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Figure  7;  Probability  Density  Function  of  the  volume  of 
bubbles  at  x=  200  mm 


X  (cm) 

Figure  9:  Evolution  of  the  Level  Thickness  (Slo  =  the  initial 
value 


changes  are  significant,  and  any  fluctuations  are  within  the 
instrument  uncertmnty  (see  figures  3  and  4).  Additional 
measurements  of  the  probability  density  functions  at  dif¬ 
ferent  downstream  location  show  similar  features.  There¬ 
fore,  since  no  modifications  are  found  in  the  latercil  and 
longitudinal  evolution  of  the  probability  density  functions 
of  the  bubbles,  the  term  in  equation  (4)  remains 

approximately  equcil  to  one,  and  the  concentration  profiles 
of  the  bubble  size  families  can  be  aproximated  by  the  at¬ 
tenuation  profiles: 


^  Cfe 

^5oo  C^oo 


(13) 


Comparison  of  the  10%  level  thickness  and  integral  thick¬ 
ness  (figures  8  and  9)  calculated  from  the  velocity  and 
concentration  of  bubbles  profiles  shows  identical  results  in 
both  cases.  Smaller  eddies  with  turnover  time  smaller  than 
the  viscous  relaxation  time  of  the  bubbles  may  present 
a  higher  concentration  of  bubbles  in  their  cores,  but  on 
the  time  averaged  measurements  presented  here  this  effect 
is  wiped  out  by  the  influence  of  the  large  eddies  with  a 
turnover  time  higher  than  the  bubble  relaxation  time. 


CONCLUSION 

We  have  shown  that  the  mean  dispersion  of  bubbles  in  a 
turbulent  mixing  layer  is  independent  of  the  bubble  size  if 
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Figure  8:  Evolution  of  Integral  Thickness 


the  bubble  viscous  relaxation  time  is  an  order  of  magnitude 
smaller  than  the  turnover  time  of  the  large,  coherent  eddies 
which  dominate  the  evolution  of  the  turbulent  mixing  layer. 
Furthermore,  we  have  found  that  on  the  average,  these  mi¬ 
crobubbles  disperse  as  fluid  particles,  even  in  downstream 
regions  where  the  mixing  layer  is  well  past  the  mixing  tran¬ 
sition  and  exhibits  the  coexistence  of  a  wide  range  of  tur¬ 
bulent  scciles,  some  of  which  having  eddy  turnover  times 
smellier  than  the  bubble’s  viscous  relaxation  time. 

These  results  are  attributed  to  the  fact  that  although  de¬ 
pending  on  their  size,  bubbles  may  concentrate  in  the  small 
scales,  their  interaction  with  the  large  scale  eddies  domi¬ 
nates  their  mean,  lateral  dispersion.  These  results  are  con¬ 
sistent  with  numerical  simulations  of  bubbles  in  turbulent 
mixing  layers  which  found  that  in  the  absence  of  gravita¬ 
tional  settling,  their  mean  dispersion  is  only  a  function  of 
their  Stokes  Number  based  on  the  large  scade  eddies. 
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ABSTRACT 

Large  eddy  simulation  (LES)  has  been  used  for  predic¬ 
tion  of  the  particle-laden  turbulent  flow  in  a  vertical  chan¬ 
nel,  Calculations  were  performed  at  a  Reynolds  number 
based  on  friction  velocity  and  channel  half- width  of  180. 
Subgrid-scaie  stresses  in  the  fluid  were  closed  using  the  La- 
grangian  dynamic  eddy  viscosity  model.  Particle  motion 
was  governed  by  drag.  Particle-particle  collisions  were  ne¬ 
glected  and  the  fluid  was  not  modified  by  the  presence  of 
the  particles.  Residts  for  a  particle  density  ratio  of  2118 
are  presented  in  this  paper,  statistics  of  the  dispersed  phase 
were  obtained  from  the  trajectories  of  250,000  particles. 
The  simulation  results  were  used  to  perform  an  a  priori 
evaluation  of  closure  model  assumptions  in  the  two-fluid 
model  of  Simonin  (1991a).  In  general,  there  is  good  agree¬ 
ment  between  LES  results  and  closure  assumptions  used 
for  the  unknown  terms  in  the  particle  kinetic  stress  and 
fluid-paitide  covariance  transport  equations.  Turbulent 
momentum  transfer  from  the  fluid  in  the  particle  kinetic 
stress  equation  is  accurately  predicted.  In  the  fluid-particle 
covariance  equation  the  greatest  discrepancies  in  closure  of 
the  momentum  transfer  term  occur  in  the  near-wall  region, 
indicating  the  model  used  for  the  fluid  turbulent  time  scale 
must  be  improved.  Closure  models  for  triple  correlation 
transport  of  the  kinetic  stress  and  fluid-particle  covariance 
are  also  reasonable. 

INTRODUCTION  AND  BACKGROUND 
In  two-fluid  modeling  of  turbulent  two-phase  flows  sep¬ 
arate  mean  transport  equations  are  derived  for  both  the 
continuous  and  dispersed  phases.  As  is  well  known,  this 
procedure  leads  to  closure  problems  due  to  the  presence  of 
turbulent  correlations  and  interphase  transfer  terms.  Of 
particular  importance  to  prediction  of  gas-solid  flows  are 
the  closure  approximations  used  to  model  the  particle  ki¬ 
netic  stress  tensor  (the  second-order  moments  of  the  par¬ 
ticle  velocity  fluctuations)  and  fluid-particle  velocity  cor¬ 
relations  (e.g.,  see  Simonin  1991a).  The  assumptions  of 
gradient  transport  and  local  equilibrium  are  often  applied 
to  model  these  correlations,  generally  assuming  the  parti¬ 
cle  kinetic  shear  stresses  are  proportional  to  the  local  mezin 
shear  of  the  dispersed  phase  and  normal  stresses  are  dom¬ 
inated  by  fluid  drag  (e.g.,  see  Elghobashi  Abou-Arab 
1983). 


One  of  the  main  problems  with  models  beised  on  gra¬ 
dient  transport  for  the  shear  stress  and  equilibrium  for 
the  normal  stresses  is  that  analyses  and  simulation  re¬ 
sults  show  that  the  Boussinesq  approximation  is  not  sat¬ 
isfactory.  Reeks  (1993)  and  Liljegren  (1993)  have  shown 
that  the  particle  shear  stresses  depend  explicitly  upon  the 
shearing  of  both  phases.  Reeks  (1993),  Simonin  et  al 
(1995),  and  Wang  Sz  Squires  (1996)  showed  that  the  par¬ 
ticle  stress  tensor  anisotropy  increases  with  the  particle 
relaxation  time  and  is  significantly  greater  than  the  fluid 
one.  These  complex  features  are  contained  in  the  approach 
proposed  by  Simonin  (1991a),  which  is  based  on  separate 
transport  equations  for  the  components  of  the  kinetic  stress 
tensor  and  for  the  fluid-paxticle  velocity  covaricince.  This 
approach  accounts  for  particle-turbulence  interactions,  the 
production  by  mean  velocity  shear,  the  mean  and  turbu¬ 
lent  transport  b)^  the  particle  velocity,  and  the  influence 
of  inter-particle  collisions.  While  the  particle  kinetic  stress 
transport  model  has  been  applied  with  success  to  many 
experimental  gas-solid  flow  configurations  (e.g,  jets,  mix¬ 
ing  layers,  vertical  channel,  swirling  flows,  etc.),  one  of  the 
primary  difficulties  with  evaluating  the  closure  approxima¬ 
tions  in  such  an  approach  is  that  there  is  a  lack  of  detailed 
experimental  measurements.  In  a  previous  study  using  the 
results  from  large  eddy  simulation,  Simonin  et  al  (1995) 
validated  the  model  derivation  and  closure  assumptions  in 
homogeneous  turbulent  shear  flows.  While  very  useful  for 
both  better  understanding  particle  interactions  with  tur¬ 
bulence  as  well  as  evaluating  closure  models,  measurements 
or  simulation  results  from  non-homogeneous  flows  are  re¬ 
quired  to  more  fully  validate  the  model.  The  objective  of 
this  work  is  to  present  results  from  large  eddy  simulation 
of  the  simplest  non-homogeneous  particle-laden  turbulent 
shear  flow— fully  developed  channel  flow— and  to  use  LES 
results  to  evaluate  closure  approximations  in  the  two-fluid 
model  of  Simonin  (1991a). 

SIMULATION  OVERVIEW 
LES  of  the  fully  developed  turbulent  flow  between  plane 
channels  driven  by  a  uniform  pressure  gradient  is  consid¬ 
ered  in  this  work.  The  effect  of  the  subgrid  scales  on  the 
resolved  eddies  is  parameterized  using  the  Lagrangian  dy¬ 
namic  eddy  viscosity  model  developed  by  Meneveau  et  al 
(1996).  The  governing  equations  are  solved  numerically 
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on  a  staggered  grid  using  the  fractional  step  method  (e.g., 
see  Wu  et  al.  1995).  The  calculations  were  performed  at  a 
Reynolds  number  Rcr  —  =  180,  where  ui,r  is  the 

friction  velocity,  S  the  channel  half-width,  and  ui  is  the 
fluid  kinematic  viscosity.  The  channel  domain  and  grid 
resolution  are  the  same  as  that  used  by  Wang  ^  Squires 
(1996),  who  showed  that  prediction  of  the  gas-phase  tur¬ 
bulent  carrier  flow  are  in  good  agreement  with  DNS  results 
and  experimental  measurements. 

Gas-solid  channel  flow  in  the  dilute  regime  is  considered 
in  which  particle-particle  collisions  are  neglected  and  the 
coupling  is  one-way,  i.e.,  from  fluid  to  particles  only.  Par¬ 
ticle  motion  was  governed  by  nonlinear  drag  using  a  corre¬ 
lation  from  Clift  et  al,  (1978), 


P2 


du2,i 

di 


3  Cu  ,  , 

-Pi  J  — |Vr|Vr,i, 


(1) 


where  p2  and  pj  are  the  particle  and  fluid  density,  re¬ 
spectively.  The  particle  velocity  is  the  fluid  veloc¬ 
ity  along  the  particle  trajectory  is  ui,,,  d  is  the  particle 
diameter,  Vr,t  =  U2,i  —  tti,i  the  relative  velocity  between 
particle  and  fluid,  and  |vr|  =  |vr,iVr,*|  is  the  magnitude 
of  the  slip  velocity.  Note  that  the  effects  of  gravitational 
acceleration  were  neglected.  The  drag  coefficient  Cd  is 
expressed  in  terms  of  the  particle  Reynolds  number  Rcp 
as  Cr  =  24  [l  4-  /Rtp  where  Rcp  =  |vy.jd/i/i. 

Fourth-order  Lagrange  polynomials  were  used  to  interpo¬ 
late  the  fluid  velocity  to  the  particle  position.  For  particles 
that  moved  out  of  the  channel  in  the  streamwise  or  span- 
wise  directions  periodic  boundary  conditions  were  used  to 
reintroduce  it  in  the  computational  domain.  The  channel 
walls  were  assumed  perfectly  smooth  with  a  particle  un¬ 
dergoing  an  elastic  collision  when  its  center  was  one  radius 
from  the  wall. 

Properties  of  the  dispersed  phase  were  obtained  by  fol¬ 
lowing  the  trajectories  of  250,000  particles.  The  trajec¬ 
tories  of  a  large  ensemble  are  required  in  order  to  present 
statistics  for  the  dispersed  phase  in  the  same  manner  as  for 
the  fluid,  i.e.,  by  averaging  over  homogeneous  planes.  Nu¬ 
merical  experiments  demonstrate  adequate  statistical  con¬ 
vergence  is  obtained  using  this  sample  size  (see  Wang  & 
Squires  1996).  The  particle  radius  in  wall  units  was  fixed 
at  0.50  and  a  variation  in  the  particle  response  time  was 
obtained  by  considering  density  ratios  p  =  P2/P1  of  529, 
2118,  and  8471.  For  the  sake  of  brevity,  only  results  for 
p  =  2118  are  presented  in  this  paper. 

From  an  arbitrary  initial  condition  the  Eulerian  velocity 
field  was  first  time  advanced  to  a  statistically  stationary 
state.  The  particles  were  then  assigned  random  positions 
throughout  the  channel.  The  initial  particle  velocity  was 
assumed  to  be  the  same  as  the  fluid  velocity  at  the  particle 
location.  Particles  were  then  advanced  in  the  flow  field  to 
a  new  equilibrium  condition  in  which  particle  motion  was 
independent  of  initial  conditions.  Similar  to  the  fluid  flow, 
statistics  of  the  particle  velocity  were  averaged  over  the  two 
homogeneous  directions,  both  channel  halves,  and  time. 


RESULTS  AND  DISCUSSION 


Pj^tiele  Kinetic  Stress  Equation 
As  shown  by  Simonin  et  al.  (1995),  the  equation  gov¬ 
erning  the  transport  of  the  particle  kinetic  stresses  can  be 
derived  from  the  particle  equation  of  motion, 

=  p2,0+-C>2,t>+n2,0  ,(2) 

where  Uk,i  =  {uk,i)k  is  the  mean  velocity,  and  ,  =  uk,i  — 
(^k,i)2  is  the  fluctuating  velocity  (A:  =  1  for  the  continuous 
phase  «uid  k  =  2  for  the  dispersed  phase).  In  this  paper 
{‘)k  denotes  averaging  with  respect  to  phase  k,  i.e.,  time 


and  ensemble  averaging  over  the  grid  when  it  =  1  and  over 
the  particle  positions  when  k  -  2.  The  first  term  on  the 
right-hand  side  of  (2)  represents  production  by  the  mean 
gradient  of  the  particle  velocity, 


P2,:  =  ,  (3) 


while  the  second  term  represents  transport  by  the  particle 
velocity  fluctuations, 


1^2, ij  =  — 


2 _ ^ 

02  dxm 


(4) 


where  02  is  the  volume  fraction  of  the  dispersed  phase. 
The  last  term  represents  the  momentum  transfer  rate  from 
the  fluid  turbulence  and  is  expressed  as, 


n2.,j  -  -  [Vr,iu'lj  +  Vr.jti'li]  ^  . 


(5) 


The  momentum  transfer  112, ,>  can  be  either  a  production 
or  destruction  term  depending  on  the  relative  magnitude  of 
the  particle  kinetic  stress  and  the  fluid-particle 

covariance  ^tt,,,ji2,2)2-  part  of  Il2,ij  corresponding 
to  production  of  the  kinetic  stress  is  that  from  the  fluid- 
particle  covariance. 


^2.0  ~  ^  ^4  )2  +  ^  ,(6) 

while  the  destruction  is, 

While  the  production  term  P2,ij  in  (2)  can  be  calculated 
directly  from  the  mean  flow  and  particle  kinetic  stresses, 
the  other  two  terms  on  the  right-hand  side  of  (2)  need  to  be 
modeled  in  a  second-order  closure.  Following  Simonin  et 
al.  (1995),  the  components  of  the  momentum  transfer  rep¬ 
resenting  production  and  destruction  of  the  kinetic  stress 
can  be  approximated  as, 


^2.ii  ^  [(«rt^2,j)2  +  , 


(8) 


and 


n 


2,0 


^  f  ft  ft  \ 

“Tf  \*^2,i«2,j)2  , 


(9) 


where  is  the  mean  particle  relaxation  time  evaluated  in 
terms  of  zm  average  drag  coefficient. 


F  P7  4 
^2  =  — ~ 


Pi  3  {€0)2  {|Vr|}2 


where, 


(10) 


(Cd),  =  Ci,  {{ReM  ,  {Re^),  =  ,  (H) 

(Simonin  et  al.  1995). 

Shown  in  Figure  1  is  the  comparison  of  the  exact  evalua¬ 
tion  of  112,0 j  ^2,0’  ^2,0  from  the  LES  to  the  approxi¬ 

mations  (8)  and  (9)  for  p  =  2118.  Note  that  in  (8)  and  (9) 
the  particle  kinetic  stresses  and  fluid-particle  covariance 
are  evaluated  from  the  LES  results.  There  is  very  good 
agreement  as  can  be  clearly  seen  in  the  figure.  Though 
not  shown  here,  the  momentum  transfer  term  and 

1^2,0  a-re  larger  for  the  lighter  particles  due  to  their  in¬ 
creased  responsiveness  to  fluid  motions.  In  addition,  in 
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the  wall-normal  and  spanwise  directions  an  equilibrium  be¬ 
tween  production  and  destruction  exists,  with  and 

nearly  in  balance  because  the  particle  velocity  fluc¬ 
tuations  in  the  directions  orthogonal  to  the  mean  shear 
are  dominated  by  the  interaction  with  the  fluid  turbulence. 
Thus,  according  to  the  expressions  of  the  momentum  trans¬ 
fer  term  (8)  and  (9),  the  normal  and  spanwise  particle 
velocity  variances  are  nearly  equal  to  the  corresponding 
fluid-particle  velocity  correlations. 


Figure  1:  Momentum  transfer  terms  112, t>,  ^2,ij^ 

P  -  2118.  (a)  i  =  j  =  1;  (b)  i  =  1,  y  =  2. 

o  LES; - Eqn.  (8)  +  Eqn.  (9).  ♦  LES; 

- Eqn.  (8).  +  LES; .  Eqn.  (9). 


Fluid-Particle  Covariance  Equation 
Figure  1  shows  that  the  models  (8)  and  (9)  for  the  mo¬ 
mentum  transfer  term  112,0  ^.re  accurate.  The  production 
part  of  the  momentum  transfer  term  in  (8)  is  written 

in  terms  of  the  fluid-particle  covariance  1,1^20)25  which 
requires  a  closure  approximation  in  a  two-fluid  model.  The 
covariance  represents  the  correlation  between 

the  particle  velocity  fluctuation  and  the  fluid  velocity  fluc¬ 
tuation  measured  at  the  particle  position.  Similar  to  the 
approach  outlined  in  Haworth  Pope  (1986),  the  fluid 
velocity  fluctuation  viewed  by  the  particles  is  assumed  to 
obey  a  generalized  Lztngevin  equation.  This  in  turn  allows 
derivation  of  the  transport  equation  for  from 

the  closed  fluid-particle  joint  pdf  equation  (Simonin  1996), 


—  -Pl2,0  +P21,jt  -|-L?12,*j  4-1112, +$12, ~ 


.(12) 


The  flrst  two  terms  on  the  right-hand  side  represent  pro¬ 
duction  by  the  mean  gradient  of  particle  and  fluid  veloci¬ 
ties,  respectively, 


n  /  ft  ft  \  ^^2,7 

Fi2,ij  =  , 

uXm 


(13) 


dUi, 

dx 


+ 


gV'd.i] 

J 


(14) 


where  Vd,i  is  the  turbulent  drift  velocity  (e.g.,  see  Si¬ 
monin  et  al  1993).  The  third  term  on  the  right-hand  side 
of  (12)  represents  transport  by  particle  and  fluid  velocity 
fluctuations, 


.  (15) 

The  fourth  term  represents  the  production  rate  due  to 
interphase  momentum  transfer  (i.e.,  particle  dragging  by 
fluid  motion), 


(16) 

By  definition,  #12,0  is  a  return  to  isotropy  term  amd  £12 
is  the  dissipation  rate.  These  terms  account  for  molecular 
viscosity,  turbulent  pressure  strain-rate,  and  relative  ve¬ 
locity  between  the  fluid  and  particle  motion  (the  so-called 
crossing  trajectories  effect). 

Similar  to  Il2,tj  in  the  particle  kinetic  stress  equation, 
the  momentum  transfer  term  ni2,,j  in  the  fluid-particle 
covariance  equation  can  be  either  a  production  or  destruc¬ 
tion  term  depending  the  the  relative  magnitude  of  the 
Reynolds  stress  {u” j)2  aJid  the  fluid-particle  covariance 
Therefore,  (16)  can  also  be  divided  into  a  pro¬ 
duction  part  and  a  destruction  part, 


Using  the  mean  particle  relaxation  time  (17)  and  (18) 
are  approximated  as. 


^12.0  ~  . 

~\2 


and 


(19) 


n?2,i>  « - .  (20) 

’'12 

Figure  2  show  the  comparison  of  11 12,0  as  well  as  the 
production  part  destruction  part  Ilia.tj  from 

the  LES  and  that  from  (19)  and  (20).  As  also  the  case  in 
Figure  1,  the  covariances  in  (19)  and  (20)  are  evaluated 
using  the  LES  results.  It  is  evident  that,  similar  to  the  ap¬ 
proximation  of  Il2,ij  in  Figure  1,  there  is  good  agreement, 
indicating  (19)  and  (20)  are  accurate  approximations.  Al¬ 
though  the  comparison  is  not  shown  in  this  manuscript  for 
the  components  and  for  the  other  density  ratios,  1112, 0  is 
comparable  to  the  production  and  destruction  parts  and 
both  ^12, ij  2,nd  n?2,tj  increase  for  lighter  particles. 

According  to  the  generalized  Langevin  model  retained  by 
Simonin  et  al  (1995),  the  return  to  isotropy  and  dissipation 
term  are  given  by, 


^12,0  -  ^ei2Sij  =  , 

O 


(21) 
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Figure  2:  Momentum  transfer  terms  ni2,o, 

n?2  ijy  P  =  2118-  (a)  i  =  j  —  1;  (b)  i  =  1,  j  =  2.  ni2,o: 
0  LES;  Eqn.  (19)  +  Eqn.(20);  *  LES;  Eqn.  (19); 

n?2,o:  +  LES;  Eqn.  (20). 


Figure  3:  ^i2,ij  —  <5i^£i2/3  from  Eqn.  (21),  p  =  2118.  (a) 

i  =  j  =  1;  (6)  i  =  1,  7  =  2.  o  LES;  -  /?2  =  0; 

- /?2  =  0.6. 


where 

€^12  —  -7-912  +  ^92^21  ,mTn  j  (22) 

’■12 

where  T12  is  a  time  macroscale  of  the  fluid  turbulence 
viewed  by  the  particles.  In  general,  r22  should  account 
for  the  crossing  trajectories  effect  (Simonin  et  aL  1993). 
However,  based  on  results  for  non-settling  particles  in  ho¬ 
mogeneous  flows,  ri2  is  approximated  here  as, 


Velocity  Triple  Correlations 
In  both  the  transport  of  the  particle  kinetic  stress  (2)  and 
the  fluid-particle  covariance  (12),  triple  correlation  trans¬ 
port  requires  a  model.  Similar  to  the  approach  of  Han- 
jalic  Launder  (1972),  Simonin  (1991b)  derived  the  triple 
particle  velocity  correlation  from  the  corresponding  trans¬ 
port  equation  neglecting  mean  transport  and  influence  of 
the  mean  velocity  gradient  and  also  using  a  quasi-Gaussian 
approximation  for  the  quadruple  particle  velocity  correla¬ 
tions.  For  non-colliding  particles  the  resulting  expression 
is, 


(23) 


where  =  2.05  based  on  single-phase  flow  modeling  (Ha¬ 
worth  Pope  1986).  In  the  simplified  Langevin  model, 
/92  =  0  in  (21),  while  rapid  distortion  gives  ^2  =  0.6  (Ha¬ 
worth  ir  Pope  1986). 

Figure  3  show  the  comparison  of  ^12,0  —  £12^0 /3  from 
LES  and  that  from  (21).  It  is  again  evident  that  there  is 
good  agreement  between  LES  results  and  the  model  predic¬ 
tion.  In  the  near  wall  region,  while  $12,12  from  (21)  agrees 
well  with  the  LES  results,  the  streamwise  component  ex¬ 
hibits  a  larger  discrepancy  due  to  the  fact  that 
increases  more  rapidly  with  distance  from  the  wail  than 
the  time  scale  ri2-  Thus,  the  model  for  TI2  requires  im¬ 
provement  in  the  near- wail  region.  The  figure  also  shows 
that  the  results  for  02  =  0.6  offers  a  relatively  small  change 
compared  to  those  obtained  using  ^2=0. 


/  ft  n  it  \  /  ft  ft  ff  \ 
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*12  /  ft  \ 


^12  /  ft  ft  \ 
-  -Y'\^'2,;tW2,Tn/. 


dXm 

^(^2,jc^2..)s 

dXm 
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(24) 


For  practical  purposes,  Simonin  (1991b)  proposed  a 
Boussinesq  approximation  for  the  fluid-particle-particle  ve¬ 
locity  correlation  consistent  with  the  asymptotic  limit  case 
of  particles  foDowing  the  fluid  turbulent  motion,  which 
leads  to. 


/  //  //  //  \ 
{U2,iU2,jU2,k)^ 


^  2,tm  '■ 


^(^2, >^2^)2 
dXm 
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(25) 


1.5 


A''* 


dXm 


^2,km~ 


d{u2,iU2^j')^ 
dXm 


and,  similar  to  the  approach  in  Daly  &  Harlow  (1970),  (25) 
is  approximated  as 


/  //  ft  if  \  ^  T/-t' 

\^i2,»’^2,>W2,fc/2  ^  —-^2, km 


dXm 


(26) 


The  dispersion  tensors  ^Jid  K2  in  (25)  and  (26) 

are  specified  in  terms  particle-particle  and  fluid-particle 
velocity  correlations, 


^2,ij  =  ^l^(^2,t^2,i)2  +  ^12, ij 

(27) 

with 

A'"i2,*>  =  l^lCsTi2{Ui^iU2^j)2 

(28) 

(Simonin  1991b).  Based  on  models  for  single-phase  turbu¬ 
lence,  Cg  =  0.11  following  Hanjalic  &  Launder  (1972)  or 
Cs  =  0,22  following  Daly  &  Harlow  (1970). 

Shown  in  Figure  4  is  a  representative  comparison  of  two 
components  of  the  triple  correlation  («2^“2,> ^2,2)2  ^^m 
the  LES  to  that  from  (24),  (25),  and  (26).  Note  that 
of  the  27  components  in  («2,t^2,;W2U)2» 
non-zero  in  the  channel.  In  general,  (24)  is  more  accu¬ 
rate  than  (25)  and  (26)  since  (24)  is  an  intermediate  ap¬ 
proximation  in  terms  of  the  fluid-particle  velocity  triple- 
correlation  ^w",U2,jtt2%)2'  Though  not  shown  here,  for 
(^2,3 “2U ^2,2)2  agreement  with  LES  results  is  better 

when  (25)  is  used  compared  to  (26)  whereas  (26)  yields 
slightly  more  accurate  predictions  of  (^2 ,1  ^2,2 ^2,2  )2 • 

For  triple  correlation  transport  in  the  fluid-particle 
covariance  equation  (12),  similar  to  the  model  for 
proposed  by  Hanjalic  h  Launder  (1972), 
the  triple  correlation  term  ha  the  fluid- 

particle  covariance  equation  can  be  modeled  as, 


^{*‘2,)c**2,<) 


Ri2,\ 


d(u2jn2^k^^ 


+  ■^12, j 


^Xr^ 


+  Rl2,km 


xm  ^ 

OXy\ 


dXr 


,  (29) 


where  Ri2,km  =  {ui^kU2,m) 2'  ^  simpler  model  can  be 
derived  similar  to  that  of  Daly  Sz  Harlow  (1970)  used  in 
single  phase  flows,  i.e., 


/  *'  \  ^  E't 

\^l,»^2,j^2,fc/2  ^  “-^12, Arm 


d{u2,iU2j)^ 

dXm 


(30) 


(Simonin  1991b). 

Figure  5  show  the  comparison  of  the  triple  correlation 

(u",'ti2,jU2%)2  (^^)  (^®)* 

The  agreement  between  the  model  predictions  and  LES 
results,  while  not  perfect,  is  comparable  to  that  in  single¬ 
phase  turbulence  For  ^2,1  ^2,2  )2  ^he  agreement  with 
LES  results  is  improved  when  (29)  is  used,  while  both  (29) 
and  (30)  yield  reasonable  predictions  for  the  other  compo¬ 
nents. 


SUMMARY 

Large  eddy  simulation  has  been  used  for  calculation  of 
a  vertically  oriented,  particle-laden  channel  flow.  Statis¬ 
tics  of  the  dispersed  phase  were  acquired  by  averaging 
over  the  trajectories  of  250,000  particles.  LES  results  were 


Figure  4:  Particle  velocity  triple  correlation 
(«2'..<y«?.2>,,  P  =  2118.  (a)  i=j  =  1;  (6)  i  =  j  =  2.  o 
LES; .  Eqn.  (24); - Eqn,  (25); - Eqn.  (26). 


used  to  evaluate  closure  assumptions  in  the  two-fluid  model 
of  Simonin  (1991b).  In  general,  there  is  good  agreement 
between  LES  results  and  closure  assumptions  for  the  un¬ 
known  terms  in  the  particle  kinetic  stress  and  fluid-particle 
covariance  transport  equations.  The  momentum  transfer 
term  is  accurately  predicted  in  the  kinetic  stress  equation. 
In  the  fluid-particle  covariance  transport  equation,  the  mo¬ 
mentum  transfer  is  also  accurate,  with  the  greatest  discrep¬ 
ancy  occurring  near  the  wall.  Improvements  to  the  model 
used  for  the  fluid  turbulent  time  scale  ri2  ^.re  required 
in  order  to  resolve  the  over-prediction.  Triple  correlation 
transport  is  also  reasonably  predicted,  with  an  accuracy 
comparable  to  that  in  single-phase  turbulence. 

It  is  important  to  point  out  that  the  current  investiga¬ 
tion  was  an  a  priori  study  in  the  sense  that  closure  as¬ 
sumptions  in  the  model  were  evaluated  using  the  ‘exact’ 
second-order  moments,  i.e.,  the  fluid  Reynolds  stresses, 
particle  kinetic  stresses,  and  fluid-particle  covariance  from 
the  LES  results.  An  a  posteriori  approach  would  require 
an  accurate  Reynolds  stress  transport  model  for  the  fluid 
turbulence.  This  would  in  turn  permit  an  evaluation  of 
the  closure  models  for  predicting  the  kinetic  stresses  and 
fluid-particle  covariance. 

It  is  also  worth  remarking  that  the  two-fluid  approach 
considered  in  this  paper  requires  that  transport  equations 
be  carried  for  three  different  velocity  correlation  tensors. 
In  practice,  to  simplify  the  model  for  applications  an  alge¬ 
braic  closure  could  be  adopted  for  the  fluid-particle  velocity 
correlation  tensor,  i.e.,  solution  of  a  transport  equation  for 
gi2  =  together  with  a  generalized  Boussinesq 
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Figure  5:  Fluid-paxticle-particle  velocity  correlation 
P  =  2118.  (a)  i  =  j  =  1;  (6)  i  =  1,  j  =  2. 
o  LES; - Eqn.  (29); - Eqn.  (30). 


approximation  for  the  separate  components  of  .-Uj 
Such  an  approach  has  been  validated  in  simple  homoge¬ 
neous  shear  slow  ajid  needs  to  be  next  validated  in  non- 
homogeneous  flows  such  as  the  channel. 

One  of  the  interesting  features  correctly  predicted  by 
the  model  is  the  large  anisotropy  of  the  particle  kinetic 
stress  tensor  (see  also  Simonin  et  al.  1995,  Wang  &:  Squires 
1996).  Inter- particle  collisions,  not  considered  in  the  cur¬ 
rent  study,  which  induce  a  redistribution  of  energy  among 
the  normal  components,  may  be  very  important  even  in 
dilute  flows  and  should  be  taken  into  account  in  future 
studies. 

Finally,  it  is  also  important  to  comment  that  LES  is  a 
very  powerful  tool  and  well  suited  for  development  and  val¬ 
idation  of  two-phase  flow  models  for  engineering  applica¬ 
tions.  LES  calculations  provide  a  very  detailed  description 
of  both  phases  and  are  very  well-defined,  crucial  elements 
for  validating  lower-level  closure  models.  LES  therefore 
appears  to  be  a  very  powerful  approach  for  development 
and  validation  of  closure  models  for  additional  effects  2Jso 
not  considered  in  this  work,  e.g.,  interphase  heat  and  mass 
transfer,  modification  of  fluid  turbulence  by  particles  (two- 
way  coupling),  and  prediction  of  two- phase  flows  in  more 
complex  geometries. 
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INTRODUCTION 

Prediction  of  scalar  transfer  rates  at  the  interface  be¬ 
tween  immiscible,  turbulent  streams  has  been  of  central 
importcince  in  many  industrial  operations  such  as  gas  ab¬ 
sorption,  condensation,  evaporation,  extraction  and  aer¬ 
ation.  Recently,  gas,  moisture  and  heat  transfer  at  the 
ocean-atmosphere  interface  has  begim  to  receive  atten¬ 
tion.  The  primary  motivation  has  come  from  the  need  to 
parametrize  coupling  fluxes  between  the  ocean,  and  at¬ 
mosphere,  general  circulation  models  used  in  long  term 
climate  studies. 

Gas  and  moisture  transfer  at  continuous  interfaces  be¬ 
tween  turbulent  air  and  water  streams  are  controlled  by 
layers  'n.  0(10“^ mm)  and  O(lmm)  thickness,  respec¬ 
tively.  This  suggests  that  direct  numerical  and  large  eddy 
simulations  could  be  used  to  clarify  microphysical  pro¬ 
cesses  controlling  scalar  transfer  rates,  since  such  scales 
are  resolvable  with  available  computational  resources. 

To  this  end,  numericcd  procedures  using  a  pseudospec- 
tral  method,  together  with  a  projection  algorithm,  have 
been  developed  and  applied  to  coupled  gas-liquid  flows. 
The  initial  studies  focused  on  flows  under  conditions 
where  interface  deformations  were  small  -  a  situation  cor¬ 
responding  to  a  series  of  laboratory  experiments  where  de¬ 
tailed  measvirements  of  the  near-interface  turbulence  char¬ 
acteristics  were  made.  The  simulations  agreed  very  well 
with  measurements. 

The  next  step  was  to  calculate  gas  flow  over  wavy  solid 
surfaces,  where  the  wavelengths  corresponded  to  those  of 
capillary'  waves.  The  simulation  maintained  spectral  accu¬ 
racy,  and  agreed  with  experimental  data,  which  included 
waves  of  sufficient  steepness  that  separation  occurred  be¬ 
hind  the  crests.  Finally,  simulations  were  conducted  for 
conditions  under  which  capillary  waves  developed  at  the 
interface  ~  the  physical  properties  being  those  of  air  and 
water  at  atmospheric  conditions. 


The  program  of  simulations,  supported,  where  possible, 
by  experiments,  clcirified  that  the  scalcir  transfer  rates  on 
each  side  of  the  interface  were  correlated  with  the  sweeps 
on  each  side,  i.e.  fourth  quadraint  events  which  bring  high 
speed  fluid  close  to  the  interface,  forming  regions  of  high 
shear  stress  and  high  scalar  transfer  rates.  Furthermore, 
the  simulations,  and  experiments  indicated  that  the  sweep 
frequency  could  be*  expressed  in  terms  of  the  frictional 
drag,  but  not  in  terms  of  the  total  drag,  which  includes 
form  drag.  From  this,  using  surface  renewal  theory,  it  was 
found  that  simple  parametrizations  for  the  scalar  transfer 
rates  could  be  derived  in  terms  of  the  frictional  drag,  with 
no  adjustable  parameters. 

It  appeared  that  capillary  wave  characteristics  mainly 
affect  the  scalar  transfer  rates  by  aflfecting  the  frictional 
drag,  i.e.  indirectly,  by  affecting  sweep  frequencies.  The 
scalar  transfer  sublayers,  in  themselves,  are  so  thin  that 
the  curvature  of  the  surface  due  to  capillary  waves  has 
little  direct  effect.  Parametrizations  based  on  these  con¬ 
siderations  are  in  excellent  agreement  with  large-scale  lab¬ 
oratory  experiments,  some  of  which  were  done  after  the 
parametrizations  were  proposed. 

2  STRUCTURE  OF  NEAR-INTERFACE  TURBULENCE 

2.1  Fiat  Gas-Liquid  Interfaces 

Lombardi  et  al.  (1996)  did  a  direct  numerical  simula¬ 
tion  where  the  gas  and  liquid  were  coupled  through  conti¬ 
nuity  of  velocity  and  stress  boundary  conditions  at  the  in¬ 
terface.  The  interfacial  plane  shows  regions  of  high  shear 
stress  and  low  shear  stress,  with  low  shear  stress  regions 
corresponding  to  the  low  speed  regions  cind  the  high  shear 
stress  to  the  high  speed  regions.  The  low  shear  stress  re¬ 
gions  cire  streaky  in  nature  with  high  shear  stress  islands. 
At  the  edges  of  the  high  shear  stress  regions,  vortices  are 
seen  to  spinup  on  both  sides  of  the  interface.  These  are 
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Figure  1:  Probability  of  strongly  coherent  events  classes  Figure  2:  Results  from  direct  numerical  simulation 
according  to  quadrant  as  a  fiinction  of  interfacial  on  rms  velocity  fluctuations,  cases  air- water  interface 

shear  stress  in  the  region  over  which  the  events  occur 


initially  in  the  plane  normal  to  the  interface  but  subse¬ 
quently  are  stretched  in  the  quasi-streamwise  direction 
by  the  mean  flow.  These  quasi-streamwise  vortices  are 
known  to  play  a  major  role  in  the  ejection-sweep  processes 
observed  in  wall  turbulence,  and  they  do  the  same  at  the 
gas-liquid  interface.  At  this  point  it  is  worth  considering 
how’  the  high  shear  stress  regions  form. 

This  can  be  clarified  by  considering  a  quadrant  analy¬ 
sis  of  the  velocity  field  over  the  interface  in  which  velocity 
fluctuations  in  each  quadrant  of  the  Reynolds  stresses  are 
correlated  with  shear  stress  at  the  interface.  In  the  first 
quadrant  both  the  streamwise  and  interface  normal  veloc¬ 
ity  fluctuations  are  positive.  In  the  second,  the  streamwise 
component  is  negative  but  the  interface  normal  compo¬ 
nent  is  positive.  This  corresponds  to  an  ejection  of  low 
speed  fluid.  In  the  third  quadrant  both  the  streamwise 
and  the  interface-normal  velocity  fluctuations  are  nega¬ 
tive,  and  in  the  fourth  the  streamwise  component  is  posi¬ 
tive  whereas  the  interface-normal  component  is  negative. 
The  fourth  quadrant  then  corresponds  to  a  sweep  in  which 
high-speed  fluid  is  brought  towards  the  interface.  Con¬ 
sider  now  the  correlation  of  each  quadrant  of  such  veloc¬ 
ity  fluctuations  with  the  interfacial  shear  stress  shown  in 
Figure  1  (top)  on  the  gas  side.  It  is  clear  that  sweeps, 
i.e.,  in  the  fourth  quadrant,  lead  to  the  high  shear  stress 
regions  whereas  ejections  lead  to  the  low  shear  stress  re¬ 
gions.  This  is  what  is  observed  in  wall  ttirbulence  at  a 
solid  boimdary  and  therefore  the  gas  sees  the  liquid  sur¬ 
face  much  like  a  solid  boundary. 

However,  if  we  look  at  Figure  1  (bottom),  it  is  imme¬ 
diately  clear  that  no  such  correlation  exists  on  the  liquid 
side. 

In  fact,  all  the  quadrants  have  similar  behavior  with  re¬ 
gard  to  the  shear  stress  regions  that  occur  below  the  high 


speed  sweeps  on  the  gas  side,  i.e.,  the  motions  that  bring 
high  speed  fluid  from  the  outer  regions  to  the  interfaces 
on  the  gas  side  leads  to  high  shear  stress  at  the  interface. 
Conversely,  ejections  on  the  gas  side  which  teike  low  speed 
fluid  away  from  the  interface  into  the  outer  flow,  strongly 
correlate  with  low  shear  stress  regions.  The  liquid  does 
not  behave  in  this  way  and  does  not  dominate  the  pattern 
of  shear  stress  on  the  interface.  This  is  of  some  importance 
as  we  will  show  in  a  later  section. 

The  difference  between  the  gas  aind  the  liqmd  phases 
in  the  near  interface  region  is  further  clarified  by  observ¬ 
ing  the  velocity  fluctuations  on  each  side  of  the  interface 
as  shown  in  Figure  2.  The  top  portion  of  the  Figiire  is 
for  the  gas  whereas  the  bottom  Figure  is  for  the  liquid. 
The  gas,  as  is  evident,  behaves  much  like  flow  over  a  solid 
wall.  The  fluctuations  are  almost  identical  to  that  at  a 
solid  boundary,  in  all  directions  -  streamwise,  spcinwise, 
and  wall- normal.  On  the  other  haind,  the  liquid,  as  evi¬ 
dent  from  the  bottom  Figiire,  has  the  largest  fluctuations 
in  the  streamwise  and  spanwise  directions  right  at  the  in¬ 
terface  itself.  It  sees  the  interface  virtually  as  a  free  slip 
boundary,  except  for  the  mecin  shear. 

Certciin  other  aspects  of  turbulence  on  each  side  of  a 
gas-liquid  interface  are  worth  considering.  Clearly  ejec¬ 
tions  and  sweeps  may  be  expected  to  play  an  important 
role  in  determining  scalar  transfer  rates  so  their  frequency 
of  occurrence  is  of  some  importance.  In  the  wall  region, 
it  is  known  that  ejections  and  sweeps  have  a  spacing  in 
time  that  lies  between  a  non-dimensional  time  of  30  —  90 
with  90  being  the  upper- limit  which  corresponds  to  as¬ 
semblages  of  ejections  and  sweeps  termed  bursts.  This  is 
shown  in  Figure  3  for  wall  and  shear- generated,  interfacial 
turbtilence  as  a  function  of  the  shear  Reynolds  number. 
Rashidi  and  Banerjee  ( 1990)  found  that  on  the  liquid  side 


27-25 


120.00 


100.00  - 


80.00  • 


•  O  • 


O 


o 


60.00  r 

40.00  r  •  Interfacia!  bursts 

!  O  wall  bursts 


0.0  2500.0  5000.0  7500.0  10000.0  12500.0 


Figure  3:  Scaling  of  interfacial  and  wall  bursts. 
The  time  between  bursts  is  scaled  with  the  local 
shear  stress  2Lnd  viscosity. 


Figure  4:  Quasi*stre2tmwise  vortices  scalar  indicator 


Figure  5:  top:  Streaky  structure  at  a  wavy  waD 
bottom:  Shear  stress  at  a  wavy  wall 


of  a  sheared  interface  this  type  of  parametrization  held. 
In  Figure  3  the  time  between  interfacial  bursts  is  also  plot¬ 
ted  as  a  function  of  the  shear  Reynolds  number  and  the 
behavior  at  a  macroscopic  level  is  very  similar  to  that  at  a 
solid  boundary.  Thus  the  qualitative  behavior  is  similar, 
though  within  the  bursts  themselves  there  are  substantial 
differences  between  the  gas  and  the  liquid  sides.  This  find¬ 
ing,  with  regard  to  the  time  between  bursts,  which  remain 
about  the  same  as  in  waJl  turbtilence,  is  of  considerable 
importance  in  predicting  scalar  transfer  as  discussed  later. 

2.2  Turbulence  structure  near  wavy  surfaces 

The  previous  discussion  focused  on  turbulence  phe¬ 
nomenon  for  coupled  gas-liquid  flows  with  flat  interfaces  - 
a  situation  close  to  the  experiments  of  Rashidi  and  Baner- 
jee  (1990).  To  understand  the  effect  of  waves  on  the  gas 
side  “  where  such  effects  may  be  expected  to  be  more  im¬ 
portant  than  on  the  liquid  side,  flow  over  a  surface  with 
two-dimensional  waves  (with  spanwise  crests  and  troughs) 
was  investigated.  The  flow  situations  correspond  to  the 
experiments  of  Buckles  and  Hanratty  (1984),  so  the  re¬ 
sults  could  be  checked. 

To  allow  the  pseudospectral  method  to  be  used  for  flows 
over  wavy  boundaries  it  was  necessary  to  map  the  flow 
field  into  a  rectangular  domain.  This  was  done  with  a 
nonorthogonal  transformation  that  stretched  the  surface 
normal  coordinate.  To  maintaun  spectral  accuracy  in  the 
simulations,  the  usual  solution  procedure  [see  Lam  and 
Banerjee  (1992)]  had  to  be  modified.  A  projection  al¬ 
gorithm  was  adopted  -  the  details  being  avciilable  in  De 
Angelis  et  eJ.  (1997). 

The  waves  introduced  a  streamwise  length  scale  as  in¬ 
dicated  by  the  vortex  structure  shown  in  Figure  4  (here 
a  scalar  vortex  indicator  based  on  the  eigenvector  corre¬ 
sponding  to  the  complex  eigenvalues  of  the  rate  of  defor¬ 
mation  tensor  is  used  to  show  the  quasi-streamwise  vor¬ 
tices  near  the  surface).  However,  when  the  phase  aver¬ 


age  velocities  are  removed  from  the  instantaneous  field 
then  typically  streeiky  regions  of  high  speed  -  low  speed 
flow  and  shear  stress  are  seen,  as  indicated  in  Figure  5 
(top)  and  5  (bottom).  The  streak  spacing  is  ~  100  in 
units  nondimensionalized  with  the  frictional  drag  (remov¬ 
ing  the  form  drag  component  from  the  total  drag).  This 
suggests  that  turbulence  phenomena  near  the  wavy  sur¬ 
face  may  scale  with  frictional  drag,  rather  than  the  total 
drag.  On  examining  the  time  between  sweeps  and  bursts, 
a  time  non-dimensionalized  with  the  frictional  drag,  i.e. 

=  tn/fj,  is  seen  to  be  between  30  and  90,  in  agreement 
with  what  happens  at  a  flat  wall.  Here  r,  is  the  frictional 
drag,  i.e.  the  form  drag  has  been  removed  from  the  total. 

3  SCALAR  TRANSFER  RATES 

Scalar  trsuisfer  rates  were  ccilculated  using  the  velocity 
fields  discussed  in  the  previous  sections.  The  evolution 
equation  is: 

f +  =  W 

Equation  (1)  is  solved  using  pseudospectral  methods, 
e.g.  Founer  modes  in  the  two  horizontal  directions  and 
Chebyshev  polynomials  in  the  wall-/interface-normal  di¬ 
rection. 

For  the  computations  in  which  Sc  (or  Pr)  are  ~  0(1) 
the  spacing  of  the  collocation  points  used  for  the  velocity 
field  simulation,  were  also  used  for  the  sc2Llar  flux  calcu¬ 
lations,  i.e.  the  scalar  concentration  equation  was  solved 
using  the  same  number  of  modes  in  each  direction.  How¬ 
ever,  the  simulations  for  higher  Sc  (or  Pr)  number  re¬ 
quired  a  much  finer  spacing  of  collocation  points  in  the 
interface-normal  direction.  To  achieve  this,  the  region  re¬ 
solved  with  Chebyshev  modes  was  limited  to  regions  in 
which  significant  mean  gradients  were  espected. 

Moreover  the  Chebyshev  collocation  points  were 
mapped  and  concentrated  in  the  interface  region. 
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Figure  6.a:  Mass  flux  Sc  =  10,  on  the  gas  side 


Figure  6.b;  Shear  stress  at  the  interface 

Equation  (1)  was  solved  in  a  mapped  domain,  defined  by 
the  transformation: 

^  XI  =  Cl 
<  =  $2 

X3=gUz)-h(^i)mi,^2,r) 

t  T 

The  fimction  ^(Cs)  allows  the  redistribution  of  the 
Chebyshev  collocation  points  in  the  normal  direction. 
The  function  hCCs)  allows  Equation  (1)  to  be  solved  with 
spectral  methods  in  the  wavy  interface  case  -  /(Ci,6,x)- 
describes  the  shape  of  the  waves.  More  details  on  the 
mapping  can  be  found  in  De  Angelis  et  al.  (1997).  Here 
it  suffices  to  say  that  given  the  transformation  in  Equation 
(2),  the  physical  domain  X  =  (xi ,  0:2 ,  xa,  t)  is  mapped  into 
a  computational  domain  E  =  (Ci5l2,C3ir)  that  is  a  rect- 
angxilar  parallelepiped  with  uniform  grid  spacing  in  the 
Cl  and  C2  directions.  The  grid  spacing  in  the  Cs  direction 
corresponds  to  Chebyshev  collocation  points. 

3.1  Simulation  Results:  Fiat  Interface 

The  cases  studied  with  the  resolved  regions  and  the  1^* 
and  the  2^^  grid  spacings  normal  to  the  interface  are  as 
follows  in  Table  I,  which  also  contains  calculated  nondi- 
mensional  scalar  transfer  velocities 


Table  I:  Scalcir  Transfer  Calculation  Parameters 


Sc 

-max 

Nodes 

0.7 

171 

65 

0.096 

0.3 

0.097 

10 

43 

65 

0.024 

0.08 

0.016 

3.65 

171 

129 

0.024 

0.08 

0.053 

25 

43 

129 

0.006 

0.02 

0.020 

Contours  of  the  instantaneous  scalar  fliixes  at  interfaces 
are  shown  in  Figures  6  and  7,  and  compared  with  the  shear 
stress  at  the  interface  for  the  gas  and  the  liquid  side  cal- 
cialations  respectively.  It  is  immediately  evident  that  the 
gas  side  fluxes  correlate  well  with  the  shear  stress.  On  the 
other  hand,  the  flux  field  on  the  liquid  side,  shows  a  much 


Figure  7.a:  Mass  flux  Sc  =  25  on  the  liquid  side 


Figure  7.b:  Shear  stress  at  the  interface 

finer  structure  (see  Figure  7)  and  no  such  correlation  ex¬ 
ists. 

It  is  of  interest  therefore  to  imderstand  what  processes 
control  the  liquid  side  fluxes.  Figure  8  shows  the  instan¬ 
taneous  Reynold  stresses  u'w\  the  interface  normal  ve¬ 
locity  w\  and  the  scalar  transfer  coefficient  13'^  ^  0/uf 
as  a  function  of  time  in  wall  units.  This  is  shown  for  one 
point  at  the  interface  but  is  typical  of  all  points.  It  is 
clear  that  when  is  strongly  positive  and  is  pos¬ 
itive  (corresponding  to  a  sweep)  the  scalar  coefficient  is 
high.  The  correlation  with  the  instamtaneous  Re3molds 
stress  is  self-evident,  and  the  sweep  essentially  renews  the 
interfacial  region,  giving  rise  to  high  scalair  trainsfer  rates. 
Since,  on  the  liquid  side,  sweeps  do  not  correlate  with  the 
high  sheair  stress  areas  at  the  interface,  therefore  strong 
correlation  between  scalar  transfer  rates  and  interfacial 
shear  stress  patterns  is  not  to  be  expected. 

The  time  period  between  sweeps  can  also  be  estimated 
from  the  numericcd  simulation.  On  the  gas  and  the  liquid 
side  there  are  between  1  and  3  sweeps,  corresponding  to  1 
“burst”,  in  about  90  non-dimensional  time  units 
where  u*  =  ^/r^/p  and  r,  is  the  interfacial  she2ir  stress 
(equal  for  both  phases).  For  the  gas  side,  the  result  is 
to  be  expected,  but  the  liquid  side  results  indicate  that 
the  madn  turbulence  phenomena  in  the  two  field  are  un¬ 
coupled.  This  follows  because  the  density  and  viscosity  of 
the  gas  and  the  liquid  are  different  and  the  dimensional 
time  between  the  sweeps  and  bursts  Eire,  therefore,  very 
different. 

3.2  Simulation  Results:  Wavy  Surface. 

The  temporally  cind  spatially  varying  velocity  field  ob¬ 
tained  in  the  simulation  for  gas  flow  over  wavy  surfaces 
was  provided  for  solution  of  the  species  concentration 
equation  and  the  scalar  transfer  rate  was  determined.  To 
date  the  calculations  have  been  done  with  Sc  =  1  and 
for  the  gas  side,  as  the  scalar  concentration  gradients  are 
spread  over  the  thickest  layer  in  this  case  -  and  hence 
could  be  expected  to  be  most  eiffected  by  the  wavy  sur¬ 
face. 
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Figure  8:  Time  history  for  the  liquid  of 
and  Reynolds  stress 


Figure  9:  Mass  transfer  coeff.  vs  Sc  number  for  the  liquid 


The  objective  of  the  simiilation  was  to  determine  the 
value  of  for  comparison  with  the  fiat  interface  cases  in 
Table  I.  Since  the  surface  is  wavy,  a  portion  of  the  total 
surface  stress  is  due  to  the  form  drag,  and  a  portion  is 
due  to  the  frictional  drag.  The  direct  numerical  simula¬ 
tion  allows  each  component  of  the  drag  to  be  estimated. 
If  we  define  a  velocity  scale  based  on  frictional  drag  as  u* 
and  beised  on  frictional  plus  form  drag  as  as  iT*,  then  the 
simulation  gives,  =  0.077  and  =  0.063. 

3.3  Scalar  Flux  Parametrlzation 

The  surface  renewal  theory  of  Danckwerts  (1951)  may 
be  used  to  pco-ametrize  scadcir  transfer  rates  on  the  liquid 
side,  with  a  time  between  renewals  being  between  30  and 
90  shear-stress-based  non-dimensional  time  units.  The 
theory  was  originally  developed  for  “mobile  interfaces”  in 
the  sense  that  liquid  motions  parallel  to  the  interface  were 
relatively  unimpeded. 

The  scalar  transfer  rate  is  then: 

&={DlTf’^  (3) 

with  T**"  =  30  to  90  (I'/u*)  based  on  the  preceding  dis¬ 
cussion.  This  leads  to 

=  0.108  to  0.158  (4) 

uf 

This  equation  was  derived  by  Banerjee  (1990),  based  on 
the  conjectuire  that  sweeps/bursts  controlled  scalar  trans¬ 
fer  rates  and  that  sweep/burst  frequencies  were  similar  at 
a  sheared  liquid  interface  to  those  observed  in  wall  turbu¬ 
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Figure  10:  Comparison  of  Equation  (4)  with  the  data 
by  Wanninkhof  and  Bliven 


Re. 

Figure  11:  Comparison  of  Equation  (4)  with  wind- wave 
tank  gas  transfer  data  (from  Ocampo-Torres) 

lence.  Both  conjectures  are  supported  by  the  simulations 
and  experiments. 

Equation  (4)  is  compared  with  simulation  results  for 
two  different  Schmidt  numbers  in  Figure  9.  It  is  clear 
that  the  numericad  values  agree  with  the  predictions  and 
the  Schmidt  number  dependence  is  correctly  predicted. 
Equation  (4)  is  also  compared  with  wind- wave  tank  data 
for  SFe  and  CO2  transfer  rates  from  Wanninkhof  and 
Blivens  (1991)  and  Ocampo-Torres  et  al.  (1994)  in  Fig¬ 
ures  10  and  11  respectively.  Again  the  agreement  is  good 
noting  that  tt*  is  probably  somewhat  over  estimated  as 
the  form  drag  was  not  separated  out. 

Turning  now  to  the  gas  side,  the  gas  sees  the  liquid 
much  like  a  solid  surface  as  discussed  earlier.  So  a  form  of 
the  surface  renewal  theory  modified  for  such  applications, 
e.g.  by  Banerjee  (1971)  amongst  others,  is  necessary.  This 
leads  to  a  different  dependence  in  the  Schmidt  number, 
and  the  modified  expression  is: 

—  =  0.07  to  0.09  (5) 

tij 

Figure  12  compares  the  expression  with  DNS  results.  It 
is  clear  that  the  Schmidt  number  dependency  is  correctly 
predicted,  and  the  numerical  values  are  within  the  range 
of  Equation  (5).  Also  shown  in  the  figure  is  and 
for  gas  flow  over  a  wavy  surface  with  5c  =  1.  It  is  clear 
that  if  the  frictional  drag  is  used  to  nondimensionalize 
jSgy  then  the  results  are  in  line  with  Equation  (5),  and  the 
wave  effects  are  captured  in  this  formulation.  However  if 
Pg  is  nondimensionalized  with  the  totcil  drag,  i.e.  p,  then 
the  value  of  the  LHS  of  Equation  (5)  lies  well  below 
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Figure  12;  Mass  transfer  coefficient  vs  Sc  number,  Gas 
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Figure  13:  Mass  transfer  coefficient  v.s.  u*  from 
Ocampo-Torres  et  al.  (1994) 


the  prediction.  The  lower  boxmd  of  Equation  (5)  is  also 
compared  with  the  moisture  transfer  data  of  Ocampo- 
Torres  et  al.  (1994)  in  Figxire  13.  The  agreement,  again, 
is  good. 

4.  CONCLUSIONS 

Direct  numerical  simulations  of  scalar  transfer  between 
two  immiscible  turbxjdent  streams  indicates  that  the  con« 
trolling  mechanisms  are  sweeps/bursts  on  both  sides.  For 
air-water  flows  the  controlling  phenomena  are  not  cou¬ 
pled  in  the  sense  that  the  sweep/burst  frequencies  scale, 
on  each  side  separately  with  the  respective  friction  veloc¬ 
ities,  based  on  frictional  drag  and  kinematic  viscosities. 
Because  the  density  and  viscosity  on  each  side  are  dif¬ 
ferent,  the  sweep/burst  frequency  is  also  different.  The 
simulations  also  give  qucintitative  estimates  of  the  sccJar 
fluxes  cind  tramsfer  coefficients  on  each  side  of  the  inter¬ 
face,  as  weU  as  clarify  the  dependence  on  Schmidt  number. 

On  the  air  side,  the  transfer  velocities  are  seen  to  vary 
with  whereas  on  the  liquid  side  they  vary  with 

On  both  sides  they  are  proportional  to  the  fric¬ 
tional  velocity  (derived  from  the  frictional  drag  at  the 
interface),  though  the  constcuits  of  proportionality  are 
somewhat  different. 

Parametrizations  for  the  scalar  transfer  coefficient 
based  on  surface  renewal  theory,  using  time  between 
sweeps  and  bursts  to  give  the  renewal  rate  -  as  suggested 
by  the  DNS,  give  the  correct  dependence  on  the  Schmidt 
number  and  the  correct  values  of  the  proportionality  con¬ 
stants. 

Computations  have  been  done  for  air  flow  over  wavy 
surfaces,  2Uid  fully- coupled  air- water  flows  with  de¬ 
formable  interfaces.  The  scalar  transfer  calculations  have 
not  been  completed  as  yet,  but  the  available  calculations 
done  for  Sc  =  1  on  the  air  side  for  flow  over  a  wavy  sur¬ 
face  -  a  case  where  wave  effects  would  be  expected  to  be 
at  a  maximum  -  indicate  that  the  same  parametrizations 
as  for  the  flat  interface  case  holds.  This  is  to  be  expected 
since  the  sccilar  concentration  gradients  cire  only  signifi¬ 
cant  in  very  thin  layers  -  of  much  smaller  scale  than  cap¬ 
illary  wave  lengths.  The  main  effect  of  waves  then  arise, 
through  the  effects  on  interfacial  frictional  drag. 

Furthermore,  comparison  of  the  parametrizations  with 
wind-wave  tank  scalar  transfer  experiments  are  in  good 
agreement  suggesting  that  wave  effects  are  captured,  and 
arise  through  the  effects  on  frictional  drag. 
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INTRODUCTION 

The  understanding  of  the  flow  structure  and  the  mecha¬ 
nisms  leading  to  turbulence  is  crucial  for  many  fundamen¬ 
tal  and  industrial  applications  such  as  aeronautical  design 
for  example.  Numerical  simulations  have  become  a  reli¬ 
able  tool  to  predict  turbulent  flows,  either  through  turbu¬ 
lence  modeling  (providing  steady  or  unsteady  results)  or 
instationary  flow  calculations  pirect  Numerical  Simula¬ 
tion  (D.N.S.)  or  Large- Eddy  Simulation  (L.E.S.)).  How¬ 
ever,  turbulence  models  are  often  unable  to  well  predict 
the  instation  ary  behaviour  of  flows  whereas  D.N.S-  is  struc¬ 
turally  limited  to  extremely  low  and  therefore  unrealistic 
Revnolds  numbers. 

L.E.S.  thus  appears  to  be  a  very  attractive  tool  for  the 
handling  of  turbulent  flows,  provided  they  are  able  to  de¬ 
scribe  flows  in  complex  geometries.  Although  complex  ge¬ 
ometries  can  be  handled  by  structured  multiblock  method, 
this  approach  can  result  in  a  large  number  of  grid  points. 
An  alternative  is  the  use  of  unstructured  or  hybrid  grids, 
which  consist  of  a  combination  of  different  cell  types. 

This  paper  covers  efforts  made  in  developing  numerical 
tools  at  CERFACS  for  the  handling  of  compressible  flows 
in  unstructured  and  hybrid  meshes  using  L.E.S. .  Although 
the  calculations  performed  here  can  be  reproduced  using  a 
structured  code  (see  Eggels  et  al  1994  for  example),  we 
will  show  results  that  demonstrate  the  capabilities  of  our 
method. 

A  CLASSICAL  FORMULATION  FOR  THE 
L.E.S.  APPROACH 

The  L.E.S.  approach  is  based  on  the  filtering  of  the 
complete  compressible  Navier-Stokes  equations  (due  to  the 
finite  mesh-size),  which  thus  exhibit  sub-grid  scale  ten¬ 
sors  and  vectors  describing  the  interaction  between  non- 
resolved  (sub-grid  scales  corresponding  to  wavenumbers 
greater  than  the  cutoff  wavenumber  kc)  and  resolved  mo¬ 
tion,  The  commutativity  between  the  filtering  operator 
and  the  time  and  space  derivatives  is  supposed  in  the 
present  work.  This  is  justified  in  the  sense  that  the  second- 
order  errors  (in  terms  of  O(A^)  , where  A  stands  for  the 
grid  spacing)  implicitely  neglected  by  this  commutation 
(Ghosal  and  Moin  1995)  are  of  the  same  order  as  the  trun¬ 


cation  errors  of  the  numerical  method  (see  below). 

The  influence  of  non-resolved  scales  on  the  resolved  mo¬ 
tion  is  taken  into  account  by  means  of  a  sub-grid  scale 
model  based  on  the  introduction  of  a  turbulent  viscosity 
i/t  (Ducros  et  al  1995),  which  gives: 

T,j  -  jTiiSi,  =  2pu,S,j  (1) 

where  Ttj  =  -purUj  -h  pu{Uj  is  the  sub-grid  scale  tensor 
and  S,J  =  |((||7  +  1^)  -  "'here  u,  and  p  are 

the  resolved  velocity  and  density,  "  and  ‘  standing  for  the 
filtering  due  to  the  mesh  and  its  Favre  s  notation  coun¬ 
terpart.  The  sub-grid  energy  flux  is  treated  in  the  same 
manner: 

_ 

Qi  =  —{p€  +  p)ur  4-  (pe-\-p)ui  % 

where  Kt  =  Vtj pTt  and  Pvt  ~  0.6:  the  constant  turbulent 
Prandtl  number  is  justified  by  the  low  compressible  cases 
we  treat,  here,  for  which  temperature  can  be  considered  as 
a  passive  scalar,  p,  e  and  t  denote  the  resolved  pressure, 
total  energy  and  temperature. 

EDDY  VISCOSITY  MODELS 

We  implement  two  different  eddy  viscosity  models;  one 
is  the  well-known  Smagorinsky  model,,  defined  by: 

2Sij  Sij  .  (^) 

where  Ci  =  y4C^^/3\/6r2  _  o.]8.  C/c  =  1.4  is  the  Kol- 
mogorov  constant  and  6  stands  for  the  local  cut-off  length 
(8  ^  T/kc)  ■  Many  methods  can  be  found  to  evaluate  Cl. 
Lilly  (1967)  precribes  a  sub-grid  dissipation  equal  to  the 
dissipation  rate  of  an  incompressible  homogeneous  turbu¬ 
lence  c  (c  =<  2i/tSijS,j  >)  and  found  Cl  by  assuming  that 


28-1 


Here,  assuming  that  is  independant  of  wavenumber  k 
and  that  all  dissipation  is  provided  by  the  eddy-viscosity, 
one  gets  f  =  2i^t  k^E{k)dk,  which  now  involves 


-  ^-3/2 


=  rcr. 


(4) 


{Lesieur  1990).  Then,  as  (2i/,S,jS,y)  =  2v,  k'^  E{k)dk, 

Equation  (4),  together  with  the  previous  equality  and 
E(k]  =  directly  leads  to  equation  (3). 

The  second  model  is  a  Smagorinsky  model  defined  on 
high-pass  filtered  velocity  fields,  following  to  previous 
works  concerning  the  filtered  structure  function  model 
fflucros  et  al.  1996,  Lesieur  and  Metals  1996). 

I':!  =  (C2^f'J-2HP{S,3)HPiS„)  ,  (5) 

where  HP{S,j )  stands  for  the  resolved  strain  rate  defined 
on  high-pass  filtered  velocity  fields. 

Here  the  high-pass  filtered  velocity  fields  are  obtained 
using  a  compact  estimation  of  the  fourth-order  derivatives 
of  conserved  variables  taken  from  a  Jameson’s  type  artifi¬ 
cial  viscosity  formulation  (Schonfeld  and  Rudyard  1994). 
As  in  Ducros  et  al.  (1996),  the  transfer  function  of  the 
high-pass  filter  is  numerically  evaluated,  which  gives: 


Ewik) 

E(k) 


(6) 


where  Eip(k)  stands  for  the  energy'  spectrum  of  the  filtered 
field  and  a  x  0.35  and  b  a;  6.66  are  two  constants  deter¬ 
mined  numerically.  The  constant  C2  is  then  determined 
using  the  same  method  as  Ci ,  ic  by'  prescribing. 


( =  (2t.,ms.j)msij)) 


Jo 


k^EHp{k)dk  ,(7) 


which  gives 


C2  = 


-c: 


-3/2 


36  +  4  1 


6a 


1/2 


;^0.37 


(8) 


As  stressed  in  Ducros  et  al  (1996),  a  valuable  infor¬ 
mation  concerning  the  behaviour  of  sub-grid  scale  models 
for  transitional  flows  is  provided  b}'  the  answer  of  a  given 
model  to  a  discrete  longitudinal  sine  wave  w  =  Usin  uj, 
u.’  =  Tck/kc  in  the  long  wave  limit  kc  — ^  oo.  This  limit 
corresponds  to  a  signal  that  is  well  captured  by  the  mesh 
and  stands  for  laminar  and  transitional  part  of  the  flows. 
In  our  case  and  for  this  one-dimensional  signal,  one  can 
easily  check  that  x/n  and  scale  respectively  on  u;  and 
.  This  a-priori  better  behaviour  of  the  second  model 
during  transitional  stages  will  be  confirmed  hereafter. 


requires  such  calculations  over  any  type  of  ele¬ 
ments,  which  is  not  straightforward  and  will  be  detailed  in 
a  forthcoming  pubUcation  (Nicoud  el  al  1997). 

The  AVBP  code  is  based  on  the  COUPL  ^  paral¬ 
lel  library,  which  uses  cell-vertex  finite-volume  techniques 
based  on  arbitrary  unstructured  grids,  and  provides  many 
schemes  for  the  advective  part  of  equation  (9).  The  under¬ 
lying  numerical  method  for  all  the  calculations  presented 
here  is  an  explicit  Lax-Wendroff  scheme,  that  is  second  or¬ 
der  in  both  time  and  space,  which  justifies  the  previous 
approximation  concerning  the  commutativity  of  filter  and 
space  derivatives. 

A  first  application  of  D.N.S.  using  this  code  w^  per¬ 
formed  by  Nicoud  et  al  (1996)  and  shows  the  capability  of 
the  code  to  describe  a  minimal  turbulent  channel  flow  with 
and  without  flow  injection. 

For  the  present  applications,  the  sub-grid  scale  models 
j/ti  and  1^12  2-^^  implemented  in  the  AVBP  code  in  a  general 
manner,  8  being  systematically  taken  as  the  third  of  the 
cell  volume,  which  may  be  questionnable  in  case  of  highly 
distorted  meshes. 


RESULTS 

We  first  validate  the  behaviour  of  the  two  previous  mod¬ 
els  for  the  very  simple  case  of  a  freely  decaying  compressible 
homogeneous  turbulence;  then  we  treat  the  more  compli¬ 
cated  case  of  a  turbulent  pipe  flow. 

Homogeneous  Isotropic  Turbulence 

The  initial  condition  consists  in  a  divergence  free  velocity 
field  of  which  energy  is  concentrated  at  large  scales.  The 
Reynolds  number  is  set  to  infinity  and  the  resolution  is  only 
of  20^  grid  points.  During  the  simulation,  the  spectra  fill 
up  and  exhibit  a  self  similar  decay  once  the  fully  turbulent 
regime  is  reached  (see  Fig.  1).  Enstrophy  is  growing  up 

Kinetic  Energy  Spectra 


eilared  Smagorinsky  nxxJel 


NUMERICAL  TOOL 

The  complete  Navier-Stokes  equations  are  solved  in  their 
conservative  form  using  the  AVBP  code  developed  at  CER- 
FACS  and  Oxford  University  (Schonfeld  and  Rudgyard 
1994),  We  thus  solve 

—  -1-  Vf  =  ViftV.iv)  ,  (9) 

df 

where  F  =  i?  denotes  the  flux  of  conserved  quanti¬ 

ties  and  V(fit.w)  stands  for  the  dissipative  part  of  Navier- 
Stokes  equations.  Frequently,  numerical  methods  for  un¬ 
structured  meshes  are  based  on  the  finite  element  approach 
{Hughes  and  Mallet  1986  for  e.xample),  and  therefore  do 
not  require  the  calculation  of  second  derivatives  for  the 
dissipative  operator.  In  our  case,  the  dissipative  operator 


Figure  i:  Time  evolution  of  kinetic  energy  spectra  us¬ 
ing  the  model  in  homogeneous  turbulence,  together 
with  a  law. 

to  a  certain  level  which  is  higher  for  the  filtered  model 
(Fig.  2,  bottom).  After  this  time  the  kinetic  energy  is 
decaying  according  to  at  law,  which  is  in  reasonable 
agreement  with  theoretical  and  experimental  results  i 
(Lesieur  1990)  (Fig.  2,  top).  The  larger  production  of 
enstrophy  in  the  case  of  the  filtered  Smagorinsky  model 
i/t2,  together  with  the  better  conservation  of  kinetic  energy 
before  dissipation  state  is  reached,  suggests  an  improved 
capability  of  the  filtered  model  to  handle  transitional  flows 
and  can  be  connected  to  the  previous  analysis  in  terms  of 


^Cerfacs  and  Oxford  University  Parallel  Library 
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longitudinal  sine  wave.  Note  that  this  filtered  Smagorinsky 
Energy 
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Figure  2:  Time  evolution  of  kinetic  energy  (left)  and 
of  enstrophy  (right)  for  both  models  in  freely  decaying 
turbulence. 

model  is  insensitive  to  large  scales  of  motion,  which  means 
that  the  turbulent  viscosity  is  scaled  only  on  the  energy 
contained  in  the  small  resolved  scales.  This  enables  us  to 
suppress  one  of  the  classical  drawbacks  of  the  Smagorinsky 
model:  spurious  dissipation  for  the  large  scales  of  motion. 

Application  to  a  Turbulent  Pipe  Flow 

General  Conditions.  We  now  use  the  code  with 
the  filtered  Smagorinsky  model  Ut2  for  the  simulation  of 
a  turbulent  pipe  flow  of  radius  R  and  length  4  x  pe¬ 
riodic  in  the  stream  wise  direction  x\  r  and  B  are  used  to 
denote  the  radial  and  azimutal  directions  respectively.  The 
Mach  number  is  about  0.25  and  the  Reynolds  number  is 
Ren^^  =  5000,  based  on  the  bulk  velocity  Ut  obtained  in 
the  turbulent  regime  and  on  the  radius  R.  Initial  con¬ 
dition  consists  of  a  Poiseuille  flow,  together  with  a  white 
noise  of  small  amplitude  (0.1%)  that  will  trigger  the  tran¬ 
sition  through  non  linear  effects.  A  source  term  is  added 
to  the  Navier-Stokes  equations  to  simulate  a  pressure  gra¬ 
dient  corresponding  to  the  fully  turbulent  state;  this  term 
comes  from  a  empirical  evaluation  and  reads: 

^  P^‘b  no] 

dx  2R  2 

with  A  =  0.3164i2€c:j,  (Schlichting  1979). 

This  calculation  has  been  performed  using  two  different 
hybrid  meshes,  with  the  following  features: 


Figure  3:  Zoom  of  the  mesh  taken  for  the  pipe  flow  for 
calculation  2,  with  240  000  cells. 
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Table  1.  Grids  spacing  in  wall  units. 


The  two  simulations  give  comparable  qualitative  results 
but  provide  better  statistics  for  the  fine  mesh  (mesh  2): 
only  this  second  calculation  will  be  presented  below.  A 
view  of  the  mesh  is  given  in  Fig.  3  for  this  case.  The 
radius  scales  on  R^  =  281;  along  a  given  radius,  one  has 
23  structured  hexahedral  cells  near  the  wall,  the  remaining 
inner  part  of  the  pipe  being  filled  with  prisms.  The  com¬ 
bination  of  element  types  shows  the  advantage  of  hybrid 
meshes  which  allow  to  reduce  the  computational  costs  by 
meshing  the  pipe  core  region  with  a  relative  small  number 
of  cells.  200  points  are  used  in  the  B  direction  (only  100 
points  for  the  first  simulation)  and  40  points  are  needed  in 
the  X  direction,  which  gives  a  total  of  240000  nodes  (6000 
nodes  in  each  section,  whereas  the  first  calculation  requires 
a  total  of  62  000  nodes,  that  is  1550  nodes  per  section). 

Notice  that  such  a  flow  calculation  was  already  per¬ 
formed  using  Direct  Numerical  Simulation  at  a  lower 
Reynolds  number  (R€u^^  equal  3500)  by  Eggels  et  ai 
(1994).  In  this  case,  the  incompressible  Navier-Stokes 
equations  were  solved  using  a  second-order  scheme  formu¬ 
lated  in  a  cylindrical  coordinate  system,  which  requires 
about  12200  points  in  each  section  for  the  considered 
Reynolds  number.  The  mesh  of  Eggels  et  al.  is  equally 
spaced  in  both  radial  (^J^  ~  1.88)  and  streamwise  direc¬ 
tion  (6j  7,03).  It  results  from  these  considerations 

that  the  limiting  time  step  from  this  calculations  scales 
to  6.  l^^^RfUb  whereas  its  scales  to  3.  RjVb  in 
our  case:  this  shows  that,  despite  the  relative  low  Mach 
number  of  our  simulation,  the  choice  for  a  unstructured 
mesh  in  this  case  allows  to  obtain  a  time  stepping  similar 
to  an  incompressible  calculation  on  a  regular  structured 
grid. 

Transition  To  Turbulence.  The  complete  calcu¬ 
lation  using  the  i/f2  model  requires  about  50  hours  on  32 
processors  of  a  Cray  T3D  machine  to  achieve  the  com¬ 
plete  transition  to  turbulence  and  to  accumulate  statistics. 
Fig.  4  shows  the  time  evolution  of  the  mean  total  kinetic 
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Figure  4:  Time  evolution  of  kinetic  energy  (top)  and  of 
maximum  of  vorticity  (bottom)  for  both  models  during 
transition  in  the  pipe,  (log-linear  plot). 


energy  and  of  the  maximun  of  vorticity  during  the  calcu¬ 
lation:  the  time  is  expressed  in  RjVb  and  the  total  time 
simulat.ed  corresponds  to  44  advection  times  through  the 
pipe  at  the  speed  Ih-  After  a  short  period  of  decrease  of 
energy  (0  {  t  {  lOR/Ub)  due  to  the  fact  that  the  white 
noise  we  prescribe  at  t  =  0  is  not  well  adapted  to  the  flow, 
instabilities  develop  very  slowly  up  to  t  =  7SR/Ub  {see 
time  evolution  of  the  vorticity  in  Fig.  4),  then  transition 
to  turbulence  occurs  through  an  exponential  growth  of  in¬ 
stabilities.  Notice  that  the  restart  of  the  calculation  at 
i  =  S5R/Ub  with  the  model  leads  to  complete  relam- 
inarization  of  the  flow,  which  is  physically  not  acceptable 
and  confirms  the  poor  behaviour  of  the  classical  formula¬ 
tion  of  Smagorinsky’s  model. 

Visualisations.  The  visualisations  provided  here  are 
performed  at  the  end  of  our  calculation.  For  all  visual¬ 
isations.  the  mean  flow  is  moving  from  the  fore-  to  the 
background  and  one  fourth  of  the  pipe  has  been  cut  off 
and  removed  in  order  to  enable  an  insight  of  the  motion  in 
the  core  region  of  the  pipe.  Fig.  5  exhibits  classical  pari¬ 
etal  turbulent  motion,  i.e.  ejections  of  relative  low  speed 
fluid  from  the  wall  to  the  upper  part  of  the  layer,  connected 
with  hairpin  vortices:  all  these  coherent  structures  are  well- 
known  and  have  already  be  found  numerically  (Spaiart, 
1988,  Eggels  et  oL,  1994,  Ducros  et  aL,  1996).  Notice  the 
relative  sparse  distribution  of  such  structures  in  the  core 
region  of  the  pipe  that  is  also  observed  in  Eggels  et  al. 
(1994)  justifies  the  use  of  a  relatively  coarse  grid  in  this  re- 


Figure  5:  Slice  on  the  total  velocity  in  the  turbulent 
pipe  at  i  ^  l7bR/Ub-  Ejection  and  swept  events  are 
materialised  by  clear  contours  stretched  from  the  wall. 


Figure  6:  Iso-surface  =  O.ObLh  (black)  and 

(^2^1/2  _  0.37^4  (grey)  at  turbulent  state. 


gion.  Notice  that  the  transition  from  hexahedras  to  prisms 
is  not  visible  in  Fig.  5  (no  distortion  of  the  structures 
is  observed),  which  suggests  that  this  particular  aspect  of 
the  method  is  numerically  well  treated  for  all  the  ternis 
involved  in  the  resolution  of  Navier-Stokes  equations.  This 
will  be  c-onfirmed  by  the  statistics  presented  below. 

The  behaviour  of  the  flow  is  now  investigated  using  three 
pictures  of  isosurfaces  of  the  total  velocity  (Fig.  6,  7,  8) 
and  one  picture  of  the  vorticity  modulus  (Fig.  9).  The 
first  picture  (Fig.  6)  shows  the  near  wall  motion,  where  A 
shape  struct  ures  are  visible  and  almost  aligned  along  the  t- 
direction,  which  is  reminiscent  of  streaky  patterns  usually 
observed  (Robinson  1990).  Fig.  i  clearly  shows  ejection 
of  low  speed  fluid  from  the  wall.  Fig  9  exhibits  evidences 
of  turbulent  motions  at  very  small  scales  near  the  wall, 
which  are  well  captured  b\^  the  mesh  and  the  edd\'  viscosity 
model,  whereas  turbulence  in  the  core  region  of  the  pipe 
develops  at  a  greater  scale  (Fig  8). 

Statistics.  During  the  transition  to  turbulence,  the 
mean  streamwise  velocity  profil  changes  from  a  laminar 
Poiseuille  to  a  turbulent  flow,  of  which  the  shape  is  very 
close  from  what  is  observed  in  a  turbulent  channel  flow. 
Once  the  fully  turbulent  regime  has  been  reached  with 
no  further  changes  in  the  mean  streamwise  velocity  (i.e. 
among  t  ^  125 R/Ub),  we  accumulated  statistics  over 
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Figure  7:  Same  view  as  before,  plus  iso-surface 
=  0.65f4  (grey). 


Figure  8:  Same  view  as  before,  plus  isosurface 
(^2)1/2  =  (black). 


Figure  9:  Iso-surface  =  ZUh/^  (black)  and 

(-j“)^/-  =  lUi/R  (grey). 


Figure  10:  Mean  streamwise  velocity  profil  in  wall 
units,  together  with  the  laminar  and  the  usual  log¬ 
arithmic  law  =  l/Klny'^  +  C. 


50R/Ub  time  unit.  The  mean  streamwise  velocity  ex¬ 
pressed  in  wall  units  is  plotted  in  Fig.  10,  the  mean  tur¬ 
bulent  intensities  and  the  Reynolds  stresses  are  plotted  in 
Fig.  11.  Unfortunately,  since  no  experimental  data  for 
comparison  is  available,  we  compare  our  results  with  the 
numerical  and  experimental  results  at  a  lower  Reynolds 
number  of  Eggels  et  al  (1994).  For  30,  our  results 
show  that  the  streamwise  velocity  nearly  follows  a  classical 
logarithmic  law  almost  up  to  the  centerline  of  the  pipe  flow. 
The  results  are  plotted  against  the  classical  logarithmic  law 
=  1//C  Iny'^  +  C  with  a  von  Karman's  constant  k  —  0.4 
and  C  =  5,  which  is  classically  observed  in  plane  channel 
flow  (Kim  €t  al.  1987).  However,  as  reported  in  Eggels  et 
ai  (1994).  both  values  of  von  Karman’s  constant  and  of  C 
do  not  mach  exactly  the  usual  values  given  above  for  the 
turbulent  pipe  flow:  this  has  been  verified  both  numerically 
and  experimentaly.  In  our  case,  the  best  fit  for  these  con¬ 
stants  seems  to  be  k  =  0.35  and  O  ~  3.6,  that  is  very  close 
to  Eggels  et  oh  evaluation  for  k  but  different  for  C  (Eggels 
et  ah  propose  O  =  4.8).  Although  many  observations  con¬ 
cerning  this  scatter  around  the  value  of  C  suggest  that  this 
value  depends  strongly  on  curvature  effects  (Huffman  and 
Bradshaw  1972),  the  problem  of  the  dependency  of  von 
Karman's  constant  in  such  configurations  remains  an  open 
question.  As  regards  the  mean  turbulent  intensities,  we  ob¬ 
serve  that  our  L.E.S.  predicts  a  peak  of  streamwise  velocity 
7  for  y'^  sr  12.5.  whereas  Eggels  et  al  give  7.45  for 
y'^  ss  14.  This  slight,  departure  is  confirmed  when  look¬ 
ing  at  other  velocity  components:  ^  1.7  at  y'^  ss  38 

^  1.1  at  y’^  44  for  Eggels  et  ah)  and  ^  1.2 

at  65  ^  0.72  at  =  60  for  Eggels  et  al).  Our 

estimation  of  the  Reynolds  tensor  is  ^  -1  whereas 

Eggels  €i  ah  found  -0.7.  We  think  these  discrepancies 
may  be  explained  by  at  least  three  facts: 

•  Reynolds  number  effects,  which  may  be  very  impor¬ 
tant  within  the  range  of  considered  Reynolds  num¬ 
bers, 

•  the  relative  low  resolution  at  the  wall:  y'^  ss  0.94  for 
the  first  point  in  Eggels  et  oh  calculation  whereas  we 
only  have  =2.1. 

•  maybe  the  non  ideal  scaling  of  our  edd^y  viscosity 
model  near  the  wall,  which  does  not  scale  in  y" ,  as 
suggested  in  previous  studies  (Germano  et  ah  1991). 

This  last  point  is  already  under  investigation. 
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Figure  11:  Mean  turbulent  intensities  and  Reynolds 
stress  in  wall  units. 


CONCLUSION 

This  paper  addresses  the  problem  of  computing  unsteady 
turbulent  compressible  flows  using  the  L-E.S.  approach 
for  hybrid  meshes,  which  allows  to  easily'  handle  arbitrary 
complex  geometries. 

The  work  covers  two  new  aspects  of  L.E.S.  turbulent 
modeling: 

•  first,  our  results  to  the  pipe  flow  suggest  that  L.E.S.  in 
complex  geometries  are  available,  despite  the  fact  that 
our  approach  tends  to  be  pragmatic:  some  ^pects 
of  the  L.E.S.  formulation  in  complex  geometries  are 
passed  over  here  (commutativity  between  space  and 
filter  is  supposed,  anisotropy  of  the  mesh  considered 
only  through  the  local  volume  of  the  cells,  etc...), 

•  secondly  it  takes  benefit  frorn  previous  works  allow¬ 
ing  the  development  of  sub- grid  scales  models  able  to 
treat  transitional  as  well  as  full}'  turbulent  flows,  and 
thus  proposes  a  new  sub-grid  scale  model  developed 
on  the  basis  of  the  Smagorinsky  model. 

Some  problems  implicitely  related  to  unstructured  codes 
are  clearly  posed,  among  them  the  necessity  to  formulate  a 
suitable  dissipative  operator  for  L.E.S.:  some  explanations 
concerning  this  point  will  be  given  in  a  forthcoming  paper. 
Finallv,  let  us  recall  that  the  use  of  hybrid  meshes  can  lead 
to  a  significant  reduction  of  the  number  of  grid  points  or 
cells  for  some  classes  of  problems;  as  seen  previously,  the 
time  step  can  also  be  effected  by  the  use  of  hybrid  meshes. 
This  opens  some  perspectives  like  computation  of  unsteady 
flows  in  real  aeronautic  configurations,  such  as  air-intakes 
or  wings,  which  are  already  in  process. 
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ABSTRACT 

Using  EDQNM  nonlocal  interactions  theory,  we  pro¬ 
pose  spectral  eddy  coefficients  allowing  to  account  for  non- 
developed  turbulence  in  the  subgrid-scales.  This  spectral- 
dynamic  model  is  applied  with  success  to  LES  of  a  mixing 
layer  at  =  2000  and  rotating/non-rotating  turbulent 
channel  flows  at  Re  =  6666  and  14000.  A  generalization  of 
the  model  in  physical  space,  in  terms  of  mixed  structure- 
function  and  hyperviscosity  models,  is  also  proposed. 


THE  SPECTRAL-DYNAMIC  MODEL 

We  start  by  considering  the  large-eddy  simulation  (LES) 
problem  from  a  spectral  point  of  view,  with  a  sharp  cutoff 
above  fcc  in  Fourier  space  (in  a  context  of  homogeneous 
and  isotropic  turbulence).  Following  the  concept  of  spec¬ 
tral  eddy  viscosity  introduced  by  Kraichnan  [11],  Chollet 

h  Lesieur  [6]  have  proposed  to  use  [E{kcyt)lkc]^  to  nor¬ 
malize  the  eddy  viscosity  in  a  subgrid-scales  model  (E(fc,  i) 
is  the  spectral  density  of  the  kinetic  energy),  in  writing 

vt{k,kc,t)  =  K{klk^)  z^r(fcc,t)  (1) 


with 


=  0.267 


E{kc^) 

kc 


1 

2 


(2) 


In  this  model,  the  constant  vcJue  0.267  was  obtained  in 
assuming  that  E{k)  follows  a  Kolmogorov  law  extending 
about  the  cutoff,  and  the  spectral  dependence  of  eddy  vis¬ 
cosity  was  adjusted  with  the  expression 

K{k/kc)  =  1  +  34.5  .  (3) 

In  (3),  K{k/kc)  displays  a  strong  overshoot  (cusp- 
behaviour)  in  the  vicinity  of  k/kc  =  I,  ^  shown  by  Kraich¬ 
nan  [11].  The  eddy-diffusivity  was  found  to  behave  qualita¬ 
tively  the  same  [7],  with  a  corresponding  turbulent  Prandtl 
number  approximately  constant  and  equal  to 

0.6. 

On  the  basis  of  the  EDQNM  nonlocal  interactions  theory 
(see  [6,  7,  18,  17]),  one  can  express  for  k  kc  spectral  eddy 


viscosities  i/f°{kc,i)  and  diffusivities  K?°{kcit)  in  a  more 
general  manner,  using  leading-order  expansions  in  powers 
of  the  small  parameter  k/kc.  They  are  respectively  equal 
to 


5E(p,  <)  4-  p 


dp 


dp  (4) 


and 


«r(fcc,t)  =  |/  e^„Eip,i}dp,  (5) 

dkc 

where  Okpq  and  0'[pg  are  are  nonlinear  triple-correlation  re¬ 
laxation  times  of  EDQNM  theory.  The  eddy  coefficients 
may  now  be  evaluated  in  a  less  restrictive  context  than 
previously.  Assuming  that  the  kinetic  energy  spectrum 
foDows  a  power  law  E{k)  a  k~^  instead  of  a  Kolmogorov 
law,  i/f®  may  be  expressed  (for  0  <  m  <  3)  as 


0  =  0.31  (3-m)  = 

m  -h  1 


Ejkct)  = 

kc 


(6) 


with  the  associated  turbulent  Prandtl  number 


Pr  =  0.18  (5  ~  m)  .  (7) 

The  m-dependence  of  the  eddy  viscosity  and  diffusiv- 
ity  (normalized  by  [E{kcyt)/kc]^)  is  presented  in  figure  1. 
One  can  observe  on  this  graph  that  and  decrease 
monotonously  in  the  interval  0  <  m  <  3.  It  is  interesting 
to  note  that  i/f®  is  reduced  by  more  than  50  %  with  re¬ 
spect  to  its  value  for  m  =  5/3,  as  soon  as  m  >  2.2,  and 
multiplied  at  least  by  a  factor  of  2  if  m  <  1 . 

In  the  “spectral  dynamic  model”  used  for  the  LES  pre¬ 
sented  below,  we  define  the  spectral  eddy  viscosity  with 
the  2dd  of  eqs  (1)  and  (6).  Thus,  the  A:— dependence  of 
the  eddy- viscosity  have  been  conserved  through  (3).  It  is 
important  to  keep  the  cusp,  which  accounts  for  local  and 
semi-local  interactions  in  the  neighbourhood  of  kc.  Indeed, 
this  avoids  the  spectral-gap  assumption  between  resolved 
and  subgrid-scales,  which  is  inherent  to  any  eddy- viscosity 
assumption  in  physical  space.  Using  the  spectral-dynamic 
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Figure  1:  Variation  of  eddy  viscosity,  eddy  diffusivity  (nor¬ 
malized  by  [E{kc,i)lk^^)  and  turbulent  Prandtl  number 
with  m,  the  slope  of  the  kinetic-energy  spectrum  in  the 
neighbourhood  of  the  cut-off  wave  number  kc.  Symbols 
correspond  to  values  obtained  when  considering  a  Kol¬ 
mogorov  law  {m  =  5/3). 

_  .  .  oo  .  pt 

.  Vt  J - '  J  .  r 


model  permits  to  reduce  automatically  the  eddy  viscosity 
without  any  empirical  correction  (like  adjustment  of  con¬ 
stant  (s)  in  the  model)  in  two  situations  : 

•  fox  transitional  or  moderate  Reynolds  number  flows, 
where  no  inertial  zone  can  exist  in  the  kinetic  energy 
spectrum  ; 

•  for  near-wall  region  of  fuUy  turbulent  flows,  where 
kinetic  energy  spectra  are  steeper  than  Kolmogorov, 
even  at  high  Reynolds  number. 

Note  finally  that  (6)  is  only  valid  for  m  <  3.  For  m  >  3, 
our  choice  was  to  set  the  eddy- viscosity  equal  to  zero.  From 
a  practical  viewpoint,  this  may  be  justified  in  consider¬ 
ing  that  if  the  kinetic  energy  spectrum  is  steep  enough, 
there  is  no  energy  pile-up  at  high  wave  numbers,  so  that 
no  subgrid-scales  modelling  is  really  needed. 

APPLICATION  TO  MIXING  LAYER 

Flow  configuration  and  numerical  aspects 

We  have  carried  out  a  LES  of  a  temporal  mixing  layer 
at  Ree,  =  =  2000,  where  6i  is  the  initial  vortic- 

ity  thickness  equal  to  2Uju)i  and  u)i  the  initial  maximal 
vorticity  modulus.  Pseudo-spectral  methods  are  used  to 
solve  the  filtered  Navier-Stokes  equations,  enforcing  peri¬ 
odic  boundary  conditions  in  the  stream  wise  (x)  and  span- 
wise  (z)  directions,  while  free-sHp  conditions  are  imposed 
in  the  transverse  direction  (y)  by  means  of  sine/cosine  ex¬ 
pansions.  The  temporal  derivative  is  approximated  by  a 
third-order  low-storage  Runge-Kutta  scheme  [23]. 

Initial  conditions  consist  in  a  basic  hyperbolic- tangent 
velocity  profile  and  a  small  Gaussian  isotropic  perturbation 
of  kinetic  energy  10““*  The  computational  domain  is  cu¬ 
bic  of  side  Lx  =  Ly  =  Lx  =  4  Xa  (where  Aa  =  7  =  27r /ka 
is  the  wavelength  of  the  most  amplified  streamwise  mode 
predicted  by  linear  stability  theory).  Hence  two  pairings 
of  Kelvin-Helmholtz  vortices  are  allowed.  Aliasing  errors 
[4]  were  minimized  by  taking  more  collocation  points  in 
physical  space  (120^)  than  Fourier  modes  (96^). 

The  simulation  was  stopped  at  t  =  60  Si/U ^  the  time  of 
the  second  pairing  of  Kelvin-Helmholtz  structures.  No  con¬ 
finement  effects  on  the  mixing  layer  were  observed  (see  [22] 
for  a  complete  description  of  the  simulation).  At  this  time, 
the  Reynolds  number  based  on  the  local  vorticity  thickness 
S  (defined  as  2U /|  (y  =  0)|)  was  Res  =  20000. 

Model  validation  and  results 

In  this  temporal  mixing  layer  LES,  the  spectral-dynamic 
model  is  used  in  its  “standard  version”  defined  by  equations 
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Figure  2:  Temporal  variation  of  the  three-dimensional  ki¬ 
netic  energy  spectrum  slope  m  ( — )  and  of  the  kinetic  en¬ 
ergy  at  the  cutoff  wave  number  E{kc)  ( - ). 


<u>/u 

Figure  3:  Temporal  evolution  of  the  local  vorticity  thick¬ 
ness  S  (left)  and  comparison  of  mean  streamwise  velocity 
(straight  line)  with  seif-similar  mixing  layer  experimental 
data  of  Bell  k.  Mehta  (symbols)  [2]  (right). 


(1),(3)  and  (6).  The  spectrum  slope  m  is  calculated  at  each 
time  step,  from  the  three-dimensional  kinetic  energy  spec¬ 
trum,  using  a  least-square  method  applied  to  wave  numbers 
ranging  between  kcj^  <  k  <  kc. 

Figure  2  shows  the  temporal  evolution  of  m  and  E{kc) 
for  the  whole  simulation.  The  spectrum  slope  decreases  ini¬ 
tially  from  the  high  value  {m  «  9)  defined  in  the  initial  con¬ 
ditions.  At  t  =  10  Si/U,  that  is,  when  Kelvin-Helmholtz 
vortices  roll-up,  we  have  m  «  3.  It  means  that  the  eddy- 
viscosity  was  inactive  (see  equation  6)  at  this  instant,  and 
all  the  dissipation  was  due  to  molecular  viscosity.  It  allows 
the  growth  of  instabilities  not  to  be  influenced  by  eddy 
viscosity,  which  is  certainly  desirable.  Between  t  =  10  and 
30  6i/U  (moment  of  the  first  pairing),  the  slope  m  falls 
from  3  to  2.  After  that,  m  remains  very  close  to  2  until 
the  end  of  the  simulation. 

Statistics  of  the  recorded  velocity  profiles  were  used  to 
determine  the  temporal  evolution  of  the  local  vorticity 
thickness,  and  compared  with  experimental  data  of  self¬ 
similar  mixing  layers  of  Bell  k  Mehta  (1990)  ([2]).  The 
l.h.s.  of  figure  3  shows  6(i).  A  fairly  linear  growth  is  es¬ 
tablished  very  early  at  a  rate  of  d8/{Udt)  =  0.19.  During 
the  first  pairing  {i  ^  30),  the  spreading  slows  down,  and 
afterwards  it  starts  again  rising  at  the  same  rate.  In  spite 
of  the  differences  in  the  spatial  growth  of  mixing  layers  re¬ 
ported  in  several  works  [21],  and  also  between  the  spatial 
and  the  temporal  problem,  the  growth  rate  we  found  for 
the  latter  is  very  close  the  traditioncdly  accepted  mixing 
layer  spatial  growth  of  0.18  reported  in  Brown  k  Roshko’s 
experiments  [3]. 

The  r.h.s.  of  figure  3,  and  figure  4,  show  respectively  the 
mean  streamwise  velocity  and  velocity  components  vari¬ 
ances  at  the  end  of  the  simulation  {i  =  60  6i/U).  The 
agreement  between  numerical  and  experimental  data  is  re¬ 
markable.  The  slight  lack  of  convergence  for  {u'u)  and 
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Figure  4:  Comparison  of  the  velocity  fluctuations  vari¬ 
ances  with  self-similar  mixing  layer  experimental  data  of 
Bell  &  Mehta  [2]. 


Figure  5:  Normalized  three-dimensional  kinetic  energy 
spectra  at  t  =  50  ( — ),  55  ( - )  and  60  6t/27  ( - ). 


{u’v')  is  explained  by  the  fact  that  only  spatial  averages  in 
the  periodic  directions  were  calculated. 

Figures  3  and  4  seem  to  indicate  that  a  self-similar  state 
was  established  at  the  end  of  the  simulation.  This  fact  is 
confirmed  by  the  normalized  three-dimensional  kinetic  en¬ 
ergy  spectrum,  which  is  presented  in  figure  5  (the  normal¬ 
ization  is  made  by  the  local  scale  5).  The  good  collapse  of 
the  different  spectra  for  t  =  50,  55  and  60  6^/  is  a  good  in¬ 
dicator  that  a  self-similar  regime  is  attained.  Another  con¬ 
firmation  may  be  established  transforming  the  streamwise 
distance  needed  to  establish  the  self-similar  regime  in  Bell 
Mehta  experiences  in  elapsed  time.  There  is  however  a 
slight  problem  concerning  the  spectral  slope  in  the  neigh¬ 
bourhood  of  kc^  which  is  close  to  2,  as  already  stressed. 
Indeed,  mixing-layer  experiments  at  this  Reynolds  find  a 
—5/3  exponent  over  a  quite  long  range  in  small  scales.  We 
had  already  observed  this  defect  in  isotropic  turbulence 
with  the  plain  spectral-cusp  model,  and  it  seems  here  that 
the  extra  reduction  of  the  eddy- viscosity  brought  by  the 
slope  —2  is  not  sufficient  to  create  exactly  a  cascade 

across  kc^ 


Since,  except  for  the  ultraviolet  spectra,  the  statistics 
are  in  good  agreement  with  experimental  data,  it  is  worth 
looking  at  the  three-dimensional  vortical  structure.  Figure 
6  shows  a  perspective  view  of  isosurfaces  of  vorticity  mod¬ 
ulus,  with  a  threshold  value  of  |a;i|,  at  t  =  14  (left-side) 
and  60  SijU  (right-side).  The  l.h.s,  shows  a  dislocated 
array  of  roUing-up  Kelvin- Helmholtz  vortices,  similar  to 
the  configuration  found  in  previous  DNS  simulations  [8] 
and  laboratory  experiments  [5],  and  called  “helical  pcur- 
ings”.  Secondaries  streamwise  vortices  are  also  stretched 
by  the  deformation  field  between  the  K-H  vortices.  The 
r.h.s.  picture  is  taken  when  a  self-similar  regime  has  es¬ 
tablished.  This  state  is  characterized  by  the  presence  of 
intense  small-scale  vortices,  with  no  preponderant  orienta¬ 
tion.  The  large  scales  are  not  identifiable  by  visualization 
of  vorticity  isosurfaces  but  instead  we  found  their  signa¬ 
ture  in  the  structures  of  low  pressure  (see  figure  7).  It 
seems  that  we  have  here  one  big  quasi  two-dimensional 
vortex  stretching  thinner  longitudinal  vortices.  However, 
the  spanwise  width  of  the  domain  is  now  too  small  to  con¬ 
tain  the  wavelength  of  the  helical-pairing  instability,  which 
should  scale  on  d. 


Figure  6:  Perspective  views  of  the  mixing  layer  at  t  = 
14  (left)  and  60  BijU  (right)  showing  isosurfaces  of  the 
vorticity  modulus  with  a  threshold  value  of  . 


Figure  7:  Top  (left)  and  side  (right)  views  of  low-pressure 
isosurfaces  at  t  =  60  SilU , 


CHANNEL  FLOW 
Flow  configuration 

Here,  we  consider  the  turbulent  plane  channel  flow  sub¬ 
mitted  (or  not)  to  spanwise  rotation.  Let  (u)  =  ((u),0,0) 
be  the  mean  relative  velocity  in  a  Cartesian  coordinates 
system  {x^y^z)  associated  to  the  rotating  frame,  x^y  and 
2  are  respectively  the  streamwise,  wall-normal  and  span- 
wise  directions,  the  rotation  vector  being  Q  =  (0,0,0)  (see 
figure  8). 
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Figure  8:  Schematic  view  of  the  rotating  channel. 


The  half-channel  height  is  noted  h  and  the  bulk  veloc¬ 
ity  Um-  Non-dimensional  parameters  used  here  are  the 
C/  2/i 

Reynolds  number  Re  =  — -  and  the  global  Rossby 

3  U 

number  Ron  =  Small  values  of  the  latter  concern 

®  2Q  h 

strong  rotation  regimes  where  Coriolis  forces  dominate  in¬ 
ertial  forces,  while  infinite  global  Rossby  number  corre¬ 
sponds  to  no  rotation.  Note  that  the  3/2  factor  in  the 
global  Rossby  expression  is  present  to  conserve  the  same 
definition  as  in  previous  work  where  transitional  rotating 
channel  flow  was  considered  [14].  In  a  laminar  situation 
(Poiseuille  how),  this  global  Rossby  corresponds  to  the  ra¬ 
tio  of  the  vorticity  at  the  wall  solid-body 

rotation  vorticity  2Q. 


to  the  wall  allows  to  simulate  accurately  the  viscous  sub¬ 
layer,  with  a  resolution  of  (64  x  65  x  32)  for  case  A,  and 
(128  X  96  X  64)  for  case  B. 

Figure  9  shows  the  mean  velocity  profile  in  case  A,  com¬ 
pared  with  the  LES  of  Piomelli  [19]  using  the  dynamic 
model  of  Germano  [9].  The  latter  is  known  to  be  in  good 
agreement  with  experiments  or  DNS  at  this  low  Reynolds 
number.  Present  results  coincides,  with  for  instance  correct 
values  for  the  Karman  constant  or  the  friction  velocity. 


Figure  9:  Case  A  {h'^  =  204),  comparison  of  the  mean  ve¬ 
locity  profile  (straight  line)  versus  Piomelli’s  [19]  dynamic- 
model  simulations  (symbols). 


Mode!  adaptation 

An  adaptation  of  the  model  formulation  is  necessary  to 
treat  the  direction  of  inhomogeneity  y.  In  the  present  case, 
two-dimensional  spectra  E2d(y^  ^2di  t)  have  been  used,  with 
k2d  -  A  slope  m{y,  t)  of  each  kinetic-energy 

spectrum  given  in  a  plane  y  =  cste  is  then  defined,  in  such 
way  that  the  spectral-eddy  viscosity  takes  the  final  form 


5  —  m{y,t) 
7n{y,t)  -I-  1 


x(l  +  34.56“^-°®^''"'*=''^) 


[3  - 

kc 


Note  that  the  spectrzd  formulation  used  in  this  model  con¬ 
cerns  only  horizontal  directions.  Numerically,  m{y,t)  is 
evaluated  using  a  least-square  method  applied  on  a  spectral 
range  of  highest  wave  numbers.  For  simulations  presented 
here,  a  quite  large  number  of  wave  numbers  has  been  used 
{kc/2  <  k2d  <  kc),  but  we  have  verified  that  this  num¬ 
ber  can  be  reduced  without  significant  modification  of  the 
results. 

A  last  remark  concerns  the  use  of  a  two-dimensional 
spectrum  instead  of  a  three-dimensional  one.  In  an  iso¬ 
tropic  turbulence  context,  a  3D-spectrum  E{k)  =  ci  k  ^ 
may  be  deduced  from  a  2D-spectrum  E2d{k2d)  =  C2 
by  integration  ;  it  is  found 

c,  fr(i)r(i(m  +  i))  r(i)r(i(m  +  i))l 
C2~{  3r(im  +  l)  6r(im  +  2)  / 

With  the  aid  of  this  expression,  it  is  possible  to  evaluate 
the  3D-spectrum  at  the  cutoff  wave  number  E(kc).  Note 
however  that  this  correction  is  not  fuUy  justified  if  the 
^/-direction  is  inhomogeneous,  as  in  the  present  situation. 
From  a  practical  point  of  view,  it  has  been  observed  that 
use  of  the  correction  factor  given  by  (8)  in  the  subgrid-scale 
model  has  a  negligible  effect  on  the  final  result. 


IMon-rotating  channel  results 

We  use  here  a  mixed  spectral-compact  code  having  spec¬ 
tral  accuracy  (see  [13]  for  details).  We  first  present  two 
LES  of  non-rotating  channel  hows  at  Re  =  6666  (case 
A)  and  Re  =  14000  (case  B).  The  grid  refinement  close 


Figure  10  shows  for  case  A  the  rms  velocity  fluctuations, 
compared  with  Piomelli’s  results.  The  agreement  is  stiU 
very  good,  with  a  correct  prediction  of  the  longitudinal 
velocity  fluctuations  peak,  corresponding  to  a  maximum 
intensity  for  the  high  an  low-speed  streaks. 


Figure  10:  Same  as  Figure  9,  but  for  the  rms  velocity  fluc¬ 
tuations,  from  top  to  bottom  longitudinal,  spanwise  and 
transverse  velocities. 

The  same  velocity  statistics  as  for  case  B  are  presented 
on  figure  11  and  compared  with  DNS  [1]  data  at  ap¬ 
proximately  the  same  Reynolds  number.  It  can  be  seen 
that  mean  velocity  and  turbulence  intensities  obtained  by 
present  LES  are  in  good  agreement  with  (unfiltered)  DNS 
results.  Notice  that  LES  allows  in  this  case  to  reduce  the 
computational  cost  by  a  factor  of  100  with  respect  to  DNS. 

Quality  criteria  based  only  on  statistics  may  be  insuffi¬ 
cient.  Indeed,  we  have  observed  that  a  simulation  with¬ 
out  any  subgrid-model  (at  the  same  Reynolds  number 
and  resolution)  gives  statistics  of  the  velocity  field  (mean 
value,  variances  and  Reynolds  stresses)  not  dramatically 
affected,  while  kinetic  energy  spectra  or  instantaneous  vor¬ 
ticity  fields  are  very  unrealistic.  Figure  13  presents  a  vor¬ 
ticity  visualization  in  the  LES,  compared  with  a  DNS  at 
lower  Reynolds.  The  coherence  of  the  large-scale  motion 
in  terms  of  hairpin  ejections  and  streaks  at  the  wall  is  pre¬ 
served  in  LES.  It  is  clear  also  that  the  LES  does  indicate 
features  expected  from  turbulence  at  higher  Reynolds  num¬ 
ber,  and  displays  much  more  vortical  activity  in  the  small 
scales  than  the  DNS.  The  small  (resolved)  scale  activity 
thus  predicted  is  susceptible  of  enhancing  mixing  or  chem¬ 
ical  reactions  in  LES  of  turbulent  transport  or  combustion 
for  instance. 
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Figure  11:  Turbulent  channel  flow,  comparisons  of  present 
LES  using  spectral-dynamic  model  (straight  lines,  = 
389)  with  the  DNS  [l]  (symbols,  =  395);  a)  mean  ve¬ 
locity,  b)  rms  velocity  components. 


Figure  12:  Profile  of  (m),  the  mean  value  of  the  kinetic- 
energy  spectrum  slope  for  a  given  j^-position. 


We  have  thus  shown  that  the  spectral-dynamic  model 
gives  a  good  near-wall  behaviour  in  turbulent  wall  flows, 
without  use  of  any  “haind-tuned”  constant  in  the  eddy- 
viscosity  formulation.  To  illustrate  the  importance  of  the 
eddy-viscosity  correction,  we  present  on  Figure  12  the  pro¬ 
file  of  the  spectral  exponent  m(y,  i)  averaged  with  time.  It 
can  be  noticed  first  that  spectra  are  clearly  steeper  than 
Kolmogorov  in  the  whole  channel.  In  addition,  we  see  that 
m  is  very  close  to  3  or  higher  in  the  viscous  region,  corre¬ 
sponding  to  a  very  low  (or  zero)  value  of  the  eddy  viscosity. 
This  permits  correct  near-wall  statistics.  Dynamics  models 
in  physical  space  present  the  same  advantage,  but  not  via 
an  explicit  control  of  the  energy  distribution  in  the  highest 
wave  numbers.  However,  one  should  check  on  the  exper¬ 
iments  at  this  Reynolds  number  whether  the  quite  steep 
velocity  spectra  obtained  here  are  realistic,  or  if  they  are 
an  artefact  of  the  model. 

Rotating  channel  results 

The  spectrzJ-dynamic  model  has  been  applied  also  to  the 
rotating  turbulent  channel  [13,  15],  where  results  in  good 
qualitative  agreement  with  DNS  at  lower  Reynolds  num¬ 
bers  [13,  14]  were  obtained.  The  spectral  dynamic  model 
is  tested  here  for  a  very  strong  rotation,  corresponding  to 
Rog  =  2.  For  such  a  rotation  rate,  DNS  have  shown  that  a 
quasi-laminar  zone  develops  in  the  cyclonic  region  while,  in 
the  anticyclonic  region,  the  vortex  organization  of  the  flow 
differs  strongly  from  the  non-rotating  case.  For  present 
LES  with  higher  Reynolds  number,  the  same  tendencies 
can  be  observed  (see  Figure  14).  For  instance,  a  pdf  analy- 


Figure  13:  Turbulent  non-rotating  channel  flow,  isosurface 
of  the  vorticity  modulus  a;  =  4.5  Um/h  (the  flow  goes  from 
left  to  right);  a)  DNS  at  Re  —  5000,  b)  LES  at  Re  =  14000. 


sis  of  the  angle  made  by  hairpins  with  the  horizontal  plane 
(not  presented  here)  shows  that  vortices  in  the  anticyclonic 
region  lean  more  and  more  towards  the  wall  as  the  Rossby 
number  diminishes,  while  becoming  more  coherent. 


Figure  14:  Turbulent  rotating  channel  flow,  isosurface  of 
the  vorticity  modulus  u;  =  3.375  Um/h  (the  flow  goes  from 
left  to  right);  LES  at  Re  =  14000  and  Rog  =  2. 

To  our  knowledge,  no  equivalent  DNS  nor  experiments  at 
identical  Reynolds  number  and  rotation  rate  as  our  present 
LES  are  given  in  the  literature.  Validation  of  the  present 
simulation  is  therefore  not  yet  feasible.  It  may  be  however 
interesting,  at  the  same  Rossby  number,  to  compare  DNS 
at  lower  Reynolds  number  (Re  =  5000)  with  present  LES 
at  Re  =  14000.  Here,  we  concentrate  our  attention  on 
the  reduction  of  the  cyclonic  friction  velocity  (noted  Utc) 
with  respect  to  its  value  without  rotation  (noted  u^)  for 
the  same  Reynolds  number.  We  find  that  this  reduction  is 
more  marked  for  Re  —  14000  (LES)  than  for  Re  =  5000 
(DNS),  with  Urc/^?  respectively  equal  to  0.49  and  0.59. 
For  moderate  rotation  (18  <  Rog  <  25),  Johnston  et  al 
[10]  have  reported  the  same  tendency,  i.e.  a  reduction  of 
the  normalized  cyclonic  wall  friction  with  the  increase  of 
the  Reynolds  number  (Re  =  10300  and  Re  =  11400).  Cy- 


28-11 


clonic  friction  velocity  viras  found  to  be  lower  in  these  ex¬ 
periments  than  in  DNS  [12,  13].  On  the  other  hand,  and 
for  similar  rotation  rates,  Launder  iz  Tselipidakis  [16]  in 
calculations  using  a  one-point  closure  model,  and  Piomelli 
&  Liu  [20]  with  LES,  have  noticed  on  the  contrary  an  in¬ 
crease  with  the  Reynolds  number  of  the  normalized  friction 
velocity.  Hence,  further  computations  (very  high  resolu¬ 
tion  DNS)  or  experiments  are  needed  to  decide  about  this 
point. 


RETURN  TO  PHYSICAL  SPACE 

In  fact,  the  function  K{x)  defined  in  (3)  can  be  put  under 
the  form  K{x)  =  1  with  2n  w  3.7  [7].  Determin¬ 

ing  1/*  on  the  basis  of  subgrid-energy  conservation,  and 
approximating  2n  by  4,  one  can  propose  an  equivalent  of 
the  spectral- cusp  model  in  physical  space  as 


0.661 


dxj 


■ 


\dxj  dxi ) 


4-0.014  Ax^  (9) 


for  the  eddy-viscous  operator  in  the  momentum  equa¬ 
tion.  Here,  is  the  eddy- viscosity  of  the  structure- 
function  model  [18].  Multiplying  the  above  operator  by 
A  =  (^/i2/5)[(5  —  1)],  we  obtain  in  physical  space 

a  model  equivalent  to  the  spectral-dynamic  model. 
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ABSTRACT 

In  order  to  be  of  use  in  engineering  situations,  LES 
models  must  be  able  to  reproduce  near-wall  flows.  We 
approach  this  by  refining  the  mesh  close  to  the  wall  in 
a  manner  that  reflects  the  anisotropic  nature  of  near¬ 
wall  turbulence.  This  requires  the  SGS  modelling  to 
be  able  to  deal  with  anisotropic  meshes  as  well  as  the 
anisotropic  turbulence  near  the  walls.  The  technique 
is  then  applied  to  fully-developed  turbulent  flow  in  a 
channel.  We  show  that  the  first  and  second  order  sta¬ 
tistical  moments  of  the  resolvable  velocity  are  well  re¬ 
produced,  with  the  differential  stress  model  of  Dear- 
dorff  performing  particularly  well. 

INTRODUCTION 

Large  Eddy  Simulation  (LES)  is  based  on  the  de¬ 
composition  of  the  dependent  variables  into  large-  or 
Grid  Scale  (GS)  components  and  small-  or  Sub  Grid 
Scale  (SGS)  scale  components,  which  represent  the  un¬ 
resolved  fraction  of  the  turbulence,  with  the  effect  of 
the  latter  on  the  former  being  accounted  for  by  SGS 
models.  Away  from  walls  LES  performs  well  even  on 
fairly  coarse  grids,  i.e.  when  the  cut-off  wavenumber 
lies  in  the  inertial  range  but  biased  towards  the  the 
integral  scale.  Recently,  much  effort  has  been  devoted 
to  incorporating  near-wall  modelling  into  LES  (e.g. 
Cabot  (1995))  :  this  is  particularly  directed  towards 
applications  at  very  high  Reynolds  numbers.  However, 
a  refined  treatment  of  the  near  wall  region  is  desirable 
in  many  cases,  since  near-wall  effects  are  often  impor¬ 
tant  in  the  dynamical  evolution  of  the  entire  flow  field. 
Parameters  such  as  the  wall  friction  and  heat  transfer 
coefficients  depend  heavily  on  near- wall  effects.  Fur¬ 
thermore  it  is  important  to  reproduce  the  interscale 
energy  transfer  between  the  unresolved  fraction  of  the 
flow  and  the  macroscopic  flow.  This  is  known  to  be 
difficult  using  wall  models  or  damping  functions  of  the 
van  Driest  type.  If  we  are  interested  in  complex  geome¬ 


tries,  it  is  advantageous  to  avoid  concepts  like  ‘distance 
to  the  wair  or  ‘wall-normal  vectors’,  since  they  intro¬ 
duce  interpretational  problems  as  well  as  resulting  in 
untenable  behaviour. 

Close  to  the  wall  the  characteristic  length  scailes  of 
the  most  energetic  eddies  decrease.  If  the  grid  is  un¬ 
able  to  resolve  these  length  scales,  then  anisotropies 
in  the  turbulent  flow  will  be  anisotropies  of  the  SGS 
motion,  and  necessitating  the  solution  of  the  full  dif¬ 
ferential  stress  equation  for  the  SGS  stress  tensor.  In 
this  study  we  investigate  the  possibility  of  resolving 
the  near-wall  region  to  capture  the  dynamics  of  this 
region,  with  specific  reference  to  fully  developed  tur¬ 
bulent  channel  flow.  As  described  above,  the  tur¬ 
bulent  length  scales  become  anisotropic  close  to  the 
wall,  with  the  perpendicular  scale  ly  tending  to  zero 
whilst  the  other  scales  and  parallel  to  the  wall 
remain  finite.  We  utilise  a  computational  cell  with 
sides  (Ai,  Ay,  A^)  a  {IxAy^  h)  adequate  to  resolve  the 
structures  in  the  buffer  layer.  Ay  is  increased  through 
the  log-law  region  in  order  to  coarsen  the  grid  and 
provide  more  isotropic  cells  in  the  bulk  of  the  flow. 
Since  the  refinement  will  be  in  one  direction  only,  the 
number  of  additional  cells  necessary  will  be  modest, 
and  hence  the  problem  will  remain  computationally 
tractable.  However  this  does  imply  that  the  SGS  mod¬ 
elling  must  be  able  to  deal  with  mesh  anisotropy.  We 
investigate  a  number  of  different  SGS  models,  mostly 
based  on  the  eddy- viscosity  concept.  However  the  as¬ 
sumption  of  isotropy  implicit  in  this  type  of  model  may 
be  inappropriate  given  the  anisotropic  mesh  and  tur¬ 
bulence  involved  in  this  case.  Accordingly  we  also  use 
a  differential  stress  model  which  does  not  rely  on  this 
assumption. 

LES  MODELS 

In  LES  it  is  assumed  that  the  dependent  variables 
can  be  divided  into  GS  and  SGS  components,  i.e.  v  = 
V  -f  v',  where  v  =  G  *  v  =  G(C,  A)v(C,  t)d^C> 
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Figure  1:  Profiles  of  resolvable  streamwise  velocity  (a.  Tier  =  395,  b.  TlCr  =  640)  and  second  order 
velocity  moments  Txx,  Tyy  and  Tzz  (c.  Her  =  395,  d.  Tier  =  640),  The  circles  represent  experimental 
data  (Wei  and  Willmarth  (1989)),  the  plusses  DNS  data  (Kim  et  al.  (1987)),  and  the  crosses  MK’s  LES  data 
(Moin  and  Kim  (1982)).  The  lines  are  profiles  from  our  LES  :  Al  (grey  solid  line),  A2  (black  dashed  line)  B1 
(black  dash-dotted  line),  B2  (grey  dashed  line),  and  C  (black  solid  line).  The  grey  dashed  line  is  model  C  on 
the  coarser  mesh. 


D  is  the  computational  domain.  The  kernel  G(x,  A)  is 
any  function  with  the  properties  f^G(C,^)d^C  = 
G(x,A)  >  0,  limA-^o  G(x,  A)  =  ^(x),  and  G(x,A)  € 
C^(7l^)  having  compact  support.  In  the  absence 
of  body  forces,  convolving  the  incompressible  Navier 
Stokes  equations  (NSE)  with  G  gives 

V.v  =0,  ^  (1) 

dtv  +  V.(v®v)  =  V.(S  -  B), 

given  that  [G*,  V]v  =  0  :  v  is  the  velocity  field,  z/  the 
molecular  viscosity,  S  =  —pI-i-2i/D  with  p  the  specific 
pressure,  and  D  =  |(Vv  +  Vv^).  The  convolution 
process  generates  an  additional  term,  the  SGS  stress 
tensor  : 

B  =  viTv  —  V  ®  V  =  L  -h  C  -h  R,  (2) 

where  L  is  the  Leonard  stress,  C  the  cross  stress  and  R 
the  Reynolds  stress  tensor  (e.g.  Fureby  et  al.  (1997)). 
A  balance  equation  for  B  can  be  derived  from  the  exact 
and  filtered  NSE  : 

5iB  +  V.(B®v)  =  P-f-M  +  n-hE,  (3) 

where  P  =  -  (LB^  +  BL^)  is  the  production.  Here 
M  is  the  generalised  triple  correlation,  11  the  pressure- 
velocity  gradient  tensor,  and  E  the  dissipation  tensor. 

The  GS  components  are  morphologically  dependent 
on  the  geometry  of  the  flow  via  the  boundary  condi¬ 
tions.  The  effect  of  the  SGS  components  on  the  GS 
motion  must  be  separately  modelled,  which  is  achieved 
by  supplying  a  model  for  B  in  terms  of  the  GS  veloc¬ 
ity  field.  This  model  should  also  accuracy  predict  the 
interscale  energy  transfer  e(A)  =  —  B.D,  in  order  to 
permit  coarse  grid  solutions  of  (1).  Two  different  ap¬ 
proaches  to  the  modelling  of  B  are  used,  either  based 


on  the  conventional  eddy- viscosity  concept,  or  using  a 
full  balance  equation  for  B. 

SGS  Models  of  Eddy- Viscosity  Type 
The  simplest  SGS  models  are  based  on  the  hypothe¬ 
sis  that  the  deviatoric  part  of  B  is  locally  aligned  with 
D£)  =  D  —  jtr(D  )I,  whilst  the  normal  stresses  are  as¬ 
sumed  to  be  isotropic  and  thus  representable  through 
the  SGS  kinetic  energy  k.  Consequently, 

B  =  |fcI  +  2i/,Dx,,  ^D=iir(B)  (4) 

where  the  SGS  kinetic  energy  k,  and  the  SGS  vis¬ 
cosity  i/jt  must  be  specified  for  the  model  to  be  com¬ 
plete.  The  best-known  model  of  this  class  is  that  of 
Smagorinsky  (1963),  with 

k  =  cjA^lD\\\  n=CDA^B\l  (5) 

where  c/  0.20  and  cd  ~  0.01.  This  model  will  be 
referred  to  as  Model  Al. 

An  exact  balance  equation  for  k  can  be  derived  by 
contracting  the  exact  balance  equation  for  B  (3).  Re¬ 
distribution  effects  do  not  contribute  to  the  k  equation 
in  isochoric  flows,  and  it  can  be  assumed  that  diffusive 
and  dissipative  effects  can  be  modelled  as  V.(z/jtVA:) 
and  €  =  CeAr^/^A”^  respectively.  This  gives 

dtk  +  V.(A:v  )  =  -B.D  -f  V-i^Vk)  -  e, 

z/jfc  =  (6) 

with  Cfc  0.05  and  c^  1.05.  This  is  the  one-equation 
eddy- viscosity  model  (Yoshizawa  (1986)),  hereafter  re¬ 
ferred  to  as  model  Bl. 
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Figure  2:  Resolved  Reynolds  stress  T^y  (top)  and  total  stress  Txy  +  (P)xy  (bottom)  for  the  various  SGS  models. 
The  left  hand  column  is  for  Her  =  395,  the  right  hand  one  Her  =  640.  Legends  as  for  Figure  1. 


Traditionally,  additional  modifications  to  the  SGS 
viscosity  expressions  in  (5)  and  (6)  have  been  included. 
Most  common  are  damping  functions  of  van  Driest 
type,  e.g.  Moin  and  Kim  (1982),  or  wall  functions  for 
very  high  He.  These  modifications  are  motivated  ei¬ 
ther  by  the  desire  to  account  for  near- wall  effects,  or  to 
ensure  the  proper  asymptotic  behaviour  for  the  SGS 
shear  stresses  in  the  neighbourhood  of  the  wall.  We 
have  experimented  with  adding  such  damping  func¬ 
tions  to  models  A1  and  Bl,  but  have  found  that  they 
degrade  rather  than  improve  the  results,  as  well  as  run¬ 
ning  counter  to  the  idea  of  this  paper.  This  approach 
will  therefore  not  be  discussed  further  in  this  paper. 

Another  approach  to  the  modelling  of  anisotropic 
turbulence  is  that  of  the  dynamic  model,  first  sug¬ 
gested  by  Germano  et  al.  (1994).  The  idea  here  is  to 
sample  information  on  the  GS  level  to  evaluate  the 
model  coefficients  by  filtering  (1)  a  second  time  with 
a  kernel  of  width  A'  >  A.  There  are  several  possible 
ways  to  proceed.  The  conventional  approach  utilises 
the  Germano  identity  to  construct  an  overdetermined 
system,  which,  after  additional  simplifications,  can  be 
solved  to  determine  the  model  coefficients.  This  has 
been  applied  to  evaluate  c/  and  C£>  in  model  Al  to 
produce  model  A2.  The  drawback  of  this  procedure  is 
that  additional  averaging,  either  in  homogeneous  di¬ 
rections,  along  streamlines  or  in  local  regions  of  the 
flow  (the  method  used  here),  is  necessary  to  avoid  ex¬ 
cessive  fluctuations  in  the  resulting  model  coefficients. 
An  alternative  approach  has  recently  been  proposed  by 
Kim  and  Menon  (1995),  in  which  the  scale  similarity 
assumption  is  used  to  derive  expressions  for  the  model 
coefficients.  This  has  been  applied  to  evaluate  Ck  and 
Cc  in  model  Bl  to  produce  model  B2. 

Full  SGS  Stress  Equation  Models 

An  alternative  to  modelling  B  using  the  eddy  vis¬ 
cosity  concept  is  to  solve  the  full  differential  stress 


equation  (3).  Such  a  model  is  more  likely  to  be  able 
to  cope  with  grid  or  flow  anisotropies.  In  order  to 
complete  the  model  we  must  model  the  terms  M,  11 
and  E  in  equation  (3).  The  first  successful  attempt 
was  made  by  Deardorff  (1973);  we  use  a  variant  of 
this  model  in  which  M  is  approximated  by  a  gradi¬ 
ent  hypothesis,  as  V.(t/fcVB).  The  pressure  velocity- 
gradient  term  11  is  split  into  a  return  to  isotropy 
term  ^  and  a  mean  strain  term 

n(2)  =  |fcDD,  whilst  E  =  -fel.  This  is  model  C  : 

5tB+V.(B®v)  =  P  +  V.(i/fcVB) 

-CMk^/^A-^BD  +  -  lei,  (7) 

where  Uk  =  CkAk}f^,  e  =  c*  ~  0.07,  cm  — 

4.15  and  2;  1.05.  Note  that  by  combining  the  terms 
and  E,  a  generalised  dissipation  tensor  of  the 

form  —  ^(ca^B£)  -h  ^c^kl)  is  generated.  This  can  be 
reformulated  in  terms  of  the  SGS  anisotropy  tensor 
A  =  k~^B  -  |I,  to  yield  4-  E  =  -H 

|l).  Consequently,  the  effective  dissipation  is  tensorial 
and  linearly  dependent  on  A,  thereby  providing  an 
improved  treatment  of  flow  and  grid  anisotropies. 

Computational  Details 
In  this  study  we  use  a  second-order- accurate  energy- 
conserving  finite-volume  code  in  which  the  pressure- 
momentum  system  is  decoupled  using  the  PISO 
method.  The  momentum  equation  is  discretised  in 
time  using  the  Crank- Nicholson  scheme,  which  is 
second-order  accurate.  The  resulting  system  is  solved 
using  the  Conjugate  Gradient  method  with  incomplete 
preconditioning.  Simulations  have  been  performed  on 
a  range  of  Reynolds  numbers  up  to  Her  =  1280  :  re¬ 
sults  are  presented  here  for  Her  =  395  and  Her  =  640. 
To  minimise  the  computational  cost  a  small  domain 
is  preferable  :  we  use  a  channel  with  dimensions  in 
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wall  units  of  1580  and  750  in  the  streamwise  (ca^) 
and  spanwise  (e^)  directions.  A  strategy  for  mesh 
generation  must  be  devised.  The  mesh  should  re¬ 
solve  the  buffer  layer  sufficiently  to  perform  LES  of 
the  turbulent  structures  there,  which  implies  a  mesh 
grading  and  becoming  more  two-dimensional  towards 
the  walls.  However  we  cannot  construct  the  mesh  di¬ 
rectly  according  to  these  principles.  An  approximate 
mesh  can  be  set  up,  and  the  details  of  cell  dimen¬ 
sion  and  grading  manipulated  in  order  to  generate  the 
best  possible  profiles  for  the  low  order  statistical  mo¬ 
ments  of  the  velocity.  Good  results  can  be  obtained 
if  ~  35,  A2+  20  and  Ay~^  €  [2,20],  keep¬ 

ing  the  aspect  ratio  below  ~  10—15  and  adopting 
an  anisotropic  finite- volume  equivalent  of  the  filter  in 
terms  of  a  Laplace  operator  (e.g.  Aldama  (1994)). 
Note  that  DNS  and  experimental  results  indicate  that 
the  vortical  streaks  in  the  near-wall  turbulence  have 
a  spacing  of  ~  100  wall  units,  which  suggests  that 
our  resolution  is  just  adequate  for  LES.  In  addition, 
we  have  performed  calculations  using  the  differential 
stress  model  C  on  a  mesh  which  has  been  coarsened 
by  a  factor  of  2  in  both  the  x  and  z  directions,  thus 
reducing  the  resolution  by  a  factor  of  4.  The  flow  is 
driven  by  a  constant  mass  flow  in  the  direction  and 
has  periodic  boundary  conditions  in  the  and  di¬ 
rections.  Comparisons  can  be  made  between  our  LES 
results  and  experimental,  DNS  and  other  LES  data  for 
this  case,  principally  in  terms  of  the  first  and  second 
order  statistical  moments  v  and  v',  but  also  in  terms 
of  the  morphology  of  the  turbulent  structures  found  in 
the  flow.  In  addition  we  are  able  to  investigate  turbu¬ 
lent  structures  and  the  scaling  behaviour  of  the  flow 
at  higher  Tie  than  is  possible  with  DNS. 

RESULTS 

First  and  Second  Order  Moments 
Some  results  are  shown  in  figure  1  for  various  mo¬ 
ments  of  the  velocity  for  Hcr  =  395  (left  hand  col¬ 
umn)  and  Tier  =  640  (right  hand  column).  The  dif¬ 
ferent  lines  correspond  to  different  SGS  models,  com¬ 
pared  to  DNS  from  Kim  et  al.  (1987),  experimental 
data  from  Wei  and  Willmarth  (1989)  and  LES  data 
from  Moin  and  Kim  (1982)  (hereafter  MK),  which  is 
plotted  using  various  symbols.  The  profiles  are  gen¬ 
erated  by  by  time  averaging  over  a  time  interval  of 
b{)hjur  for  Tier  =  395  and  40h/itr  for  Tier  ~  640,  fol¬ 
lowed  by  combined  streamwise  and  spanwise  averaging 
over  the  entire  channel  :  these  averaging  procedures 
are  denoted  ( • ).  The  profiles  were  found  to  be  sym¬ 
metric  across  the  channel  centreline  to  within  0.5%, 
which  demonstrates  that  the  time  averaging  was  suffi¬ 
cient  for  an  adequate  statistical  sample.  Accordingly 
only  half  the  channel  profile  is  plotted.  Only  minor 
differences  between  the  models  are  apparent  for  the 
streamwise  component  (figures  la,  lb);  these  are 
limited  to  the  wall  proximity  region  <  90  (this  re¬ 
gion  contains  the  viscous  sublayer,  the  buffer  layer  and 
part  of  the  logarithmic  region.  We  will  refer  to  the  rest 
of  the  domain  -  i.e.  the  rest  of  the  logarithmic  region 
and  the  wake  region  -  as  the  outer  region).  In  the 
wall  proximity  region,  we  generally  find  that  models 
involving  transport  equations  for  B  or  generate  bet¬ 
ter  profiles  than  purely  algebraic  models  such  as  Al. 


The  profiles  generated  on  the  coarser  mesh  are  not  sig¬ 
nificantly  different  from  the  refined  version,  i.e.  there 
is  a  degree  of  mesh  independence  for  the  first  order 
statistics.  We  also  find  that  the  dynamic  models  A2, 
B2  do  not  provide  significant  improvements  over  their 
non-dynamic  counterparts,  contrary  to  the  findings  of 
other  authors  e.g.  Germano  et  al.  (1994). 

Turbulence  intensities  are  investigated  by  examining 
the  individual  components  of  the  resolvable  turbulent 
stress  tensor  T  =  ((v  -(v))®(v  -(v)));  figures  Ic,  Id 
show  profiles  of  these  components  for  the  two  different 
cases.  The  agreement  between  our  LES  and  the  DNS 
or  experimental  data  is  still  good,  although  variations 
between  different  models  are  beginning  to  appear.  For 
the  Tier  =  395  case,  model  B1  systematically  over¬ 
predicts  the  streamwise  component  Txx  by  about  8% 
(spanwise  average)  compared  to  the  DNS  data,  an 
effect  which  is  common  to  all  our  models  at  lower 
T^Cr-  At  Tier  =  640,  our  results  overpredict  this  com¬ 
ponent  compared  with  MK’s  LES,  but  underpredict 
the  experimental  profile  of  Wei  and  Willmarth  (1989). 
Closer  inspection  of  the  wall  proximity  region  reveals 
that  the  peak  in  T^x  is  in  very  good  agreement  with 
the  experimental  data  both  in  magnitude  and  position 
(2/“^  c:;  12  —  20)  :  the  agreement  with  the  MK  data  is 
less  good  (the  peak  being  found  to  be  at  y'^  15-25). 

Tzz,  Tyy  are  generally  flatter  than  the  DNS  data  would 
indicate,  either  due  to  inadequate  spatial  resolution,  or 
because  too  large  a  fraction  of  the  fluctuations  resides 
in  the  unresolved  scales.  However  the  error  is  compa¬ 
rable  to  the  difference  between  DNS  and  experiment. 

Figure  2  shows  profiles  of  the  resolvable  shear  stress 
Txy  (top)  and  the  total  shear  stress  Txy  +  ^^y  (bot¬ 
tom).  At  Tier  =  395,  the  resolved  fraction  of  the  flow 
is  dominant  over  the  SGS  contribution  in  the  wake  re¬ 
gion,  and  so  there  is  little  difference  between  the  var¬ 
ious  SGS  models.  This  is  not  the  case  in  the  viscous 
sublayer  and  buffer  layer,  and  so  there  are  significant 
differences  between  the  profiles  of  Txy  in  this  region. 
Model  C  predicts  the  lowest  values  of  Txy  generally. 
Including  the  SGS  shear  stress  -  the  exact  value  from 
model  C,  an  estimate  from  the  modelling  for  the  other 
models  -  generates  very  close  agreement  indeed  be¬ 
tween  the  different  models  and  between  our  models 
and  the  literature  LES  data.  Model  A2  overpredicts 
the  shear  stress,  whilst  the  others  agree  precisely.  At 
Tier  =  640,  agreement  with  the  MK  data  is  less  good, 
with  the  shear  stresses  (both  resolvable  and  total)  cal¬ 
culated  to  be  above  the  values  from  the  MK  data.  On 
the  coarser  mesh,  the  difference  between  our  calculated 
resolvable  shear  stress  and  the  actual  shear  stress  is 
more  significant,  showing  that  the  SGS  model  repre¬ 
sents  a  significant  part  of  the  shear  stress  when  the 
mesh  is  coarser.  This  effect  is  more  significant  close 
to  the  wall,  which  is  understandable  since  the  mesh 
coarsening  was  parallel  to  the  wall.  Including  the  ef¬ 
fect  of  the  SGS  shear  stress  improves  the  agreement 
with  the  other  models.  We  note  that  the  differences 
between  models  decline  as  we  move  into  the  wake  re¬ 
gion,  again  because  of  the  reduced  importance  of  the 
SGS  modelling  in  this  region. 

Near  Wall  Flow 

Figure  3.  shows  profiles  of  turbulence  production 
(3a,  b)  and  dissipation  (3c,  d)  for  the  two  cases. 
For  LES  we  can  estimate  the  total  production  as 
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Figure  3:  Turbulence  production  ((T*fB).D)  (top)  and  dissipation  +  Csgs  (bottom).  The  left  hand 

column  is  for  IZer  =  395,  the  right  hand  one  Tier  =  640.  Legends  as  for  Figure  1. 


((T  +  B).D).  For  a  linear  viscous  fluid,  and  assuming 
isotropy,  we  can  write  the  dissipation  as  e  =  21^0?' |^, 
and  again  we  can  estimate  the  total  dissipation  from 
the  LES  as  Production  and  dissipation 

are  third  order  statistical  moments,  and  so  we  should 
expect  lower  accuracy  in  our  simulations.  However 
these  quantities  are  important  for  the  physics  of  tur¬ 
bulence  in  channels,  and  so  we  should  still  examine 
them.  None  of  the  models  predict  the  position  of  the 
peak  production  correctly,  although  the  magnitude  is 
reasonably  predicted.  Preliminary  investigation  sug¬ 
gests  that  this  is  simply  an  issue  of  insufficient  reso¬ 
lution  in  the  buffer  layer.  Models  A1  and  A2  provide 
fair  estimates  of  the  variation  in  production  across  the 
channel.  Models  B1  and  B2  overestimate  the  over¬ 
all  production  by  about  5%  (compared  with  the  value 
from  DNS),  with  the  overestimate  being  as  high  as 
20%  in  the  wall  proximity  region  (Model  Bl).  Model 
C  produces  the  best  estimate,  which  is  probably  be¬ 
cause  this  model  can  deal  with  non-local  and  heredi¬ 
tary  effects  better  than  the  others,  as  well  as  its  ability 
to  treat  anisotropies  discussed  earlier.  Again,  calcula¬ 
tions  on  the  coarser  mesh  show  little  deviation  from 
the  common  behaviour  of  all  models.  All  the  models 
considered  fail  to  reproduce  the  dissipation  correctly, 
as  shown  in  figures  3c,  d.  We  have  separately  exam¬ 
ined  the  resolved  dissipation,  which  is  responsible  for 
around  half  of  the  total  dissipation,  and  found  that  it 
has  the  right  general  behaviour,  with  a  plateau  near 
20,  but  the  wrong  magnitude.  This  suggests 
that  the  SGS  contribution  is  critically  important  to 
the  overall  dissipation,  but  is  poorly  reproduced  by 
all  the  models  considered  here.  The  least  inaccurate 
dissipation  profile  is  generated  by  model  C,  indicating 
that  the  ability  to  treat  anisotropy  effects  is  impor¬ 
tant.  Conceivably,  model  C  is  able  to  minimise  the 
contamination  of  the  resolved  scales  by  the  unresolved 
scales. 

The  fact  that  the  wall  proximity  region  is  the  source 


for  the  majority  of  the  production  suggests  that  we 
should  look  more  closely  at  the  coherent  structures  in 
this  region.  This  c^be  done  by  examining  isosurfaces 
defining  peaks  in  v'  or  in  the  vorticity,  which  map 
out  the  coherent  regions  close  to  the  walls  as  streaks 
with  a  well-defined  spacing.  The  algebraic  models  A1 
and  A2  give  a  streak  spacing  of  about  130  (in  wall 
units)  whilst  the  one-equation  models  Bl  and  B2,  and 
the  differential  stress  model  C  give  a  value  close  to 
110.  This  is  in  very  good  agreement  with  experimen¬ 
tal  data  and  DNS,  which  give  values  around  100  wall 
units.  However  the  MK  LES  gives  a  streak  spacing  of 
around  250  wall  units,  wildly  in  excess  of  our  results. 
The  length  of  the  streaks  is  between  800  and  1000 
wall  units,  and  they  have  diameters  of  ^20  wall  units, 
again  in  good  agreement  with  experiment  and  DNS  : 
these  dimensions  appear  to  be  fairly  independent  of 
SGS  model.  The  mean  streak  spacing  is  observed  to 
decrease  slowly  with  increasing  T^e,  whilst  their  length 
increases  somewhat.  This  motivates  further  study  of 
the  one-equation  and  differential  stress  models.  Very 
close  to  walls,  transport  of  energy  by  convection  be¬ 
comes  negligable,  and  so  diffusive  transport  processes 
will  be  dominant  (Durbin  (1993)).  One-equation  mod¬ 
els  are  able  to  model  the  diffusion  better,  whilst  the 
modelled  balance  equations  for  the  SGS  stress  ten¬ 
sor  in  model  C  are  also  able  to  take  account  of  the 
anisotropic  nature  of  this  diffusion.  In  more  traditional 
approaches,  using  a  van  Driest  damping  function,  the 
streak  spacing  is  greater,  at  about  300  and  200  respec¬ 
tively  (see  also  Horiuti  (1985)),  thereby  affecting  some 
of  the  fundamental  physical  processes  in  the  near- wake 
region. 

It  can  be  shown  that  B  must  be  positive  def¬ 
inite  and  symmetric  :  in  order  to  be  realis¬ 
able,  any  model  for  B  should  share  these  features 
(Fureby  and  Tabor  (1997)).  The  necessary  and  suf¬ 
ficient  conditions  for  this  can  be  expressed  in  terms 
of  the  invariants  of  B,  i.e.  I  =  -trB  >  0,  //  = 
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|((trB)2  „  tr(B2))  >  0  and  III  =  detB  >  0.  The 
first  two  inequalities  indicate  that  k  must  be  non¬ 
negative,  and  that  the  Schwartz  inequality  must  be 
satisfied.  In  general  these  requirements  are  found  to 
be  adequately  satisfied  for  all  our  models,  although  for 
the  one-equation  and  differential  stress  models  (Bl,  C) 
/  >  0  has  to  be  artificially  enforced  in  a  small  frac¬ 
tion  of  the  control  volumes,  since  the  discretisation 
scheme  used  can  spuriously  produce  negative  k  when 
fluid  is  advected  towards  large  k  values.  The  third  in¬ 
equality  is  related  to  the  anisotropy  of  the  flow,  with 
detB  =  0  representing  the  two-dimensional  turbulence 
limit,  when  one  of  the  eigenvalues  will  be  zero.  Only 
model  B2  satisfies  III  >  0,  with  the  other  models 
producing  non-realisable  regions  predominantly  in  the 
viscous  sublayer  and  buffer  layer,  the  error  being  sig¬ 
nificantly  smaller  for  model  C  than  for  the  others.  The 
affected  volumes  are  small,  representing  less  than  1% 
of  the  total  volume,  and  appear  to  be  uncorrelated 
with  flow  structures  such  as  rate  of  strain.  However 
the  concentration  of  reaiisability  errors  in  the  near  wall 
region  suggests  that  the  turbulence  generation  mecha¬ 
nisms  in  these  regions  may  be  incorrectly  represented 
by  the  models. 

CONCLUSIONS 

The  ability  to  accurately  predict  wall-bounded  flows 
is  important  for  engineering  applications  of  LES.  Typ¬ 
ical  approaches  to  the  problem  of  near- wall  flows  have 
involved  the  introduction  of  wall  functions.  However, 
if  we  are  interested  in  complex  geometries  the  SGS 
models  used  should  avoid  concepts  like  ‘distance  to 
the  wall’  or  ‘wall-normal  vectors’  since  they  introduce 
interpretational  problems  as  well  as  resulting  in  unten¬ 
able  behaviour.  We  have  investigated  an  alternative, 
which  is  to  refine  the  mesh  perpendicular  to  the  wall  in 
a  manner  that  reflects  the  anisotropy  of  near- wall  tur¬ 
bulence.  We  believe  that  this  is  a  more  natural  way 
of  coping  with  the  presence  of  the  wall  :  it  has  the 
added  benefit  of  resolving  the  boundary  layer,  which 
may  be  of  interest.  Parameters  such  as  wall  friction 
and  heat  transfer  coefficients  depend  heavily  on  near 
wall  effects.  Furthermore,  in  many  applications  it  is 
important  to  reproduce  the  interscale  energy  transfer 
between  the  unresolved  fraction  of  the  flow  and  the 
macroscopic  flow.  This  is  known  to  be  difficult  using 
wall  models  or  damping  functions  of  the  van-Driest 
type.  For  the  simple  case  investigated  here,  the  mesh 
has  been  constructed  by  hand  :  it  is  conceivably  pos¬ 
sible  to  quantify  the  requirements  for  the  mesh  to  be 
effective  near  the  walls  and  to  combine  this  with  au¬ 
tomatic  mesh  refinement,  thus  allowing  the  mesh  to 
evolve  during  the  calculation  to  optimise  the  solution. 

For  this  to  work,  the  SGS  model  must  be  able  to  cope 
with  mesh  anisotropies  as  well  as  flow  anisotropies.  We 
have  compared  two  families  of  models  :  ones  based 
on  an  eddy  viscosity  concept,  which  implicitly  assume 
isotropy,  and  models  based  on  a  differential  SGS  stress 
equation,  of  which  we  have  picked  a  simplified  version 
of  the  Deardorff  model.  We  compare  these  models  on  a 
fully  developed  turbulent  channel  at  several  Reynolds 
numbers,  and  find  that  whilst  all  the  models  behave 
creditably,  the  differential  stress  model  is  better  able 
to  model  the  near-wall  flow.  The  streak  spacing  is 
better  predicted  as  well.  Finally,  we  investigate  the 
reaiisability  of  all  these  models,  and  find  that  nearly  all 


the  models  have  problems  with  the  third  invariant  III 
near  the  walls.  This  may  be  linked  to  the  modelling 
of  the  production  of  turbulence  in  the  buffer  layer.  In 
all,  we  have  shown  that  it  is  possible  to  perform  very 
good  simulations  on  wall-bounded  flows  without  wall 
modelling  by  producing  a  near-optimal  computational 
mesh.  In  addition,  whilst  the  primary  influence  on 
the  accuracy  of  the  simulations  is  the  mesh,  specific 
parameters  of  the  flow  do  show  differences  between 
the  various  SGS  models. 
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ABSTRACT 

We  have  developed  a  new  model  representative  of  tangled 
polymers  by  using  a  cluster  of  beads  and  springs.  Direct  numerical 
simulation  has  been  conducted  for  a  liquid  turbulent  channel  flow 
with  three  clusters.  The  computational  results  show  that  the 
elongation  of  polymers  and  the  suppression  of  polymer  diffusion  are 
predicted  by  the  present  model.  The  time  derivative  of  the 
turbulence  energy  is  found  to  be  affected  by  the  reaction  force 
resulting  from  the  elongation  of  the  cluster.  It  is  found  that  the 
vorticity  ina  small  eddy-dominant  region  is  noticeably  attenuated  by 
the  cluster.  This  suggests  that  the  development  of  a  small  eddy  into 
a  large  one  could  be  arrested  by  the  tangled  polymers. 

INTRODUCTION 

It  is  known  that  the  drag  for  turbulent  liquid  duct  flow  is  reduced 
by  adding  a  small  amount  of  specific  polymers,  such  as 
polyoxyethylene  and  polyacrylamide,  to  the  flow.  In  order  to  clarify 
the  mechanism  of  the  drag-reduction  phenomena,  Massah  and 
Hanratty  (1996)  and  Kajishima  et  al.  (1996)  conducted  direct 
numerical  simulations.  They  adopted  a  finitely  extendable  nonlinear 
elastic  (  FEME)  bead-spring  as  representative  of  a  polymer  molecule. 
It  consisted  of  two  beads  and  a  beads-connecting  spring  with  a 
nonlinear  spring  constant.  They  obtained  the  additional  dissipation 
of  the  turbulence  energy  (Massah  and  Hanratty)  and  the  relaxation 
of  longitudinal  vortices  ( Kajishima  et  al. )  due  to  a  number  of  bead¬ 
spring  models.  These  results  are  useful  for  understanding  the  drag 
reduction  of  the  turbulent  flow  with  polymers. 

However,  the  experimental  results  on  polyoxyethylene  solutions 
under  shear  flow  regions  obtained  by  Miyamoto  (1994)  cannot  be 
explained  by  thcFENE  bead-spring.  He  discovered  that  the  polymer 
molecules  were  tangled  in  the  three  dimensions  in  the  form  of  mesh- 
like  structures.  The  structures  were  found  to  vary  with  the  shear 
rate,  y,  and  be  kept  in  the  case  where  y  is  up  to  1000  [1/s].  No  other 
models  have  yet  been  developed  for  understanding  these 
phenomena. 

In  the  present  study,  we  develop  a  model  that  expresses  a  group  of 
polymer  molecules  tangled  by  using  a  cluster  of  beads  and  springs. 
A  direct  numerical  simulation  for  the  turbulent  channel  flow  is 


carried  out  by  introducing  a  cluster  into  two  different  eddy-dominant 
regions  and  a  shear-riominant  region.  We  discuss  the  deformation  of 
the  cluster  configuration  and  the  effect  of  the  clusters  on  the  local 
values  of  turbulence  energy,  the  vorticity  and  the  shear  stress. 

COMPUTATIONAL  METHOD 
Model  for  Tangled  Polymers 

Cluster  of  Beads  and  Springs.  We  considered  a  group  of 
tangled  polymers.  Visualised  images  obtained  by  Miyamoto  (1994) 
showed  that  the  thicker  parts  of  the  polymers  (  hereafter  called 
nodes )  were  connected  by  thin  straight  parts.  We  assumed  that  the 
nodes  and  the  rest  are  replaced  by  spherical  beads  with  various  sizes 
and  springs  with  nonlinear  spring  constant,  respectively.  It  was  also 
assumed  that  the  beads  have  the  same  density  as  that  of  the  solvent 
and  that  the  springs  have  no  volume.  Two  neighboring  beads  were 
assumed  to  be  connected  by  the  spring.  On  the  other  hand,  if  the 
distance  between  two  beads  was  longer  than  a  certain  length,  /c, 
these  beads  were  assumed  not  to  be  connected  directly  by  a  spring. 
We  recognised  the  formation  and  the  disappearance  of  the  mesh-like 
structure  by  adding  and  subtracting  springs  between  two  nodes, 
respectively.  Thus,  a  cluster  of  the  beads  and  springs  was  assumed 
to  represent  a  group  of  tangled  polymers  in  the  present  study.  Figure 
1  illustrates  part  of  the  connection  of  the  cluster. 


Fig.  1  Cluster  of  beads  and  springs 
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Table  1  Dimensions  of  computational  domain  and  grid  arrangement 


case 

Li/h 

Ls/h 

Ni 

N2 

Ns 

LXjuVv 

AATiuVv 

hXsu*N 

Re*-u*h/v 

Present 

4.0 

2.0 

64 

50 

48 

8.75 

1. 42 14.0 

5.83 

140 

Suzuki  &  Kawamura(1994) 

6.4 

3.2 

128 

66 

128 

9.0 

0.80'-'!  1.8 

4.5 

180 

Satake  &  Kasagi(1993) 

1.257r 

0.37571 

48 

97 

36 

12.3 

0.127-^7.63 

4.9 

150 

Rai  &Moin(  1991) 

471 

271 

192 

101 

192 

11.8 

NA 

5.9 

180 

Kajishima  et  a/.  (1996) 

7.68 

3.84 

64 

64 

64 

18.0 

0.9-'9.0 

9.0 

150 

Massah  etal{\99B) 

12.7 

6.33 

128 

65 

128 

14.8 

NA 

7.42 

150 

Motion  of  Beads.  The  drag  force,  Fd,  calculated  by  the  Stokes 
law  of  resistance  and  the  restitution  force  of  the  spring,  Fs ,  were 
considered  to  act  on  the  beads.  The  equation  of  motion  for  the  /w-th 
bead  is  as  follows: 


U 


(1) 


where  p  is  the  bead  density,  r  is  the  bead  radius,  17**  and  IJ  arc  the 
velocities  of  the  bead  and  the  solvent  flow  respectively,  p  is  the 
solvent  viscosity.  A/ is  the  total  number  of  beads  for  the  cluster  of 
polymers,  /wand  Iwwa  are  the  distance  between  the  bead  and  the  «-th 
bead  and  its  initial  value  respectively,  X  is  the  coordinate  of  the  bead, 
and  k  is  the  spring  constant. 

The  time  increment.  A/,  for  the  discretised  expression  ofEq.  (1) 
was  determined  so  that  the  increment  was  much  shorter  than  the 
polymer  relaxation  time  (  Massah  et  al ,  1 993  ),  A  =  6:r  pr/it,  and  the 
bead  relaxation  time,  x  =  p(4/3)7:r  V67tpr  =  2r  V9v  (  v  is  the 
kinematic  viscosity  ).  Therefore,  the  bead  velocity  was  obtained 
explicitly  by  the  discretised  expression  of  Eq.(l).  The  locations  of 
the  beads  were  calculated  from  the  bead  velocity  thus  obtained. 

In  the  present  study,  r  was  assumed  to  be  equal  to  0.14v/k*.  A 
and  A/ were  set  equal  to  0.12v/i/*^  and  0.00028v/k*\  respectively. 
We  assumed  that  Af  was  equal  to  60  and  that  the  beads  and  springs 
for  a  cluster  were  initially  in  a  spherical  region  of  12v/i/*  in 
diameter,  h  was  set  equal  to  5v/tt*. 


Solvent  Flow 

Momentum  Equation.  The  reaction  force  to  Fd  was  assumed 
to  act  on  the  solvent  flow.  The  momentum  equation  of  the  flow  is 
given  as  follows: 


DU 

Dt 


(2) 


where  F  is  the  pressure  and  Kis  a  cell  volume  for  the  reaction  force. 

Computational  Domain.  The  present  study  dealt  with  a 
turbulent  channel  flow  of  the  solvent  in  a  space  between  two  flat 
plates  at  the  distance  of2A.  The  origin  of  coordinates  was  on  one 
plate.  The  Xj^X2  and  Xj  axes  were  positioned  in  the  direction  of  the 
main  flow,  normal  to  the  plates  and  in  the  transverse  direction  to  the 
main  flow,  respectively.  The  Reynolds  number  based  on  h  and  the 
friction  velocity,  «*,  was  140. 

The  computational  domain  was  assumed  to  be  a  box  ofAh  ^2h  ^ 
2h.  The  domain  was  divided  into  a  total  of 64  x  50  x  48  cells.  The 
cell  dimension  is  identical  either  in  the  Xj  direction  or  the  Xs 
direction.  It  increases  in  the  X2  direction  based  on  a  geometric 
progression.  The  velocity  components  were  defined  at  the  centre  of 
the  cell  surfaces  (hereafter  called  grid  points)  and  the  pressure  was 


given  at  the  centre  of  the  cell.  In  table  1,  the  box  length,  L,  the 
number  of  grid  points,  N,  the  grid  spacing.  A,  and  the  Reynolds 
number,  Re*,  based  on  and  h  arc  compared  with  the  single-phase 
counterparts  used  in  other  simulations  using  finite  difference 
schemes  (Suzuki  and  Kawamura,  1994;  Satake  and  Kasagi,  1993; 
Rai  and  Moin,  1991)  and  the  counterparts  with  the  EENE  bead¬ 
spring  models  (Kajishima  et  al.^  1996;  Massah  et  ai,  1993). 

Discretisation.  The  second-order  central  difference  scheme 
based  on  the  interpolation  method  (Suzuki  and  Kawamura,  1994; 
Kajishima,  1994)  was  applied  for  the  finite  differencing  of  the 
convection  terms  of  the  momentum  equations.  In  the  interpolation 
method,  the  gradient  form  of  the  convection  term  was  evaluated  not 
at  the  velocity  grid  point  but  at  half  the  grid-spacing  in  the  direction 
of  convection  from  the  grid  point.  Then  the  interpolated  value  of 
two  adjacent  gradient  forms  in  the  direction  of  convection  was 
assigned  at  the  grid  point  between  the  two  points  where  the  forms 
were  evaluated.  This  evaluation  satisfies  numerical  consistency 
between  the  mass  continuity  and  the  momentum  convection.  Suzuki 
and  Kawamura  (1994)  reported  that  the  computational  result  of  low- 
order  turbulence  quantities  using  this  scheme  shows  good  agreement 
with  the  counterpart  obtained  using  the  spectral  method.  The 
convection  terms  for  the  velocity,  Uj,  are  expressed  as  follows; 


ac/j  ac/j 

1  dU.  ac7. 


‘ajfj 

dU, 


AAT, 


aa: 


) 


,j*in,k  *  .A* 

2  CAXJi^^,^AX,\jy2 

,  j-vi,k  * 

2  (AAr,I^+AX,|^,)/2 

,/,k+U2  * 


AX, 


,J,k-l/2  , 


aa; 


)]. 


(3) 


where  U2  and  U3  are  the  velocity  components  in  the  X2  and  Xs 
directions,  respectively.  The  second-order  central  difference  scheme 
without  the  interpolation  method  was  applied  for  the  finite 
differencing  of  the  viscous  terms  of  the  momentum  equations. 

Using  the  successive  over-relaxation  method,  the  velocity 
components  and  the  pressure  were  simultaneously  adjusted  so  that 
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the  conservation  of  mass  was  satisfied. 

The  third-order  Adams-Bashforth  scheme  was  used  for  the  time 
integration  of  the  discrctised  equations  because  the  scheme  has  very 
low  dispersion  errors  (  Dimas  and  Triantafyllou,  1994). 

Li  the  discrctised  form  of  Eq.  (2),  the  reaction  force  to  Fd  for  each 
bead  was  distributed  to  eight  neighbouring  centres  of  cells  vAth  a 
spatial  interpolation  method.  Similarly,  the  fluid  velocity  near  a  bead 
in  the  right-hand  side  ofEq.  (1)  was  estimated  from  the  counterparts 
at  eight  neighbouring  grid  pints  with  the  spatial  interpolation  method. 


Initial  and  Boundary  Conditions.  The  result  of  a 
preliminary  computation  without  the  cluster  after  the  flow  reached 
a  statistically  steady  state  was  adopted  as  the  initial  velocity  field  of 
the  present  study.  A  sinusoidal  velocity  fluctuation  in  the  three 
directions  superimposed  on  linear  velocity  distribution  had  been 
given  as  the  initial  velocity  field  for  the  preliminary  computation. 

The  nonslip  condition  was  imposed  on  the  plates.  The  complete 
elastic  collision  was  assumed  between  the  beads  and  the  plate.  The 
periodical  boundary  condition  was  given  for  velocity  components 
and  pressure  in  the  Aj  andXj  directions. 


IDENTIFICATION  OF  TURBULENT  STRUCTURE 

We  identiSed  eddy-dominant  regions  and  shear-dominant  regions 
from  the  database  as  the  initial  condition  in  order  to  decide  a  location 
for  giving  a  cluster  of  the  beads  and  the  springs  to  the  database.  We 
adopted  a  zone  classification  method  of  turbulent  structure  developed 
by  Kevlahan  (1993)  for  the  search  of  the  regions.  The  method  is 
based  on  the  values  of  pressure,  speed  and  the  parameter  defined  by 
the  rate  of  strain  tensor,  S/« ,  and  the  vorticity  tensor,  Dim ,  in  the 
following  manner 


2  ay.  sx,  2  ay. 


sL-df 


7jh 


(4) 


The  criteria  arc  as  follows; 
eddy  or  donor  eddies:  27  <-l /3,  |  jO|  i 1  rms  . 
shear  -1/3  s  27  ^  1/3,  \S\  i‘/2|5|RMs  or  |  D\  i2|RMs . 

convergence:  27  >  1/3,  \S\  ^V^|5|rms  . 
streaming:  I tt|  >«RMs,  |5|<*/2|5'|rms  ,  |i2|<*/^|  jO|rms  . 


RESULTS  AND  DISCUSSION 


Validation  of  Schemes 

The  ensemble  averages  of  the  mean  velocity,  the  turbulence 
intensities  and  the  shear  stress  over  space  and  time  for  640v/i/*  ^ 
were  calculated.  Figure  2  shows  the  mean  velocity  normalised  by  the 
friction  velocity,  Uj(  =  Uj/u*\  as  a  function  of  the  wall  unit,  AT;*"  (  = 
X2u*/v  ).  Figures  3(a),  3(b)  and  3(c)  indicate  turbulence  intensities 
of  strcamwisc,  wall-normal  and  transverse  component,  respectively. 


Figure  4  shows  the  distribution  of  the  Reynolds  shear  stress.  The 
present  computation  results  show  good  agreement  with  the 
counterparts  in  the  simulation  results  of  other  researchers  (Suzuki 
and  Kawamura,  1994;  Satake  and  Kasagi,  1993;  Rai  and  Moin, 
1991).  These  figures  suggest  that  the  present  computation  is 
validated. 


Fig.  3  Turbulence  intensities  (a)  streamwisc  component, 
(b)  wrall-normal  component,  (c)  transverse  component 


28-21 


Polymers  in  a  Shear-dominant  Region 


Mean  Shear  Rate.  The  centre  of  the  cluster  was  set  =  6 
in  a  shear-dominant  region  at  the  initial  state.  The  dimensionless 
spatial-mean  shear,  y*  (=yv/u*^)  over  the  initial  spherical  region  for 
the  cluster  was  0.78.  y*  was  expected  to  be  smaller  than  that  in  the 
experiment  conducted  by  Miyamoto. 

Deformation  of  Cluster.  Figure  5  shows  the  location  of  the 
beads.  Figure  5(a)  illustrates  the  initial  position  of  the  beads  in  a 
shear-dominant  region.  The  positions  of  the  beads  at  t*  [=  r«*Vv] 

=  2.8  arc  shown  in  Fig.  5(b).  Almost  all  the  beads  in  this  figure  are 

found  to  be  concentrated  in  a  specific  region.  The  rest  of  the  beads 

represent  the  break  of  polymers.  In  Fig.  5(c),  the  positions  of  the 

beads  at  the  same  time  are  shown  for  the  case  without  any 

interaction  between  the  beads  and  the  solvent  flow.  The  beads  in 

this  case  are  considered  as  tracer  particles.  The  tracer  particles  are  =  0 

found  to  be  difUised  mainly  in  the  streamwisc  direction.  This  is  due  ^ 

to  the  mean  shear  of  the  flow.  By  comparing  Fig.  5(b)  with  Fig. 

5(c),  the  diffusion  of  the  beads  was  found  to  be  suppressed  by  the 
springs. 

Forces  Due  to  Cluster.  Figure  6  depicts  time  change  in  the 
summation  of  the  reaction  force,  Foi*  (;- 1,2,3)  pv^]  due 

M-l 

to  the  beads  in  a  cell  downstream  of  the  initial  location  of  the  cluster 
(  hereafter  called  monitoring  cell  ).  When  was  equal  to  1.1,  the 
centre  of  the  cluster  passed  through  the  centre  of  the  monitoring  cell. 

The  summation  of  the  reaction  force  in  each  direction  bocamc 
stronger  as  the  cluster  approached  and  then  deteriorated  after  the 
cluster  passed  through  the  monitoring  cell.  The  reaction  force  in  the 
Xi  direction  was  always  the  strongest  among  three  forces. 

Time  Derivative  of  Turbulence  Energy.  Time  derivative  of  (b)/*  =  2.8 
the  turbulence  energy  is  expected  to  be  affected  by  the  forces  due  to 
the  cluster,  based  on  the  equation  of  the  turbulence  energy,  K  [= 
u\uJ2u*\  at  a  time  written  as  follows: 


9  ^  o 


X\  direction 


% 

•V 


Xi  direction 


where  (Pro),  (DiJJ)  and  (Diss)  represent  the  production,  diffusion 
and  dissipation  terms  of  the  turbulence  energy,  respectively.  Figure 
7  indicates  the  dimensionless  time  derivative  of  the  turbulence 
energy,  dICldt*,  at  the  monitoring  cell  as  a  function  of  time  for  the 
cases  with  and  without  the  cluster.  It  is  found  that  a  tendency  of 
decreasing  in  dK^ldt  was  attenuated  during  which  the 
aforementioned  reaction  force  acted  on  the  flow.  This  is  because  the 
last  term  in  Eq.(5)  took  positive  values  during  the  period,  which  is 
mainly  caused  by  positive  values  of  mz  and  high  positive  values  ofFoz 
shown  in  Fig.  6. 

The  decreasing  tendency  of  the  time  derivative  was  enhanced  after 
the  cluster  passed  through  the  monitoring  cell  and  the  reaction  forces 
became  zero.  It  is  expected  that  diffusion  or  dissipation  of  turbulence 
energy  contributes  to  the  change  in  the  tendency.  This  suggests  that 
the  force  due  to  the  cluster  exerts  an  influence  of  turbulence 
structure  in  the  shear-dominant  region. 


Polymers  in  a  Large  Eddy-dominant  Region 


Deformation  of  Cluster.  The  centre  of  the  cluster  was  set  at 
Az*  =  33  in  a  large  eddy-dominant  region  at  the  initial  state.  Figure 
8  illustrates  the  positions  of  the  beads  in  an  eddy-dominant  region  at 
t*  -  2.8  with  the  counterpart  of  the  tracer  particles.  The  darker  and 
brighter  spheres  in  the  figure  represent  the  beads  and  the  tracer 
particles,  respectively.  Noticeable  deformation  of  the  cluster 


.««• 


(c)t*-  2.8,  tracer  particles  X\  direction 

Fig.  5  Location  of  beads 
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seen  in  this  figure.  This  is  because  fluid  vortical  motion  in  the  eddy- 
dominant  structure  did  not  contain  strong  mean  shear  effective  for 
the  deformation  of  the  cluster. 
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Forces  Due  to  Cluster.  Figure  9  depicts  time  change  in  the 
summation  of  the  reaction  force  due  to  the  beads  in  a  different 
monitoring  cell  in  the  eddy-dominant  region.  The  summation  of  the 
reaction  force  in  each  direction  shows  a  similar  tendency  to  the 
counterpart  for  the  cluster  in  the  shear-dominant  structure  except  the 
sign  ofFna. 

Time  Derivative  of  Vortierty.  Since  the  reaction  force  of  each 
bead  was  distributed  to  several  centres  of  cells,  the  summation  of 
reaction  forces  to  the  adjacent  cell  to  the  monitoring  cell  was  not  the 
same  as  that  shown  in  Fig.  9.  These  forces  formed  a 
nonconservativc  force-field.  Therefore,  the  forces  affect  vordcity 
transport  Figure  10  indicates  the  dimensionless  time  derivative  of 
the  vorhicity,  23Q23V5/*,  at  the  monitoring  cell  as  a  function  of  time 
for  the  cases  with  and  without  the  cluster.  It  is  found  that  the  time 
change  in  2dClv^*ldt*  was  slightly  enhanced  by  the  approach  of  the 
cluster  and  that  it  was  attenuated  after  the  cluster  passed.  This 
tendency  was  also  obtained  for  the  other  vorticity  components. 

Polymers  in  a  Small  Eddy-dominant  Region 

Deformation  of  Cluster.  The  centre  of  the  cluster  was  set  at 
AV  -  24  in  a  small  eddy-dominant  region  at  the  initial  state.  Figure 
1 1  illustrates  the  positions  of  the  beads  in  an  eddy-dominant  region 
at  *  2.8  with  the  counterpart  of  the  tracer  particles.  The  darker 
and  brighter  spheres  in  the  figure  represent  the  beads  and  the  tracer 
particles,  respectively.  Similar  to  the  result  for  the  large  eddy- 
dominant  region  shown  in  Fig.  8,  the  cluster  was  found  not  to  be 
affected  by  the  small  eddy-dominant  structure. 

Forces  Due  to  Cluster.  Figure  12  depicts  time  change  in  the 
summation  of  the  reaction  force  due  to  the  beads  in  a  different 
monitoring  cell  in  the  small  eddy-dominant  region.  The  time 
variation  ofFoi  was  similar  to  that  of  the  same  force  in  the  other 
cases.  On  the  other  hand,  Fdi  showed  the  opposite  tendency  Fd2, 
and  Fd3  had  little  change.  These  differences  in  the  time  change  in 
the  forces  arc  considered  to  be  based  on  the  small-scale  structure. 


Xi  direction 

Fig.  8  Location  of  beads  ( /*  =  2.8 ) 


Fig.  10  Time  derivative  of  vorticity 


noticeable  than  the  counterparts  obtained  for  the  larger  eddy- 
dominant  structure.  This  suggests  that  small-scale  eddies  which  may 
be  developed  into  a  lager  one  could  be  arrested  by  the  tangled 
polymers. 


Time  Derivative  of  Vorticity.  We  focused  on  the  vorticity 
component  of  2Q23  which  increased  through  the  computation  for  the 
case  witiiout  the  cluster.  The  present  small  eddy-dominant  structure 
is  expected  to  develop  into  a  larger  structure.  Figure  13  indicates  the 
dimensionless  time  derivative  of  the  vorticity,  2dQ2i*/dt  %  at  the 
monitoring  cell  as  a  function  of  time  for  the  cases  with  and  without 
the  cluster.  It  is  found  that  the  tendency  of  decreasing  in  the  time 
derivative  was  enhanced  by  the  approach  of  the  cluster  and  that  it 
was  attenuated  after  the  cluster  passed.  These  tendencies  are  more 


Spatial  Distribution  of  Vorticity.  Figure  14  shows  the  region 
(A)  of  Q23*>  17  in  the  small  eddy-dominant  structure  and  the  beads. 
The  regions  of  lower  and  higher  vorticities  due  to  the  beads  are  also 
shown  in  the  figure  by  brighter  area  (B)  and  darker  area  (C), 
respectively.  The  lower  region  of  vortices  is  found  to  be  located 
around  the  beads  in  the  neighbourhood  of  the  eddy-dominant 
stmeture.  This  represents  local  mechanism  for  small-scale  eddies  to 
be  arrested  by  tangled  polymers. 
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CONCLUSIONS 

The  numerical  simulation  was  carried  out  for  turbulent  channel 
flow  with  the  clusters  of  beads  and  springs  as  representatives  of 
tangled  polymer  molecules.  The  main  conclusions  obtained  arc  as 
follows. 

(1)  The  elongation  of  the  polymers  and  the  suppression  of  diffusion 
of  the  polymers  due  to  the  mean  shear  of  the  flow  were  predicted 
by  our  model  using  the  cluster  of  beads  and  springs. 

(2)  llie  time  derivative  of  the  turbulence  energy  was  affected  by  the 
reaction  force  resulting  from  the  elongation  of  the  cluster. 

(3)  The  vortichy  was  noticeably  attenuated  by  the  tangled  polymers 
in  a  small  scale  eddy-dominant  region.  This  suggests  that  the 
development  of  a  small  eddy  into  a  large  one  could  be  arrested 
by  the  tangled  polymers. 

The  present  authors  thank  Professor  M.  Maxey  at  Brown 
University,  USA  for  his  comments  on  the  computational  schemes. 
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INTRODUCTION 

In  this  study,  we  present  an  alternative  approach  to  clas¬ 
sical  criteria  (Weiss  1991,  Jeong  Hussain  1995)  for  the 
identification  and  the  localization  of  large  vortical  struc¬ 
tures  in  turbulent  flows.  This  problem  often  deals  with 
measurements  of  instantaneous  velocity  fields  performed 
by  Particle  Image  Velocimetry  (P.LV.)  as  well  as  post¬ 
processing  of  numerical  results  obtained  by  Large  Eddy 
Simulations  or  Direct  Numerical  Simulations.  Identifica¬ 
tion  methods  of  vortices  are  often  based  on  dynamic  crite¬ 
rion  using  vorticity,  or  some  quantities  related  to  velocity 
gradients.  The  identification  method  proposed  in  this  pa¬ 
per  is  based  on  purely  geometrical  considerations  regarding 
the  flow  structure  in  the  neighborhood  of  the  center  of  a 
vortex,  and  is  not  concerned  with  dynamical  properties  of 
the  flow  field.  The  non-local  character  of  the  adopted  cri¬ 
terion  is  appropriate  to  the  post-processing  of  P.LV.  mea¬ 
surements  for  the  following  reasons.  First,  P.LV.  measure¬ 
ments  in  complex  flows  may  be  subjected  to  the  presence 
of  noise,  due  to  the  difficulty  to  ensure  a  uniform  seeding 
of  the  flow.  Second,  the  spatial  resolution  of  P.LV.  is  gen¬ 
erally  not  sufficient  for  solving  the  small  scales  of  the  flow. 
Thus,  adjacent  velocity  vectors  may  be  poorly  correlated 
and  any  purely  local  quantity  like  vorticity  may  present 
very  high  values.  These  very  large  values  of  vorticity  can 
hide  the  presence  of  large  scale  vortical  motions  embed¬ 
ded  in  the  small  scale  turbulent  field.  Moreover,  in  a  large 
number  of  flows,  there  is  no  reason  for  correlating  regions  of 
high  vorticity  with  the  presence  of  vortices.  The  efficiency 
of  the  present  criterion  has  been  tested  in  a  first  step  on 
some  analytical  laminar  flows  in  order  to  investigate  the 
influence  of  some  computation  parameters,  like  the  ratio 
between  the  vortex  size  and  the  mesh  size.  Then,  we  used 
the  criterion  in  order  to  characterize  in  a  statistical  manner 
the  large  scale  velocity  fluctuations  of  a  strongly  turbulent 
swirling  flow  obtained  downstream  of  a  cylinder  head  of 
a  internal  combustion  engine.  Finally,  the  same  criterion 
has  been  used  to  identify  large  scale  vortices  in  D.N.S.  of 


rotating  turbulence. 

CRITERION’S  DEFINITION  AND  TES¬ 
TING 


Definition 

To  introduce  this  quantity,  let  us  first  consider  the  case  of 
a  two-dimensional  vortex.  The  basic  idea  is  that  we  expect 
streamlines  to  be  closed  in  the  neighborhood  of  the  vortex 
center,  at  least  in  a  frame  moving  with  the  vortex  center  ve¬ 
locity.  Figure  1  shows  an  example  with  a  two-dimensional 
vortex  ;  r  and  a  denote  respectively  the  radius  vector  and 
the  angle  between  r  and  velocity  u  at  point  M.  Let  P 
be  the  center  of  the  vortex  and  M  a  point  moving  along  a 
closed  streamline  around  P.  sin  a,  which  is  the  intensity 
of  the  normalized  cross-product  r  x  tt,  generally  always 
keeps  a  constant  sign.  The  mean  value  of  sin  a  along  the 
streamline  is  either  positive  or  negative  but  non-zero  and 
is  maximum  at  the  center  of  the  vortex.  Furthermore,  this 
quantity  tends  to  zero  when  computed  outside  the  vortex. 
On  the  other  hand,  in  the  case  of  a  random  velocity  field 
where  no  organized  structures  exist,  sin  a  is  a  zero- mean 
value. 

We  generalize  this  idea  for  a  three-dimensional  flow  by 
computing  the  vector  function  /  given  by 


/(Xp)  = 


~  [  (x  ~  Xp)  X  u(a;) 

Jxev  l^(®)l 


(1) 


where  F  is  a  volume  surrounding  P  (see  figure  1). 
This  function  is  called  Normalized  Angular  Momentum 
(N.A.M.)  and  its  modulus  varies  in  the  range  [0  :  1].  P.LV. 
data  axe  two-dimensional  and  thus  only  require  the  compu¬ 
tation  of  the  component  of  /  orthogonal  to  the  measured 
velocities.  Only  in  a  few  cases  the  complete  vector  /  will 
be  needed  (three-dimensional  numerical  data  for  example). 
In  the  following,  they  will  be  referred  to  as  /2i>  ^ind 
respectively.  In  the  limit  of  a  very  small  volume  V,  |/2£>1 
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tends  towards  a  diaracteristic  function  which  value  is  zero 
everywhere  except  at  the  vortex  center  where  I/2DI  =  1- 


Application  to  discrete  velocity  fields 
The  flow  predicted  by  Direct  Numerical  Simulations  or 
measured  by  P.LV.  is  discrete  and  it  is  thus  necessary  to 
modify  equation  (1).  In  the  following,  we  have  adopted  the 
definition 


fiP)  = 


1  r;  X  u(Mi) 

{2N  +  1)^  ^  |ri|  |w(Mi)| ' 

i 


(2) 


(2^+1)^  is  the  number  of  points  Mi  in  the  volume  V  round 
the  point  P.  The  ability  to  detect  an  extremum  of  |/| 
will  depend  on  some  basic  geometrical  parameters.  These 
parameters  are  the  characteristic  length  size  of  the  vortex 
I/,  the  mesh  size  Lm  and  the  size  Lv  of  the  computational 
volume.  For  regular  meshes,  N  is  the  ratio  Lv/2Lm-  It 
is  the  number  of  layers  round  the  point  P  and  it  is  an 
important  parameter  for  the  computation  of  the  N.A.M. 
(see  figure2). 


Figure  1:  Normalized  Angular  Momentum  :  definition 
sketch. 


Tests 

The  different  criteria  have  been  tested  on  several  ana¬ 
lytical  2D  laminar  flows,  namely  the  pure  shear,  the  solid- 
body  rotation  and  the  Taylor-Green  vortices.  In  the  case  of 
three-dimensional  vortices,  we  tested  the  criterion  on  the 
spherical  Hill’s  vortex. 

The  pure  shear.  We  have  checked  that,  in  the  case 
of  a  pure  shear  flow  (ux  =  Sy,  Uy  —  Uz  =  0),  the  crite¬ 
rion  is  identically  zero  everywhere  (the  vorticity  is  uniform, 
namely  —S). 


Figure  2:  Definition  sketch  for  the  computation  of  N.A.M. 
on  a  reduced  volume  {N  =  4). 


Figure  3:  N.A.M.  field  {N  =  3)  in  the  case  of  solid- 
body  rotation. 


Solid  body  rotation.  In  this  case  too,  vorticity  is 
uniform,  whereas  the  extremum  of  |/2dI  is  well  correlated 
with  the  vortex  center  location  (figure  3). 

The  Taylor- Green  vortices.  This  test  shows  the 
ability  of  the  criterion  for  identifying  the  vortices  but  also 
points  out  the  influence  of  the  size  of  the  computational 
domain.  The  present  is  done  on  square  Taylor-Green  cells, 
with  different  computational  sizes  (N"  =  1,  2,  4,  6,  8  and 
12  layers).  Note  that,  in  all  these  cases,  the  centers  of 
the  vortices  are  identified  but  also  that  the  smaller  is  the 
computational  domain  size  Lv ,  the  sharpener  is  the  shape 
of  the  criterion  profile  (see  figure  4). 

The  spherical  Hill’s  vortex.  For  a  detailed  de¬ 
scription  of  the  spherical  Hill’s  vortex,  the  reader  may  refer 
to  the  books  of  Panton  (1984)  or  Saffman  (1992)  for  exam¬ 
ple.  Let  us  say  that  in  such  a  vortex  ring,  the  one  non-zero 
component  of  vorticity,  namely  the  uJe  component,  is  pro¬ 
portional  to  distance  to  the  vortex  axis.  That  is  to  say 

(Je  =  Cr. 

Thus,  in  such  a  flow,  vorticity  is  unable  to  identify  the  vor¬ 
tex  structure,  as  it  is  shown  in  figure  (5),  whereas  the  three- 
dimensional  isosurfaces  of  the  normalized  angular  momen¬ 
tum  clearly  mark  the  vortex  structure. 

POST-PROCESSING  OF  P.I.V.  MEASURE¬ 
MENTS 

Measurements  have  been  done  by  P.LV.  in  a  highly  tur¬ 
bulent  swirling  flow  downstream  a  cylinder  head  of  a  inter¬ 
nal  combustion  engine  (Michard  a/.,  1996).  A  set  of  3000 
instantaneous  velocity  fields  in  the  plane  of  the  swirl  have 
been  measured.  In  order  to  be  sure  that  the  criterion  is 
able  to  determine  accurately  the  instzmtaneous  swirl  center 
location,  we  have  in  a  first  step  removed  the  small  fluctu¬ 
ating  filed  by  applying  a  low-pass  filter  to  each  measured 
raw  velocity  field.  An  example  of  filtered  velocity  field  is 
shown  in  figure  (6),  where  we  compare  the  spatial  fields  of 
vorticity  and  N.A.M.  (N  =  3).  It  clearly  appears  that  it  is 
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(a) 


y 

(b) 


y 


Figure  4:  Test  on  the  Taylor-Green  cells  (a).  Profiles  (b) 
along  the  marked  cross  section  (a)  of  the  one  component  /225 
of  N.A.M.  for  different  computational  domain  sizes  (namely 
1,  2,  4,  6,  8  and  12  layers). 


Figure  5:  Test  on  the  Hill’s  spherical  vortex.  The  vorticity 
has  only  one  component  =  Cr  where  r  is  the  distance  to 
the  vortex  axis.0.2  <  ||/3£)1|  <  0.6. 

not  possible  to  correlate  regions  of  high  vorticity  with  the 
swirl  center  position,  whereas  the  maximum  of  N.A.M.  is 
accurately  located  at  the  swirl  center  location.  We  com¬ 
pare  in  figure  (7)  the  spatiad  repartition  of  N.A.M.  of  the 
raw  and  filtered  velocity  fields.  This  figure  shows  that  the 
criterion  is  able  to  accurately  detect  the  swirl  center  lo¬ 
cation  of  the  raw  field  despite  of  fluctuations  due  to  the 
small  scale  turbulent  fleld.  By  modifying  the  parameters 
of  the  low-pass  filter,  we  have  checked  that  the  measured 
swirl  center  location  is  weakly  sensitive  to  the  small  scale 
velocity  fluctuations.  We  present  in  figure  (8)  the  probabil¬ 
ity  density  function  of  the  swirl  center  coordinates  in  the 
plane  of  the  swirl  (coordinates  have  been  normalized  by 
the  radius  R  of  the  duct).  The  p.d.f.  has  been  computed 
by  applying  the  criterion  to  a  set  of  3000  measured  velocity 
fields.  The  ratio  between  the  ‘root  meam  square’  value  of 
the  swirl  center  coordinates  and  the  radius  R  of  the  duct 
lies  in  the  range  0.22  to  0.25.  The  shape  of  the  p.d.f.  is 
similar  to  the  results  obtained  by  Volkert  et  al.  (1996)  in 
a  rapid  compression  machine  used  to  investigate  the  inter¬ 
action  of  compression  and  rotation  on  turbulence.  While 
turbulence  levels  obtained  in  this  latter  experiment  are  low 
and  the  swirl  center  determination  is  easy  to  achieve,  the 
swirling  motion  in  the  present  experiment  is  not  easy  to 
detect.  The  results  concerning  the  p.d.f.  of  the  swirl  cen¬ 
ter  location  are  now  used  in  order  to  estimate  the  apparent 
fluctuations  caused  by  the  swirl  center  processing  motion 
and  to  correct  Laser  Doppler  Anemometry  data  with  this 
estimation. 


POST-PROCESSING  OF  NUMERICAL 
DATA  (Direct  Numerical  Simulations) 

The  numerical  velocity  fields  are  results  of  DNS  of  “dif¬ 
fusive”  turbulence  subjected  to  solid  body  rotation.  These 
simulations  were  undertaken  to  try  to  reproduce  the  ex¬ 
periment  of  Hopfinger,  Browand  &  Gagne  (1982),  This  ex¬ 
periment  was  carried  out  to  lead  to  a  better  understanding 
of  cyclones  genesis  under  the  effect  of  the  Coriolis  force.  It 
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has  shown  that  quasi  two-dimensional  vortices  with  axes 
approximatively  parallel  to  the  background  rotation  axis 
appear  (as  observed  in  atmospheric  or  oceanic  flows).  The 
simulation  used  here  were  undertaken  with  a  high  rotation 
rate  so  that  the  Coriolis  force  is  dominant  and  we  expect 
many  vortices  to  appear.  For  further  details,  the  reader 
may  refer  to  LoUini  &;  Gambon  (1996), 

It  is  of  great  interest  for  us  to  characterize  these  vortices, 
in  terms  of  number,  intensities  and  cyclonic  or  anticyclonic 
characters.  We  observed  that  vorticity  is  not  an  appro¬ 
priate  tool  for  localizing  the  vortices  in  such  a  case,  and 
there  are  two  reasons  for  this.  First,  as  already  mentioned 
for  P.I.V.  data  post-processing,  this  local  quantity  may  be 
maximum  where  the  local  shear  is  high  and  not  necessarily 
at  the  center  of  a  vortex.  Second,  the  strongly  inhomoge¬ 
neous  character  of  the  flow  leads  to  strong  spatial  variations 
of  vorticity.  This  is  a  problem  to  perform  3D  isosurfaces 
visualizations  of  vorticity. 

In  the  previous  section,  we  have  shown  the  ability  of  the  2D 
criterion  for  detecting  vortices  in  two-dimensional  flows. 
With  our  3D  numerical  velocity  fields,  we  can  now  test 
the  complete  criterion  (see  definition  1),  which  has  been 
used  to  mark  the  spherical  Hill’s  vortex  structure  (figure 
5).  Figure  9  shows  the  result  of  the  computation  of  the 
N.A.M.  modulus  on  the  three-dimensional  velocity  field. 
We  plotted  the  vorticity  contOTirs  on  three  parallel  planes 
(orthogonal  to  the  background  rotation)  and  isolated  two 
vortices  (a  cyclonic  and  an  anticyclonic)  thanks  to  the  3D 
isosurfaces  of  N.A.M.  modulus.  Note  that  even  though  the 
two  ‘Vortex  tubes”  are  well  correlated  with  the  patches  of 
low  and  high  vorticity,  vorticity  is  not  smooth  enough  to 
determine  accurately  the  vortices  locations.  Furthermore, 
this  tool  is  of  great  interest  in  this  particular  case  for  exam¬ 
ple  because  it  allows  to  point  out  the  well  known  Ekman 
pumping  effect  ( near  the  upper  wall,  the  fluid  either  rising 
or  going  down  in  a  anticyclonic  or  cyclonic  vortex  respec¬ 
tively). 

This  identification  method  will  make  easier  the  temporal 
study  of  three-dimensional  structures  like  these  shown  on 
figure  9.  It  will  allow  to  follow  them  in  space  and  time  and 
thus  to  observe  their  behaviors  and  evaluate  the  character¬ 
istic  lifetimes  of  these  structures. 

CONCLUSIONS 

Measurements  noise  as  well  as  the  poor  spatial  resolu¬ 
tion  of  P.I.  V.  data  make  difficult  the  computation  of  local 
quantities  (e.^,  vorticity).  Through  its  non  local  charac¬ 
ter,  the  Normalized  Angular  Momentum  criterion  allows  to 
find  with  a  good  accuracy  the  center  of  vortical  structures, 
even  in  strongly  tmbulent  flows.  The  method  is  at  present 
used  to  characterize  the  processing  motion  of  a  swirling 
flow  over  a  very  large  number  of  PIV  velocity  fields  and 
different  experimental  conditions.  The  N.A.M.  criterion  is 
used  to  characterize  in  a  statistical  manner  not  only  the 
center  position  p.d.f.,  but  also  the  spatial  extend  and  in- 
termittency  of  the  swirling  motion. 

The  extension  of  the  criterion  for  three-dimensional  ve¬ 
locity  has  been  successfully  undertaken  and  should  iden¬ 
tify  vortices  whatever  their  orientations  (hairpin  vortices 
in  turbulent  boundary  layer  for  example).  An  easy  and 
accurate  study  of  organized  structures  (lifetime,  stability, 
size,  motion)  could  be  gained  from  the  implementation  of 
this  criterion. 

The  mathematical  properties  of  the  normalized  angular 
momentum  defined  by  equation  (1)  are  under  investiga¬ 


Figure  9:  Visualization  of  N.A.M.  modulus  on  three- 
dimensional  vortices  obtained  by  Direct  Numerical  Simulation 
(Lollini  Cambon  1996). 


tion.  The  first  problem  is  to  relate  the  N.A.M,  function 
properties  to  the  local  topology  of  streamlines  in  the  case 
of  a  2D  steady  incompressible  laminar  flow.  If  the  vortices 
are  convected  with  a  velocity  which  order  of  magnitude 
is  greater  than  the  order  of  magnitude  of  a  characteristic 
velocity  inside  the  vortex,  streamlines  are  not  closed  and 
equation  (1)  needs  to  be  modified.  We  suggest  the  follow¬ 
ing  definition 


ffa-  \  f  (x  -  Xp)  X  (tt(a;)  -  ucjx)) 

^  ^  ^  Jx^v  1“=  -  !(«(*)  -«c{x))| 


where  ttc  (® )  is  a  local  convective  velocity  given  by 


uc{x) 


-vj  ' 


u{x)dx 
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ABSTRACT 

Rectangular  nozzles  with  one  modified  trailing  edge  were  used 
to  generate  large  scale  streamwise  vortices  in  order  to  enhance 
mixing  in  supersonic  jets.  The  modifications  are  simple  cut-outs 
in  the  plane  of  the  nozzle  wall,  and  act  to  induce  streamwise 
vortices.  The  mixing  performances  of  a  rectangular  nozzle,  with 
design  Mach  number  2  and  with  various  trailing  edges,  were 
evaluated  using  flow  visualizations  in  flow  regimes  ranging  from 
moderatley  overexpanded  Mj  =1.5  to  moderately  underexpanded 
Mj  =  2.5.  The  results  indicate  that  the  overall  mixing  can  be 
significantly  increased  in  underexpanded  operating  regimes  with 
modifications  in  just  one  trailing  edge.  The  results,  however,  are 
not  as  clear-cut  in  overexpanded  flow  regimes.  The  trailing  edge 
modifications  do  not  significantly  alter  the  overall  mixing  in  the 
ideally  expanded  flow  regime.  This  is  consistent  with  the 
hypothesis  that  only  in  off-design  flow  regimes  streamwise 
vortices  would  be  generated  due  to  the  induced  cross-stream 
velocity. 

INTRODUCTION 

It  has  been  knovm  for  quite  sometime  that  large  scale 
structures  in  free  shear  flows  —  ring  type  rollers  in  axisymmetric 
flows  and  spanwise  rollers  in  two-dimensional  flows  —  become 
much  less  organized  and  more  three-dimensional  as  the 
compressibility  level  is  increased  (Elliott  et  al  1992,  Clemens  and 
Mungal  1992,  and  Samimy  et  al  1992).  This  results  in  the  loss  of 
entrainment  capability  of  these  structures,  thus  lower  gross  mixing 
(e.g.  Papamoschou  and  Roshko  1988),  and  also  in  much  lower 
Reynolds  stresses  (Samimy  and  Elliott  1990,  Goebel  and  Dutton 
1991,  and  Bonnet  et  al.  1993)  in  highly  compressible  flows. 
Therefore,  it  is  difficult  to  use  spanwise/ring  type  large  scale 
structures  to  control  mixing  in  free  shear  flows.  In  contrast, 
streamwise  vortices  seem  to  be  unaffected  or  much  less  affected 


by  compressibility  (Samimy  et  al.  1993,  Zaman  et  al.  1994,  and 
Reeder  and  Samimy  1996).  Streamwise  vortices  are  generated  in 
highly  underexpanded  jets  due  to  Taylor-Gortler  type  instability 
(Novopashin  and  Perepelkin  1989,  Krothapalli  et  al,1991,  and 
Amette  et  al.  1993).  They  could  also  be  generated  by  simp:, 
devices  such  as  tabs  in  not  only  underexpanded  jets  but  also  in  the 
ideally  expanded  flow  regimes  (Ahuja  and  Brown  1989,  Samimy 
et  al.  1993,  and  Zaman  et  al.  1 994).  The  main  thrust  of  the  current 
work  is  to  generate  large  scale  streamwise  vortices  using  trailing 
edge  modifications  in  rectangular  nozzles  in  order  to  enhance 
mixing  and  reduce  noise  in  supersonic  jets.  Since  the 
modifications  are  on  the  plane  of  the  nozzle,  thus  parallel  to  the 
flow,  it  is  anticipated  that  the  thrust  loss  would  be  much  less  in 
comparison  with  that  of  the  devices  such  as  tabs.  In  this  paper, 
only  the  mixing  enhancement  aspect  of  the  research  will  be 
discussed. 

Jets  from  modified  axisymmetric  nozzles  have  been  studied  by 
Norum  (1983),  Wlezien  and  Kibens  (1988),  and  Krothapalli  et  al. 
(1990),  and  from  modified  rectangular  nozzles  by  Raman  (1996), 
However,  all  these  researchers  have  concentrated  on  the  noise 
issue.  Detailed  flow  visualizations  and  flow  measurements  are 
needed  to  complement  the  noise  results  and  to  explore  the  effects 
of  nozzle  trailing  edge  modifications  on  the  flow  structure  and 
mixing.  Such  investigations  are  the  goal  of  the  present  work. 

The  work  herein  is  focused  on  rectangular  nozzles  because 
they  have  superior  mixing  and  noise  characteristics  relative  to 
axisymmetric  nozzles  (e.g.  Seiner  1991  and  Gutmark  et  al.  1991). 
For  the  work  presented  in  this  paper,  we  have  chosen  a  half- 
nozzle  with  a  splitter  plate  on  one  side  to  ensure  that  the  flow 
reaches  nozzle  design  Mach  number,  before  approaching  the 
trailing  edge  modifications  (Fig.  1).  The  design  Mach  number  for 
the  results  presented  in  this  paper  is  Mach  2.  The  modifications 
are  simple  cut-outs  in  the  splitter  plate.  The  optimum  cut-out 
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geometry  would  be  the  one  that  generates  a  pair  of  large  and 
strong  streamwise  vortices  with  a  significant  separation  distance. 
Intuitively,  this  would  be  a  45°  cut-out,  and  that  is  the  angle  of  all 
the  cut-outs  used  to  date  in  this  work.  In  addition,  for  a  Mach  2  jet 
issuing  into  ambient  air,  the  convective  Mach  number  is 
approximately  0.85.  This  corresponds  to  an  angle  of  45°  for  the 
most  amplified  oblique  instability  according  to  theoretical  work  of 
Sandham  and  Reynolds  (1991). 

EXPERIMENTAL  FACILITY  AND  TECHNIQUES 

All  the  experiments  were  conducted  at  the  Aeronautical  and 
Astronautical  Research  Laboratory  at  The  Ohio  State  University. 
The  air,  which  is  supplied  by  two  four-stage  compressors,  is 
filtered,  dried,  and  stored  in  two  cylindrical  tanks  with  a  total 
cqjacity  of  42.5  at  16.5  MPa  pressure.  The  air  is  then  throttled 
down  to  the  required  stagnation  pressure  using  control  valves.  The 
air  enters  the  19  cm  diameter  and  120  cm  long  stagnation  chamber 
radially,  then  turns  90°  by  a  squirter  and  passes  through  a 
perforated  plate  before  entering  the  nozzle.  The  rectangular 
nozzle,  with  an  aspect  ratio  of  3  (2.54  cm  high  and  7.52  cm  wide), 
is  attached  to  the  stagnation  chamber  using  a  specifically  designed 
faceplate  which  provides  a  matching  profile  for  the  nozzle  inlet 
Schematics  of  the  baseline  nozzle  and  the  four  nozzles  with 
modified  trailing  edges  used  in  these  experiments  are  showm  in 
Fig.  1.  As  was  discussed  earlier,  the  baseline  nozzle  is  a  half¬ 
nozzle  with  a  splitter  plate  of  1  mm  thick  on  one  side  (Fig.  la)  and 
the  supersonic  nozzle  of  44  mm  thick  on  the  opposite  side.  The 
thickness  for  the  other  two  sides  is  approximately  19  mm.  This 
design  was  selected  to  ensure  that  the  flow  reaches  the  nozzle 
design  Mach  number  of  2,0,  before  approaching  the  trailing  edge 
modifications.  The  splitter  plate  modifications  are  combinations 
of  simple  serrations  on  the  splitter  plate.  The  angle  of  serrations  is 
45°.  Each  nozzle  was  operated  at  five  nozzle  pressure  ratios 
corresponding  to  fully  expanded  jet  Mach  numbers  of  1.5,  1.75, 
2.0  (design  Mach  number),  2.2,  and  2.5. 

Cross  sectional  and  streamwise  images  of  the  jet  were  acquired 
by  using  the  laser  sheet  illumination  technique.  The  scattering 
particles  are  water/ice  clusters  with  diameters  on  the  order  of  50 
nm  that  are  formed  when  the  moist  and  warm  ambient  air  is 
entrained  into  and  mixed  with  the  dry  and  cold  jet  air.  A  beam 
from  the  second  harmonic  (k  =  532  nm)  of  a  frequency  doubled 
Nd:YAG  pulsed  laser  was  used  as  the  light  source.  The  pulse 
width  of  the  laser  is  9  nsec,  so  the  flow  is  effectively  frozen  while 
an  instantaneous  image  is  acquired.  For  each  case,  50 
instantaneous  images  are  collected  by  an  ICCD  camera  and  is 
stored  on  the  hard  disk  of  a  486  personal  computer.  Average 
images  are  calculated  from  these  50  instantaneous  images. 

EXPERIMENTAL  RESULTS 

Our  previous  results  in  the  ideally  expanded  flow  regime 
indicated  that  the  modified  nozzle  trailing  edge  geometries  had 
only  a  slight  effect  on  the  overall  mixing  (Martens  et  al.  1996), 
and  a  negligible  effect  on  the  farfield  noise  (Samimy  et  al.  1997). 
However,  at  off-design  conditions  nozzles  3  and  4  shown  in  Fig. 


1  seemed  to  be  the  most  effective  from  both  mixing  enhancement 
and  noise  reduction  view  points  (Samimy  et  al.  1997).  Therefore, 
we  will  concentrate  on  these  two  nozzles  and  compare  their 
performance  with  the  baseline  nozzle  in  the  flow  visualization 
results  presented  below.  Since  the  effect  of  the  modifications  was 
minor  for  the  ideally  expanded  condition,  it  is  believed  that  the 
45°cut-outs  did  not  trigger  nor  significantly  enhance  the  oblique 
instabilities  in  the  mixing  layer  of  the  jet,  even  though,  as 
discussed  before,  the  45°  angle  was  the  optimum  angle  based  on 
previous  theoretical  and  computational  results. 

Figures  2  and  3  show  the  instantaneous  images  of  the  jet  cross 
section  for  the  baseline  nozzle,  nozzle  3,  and  nozzle  4  at  x/D^  =  2 
and  8,  respectively,  for  five  operating  conditions  ranging  from 
moderately  overexpanded  Mj  =  1.5  (top  row)  to  moderately 
underexpanded  Mj  =  2.5  (bottom  row).  For  these  images,  the 
exposure  time  is  the  pulse  duration  of  the  laser,  which  is  9  ns,  and 
is  short  enough  to  effectively  freeze  the  flow.  The  images  mark 
the  mixing  region  where  the  moist  ambient  air  has  been  mixed 
with  the  cold  and  dry  jet  air  to  generate  condensed  water/ice 
particles  that  scatter  the  laser  light  These  particles  are  veiy  small, 
having  a  diameter  on  the  order  50  nm,  and  are  expected  to  follow 
the  flow.  These  instantaneous  images  are  typical,  and  all  contain 
structures  with  scales  as  large  as  and  often  even  larger  than  the 
average  thickness  of  the  mixing  layer,  and  extend  quite  beyond  the 
instantaneous  mixing  region,  particularly  for  the  x/D^  =  8  case. 
The  overall  deformations  are  relatively  stationary  for  the  x/D^^  = 
2  location,  with  modified  but  recognizable  jet  cross  sections. 
However,  in  the  x/D^  =  8  case,  one  cannot  identify  the  type  of 
cross  section  in  many  of  the  instantaneous  images. 

Average  images  (average  of  50  instantaneous  images) 
corresponding  to  the  instantaneous  images  of  Figs.  2  and  3  are 
shown  in  Figs.  4  and  5.  The  deformations  of  the  jet  cross  sections 
due  to  the  modifications  of  the  nozzle  trailing  edge  are  very 
distinct  and  interesting.  For  the  modified  nozzles,  the  direction  of 
the  deformations  changes  from  the  overexpanded  cases  to  the 
underexpanded  cases.  This  is  intuitive,  since  the  direction  of  the 
cross  flow  (with  respect  to  the  axes  of  the  nozzle),  changes  from 
overexpanded  cases  to  underexpanded  cases  as  the  flow  exiting  the 
nozzle  passes  through  either  an  expansion  fan  or  a  compression 
wave,  respectively.  The  deformation  of  the  baseline  noi^zle  cross 
section,  and  the  development  of  the  jet  cross  section  between  x/D^ 

=  2  and  8,  can  be  easily  understood  based  on  the  cross  flow 
established  by  the  trailing  edge  modifications,  and  the  resultant 
streamwise  vortices  due  to  the  cross  flow  and  comer  vortices. 
These  images  can  be  used  to  analyze  the  mixing  charaaeristics  and 
performance  of  the  modified  nozzles  from  four  different  view 
points:  1)  the  streamwise  vortices  generated  by  these  modified 
nozzles,  2)  the  extent  of  the  average  mixing  layer,  3)  the  overall 
interfacial  region  between  the  jet  and  the  ambient  air,  and  4)  the 
overall  mixing  region  determined  from  instantaneous  images. 
Each  of  these  will  briefly  be  discussed  below. 

Figure  6  shows  the  schematic  of  the  expected  distribution  of 
cross-stream  velocity  component  and  the  resultant  streamwise 
vortices  for  the  baseline  nozzle,  nozzle  3,  and  nozzle  4  for  both 
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overexpanded  and  underexpanded  regimes.  The  hypothesized 
vortex  patterns  of  Fig.  6  can  be  identified,  to  various  degree,  in 
Figs.  2'5.  Obviously,  the  magnitude  of  the  velocity  and  the 
strength  of  the  associated  streamwise  vortices  would  depend  on  the 
degree  of  over-  or  under-expansion.  It  is  known  that  a  pair  of 
streamwise  vortices  is  generated  at  each  comer  of  a  rectangular 
nozzle  (Zaman  1994).  As  is  seen  in  Figs.  2-5,  the  comer  vortices 
are  sufficiently  strong  at  Mj  =  2.5  to  substantially  deform  the  jet 
cross  section.  It  seems  that  as  a  result  of  pairing  of  each  set  of 
adjacent  comer  vortices  by  2,  only  two  pairs  of  streamwise 
vortices  exist  at  both  x/D^-  2  and  8,  and  they  that  are  stretching 
the  jet  along  the  major  axis.  The  streamwise  vortices  due  to  cut¬ 
outs  are  weaker  and  also  much  closer  to  each  other  in  the 
overexpanded  cases,  in  comparison  with  the  underexpanded  cases. 
This  renders  them  less  effective  in  deforming  the  jet  cross  section, 
except  for  the  Mj  =1.75  case,  in  which  case  the  jet  is  screeching 
and  flapping.  Figure  7  shows  instantaneous  streamwise  images  on 
the  minor  axis  plane  extending  fi-om  x/D^-  0  to  4  for  nozzles  3 
and  4  operating  at  Mj  =  1.75.  It  shows  the  effects  of  a  pair  of 
streamwise  vortices  pulling  the  ambient  air  into  the  jet  (for  nozzle 
4)  and  streching  the  jet  in  the  normal  to  the  jet  axis  direction  (for 
nozzle  3)  consistent  with  the  schematic  of  these  vortices  shown  in 
Fig.  6. 

A  change  in  the  extent  of  the  average  jet  mixing  layer 
observed  in  the  images  shown  in  Figs.  4  and  5  would  indicate 
whether  the  trailing  edge  modifications  have  increased  or 
decreased  the  mixing  in  the  jet  mixing  layer.  However,  large  scale 
unsteadiness  in  the  flow  would  exaggerate  the  mixing  level.  For 
example,  images  for  Mj  =  1.5  and  1.75  for  the  baseline  nozzle 
shown  in  Fig.  5  indicate  thicker  mixing  layer  in  comparison  with 
that  of  nozzle  3.  However,  the  jet  is  screeching  and  flapping  in 
both  these  baseline  cases  (Samimy  et  al.  1997).  Figure  8  shows 
several  instantaneous  image  of  the  baseline  nozzle  at  Mj  =  1.75 
that  clearly  indicate  the  effects  of  this  flapping  motion  and  the 
alternating  preferential  entrainment  and  mixing  in  one  side  or  the 
other  on  the  mixing  layer.  Because  of  this  flapping  motion,  the 
average  jet  mixing  layer  thickness  may  appear  to  have  increased 
when  in  actuality  the  thickness  increase  is  due  to  the  flapping 
motion. 

The  trailing  edge  modifications  substantially  distort  the  jet 
cross  section.  The  extent  and  the  type  of  distortion  depend  upon 
the  degree  of  under-  or  over-expansion  of  the  jet  and  the  type  of 
trailing  edge.  Obviously,  this  distortion  increases  the  interfacial 
area  between  the  jet  and  the  ambient  fluids,  and  thus  increases  the 
mixing  between  two  fluids.  It  has  been  shown  in  subsonic  flows 
that  this  increase  in  interfacial  region  could  substantially  increase 
the  mixing  (Belovich  at  al.  1996).  Thus  one  could  use  the 
circumferential  length  of  the  mixing  layer  as  a  measure  of  mixing. 

Since  the  instantaneous  images,  samples  of  which  shown  in 
Figs.  2  &  3,  are  digital.  One  can  obtain  a  semi-quantitative  overall 
mixing  performance  by  determining  the  overall  mixing  region  for 
each  instantaneous  image,  then  calculating  an  average  overall 
mixing  over  50  images.  Figure  9  shows  the  overall  mixing  region 
obtained  from  50  sets  of  images,  a  set  of  which  is  shown  in  Figs. 


2  &  3.  To  calculate  the  overall  mixing  region,  a  threshold 
intensity  (Ithresh)  value  is  determined  from  the  minimum  and 
maximum  intensities  (!„!„&  I  max)  in  an  instantaneous  image;  I^hmsh 
=  I  +  0.05(1  - 1  „  J.  When  the  intensity  of  a  pixel  is  greater 
than  this  value,  the  pixel  is  counted  as  a  part  of  the  mixing  region. 
The  instantaneous  mixing  region  is  obtained  by  adding  all  the 
pkels  registering  an  intensity  above  the  threshold  intensity.  Then 
the  average  overall  mixing  region  is  obtained  over  50 
instantaneous  images.  It  should  be  noted  that  this  is  an 
approximate  measure  of  the  mixing  performance  of  the  nozzles, 
and  a  good  tool  for  comparison  purposes.  It  is  by  no  means  a 
quantitative  technique  for  mbcing  measurements.  In  overexpanded 
cases,  the  nozzle  trailing  edge  modifications  do  not  seem  to  have 
a  significant  effect  on  mixing.  In  underexpanded  cases,  both 
nozzle  3  and  nozzle  4  enhance  mixing,  but  nozzle  3  performs 
much  better  than  nozzle  4.  Considering  both  mixing  performance 
and  noise  performance,  nozzle  3  seems  to  be  superior  to  nozzle  4. 
It  should  be  mentioned  that  vortex  generating  tabs  are  also  less 
effective  in  overexpanded  cases  (Samimy  et  al.  1993  and  Zaman 
etal.  1994). 

CONCLUSIONS 

Rectangular  nozzles  with  one  modified  trailing  edge  were  used 
to  generate  large  scale  longitudinal  vortices  in  order  to  enhance 
mixing  and  reduce  noise  in  a  supersonic  jet  These  modifications 
are  simple  cut-outs  in  the  plane  of  the  nozzle  wall,  and  act  to 
generate  streamwise  vortices.  The  cut-outs  make  a  45®  angle  with 
the  spanwise  direction.  Intuitively,  this  is  the  optimum  angle  to 
generate  strong  large  scale  streamwise  vortices.  In  addition,  for  a 
Mach  2  jet  issuing  into  ambient  air,  the  convective  Mach  number 
is  approximately  0.85.  This  corresponds  to  an  angle  of  45  ®  for  the 
most  amplified  oblique  instability.  In  choosing  this  cut-out  angle, 
the  goal  was  not  only  to  generate  streamwise  vortices,  but  also  to 
excite  oblique  spanwise  structures. 

The  mbcing  performances  of  various  trailing  edges  in  a  nozzle 
with  design  Mach  number  2  were  evaluated  using  flow 
visualizations  in  flow  regimes  ranging  from  moderately 
overexpanded  Mj  =1.5  to  moderately  underexpanded  Mj  =  2.5. 
The  results  indicate  that  with  modifications  made  in  just  one 
trailing  edge,  the  mbcing  performance  is  improved  significantly  in 
underexpanded  regimes.  However,  the  conclusion  is  not  as 
straight  forward  in  overexpanded  regimes.  In  the  ideally  expanded 
regime,  the  trailing  edge  modifications  do  not  significantly  alter 
the  overall  mbcing  level.  This  is  consistent  with  the  hypothesis  that 
streamwise  vortices  are  generated  only  in  off-design  flow  regimes 
due  to  the  induced  cross-stream  velocity  component. 

The  work  presented  herein  shows  the  capability  of  modified 
nozzles  to  enhance  mixing  in  supersonic  jets.  A  better 
understanding  of  the  complex  flowfields  associated  with  the 
modified  supersonic  jets  is  needed  to  optimize  their  capabilities. 
Detailed  velocity  and  vorticity  measurements  using  PDV  (Clancy 
and  Samimy  1997),  are  underway  to  further  explore  the  physics  of 
these  flows. 
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(a)  Side  and  end  viewi  of  the  baseline  norzie 


(c)  Nozzle  3 


(f)  Nozzle  4 


Fig.  1  Schematic  of  the  nozzle  configurations  (Thick  lines 
represent  thick  lips  in  (b)-(f)). 
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Baseline  Nozzle  Nozzle  3  Nozzle  4 

Fig.  2  Instantaneous  cross  sectional  images  at  2Dj^.  (Rows 
1-5  are  for  Mj=1.5, 1.75, 2.0, 2,2,  and  2.5,  respectively) 


Baseline  Nozzle  Nozzle  3  Nozzle  4 

Fig.  3  Instantaneous  cross  sectional  images  at  The 
scale  of  Figs.  2  &  4  relative  to  Figs.  3  &  5  is  1.6:1. 


Baseline  Nozzle  Nozzle  3  Nozzle  4 

Fig.  4  Average  cross  sectional  images  at  2D^. 


Baseline  Nozzle  Nozzle  3  Nozzle  4 

Fig.  5  Average  cross  sectional  images  at  SD^q. 
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Fig.  6  Schematic  of  the  anticipated  cross-stream  velocity 
distributions  at  the  vicinity  of  the  nozzle  exit  and  the  expected 
induced  streamwise  vortices. 


Fig.  8  Instantaneous  images  showing  the  effect  of  flapping 
motion  of  the  jet  for  the  baseline  nozzle  at  Mj= 1.75.  Images  are 
not  connected  in  time. 
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Fig.  7  Instantaneous  streamwise  images  on  the  minor  axis  plane 
for  Mj=l  .75  from  x/D^  =0  to  4. 


Fig.  9  Variations  of  mixing  regions  with  the  fully  expanded  jet 
Mach  number  at  2  and  8  D„. 
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ABSTRACT 

The  space  time  description  of  the  organized  structures  in  a 
supersonic  mixing  layer  with  a  convective  Mach  number  of 
0.62  is  given.  Fourier  analysis  is  shown  to  give  only  global 
information.  A  method  based  on  wavelet  transform  is  proposed 
to  perform  a  space-time  analysis  localized  in  time.  It  is  used  to 
detect  and  to  analyze  these  structures,  in  particular  to  determine 
the  convection  velocity  associated  with  large  scales. 
Characteristic  time  and  length  scales  are  given  and  compared 
with  the  scales  deduced  from  the  spectral  analysis.  The  results 
are  used  to  separate  the  contribution  of  the  large  scales  to  the 
turbulent  signal. 

INTRODUCTION 

In  supersonic  and  turbulent  mixing  layers,  compressibility 
causes  a  drastic  reduction  of  the  spread  rate,  and  therefore  may 
affect  the  properties  of  the  large  scale  eddies.  In  subsonic  cases 
it  has  been  shown  that  periodic  structures  are  developed  in  the 
layer  and  seem  to  govern  its  spatial  evolution.  Previous  work 
(Dupont,  Muscat,  Dussauge,  1995a,  Clemens  and  Mungal,  1995 
among  others)  has  confirmed  that  these  large  scale  structures 
remain  quasi-periodic  in  a  mixing  layer  even  at  convective 
Mach  number  of  0.62.  As  they  play  a  key  role  in  turbulent 
diffusion  and  mixing  it  can  be  suspected  that  the  behavior  of 
the  flow  unsteadiness  at  low  frequency  is  affected  by 
compressibility  and  contributes  to  the  reduction  of  the  Reynolds 
stresses  and  of  the  mixing  process  in  compressible  mixing 
layers.  If  many  studies  have  already  been  carried  out  on 
coherent  structures  in  compressible  layers,  quantitative 
information  on  their  spatial  behavior  and  their  energetic  content 
are  limited.  Most  of  experimental  results  have  been  obtained  by 
optical  methods  (visualization  by  a  contaminant  in  one  of  the 
flows,  Bonnet  et  al.,  1993,  Clemens  and  Mungal,  1995),  and 
show  that  their  aspect  is  strongly  affected  when  the  convective 
Mach  number  is  greater  than  0.5.  In  fact,  for  higher  Mach 
number,  it  becomes  quite  difficult,  even  with  planar  flow 
visualizations,  to  detect  the  structures  (Clemens  and  Mungal, 


1995,  Bonnet  et  al.,  1993,  Chambre  1997,  Samimy  et  al.  1992) 
which  are  no  more  two  dimensional.  For  this  reason,  we  have 
developed  signal  processing  tools  based  on  two  points 
measurements  to  localize  and  analyze  the  large  scale  structures 
in  a  supersonic  turbulent  mixing  layer. 

EXPERIMENTAL  SET  UP 

A  mixing  layer  with  a  supersonic-subsonic  combination  is 
investigated.  The  experiment  was  conducted  in  the  continuous 
supersonic  wind  tunnel  at  IRPHE.  The  incoming  supersonic 
flow  present  particularly  low  levels  of  pressure  or  velocity 
fluctuations  (respectively  less  than  0.8  and  0.3%)  which  means 
that  acoustic  excitations  due  to  the  wind  tunnel  are  probably 
negligible.  The  subsonic  flow  presents  levels  respectively  equal 
to  0.8  and  1%.  The  initial  supersonic  boundary  layer  is 
turbulent  and  fully  developed.  The  convective  Mach  number  is 
0.62.  It  was  controlled  that  in  the  explored  part  of  the  flow,  the 
mixing  layer  is  also  fully  developed.  Presented  measurements 
were  realized  at  a  distance  of  400  times  the  initial  momentum 
thickness  Oq.  Main  parameters  of  the  flow  are  reported  in  the 
following  table ; 


Mj 

s 

Me 

^^mm) 

Rs 

1.83 

0.38 

0.26 

0.65 

0.6 

0.73 

8.7  104 

where  s  and  q  are  respectively  the  velocity  and  density  ratio. 

Two-point  measurements  were  performed  with  Dantec 
«  Streamline  »  constant  temperature  hot-wire  anemometers.  The 
bans  width  of  the  anemometers  was  of  100  kHz.  The 
longitudinal  separation  of  the  probes  was  about  the  half  of 
the  thickness  of  the  layer  (5(o=23.8  mm,  ^“9  mm).  As  a 
characteristic  convection  time  is  yUc  »20ps,  signals  were 
sampled  at  a  frequency  of  IMHz  and  up  to  1.2*10^  points  per 
channel  were  acquired. 

SPECTRAL  ANALYSIS 

It  has  been  shown  (Dupont,  Muscat,  Dussauge,  1995a)  that 
there  are  peaks  at  characteristic  frequencies  f^  on  the  power 
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spectral  density  (Figure  1):  they  were  understood  as  the 
indication  of  quasi  periodic  structures  at  large  scale.  The 
Strouhal  number  deduced  was  Si=fcS/Uc^0. 1 8,  where  Uc  is  the 
isentropic  convection  velocity. 

X  10*4 


Figure  1  :  Power  Spectral  Density  (PSD)  of  the 

turbulent  signal  — ;  of  the  convection  velocity, - 

near  the  supersonic  edge  of  the  mixing  layer ; 
x=280mm 

The  experimental  determination  of  the  dispersion  relationship 
provided  the  measurement  of  the  group  velocity  Ug.  Two 
behaviors  have  been  observed  across  the  layer,  depending  on 
the  frequency  range.  For  frequencies  around  f^,  Ug  was  found 
to  keep  a  value  close  to  the  isentropic  convection  velocity  Uc, 
while  higher  frequencies  have  a  group  velocity  which  is 
between  the  isentropic  velocity  and  the  mean  local  velocity. 
This  suggests  the  existence  of  two  media,  one  following 
Taylor's  hypothesis,  and  the  second  one  keeping  a  constant 
convection  velocity.  Then,  the  knowledge  of  the  instantaneous 
convection  velocity  of  the  fluid  motions  can  lead  to  identify  the 
passage  of  the  large  eddies.  Classically,  convection  velocity  can 
be  deduced  from  the  space  time  intercorrelation  function  R(^,r) 
or  from  its  Fourier  transform.  Now,  a  similar  information  is 
required,  but  localized  in  time,  and  a  new  intercorrelation 
function  of  time  should  be  defined  :  R(^,  r,  //  Its  properties 
should  be  comparable  with  R(g,r)  : 

R(^,T)  =  \R{^,z,t)dt 

The  w'avelet  transform  is  used  to  define  this  localized 
intercorrelation  function  and  to  separate  the  information  relative 
to  the  energetic  scales,  and  to  select  parts  in  the  signal 
depending  on  their  convection  velocity. 

ANALYSIS  OF  THE  COHERENT  STRUCTURES 

Localized  space-time  intercorrelation 

When  two-point  measurements  are  considered,  wavelet 
coefficients  computed  at  a  given  scale  a  can  be  used  as  a  time 
series  to  consider  only  this  scale  in  the  signal  and  then  to  apply 
classical  signal  analysis  (Wang,  Brasseur,  Smith  and  Smits 
1994).  It  is  also  possible  to  build  for  each  signal  a  variance  Ei  ^ 
localized  in  time  and  scale  (Daubechies,  1992) : 


where  is  the  wavelet  coefficient  at  scale  a  and  time  r  of 

the  signal  in  spatial  position  x  is  a  characteristic  constant  of 
the  generating  wavelet. 

Liandrat  (1995),  improves  the  localization  by  accounting  for 
the  influence  cone  of  the  wavelet  .  He  defines  a  local  mean 
variance  on  the  finite  temporal  support  of  all  dilated  wavelets 
Za  (0 : 

where  0  denotes  the  convolution  operator. 

We  generalized  this  last  approach  to  define  a  quantity 
equivalent  to  a  cross-correlation  function  localized  in  time  and 
scale  (Muscat  et  al.,  1997): 

C(t,T,i,a)  =  +  r,a)]®zA‘) 

where  the  symbol  *  denotes  the  complex  conjugate.  In 
turbulent  signals  with  large  bandwidth  spectra,  it  is  not 
sufficient  to  take  into  account  only  one  time  scale.  If  la  is  the 
band  of  considered  time  scales  we  define  : 

C{t,  T,lla}  = 

^min 

2a)  is  the  contribution  of  the  time  scale  band  2a,  at 
time  t,  to  the  total  correlation  C(t,5).  Then  the  localized  cross¬ 
correlation  coefficient  is  : 

/?(/,r,^,2c)= 

C(/,r,^,2a)/(£„.,(Ma)£„.„^(r  +  r,Zo))''' 

For  each  time  t,  the  cross-correlation  coefficient  R{t,  r,^,2fl) 
has  a  maximum  for  some  time  lag  ropt>  Then  a  convection 
velocity  depending  on  time  and  scale  band  can  be 
defined  :Uc{t,'Ea)-yTQpt(t,^X^).  The  value  R{i,  ZQpf,  2^)  is 
the  level,  localized  in  time,  of  the  spatial  correlation  for  the 
considered  time  scales.  It  can  be  shown  that  the  intercorrelation 
at  optimal  lag  time  of  a  pass  band  signal  R{Topi,  4,f)  is  equal  to 
the  coherence  function  at  the  same  frequency  /  In  the  same 
manner,  R{t,  ZQpi,  Za)  can  be  understood  as  a  local  coherence 
function,  coh(/,  Za, 

Coherent  structures  detection 

The  measurements  presented  in  this  paper  were  performed  in 
the  supersonic  part  of  the  flow  where  mean  local  speed  and 
isentropic  convection  velocity  differ  significantly.  They  are 
respectively  equal  to  330  and  485  ms~l. 

The  considered  scales  are  chosen  to  agree  with  the  spatial 
filtering  produced  by  the  probe  separation  (Dupont  et  al. 
1995b).  The  equivalent  cut-off  frequency  is  estimated  from  the 
coherence  function  and  only  time  scales  longer  than  the  inverse 
frequency  are  taken  into  account  in  the  analysis.  The  time  scales 
analyzed  range  between  20}is  and  lOOOps;  on  the  energy 
spectrum,  the  correspondent  frequencies  represent  80%  of  the 
total  energy  of  the  signal.  An  example  of  Uc(t)  vs  time  is  given 
in  Figure  2. 

The  energy  spectrum  Suc(f)  of  the  convection  velocity  Uc(t) 
is  presented  together  with  the  spectrum  of  the  total  signal  S(0 
in  Figure  1.  The  characteristic  peaks,  around  the  characteristic 
frequency /c,  observed  on  both  spectra,  are  then  associated  with 
a  repetition  in  time  of  turbulent  zones  composed  of  smaller 
scales. 
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The  signal  t/c(0  used  to  localize  the  coherent  structures 
(medium  1)  from  the  rest  of  the  flow  (medium  2),  On  the  high 
velocity  side,  the  passage  of  eddies  correspond  to  a  local 
decrease  of  0^1).  Then,  medium  I  (respectively  medium  2)  is 
associated  with  the  minimums  (respectively  the  maximums)  of 
Dc(t)  placed  between  two  derivatives  of  large  amplitude, 
consecutively  negative,  then  positive  (respectively  positive, 
then  negative),  see  Figure  2.  Thus,  no  conditions  on  the 
absolute  value  of  6^c(t)  is  used  to  select  the  media. 


Figure  2:  Time  history  of  the  convection  velocity 
Licit).  Same  location  as  in  Figure  1.  Ue  :external 
velocity,  Um  •  mean  velocity  (Pitot  measurements), 
Ucjs  :isentropic  estimate  of  the  convection  velovcity. 
O  location  of  the  maximum  of  the  derivative  dUcldt.  □ 
location  of  the  minimum  of  the  derivative  dUcldt. 

This  method  of  detection  gives  three  basic  quantities 
associated  to  each  structure  :  their  convection  velocity  (L/^),  the 
time  duration  before  the  next  one  and  their  time  of  flight 
(0.  These  time  scales  are  defined  using  the  evolution  of  Udt) 
between  two  consecutive  gradients  localized  a  the  instants  tQ. 
and  tQ+.  To  locate  the  middle  of  the  structure,  Uc(X)  is 
considered  as  a  weighting  function :  ;:^~(^max‘^cjy^Pi» 
where  f/max  the  maximum  convection  velocity  in  the 
interval  [tQ.  and  the  instant  of  passage  is  chosen  as  : 
^rPJ^j  ^or  tQ^<tj<tQJr-,  which  is  the  weighted  time  between  the 
two  gradients.  The  standard  deviation  of  t  is  : 
and  the  convection  velocity  of  the  structure  is  the  average  value 
of  f^cW  *0  the  interval  [//-o/  Finally,  the  flying  time  of 

the  structure  is  choosen  such  as  : 

(U^-Uc,)t^r\'o^(U^^-U)dt 

G 

In  this  manner,  no  arbitrary  threshold  is  necessary  to  define 
velocity  and  time  scales,  and  the  evolution  of  Uq{X)  can  be 
automatically  taken  into  account.  Of  course,  in  some  cases, 
structures  will  not  be  localized,  mainly  due  to  the  method  to 
estimate  the  gradients.  But  as  it  can  be  seen  on  Figure  2,  most 
of  the  eddies  are  expected  to  be  detected,  which  means  that 
statistical  quantities  deduced  from  time  duration  can  be  safely 
used. 

We  present  now  some  statistical  properties  of  these 
quantities.  They  have  been  estimated  with  3158  events  which  is 
reasonable  to  obtain  good  estimates. 


Temporal  and  spatial  scales  of  coherent  structures 

The  mean  value  of  the  convection  velocity  of  the  coherent 
part  of  the  flow  (yc;=353ms'^  and  is  close  to  the  isentropic 
estimate  (+6%).  Its  shape  is  roughly  Gaussian  with  a  standard 
deviation  of  45  ms“^  (see  Figure  3).  This  confirms  the  results 
obtained  with  the  group  velocity  of  the  dispersion  relationship 
of  the  convection  velocity'  (Dupont,  Muscat,  Dussauge,  1995a). 

0.012 
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Figure  3:  PDF  of  the  convection  velocity  of  the 
coherent  structures; - Normal  law 

If  each  structure  (/)  is  supposed  to  have  a  mean  convection 
velocity  equal  to  the  estimated  one  {Ud^O  over  the  duration 
time  t(j,  the  distance  between  two  structures  is  given  by 
A-^cJ,i^d.h  Ihe  inverse  of  corresponds  to  the  passage 
frequencies  of  the  structures.  Characteristic  temporal  and  spatial 
scales  associated  with  the  coherent  structures  are  deduced  from 
the  time  of  flight:  corresponds  to  a  characteristic  frequency 

associated  with  the  structure  and  its  size  is  given  by : 

A  is  independent  of  the  transverse  position  y,  but  Z 
depends  both  on  y  and  on  the  possibly  random  vertical  location 
of  the  different  structures. 

The  probability  density  function  (PDF)  of  and  can 
be  compared  to  the  spectra  of  the  signal.  They  are  presented  in 
Figure  4,  together  the  spectra  of  the  signal,  as  function  of  the 
dimensionless  variable  KSI{27r),  where  K  is  the  estimated  wave 
number :  K=q)/Uc^ 

The  low  frequency  peaks  already  mentioned  appear  to  be 
effectively  characteristic  duration  times.  The  mean  value  of 
leads  to  a  Strouhal  number  of  0.17  which  is  in  very  good 
agreement  with  the  Strouhal  number  already  evaluated.  We 
observe  that  the  distance  between  structures  range  from  2.5  to 
10  mixing  layer  thicknesses.  It  is  clear  that  even  if  some 
wavelengths  have  a  larger  probability,  the  distribution  of  size  is 
quite  continuous  and  remains  close  to  a  lognormal  distribution 
(which  correspond  to  a  normal  law  in  the  logarithmic 
representation  of  the  Figure  4).  It  can  be  noted  that  each  missed 
eddy  in  the  detection  process  implies  an  artificially  large  (ie 
small  t^l)  and  would  give  a  PDF  asymmetric  towards  the  left 
hand  side.  Such  an  asymmetry  is  actually  not  observed  (see 
Figure  4)  which  gives  some  confidence  in  the  detection  process. 
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Figure  4 :  comparison  between  the  PSD  of  the 
turbulent  signal  — ;  the  PDF  of  ,  of  and  the 
lognormal  law  fitted  on  t(f‘^  - 

That  is  in  qualitatively  good  agreement  with  a  model 
proposed  for  a  two-dimensional  subsonic  fully  developped 
turbulent  mixing  layer  (Bernal,  1988),  which  relates  the  growth 
of  the  mixing  layer  with  the  amalgamation  mechanism  of  the 
large  eddies.  Bernal  proposed  a  statistical  model  in  the  case 
It  gives  a  lognormal  law  for  the  PDF  of  A,  and 
therefore  for  too..  When  the  layer  is  in  a  self-similar  state 
for  the  unsteady  motions,  AJx  is  independent  of  the  considered 
section.  The  standard  deviation  crof  the  logarithm  of  A  is  found 
to  be  related  to  the  more  frequent  type  of  amalgamation  : 
a=  0.276  if  pairings  are  dominant,  0.162  for  tearing  and  0.436 
for  tripling.  Previous  experimental  and  numerical  results 
(Ramaprian  et  al.  1989,  Bernal,  1988)  showed  that  pairing  can 
be  the  dominant  process  of  amalgamation  in  subsonic  mixing 
layers.  In  our  case,  we  found  a  standard  deviation  of  0.48,  much 
larger  than  the  theoretical  value  of  0.276.  As  previously 
mentionned,  the  existence  of  characteristic  peaks  in  the  PDF 
indicates  that  self  similarity  is  not  completely  reached. 
Nevertheless,  it  seems  that  a  more  complex  evolution  than  in 
subsonic  cases  can  be  expected.  This  is  consistent  with 
previous  visualizations  (Clemens  and  Mungal,  1995)  which 
show  that  three  dimensional  structures  become  predominant 
when  Mq  increases. 

In  the  previous  results,  isentropic  estimate  of  the  convection 
velocity  was  used  to  transform  the  temporal  case  to  a  spatial 
one.  As  proposed  before,  direct  estimation  of  length  scales  is 
possible  with  the  measured  convection  velocity  of  each 
structure.  The  same  representation  as  in  Figure  4  is  used  to 
present  the  PDF  of  A  (Figure  5). 

It  is  clear  than  same  results  are  obtained,  in  particular  the 
same  lognormal  behaviour  with  about  the  same  standard 
deviation  (ct^=0.49).  Similarly,  the  same  Strouhal  number 
of  0.1 65  is  deduced  from  the  average  value  of  A  {Si^-SIA), 
Then  it  seems  reasonable  to  consider  than  the  main  merging 
process  which  occurs  in  this  flow  is  not  a  pairing  process,  but 
rather  a  tripling  process.  However,  the  model  proposed  by 
Bernal,  is  purely  two  dimensional,  it  may  be  not  well  fitted  to 
for  compressible  mixing  layer  at  Mq  >0.5. 


K5/(25t) 

Figure  5  :  PDF  of  5M  and  the  lognormal  law  ( — ). 

As  found  for  the  time  duration,  characteristic  flying  time  are 
identified,  both  on  the  PDf  of  and  on  the  spectra  of  the 
signal.  They  correspond  to  eddy  sizes  between  one  and  three 
layer  thicknesses. 

Nevertheless,  to  find  a  Strouhal  number  comparable  to  the 
subsonic  one  with  same  Reynolds  numbers  (Browand  and 
Troutt,  1985)  is  of  interest.  As  a  matter  of  fact,  if  we  make  the 
assumption,  as  in  the  Bernal’s  model,  that  the  growth  of  the 
layer  is  mainly  controlled  by  the  evolution  of  the  large  coherent 
eddies,  in  a  self  similarity  state,  we  have  :  Alx=Cit.  In  order  to 
compare  incompressible  (referenced  0)  and  compressible 
mixing  layers  with  same  velocity  and  density  ratio  we  can 
write  :  AIAff={StrO^Str)*^l^()-  The  ratio  5/5o  is  also  the  ratio  of 
the  spreading  rates  5’/5’o-  This  ratio  is  the  normalized 
spreading  rate  and  is  generally  assumed  to  be  a  function  of  the 
convective  Mach  number  only :  <P(Afc)*  Hence  we  obtain 
AJA(r{Str0^Sir)*  where  <P{Mc)  is  a  decreasing  function 

of  A/c-  In  a  self  similar  state,  the  mean  value  A  at  a  given  station 
is  related  to  the  number  of  amalgamations  whose  have  been 
necessary  to  create  the  actual  structures.  Then,  the  description 
of  the  quantity  {Str0f^tr)*^^c)  would  give  informations  on 
the  reduction  or  not  of  the  amalgamation  processes  when  is 
increasing. 

Conditional  analysis 

The  previous  results  have  shown  that  the  observation  of  the 
time  history  of  Uc(t)  is  an  efficient  tool  to  detect  coherent 
structures  in  a  compressible  mixing  layer.  Characteristic  size  of 
eddies  have  been  put  in  evidence.  It  is  now  examined  if 
quantities  other  than  convection  velocity,  can  be  associated 
with  the  large  coherent  structures. 

A  conditional  analysis  has  been  performed  to  separate  the 
information  relative  to  media  (1)  and  (2).  For  each  medium  the 
mean  convection  velocity  ( ),  the  level  of  energy  ( £,•  )  and 
the  spectra  deduced  from  wavelets  coefficients  ( )  have  been 
obtained. 

As  already  mentioned,  the  mean  convection  velocity  deduced 
from  the  parts  of  the  signal  associated  with  the  large  quasi 
periodic  structures  is  in  good  agreement  with  the  isentropic 
estimate  and  with  the  low  frequency  group  velocity^  (±6%).  On 
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the  opposite,  medium  2  has  a  mean  convection  velocity  equal  to 
the  local  mean  velocity  (±4%)  (see  Figure  6).  Nearly  the  same 
level  of  energy  has  been  obtained  for  the  two  mediums.  The 
conditional  spectra  are  shown  Figure  7  :  it  is  clear  that  the  same 
temporal  scales  are  involved  in  both  media.  These  two  results 
show  that  a  criterion  based  on  the  local  level  of  energy  or  on  the 
local  partition  of  energy  cannot  be  efficient  to  detect  the 
periodic  scales  of  a  mixing  layer  in  the  case  of  a  fully  turbulent 
flow. 


Figure  6:  Dimensionless  velocity  profiles.  Uggp  and 
Ug^HF  are  group  velocities  of  the  signal  in  the  low 
frequency  and  in  the  high  frequency  ranges. 


xid^ 


Figure  7  Power  spectral  density  of  the  fluctuations  in 
the  media  1  (O)  and  2  (*)  compared  to  the  spectrum 
of  the  signal. 

The  existence  of  two  media  with  same  time  scales,  but  with 
different  convection  velocity  can  be  taken  into  account  to 
reinterpret  the  dispersion  relationships  deduced  from  the 
Fourier  analysis.  It  may  be  shown  that  when  two  non  dispersive 


media  (same  phase  velocity  for  each  frequency)  are  considered 
with  finite  non-zero  convection  velocities  respectively  denoted 
Uci  and  Uc2»  tbe  resulting  signal  is  not  dispersive  and  has  a 
convection  velocity  such  as;  ^cl"^  ^c2)- 

This  relation  was  applied  to  the  present  measurements :  the 
results  are  given  in  Figure  6  and  there  is  very  good  agreement 
with  the  group  velocity  deduced  from  the  experimental 
dispersion  relationship. 

Finally,  the  average  value  of  Rit,  TQpt,  g,  Ta)  is  nearly  the 
same  in  each  medium  and  has  practically  the  value  of  the 
coherence  function  considered  at  an  equivalent  frequency.  This 
shows  that  the  spatial  decay  of  coherence  due  to  the  cascade  of 
turbulence  for  the  considered  energetic  scales  is  roughly  the 
same  in  the  different  parts  of  the  flow. 

CONCLUSIONS 

In  this  work,  we  proposed  a  method  to  localize  and  analyze 
large  coherent  structures  in  a  compressible  turbulent  mixing 
layer.  It  is  based  on  the  evaluation  of  the  convection  velocity 
related  to  the  energetic  scales  of  the  layer.  It  relies  on  the 
assumption  that  coherent  part  can  have  a  convection  velocity 
different  than  the  rest  of  the  flow.  Results  confirmed  that  the 
isentropic  convection  velocity  is  an  appropriate  estimate  in  a 
mixing  layer  at  Mc=0.62.  Characteristic  time  and  length  scales 
have  been  obtained.  These  different  informations  have  been 
used  to  reinterpret  results  obtained  from  the  Fourier  analysis : 
spectra  and  dispersion  relationship.  It  appears  that  models  based 
on  representations  of  amalgamations  phenomena  are  still 
relevant  for  such  flows,  but  with  some  differences  compared  to 
subsonic  cases.  In  particular  the  preferential  merging  process 
seems  not  to  be  a  pairing  process  but  rather  a  tripling 
mechanism.  The  values  of  the  parameters  for  the  pairing  and 
tripling  were  taken  by  reference  to  two  dimensional  analysis. 
These  values  are  probably  altered  by  the  three  dimensional 
effects  occurring  at  a  convective  Mach  number  of  0.62. 

Finally,  conditional  analysis  of  the  coherent  and  no-coherent 
part  of  the  flow  have  shown  that  each  medium  contains  the 
same  energy  with  similar  spectra  and  the  same  spatial  decay  of 
coherence. 
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Introduction 

The  validation  of  an  analytical  development  for  the  pres¬ 
sure  dilatation,  <  pd  >,  appearing  in  the  single  point 
closures  for  compressible  turbulence,  given  in  Ristorcelli 
(1995,  1997),  is  the  subject  of  this  article.  The  analysis  is 
relevant  to  shear  flows  with  negligible  bulk  dilatation  and 
low  Mt^  These  restrictions  are  satisfied  in  a  wide  number 
of  flows  ranging  from  simple  shear  layers  of  theoretical  in¬ 
terest,  Papamoschou  and  Roshko  (1988),  to  the  complex 
shear  layers  associated  with  supersonic  mixing  enhance¬ 
ment,  Gutmark  et  al.  (1995).  In  most  of  these  supersonic 
shear  layers  a  Mach  number  based  on  the  fluctuating  veloc¬ 
ity  of  the  fluid  particle  is  small.  A  Mach  4  mean  flow  with 
a  turbulence  intensity  of  8  per  cent  has  a  turbulent  Mach 
number  of  Mt  =  0.32.  The  square  of  this  turbulent  Mach 
number,  the  appropriate  perturbation  expansion  parame¬ 
ter  arising  from  the  Navier-Stokes  equations,  0.1,  is 

small.  The  existence  of  this  small  parameter,  Mt,  allows 
some  analytical  results. 

This  article  addresses  the  validation  using  recent  DNS 
results  for  compressible  turbulence  of  the  pressure  dilata¬ 
tion,  <pd>,  which  appears  in  the  equation  for  the  kinetic 
energy  of  a  compressible  turbulence.  The  article  is  primar¬ 
ily  a  study  of  the  analysis  of  Ristorcelli  (1995,  1997)  in 
the  light  of  recent  DNS  by  Blaisdell.  The  representations 
were  obtained  using  simple  scaling  arguments  about  the 
effects  of  compressibility  and  a  singular  perturbation  idea 
and  the  methods  of  statistical  fluid  mechanics.  While  the 
results  are  expressed  in  the  context  of  a  statistical  turbu¬ 
lence  closure  they  provide,  with  very  few  phenomenolog¬ 
ical  assumptions,  an  interesting  and  clear  physical  model 
for  the  scalar  effects  of  compressibility.  For  a  homogeneous 
turbulence  with  quasi-normal  isotropic  large  scales  the  ex¬ 
pressions  derived  are  —  in  the  small  turbulent  Mach  num¬ 
ber  squared  limit  -  exact.  The  analytical  results,  which  do 
not  have  any  unspecified  empirical  coefficients,  are  in  good 
agreement  with  DNS  results.  The  analytical  results,  which 
are  a  rigorous  consequence  of  the  low  Mt  assumptions,  are 
shown  to  predict  the  proper  scalings  in  homogeneous  com¬ 
pressible  turbulence. 


Preliminaries 

It  has  been  shown,  Ristorcelli(1995,  1997)  that  a  low 
fluctuating  Mach  number  expansion  for  the  compressible 
Navier  Stokes  equations  produces  a  diagnostic  relationship 
for  the  dilatation.  The  small  parameter  in  these  expan¬ 
sions  is  the  squatre  of  the  fluctuating  turbulent  Mach  num¬ 
ber:  jMf  and  Mt  =  fi/coo  where  ii  =  2^/3  =<  ujuj  >  /3 
and  cIq  =  jPoo/poo-  To  leading  order  the  density  fluctua¬ 
tions  are  given,  in  non  dimensional  units,  by  the  solenoidal 
pressure  fluctuations,  'ypi  =  pine  =  pi  and  the  continuity 
equation  becomes  a  diagnostic  relation  for  the  fluctuating 
dilatation, 

-7d  =  p^t'hvkp.k-  (1) 

The  subscript  on  pi  has  been  dropped.  It  is  seen  that 
one  does  not  need  to  obtain  a  solution  to  the  evolution 
equation  for  the  compressible  velocity  field,  in,,  in  order  to 
obtain  its  dilatation,  d  =  Tn,,,.  A  very  nice  result.  The 
dilatation  is  diagnostically  related  to  the  local  fluctuations 
of  the  pressure  and  velocity;  it  is  the  rate  of  change  of 
the  incompressible  pressure  field  pi,jj  =  (viVj),ij,  following 
a  fluid  particle.  Constitutive  relations  for  the  pressure- 
dilatation  can  be  found  by  taking  the  appropriate  moments 
of  the  diagnostic  relation  for  the  dilatation  to  produce, 

-27  <pd>  =  <pp>  .  (2) 

The  near  field  compressibility  effects,  as  manifested  in 
<  pd  >,  have  been  directly  linked  to  the  solenoidal  por¬ 
tions  of  the  velocity  field.  This  fact  has  been  exploited  to 
obtain  expressions  for  the  pressure-dilatation  covariances, 
Ristorcelli  (1995,  1997).  The  following  representation  for 
the  pressure- dilatation  covariance  were  obtained: 

<  pd  >=  -XpdMt  [F*  -  pe  +  Tt] 

+  -  1){Pt  +  pe  +  Tt)] 

-pk  M?  xld  §ir 

_ _ 

l  +  27p<iAf2  +  §/p^A/(‘'7(7-l) 
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.  ^  _ {k _ 

1  +  2/prfilirf  +  -  1) 

Ipd  =  |/f+/;d[3S=+5iy'] 

(3) 

Note  that  T  =  [35^  +  bW%  The  non  dimensional  strain 
and  rotation  rates  are  given  by:  5^  =  {Sk/cs)^,  = 

{Wk/csf  where  5  =  y/SijSij  and  W  =  y/wTj^j- 
The  strain  and  rotation  tensors  are  defined  in  anal¬ 
ogy  wdth  the  incompressible  case,  i.e.,  traceless  Sij  = 
\[Uus+Uj,i-lD5ii],  Wij  =  \[Uuj-Uj,i].  Here  Mt  = 
u/coo  where  u  =  2k/3  =<  ujuj  >  /3  and  =  7-P x/P<xi 
and  a  comes  form  the  Kolmogorov  scaling  reaJtion  £  = 
Q{2k/3)^^^ /es-  The  constants,  denoted  by  the  in  these 
expressions  are  given  by  integrals  of  the  long! tudin^  corre¬ 
lation  function,  /:  If  =  ^  ^  So 

A  quick  of  order  of  magnitude  estimate  for  the  integrals 
can  be  made  using  /  =  The  following  values 

are  found:  If  =  i,  =  :^  =  1.273.  The  values  found 
from  high  Reynolds  number  wind  tunnel  data  are  similar: 
If  =  0.300,  If  =  1.392,  Zhou  (1995). 


Isotropic  decay 

For  the  isotropic  decay  the  expression  for  the  pressure 
dilatation  becomes 


<pd>-  XpdMt  Cs  .  (4) 

Here  p  has  been  set  to  unity.  The  sign  of  <  pd  >  is  positive 
indicating  a  net  tranfer  of  energy  from  potential  to  kinetic 
modes.  Rearranging  to  isolate  the  scaling  produces 


<  pd>  _ _ 3^1 

M^e,  l  +  ptMf 


(5) 


Terms  of  order  have  been  dropped.  Earlier  esti¬ 
mates  given  in  Ristorcelli  (1995),  shown  above,  indicate 
If  =  0.5  -0.3.  The  theory  therefore  predicts  an  asymptote 
for  Xpd  ^  turbulent  Mach  number  vanishes: 

Xpd  ->  0.666  -  0.40  as  Mf  0.  (6) 

The  DNS  results,  shown  in  Fi^e  1,  were  provided  by 
Blaisdell  for  three  different  initial  turbulent  Ma^  num¬ 
bers.  As  a  service  to  the  reader  the  figure  identifies  two 
definitions  of  the  turbulent  Mach  number:  that  used  by 
Blaisdell  et  al  (1993)  in  his  simulations,  Mt,  ^d  that 
w'hich  comes  from  the  perturbation  theory  of  Ristorcelli 
(1995,  1997).  They  are  recent  compressible  DNS  reflecting 
a  consistent  set  of  initial  conditions  described  in  Ristorcelli 
and  Blaisdell  (1997). 

The  agreement  with  the  DNS  shown  in  Figure  1  is  very 
good.  The  theory  has  been  proven  without  a  posteriori 
adjustment  of  constants.  The  actual  values  of  the  constant 
could  in  principal  be  calculated  from  the  DNS.  As  they 
are  expected  to  be  weakly  dependent  on  initial  conditions 
these  tact  is  not  followed  further  -  what  has  been  presented 
is  sufficient  for  verification.  Moreover  the  slow  portion  of 
the  pressure  dilatation  is  nominal  compared  to  the  rapid 
portion  w^hich  is  the  most  important  contributor  in  the 
shear  flows  of  interest. 


Homogeneous  shear 

The  pressure-dilatation  in  the  homogeneous  shear  is  now 
investigated.  The  instantaneous  pressure-dilatation  is  seen 
in  Figure  2.  Also  showm  are  its  averaged  values  following 
the  procedure  of  Sarkar  (1992).  Here  the  time  integral  of 
the  pressure-dilatation  has  been  taken:  the  vertical  axis 


being  —  ^  /  ^^^d{St),  The  oscillations  in  the  pressure- 
dilatation  associated  with  the  relaxation  from  initial  condi¬ 
tions  are  not  seen.  There  is,  nonetheless,  a  build  up  of  the 
oscillations  which  has  been  linked  to  the  compressible  com¬ 
ponent  of  the  pressure  field,  Sarkar  (1992),  Blaisdell  and 
Sarkar  (1993).  No  explanation  for  this  behavior  is  known. 

For  a  homogeneous  shear  the  expression  for  the  pressure- 
dilatation  can  be  simplified.  For  a  simple  shear  T  =  85^ 
and,  neglecting  terms  of  order  Mf,  produces 

<  pd  >=  [P*  -  €]  -  fc  xk  (7) 

For  Blaisdell's  homogeneous  shear,  in  w^hich  S  =  const,, 
the  expression  can  be  rearranged 

<  pd  >=  -XpdMf  €s[^  1] 

-16x;.M^.(f^)^^f^.  (8) 

Note  that  the  coefficent  of  the  first  term,  Xpd,  ignoring  the 
small  slow  pressure  contribution,  scales  as  Xpd  ^  (77)^5 
accounting  for  the  definitions  of  the  x’s  the  pressure  di¬ 
latation  can  be  rewritten  as 

*-a 

As  the  fiow^  evolves  it  is  expected  that  -4  const,  and 
1  +  1 ~  ^  1.  The  scaling  of  <  pd  >  with  the 

term  in  the  first  set  of  brackets  will  be  investigated. 

“Non-equilibrium”  aspects  of  <  pd  > 

The  homogeneous  shear  DNS  is  not  an  equilibrium  flow. 
Using  as  an  indicator  of  the  non-equilibrium  nature  of 

the  flow  one  sees  that  ^77  0  only  in  the  very  latest 

stages  of  the  DNS,  see  Figure  3  bottom  plot.  Two  re¬ 
gions  of  the  flows  evolution  are  accordingly  distinguished: 
a  nonequilibrium  earlier  portion  in  w^hich  D/Dt  5^0,  and 
a  structural  equilibrium  portion  for  which  DjDt  5-4-0. 
If  the  flow  is  in  structural  equilibrium,  -4  const,  one 
obtains  the  simplest  form  of  the  pressure-dilatation:  call  it 

<  pd  >5«r=  ~XpdMf  [Fit  €]  .  (10) 

Let  this  be  called  the  structural  equilibrium  form  of  the 
pressure-dilatation  (which  does  not  mean  that  the  flow  is 
in  equilibrium  as  Pfc  7^  e). 

Figure  3  indicates  the  relative  contributions  of  the  two 
terms  making  up  the  the  pressure-dilatation  model.  It  is 
seen  at  small  times,  according  to  the  pseudo-sound  the¬ 
ory,  that  both  terms  make  non-negligible  contributions  to 
the  pressure-dilatation.  As  the  structural  equilibrium  is 
approached,  D/Dt  5-4  0,  and  the  second  term’s  impor¬ 
tance,  as  might  be  expected,  becomes  negligible.  This  is 
manifested  in  the  second  graph  were  the  ratio  of  <  pd  >3e 
to  the  total  <  pd  >  approaches  unity.  Also  shown  is  the  per 
centage  time  rate  of  change  of  the  relative  strain  ^  77* 
The  curves  are  noisy  as  the}’  involve  differentiation  of  nu¬ 
merical  data;  the  trends  are  nonetheless  unmist akeble. 


Pressure-dilatation  scalings 
The  appropriately  scaled  integrals  of  <  pd  >  will  now’  be 
taken.  In  this  way  one  can  establish  w’hether  the  scalings 
predicted  by  the  model  are  correct.  In  the  late  stages  of 
Blaisdells  DNS,  about  three  or  four  eddy  turniovers  past 
inception,  St  >  10,  it  appears  that  a  structural  equilibrium 
is  being  approached.  In  this  region  the  scaling  suggested 
by 

<  pd  >~  -  1)]  /[  (11) 

Es  Es 
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is  investigated.  After  the  scaling  <  pd  >  the  time  integral 
^f^sto  / ( taken  -  let  the  symbol  denote 
this  averaging  operation.  The  integrals 


lo  = 

/ 

<  pd> 

JST 

h  = 

1 

<pd> 

JsT 

is 

h  = 

1st 

<pd> 

h  = 

1st 

<pd> 

li  = 

[ 

<pd  > 

JST 

The  integrals 

are 

shown  in  the  Figure.  The  integration 

starts  at  St  =  9;  the  integrals  are  normalized  by  their  val¬ 
ues  at  St  =  10.  If  the  scaling  suggested  by  the  analysis  of 
Ristorcelli  Ristorcelli  (1995,  1997)  is  correct  the  last  inte¬ 
gral,  /4,  will  be  approximately  constant  reflecting  the  fact 
that  the  time  integral  ^  J  Ild{St)  ^  /[  and  ^S  0 
as  the  equilibrium  portions  of  the  DNS  are  attained.  In¬ 
spection  of  U  in  Figure  4  shows  this  to  be  the  case.  The 
period  of  time  10  <  St  <  16  corresponds  to  about  one  eddy 
turnover  time,  k/e. 

The  gradient  Mach  number 
The  largest  relative  collapse  of  the  scaled  integrals  of 
<pd>  occurrs  with  the  quantities  -  the  collapse 

from  h  to  h.  The  quantity  can  be  thought  of  as 

the  square  of  the  gradient  Mach  number  and  the  pressure- 
dilatation  is  seen  to  be  a  strong  function  of  this  quan¬ 
tity.  Sarkar  (1995)  has  defined  a  gradient  Mach  number: 
Mg  =  S£/c  in  which  the  transverse  two-point  correlation 
of  the  longitudinal  velocity  as  the  length  scale  at  the  end 
of  the  simulations.  In  this  article  I  will  be  taken  as  the 
traditionally  defined  longitudinal  length  scale  that  occurs 
in  the  Kolmogorov  scaling:  i  =  Q(2fc/3)^^^/ea.  In  which 
case  a  mean  strain  Mach  number  is  defined: 

Ms  =  —  =  q|— Mf  =  a\sMt  =:  \sMt.  (12) 
c  3  3  3 

In  fact  the  curve  overshoots  the  optimum  collapse  (a  hori¬ 
zontal  line):  the  gradient  Mach  number  is  increasing  faster 
than  <pd>. 


it  is  a  flow  specific  quantity.  It  is  this  fact  that  makes  cre¬ 
ating  a  turbulence  model  from  the  analysis  of  Ristorcelli 
(1995,  1997)  difficult:  a  choice  for  a  must  be  made  and  for 
any  given  flow  the  choice  is  not,  a  priori,  known.  The  value 
of  a  can  be  thought  of  as  describing  some  large  scale  struc¬ 
tural  aspects  of  the  flow:  it,  after  all,  relates  the  kinetic 
energy,  its  cascade  rate  and  the  two-point  correlations. 

Summary  and  Conclusions 

In  all  likelyhood  there  are  many  aspects  of  compressibil¬ 
ity  that  will  contribute  to  the  unusual  and  dramatic  stabi¬ 
lizing  effects  of  compressibility.  It  is  unlikely  that  any  one 
term  in  a  statistical  closure  will  account  fully  for  the  phys¬ 
ical  mechanism (s)  responsible.  This  article  has  focused  on 
one  of  these  effects,  the  pressure-dilatation.  The  present 
analysis  treats  only  the  “scalar”  effects  of  compressibility  - 
the  reduction  k  through  the  dilatational  covariances  in  the 
energy  budget;  it  cannot  account  for  the  reduction  in  the 
shear  anisotropy,  612,  or  the  normal  anisotropy,  622 »  so  im¬ 
portant  to  the  production  mechanism  for  the  shear  stress, 
<  nin2  >.  To  account  for  these  more  substantial  structural 
effects  appears  to  require  a  compressible  pressure-strain 
representation  accounting  for  the  effects  of  compressibility. 
This  has  been  indicated  in  Blaisdell  and  Sarkar  (1992), 
Vreman  et  al.  (1996),  Simone  et  al.  (1997). 

The  pressure-dilatation  is  found  to  be  a  nonequilibrium 
phenomena.  It  scales  as  Mt{^)^[Pk/es  -  1].  For  it  to  be 
important  requires  both  1)  the  square  of  the  gradient  Mach 
number,  M|,  to  be  nonnegligible  and  2)  Pk  ^  e.  In  as  much 
as  the  pressure-dilatation  can  be  either  positive  or  negative 
its  dependence  on  the  gradient  Mach  number  indicates  that 
the  gradient  Mach  number  can  be  either  a  stabilizing  or 
destabilizing.  These  predictions  are  consistent  with  the 
DNS  of  Simone  et  al.  (1997)  who  observes  such  behavior 
as  related  to  the  anisotropy,  612. 

Except  for  the  well-established  Kolmogorov  scaling,  i  ^ 
(|A:)^^^/€a,  and  the  quasi-normal  assumption,  no  addi¬ 
tional  phenomenological  assumptions  are  made.  The  pres¬ 
sure  dilatation  is  a  function  of  the  Kolmogorov  scaling  co¬ 
efficient  and  this  is  expected  to  be  an  important  feature 
in  models  for  compressible  flows.  The  Kolmogorov  coef¬ 
ficient  is  a  flow  dependent  quantity:  there  is  little  known 
about  its  dependence  in  non-ideal  -  anisotropic,  strained, 
inhomogeneous  -  flow  situations.  The  appearance  of  the 
Kolmogorov  coefficient,  in  as  much  as  it  links  the  energy, 
the  spectral  flux  and  a  two-point  length  scale,  is  an  indi¬ 
cation  of  dependence  on  large  scale  structure. 


The  Kolmogorov  scaling  coefficient 

The  collapse,  J4,  is  much  better  when  the  Kolmogorov 
coefficient  is  included.  A  new  feature  associated  with  com¬ 
pressibility,  that  of  the  Kolmogorov  scaling  coefficient,  a,  is 
thus  apparent.  The  values  used  for  a  come  from  BlaisdelPs 
DNS:  the  longitudined  integral  length  scale,  £,  k  and  Cs  are 
calculated  from  the  DNS  and  then  the  the  Kolmogorov  re¬ 
lationship,  e  =  oc{\k)^^^ /I  is  used  to  find  a.  Blaisdell  has 
calculated  the  two-point  correlation  of  the  solenoidal  field 
at  select  points  during  the  simulation. 

The  pressure-dilatation  model  is  sensitive  to  variations  in 
the  Kolmogorov  scaling  parameter:  in  fact  it  is  decreasing 
as  rapidly  as  Ms  is  increasing.  The  definition  for  the  mean 
gradient  Mach  number  given  above,  Ms  =  implic¬ 

itly  assumes  a  1.  Mt  and  ^  are  not  new  quantities  for 
describing  turbulence  in  single  point  closures;  a,  however, 
is  new.  This  distinction  is  made  in  order  to  recognize  a  as 
a  new  independent  quantity. 

The  Kolmogorov  constant  is  thought  to  be  a  universal 
constant  for  high  Reynolds  number  in  isotropic  turbulence; 
for  nonideal  finite  Reynolds  number  anisotropic  turbulence 
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Figure  1:  The  isotropic  decay. 
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Figure  2:  The  instantaneous  and  averaged  pressure 
dilatation  -  Blaisdell’s  rjr^sl  DNS. 
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Figure  3:  Contribution  of  the  equilibrium  portion  of 
the  pressure-dilatation  to  the  pressure  dilatation  as 
predicted  by  the  pseudo-sound  analysis. 
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Figure  4:  Integral  scalings  for  the  pressure  dilatation 
in  homogeneous  shear. 
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ABSTRACT 

This  paper  deals  with  the  capability  of  a  wide  range 
of  turbulence  models  to  predict  the  crossflow  separation 
and  the  skin  friction  in  3D  supersonic  flows  around  slender 
bodies  at  angle  of  attack.  Well-known  algebraic  and  two- 
equation  models  are  briefly  presented.  Reynolds-Stress 
Models  (RSM)  are  then  reviewed,  focusing  on  the  prin¬ 
ciples  they  are  building  on.  Existing  low-Reynolds  nonlin¬ 
ear  RSM  are  shown  to  be  unable  to  predict  a  fiat  plate 
boundary  layer  for  high-Reynolds  number.  Two  ways  are 
followed  to  supply  this  deficiency:  the  first  one  consists  of 
building  a  new  low-Reynolds  nonlinear  RSM,  fitted  to  cor¬ 
rectly  predict  the  flat  plate  boundary  layer;  the  second  one 
consists  of  building  two-layer  low-Reynolds  linear  RSM  / 
high-Reynolds  nonlinear  RSM  models.  Computed  results 
around  ogive-cylinders  are  presented  and  compared  to  each 
other  and  to  experimentaJ  data.  Two-layer  RSM  are  shown 
to  be  valid  for  moderate  and  high  angles  of  attack,  even 
when  two-equation  models  failures  arise. 

INTRODUCTION 

The  design  of  missiles  flying  at  supersonic  speeds  in  a 
controlled  manner  heavily  relies  on  the  understanding  and 
prediction  of  fiowfields  at  high  angle  of  attack.  Due  to  their 
efficiency  and  ability  to  compute  most  of  the  complex  phe¬ 
nomena  involved,  the  PNS  equations  are  widely  used  in 
this  design  process.  A  PNS  solver,  named  Torpedo  [8],  has 
been  recently  developed  and  validated  for  laminar  flows. 
However,  one  of  the  most  important  and  difficult  aspects 
for  accurately  computing  realistic  flows  is  the  modeling  of 
the  turbulence  features  of  such  flows.  This  is  especicilly 
true  for  the  numerical  simulation  of  flows  around  a  mis¬ 
sile  body  since  the  vortices  developing  on  the  leeward  side 
of  the  body  are  highly  sensitive  to  the  turbulence  model 
used.  The  goal  of  this  paper  is  to  study  the  capability  of 
a  wide  range  of  turbulence  models  to  predict  flows  around 
an  ogive-cylinder  at  angle  of  attack. 

TURBULENCE  MODELING 

Various  models  are  considered  and  compared  to  one 
other,  ranging  from  algebraic  to  Reynolds-Stress  Models 


(RSM).  In  this  paper,  we  focus  our  attention  to  a  few  of 
them  and  in  particular  to  the  low-Reynolds  RSM: 

•  algebradc  model:  Baldwin-Lomax  model  including  the 
modification  proposed  by  Degani  and  SchifF  for  slen¬ 
der  body  calculations. 

•  two-equation  models:  several  variants  of  the  k-£ 
model  (Launder  and  Sharma,  Nagano  and  Tagawa, 
Shih)  and  Menter  k-a;  model. 

•  Reynolds  Stress  Models:  they  are  divided  into  two 
groups:  the  linear  models  (near- wall  SSG,  Launder 
and  Shima,  Hanjalic  and  Jakirlic)  and  the  nonlinear 
ones  (Launder-Tselepidakis) 


Algebraic  model 

The  Baldwin-Lomax  model  is  widely  used  in  Navier- 
Stokes  computations  because  it  does  not  require  to  eval¬ 
uate  boundary  layer  thickness.  The  turbulent  length  scale 
is  computed  as  the  distance  from  the  wall  where  the  func¬ 
tion  /  =:  t/|n|D(y"*')  reaches  its  maximum,  where  D{y'^)  is 
the  van-Driest  wall  function,  y  represents  the  distance  to 
the  closest  wall  and  jQ|  is  the  vorticity  magnitude. 

The  modification  proposed  by  Degani  and  SchifF  consists 
of  taking  the  maximum  closest  to  the  wall. 

Two-equation  models 

Two-equation  k  —  e  models  make  use  of  an  equation  for 
the  turbulent  kinetic  energy  k  and  another  for  either  the 
real  dissipation  rate  e  (Nagano- Tagawa  or  Shih)  or  the 
isotropic  dissipation  rate  i  (Launder-Sharma),  which  is  de¬ 
fined  as:  £  =  £  -  2z/  [d\fk/dxi)  [d\/k/dxi). 

The  greatest  advcintage  in  using  the  isotropic  dissipation 
instead  of  the  real  one  lies  in  the  homogeneous  wall  con¬ 
dition  £  =  0,  which  is  numerically  much  more  stable.  The 
last  two-equation  model  is  the  so-called  BSL  k  —  u:  model 
by  Menter,  It  contains  a  transport  equation  for  k  and  an¬ 
other  for  the  specific  dissipation  rate  a;.  These  equations 
are  obtained  from  the  standard  k  —  e  model  reformulated 
in  terms  oi  k  —  u)  and  coupled  with  Wilcox  k  —  u  model 
by  a  special  blend  function.  The  latter  is  designed  in  such 
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a  way  that  the  k  —  e  model  applies  mainly  in  the  outer 
part  of  the  boundary  layer  and  k  —  um  the  inner  part.  As 
opposed  to  the  first  three  models,  no  wall  function  needs 
to  be  added. 

RSM  MODELS 


Reynolds  number  Rt  only.  For  the  second  class,  near- wall 
effects  depend  on  the  local  values  of  the  anisotropy  tensor 
invariants  A2  =  dikaki^  A3  =  aikdkjdji  and  on  the  flatness 
parameter  A  =  1  —  9/8 (A2  —  A3)  which  vanishes  when  the 
turbulence  reaches  a  two  component  limit  state. 

For  example,  in  the  near- wall  SSG  model,  ^ij,i  is 
damped  at  the  wall  by  the  factor  1  —  fw{Rt)  with: 


High~Revnolds  Renolds-Stress-Models 
The  evolution  equation  for  the  Reynolds  stress  muj  can 
be  written  into  a  classical  form: 


dpUiUiUj  _  o.  j 

dxi  ^ 

production  redistribution  dissipation 


convection 


+  “Rtij  +  ^3^ 

turbulent  diffusion  viscous  di f fusion 


Eij  and  Vtij  must  be  modeled.  The  pressure-strain 
correlation  ^ij  accounts  for  the  fact  that  the  energy  asso¬ 
ciated  with  the  different  Reynolds  stresses  is  not  equally 
distributed,  which  results  in  differences  when  using  RSM 
or  two-equation  models. 

The  redistribution  term  is  split  into  slow  and  rapid 
parts  ^ij,i  and  ^ij,2-  ^ij,2  is  evaluated  using  an  expan¬ 
sion  with  respect  to  the  anisotropy  tensor  components 
aij  =  UiUj  fk^2/ZSij  under  the  assumption  that  the  flow  is 
homogeneous  and  weakly  zinisotropic.  According  to  the  or¬ 
der  of  expansion,  one  can  obtain  either  linear  models  such 
as  the  Launder-Reece-Rodi  (LRR)  and  Speziale-Sarkar- 
Gatski  (SSG)  models  or  nonlinear  models  such  as  the  Pu- 
Launder-Tselepidakis  (FLT)  model.  Model  constants  are 
determined  in  such  a  way  that  some  mathematical  proper¬ 
ties  are  satisfied,  or  lead  to  numerical  results  that  match 
experiment,  or  on  the  basis  of  realisability  in  the  case  of 
nonlinear  models. 


Near- Wall  modeling 


Low- Reynolds  k  —  e  I  high-RevnoIds  RSM. 
Most  authors  use  high-Reynolds  RSM  coupled  with  a  low- 
Reynolds  k-£  model.  In  this  approach,  the  transport  equa¬ 
tions  for  Reynolds  stresses  are  solved  only  from  the  loga¬ 
rithmic  layer  where  they  are  specified  through  algebraic 
relations  [7].  This  method  does  not  account  for  anisotropy 
effects  in  the  near-wall  layer  and  assume  the  existence  of 
an  equilibrium  layer  in  complex  three  dimensional  flows. 
In  the  present  study,  only  low-Reynolds  RSM  are  used,  so 
that  the  Reynolds-S tress  equations  are  integrated  up  to  the 
wall. 

Low-Revnolds  linear  RSM.  Various  models  are 
available  in  the  literature,  depending  on  the  choice  for  the 
pressure-strain  correlation  model  and  for  the  wall  daunping 
functions.  In  most  low-Reynolds  RSM,  the  pressure-strain 
correlation  model  is  based  on  a  linear  model.  The  differ¬ 
ence  between  these  models  lies  in  the  feature  of  the  wall 
proximity  effects,  which  either  depends  on  viscosity  only 
(this  approach  is  adopted  in  the  near- wall  SSG  model  [11]) 
or  on  the  turbulence  structure  as  well  (Launder-Shima 
(LS)  [5]  and  Hanjalic-Jakirlic  (HJ)  [3]).  The  motivation 
for  the  second  approach  is  twofold:  1)  wall-effects  are  not 
confined  in  the  viscous  sublayer  but  affect  the  boundary 
layer  up  to  =  60,  and  2)  wall-effects  affect  the  normail 
Reynolds  stress  differently,  since  the  turbulence  reaches  a 
two-component  limit  at  the  wall.  This  selective  behavior 
cannot  be  reproduced  by  a  simple  function  of  viscosity. 

In  the  first  class  of  models,  near- wall  effects  are  modeled 
by  making  the  model  constants  dependent  on  the  turbulent 


U  =  l-  exp  [-  {Rt/Bf]  and  B  =  200,  (2) 

as  opposed  to  HJ  where  this  term  is  written: 

=  [l  _  /^  +  2.6AF^'‘‘  min  (l ,  (Bt/140)^)]  eatj  (3) 

with  F  =  min  (0.6 ,  .42)  and  f-w  =  l  —  VAE^  where  E  is 
the  flatness  parameter  of  the  anisotropic  dissipation  tensor 

Cij  =  6ijf£ 

Low-Re vnolds  nonlinear  RSM.  However,  it  is 
known  that  the  linear  model  for  pressure-strain  correla¬ 
tion  does  not  correctly  predict  the  anisotropy  effects  and 
the  disaligment  between  turbulent  and  viscous  shear  stress: 
the  use  of  nonlinear  models  seems  to  be  interesting.  The 
modeling  of  wall  proximity  effects  in  nonlinear  RSM  mod¬ 
els  comes  up  against  several  difficulties: 

♦  the  knowledge  of  energy-transfer  between  the 
Reynolds  stresses  is  insufficient; 

•  models  obtained  in  homogeneous  turbulent  flows  are 
not  able  to  mimic  energy  transfer  in  the  vicinity  of 
the  wall,  where  the  turbulence  features  are  strongly 
anisotropic  and  inhomogeneous. 

Such  low-Reynolds  RSM  are  nevertheless  built  by  a  care¬ 
ful  term-by-term  fit  to  each  component  of  Reynolds  stress 
balance  obtained  by  DNS.  Unfortunately,  these  models 
(Launder- Tselepidakis  (LT)  [6],  Launder-Li  [4]  or  Shih- 
Mansour  [12])  are  unable  to  predict  a  high  Reynolds  num¬ 
ber  flow  on  a  fiat  plate.  Between  x/L  =  0  and  x/L  =  0.2, 
a  first  calculation  with  HJ  model  leads  to  a  fully  turbu¬ 
lent  boundary  layer.  The  calculation  is  then  carried  on 
with  the  LT  model.  Figure  1  shows  the  evolution  of  the 
flatness  parameter  A  and  the  ratio  uv/k.  The  boundary 
layer  obviously  tends  to  relaminarize.  This  is  due  to  an 
over-damping  of  the  ^ij,i  term  in  the  vicinity  of  the  wall. 
As  a  consequence,  the  level  of  the  normal  stress  and 
the  production  of  uu  are  too  small  and  the  turbulence  is 
destroyed  in  the  wall  region. 

This  loss  of  generality  seems  to  indicate  that  the  energy 
transfer  between  the  Reynolds  stresses  at  the  wall  are  ill- 
modeled  by  homogeneous  turbulence  models.  This  fact  is 
confirmed  by  recent  DNS  studies  performed  by  Kim  and 
by  Perot  and  Moin  [10].  The  latter  showed  that  tends 
to  increase  the  anisotropy  level  at  the  wall  by  contrast  to 
what  happens  in  homogeneous  turbulence.  This  behaviour 
may  be  explained  by  noticing  that  the  energy  transfer  is 
due  to  viscosity.  Perot  and  Moin  propose  to  use  the  fij 
tensor  to  model  ^ij,i  in  the  near- wall  region. 

(fij  =  ^ij  “  J/d^uiuj/dxkdxk). 

We  propose  a  low-Reynolds  number  extension  of  the  FLT 
model  designed  as  LTm  model,  which  is  simply  built  to  fit 
the  results  obtained  with  HJ  for  a  flat  plate  boundary 
layer.  This  model  is  similar  to  those  proposed  by  Launder 
and  Li  except  for  the  damping  function  applied  to  and 
for  the  expression  of  the  dissipation  tensor  in  the  near- wall 
region  (we  adopt  the  same  approach  as  in  HJ  by  using 
the  flatness  parameter  E).  Applications  will  show  that 
this  model  gives  results  similar  to  those  obtain  with  other 
RSM. 


Low-Revnolds  linear  RSM  /  high-RevnoIds  nonlinear  I 
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In  this  study,  we  propose  to  use  a  two-layer  approach 
where  the  boundary  layer  is  split  into  two  parts.  In  the 
fully  turbulent  region,  a  high-Reynolds  nonlinear  model  is 
used,  while  in  the  viscous  sublayer  we  use  one  of  the  low- 
Reynolds  linear  models. 


freestream  conditions  are  those  of  the  experiment  of  Pa¬ 
gan  and  Molton  [9],  (Moo  =  2,  Reo  =  1.61  10^,  Too  = 
183  RT,  Tyu  =  307  RT)  where  D  =  0.03m  is  the  cylinder 
diameter.  For  the  measurement  of  the  skin  friction  coeffi¬ 
cient,  the  Reynolds  number  was  Reo  =  1.61 10®. 


COMPUTATIONAL  APPROACH 

Principle  of  discretization 
Calculations  are  performed  with  a  non-iterative  PNS 
solver.  The  discretization  of  the  crossflow  inviscid  fluxes 
is  carried  out  by  an  extension  of  the  TVD  upwind  scheme 
of  Roe-Osher-Chakravarthy  for  the  PNS  equations.  When 
solving  the  turbulent  trainsport  equations,  special  atten¬ 
tion  is  paid  to  the  numerical  treatment  of  the  source  term. 
A  hybrid  explicit/implicit  formulation  is  proposed  which 
allows  a  better  stability  [1]. 

Special  treatment  for  A:  —  g 
k  —  e  models  which  make  use  of  an  equation  for  the 
real  turbulent  dissipation  are  found  to  be  more  sensitive 
to  the  wall  boundary  condition  for  e  and/or  mesh  refine¬ 
ment.  This  behaviour  is  due  to  the  fact  that  the  calculated 
value  of  kinetic  energy  does  not  behave  as  as  it  should 
{y  denoting  the  distance  from  the  wall).  A^en  using  an 
evolution  equation  for  k  instead  of  fc,  this  sensitivity  is 
significantly  reduced,  k  is  derived  from  k  by:  k  =  fc/2 
where  /2  =  (l  —  exp  (— y'‘'/5))  .  The  damping  function 
/2  of  the  sink  term  in  the  NT  model  can  be  expressed 
as  /2  =  /2  *  /I  j  /I  ensuring  that  the  model  reproduces 
the  decay  of  homogeneous  turbulence.  By  subsituting  this 
expression  for  k  in  Nagano-Tagawa  equations,  one  obtains: 


Study  of  algebraic  and  two-eauation  models 

To  illustrate  the  importance  of  this  k  —  e,  the  influence 
of  a  mesh  refinement  in  the  wall  vicinity  on  the  stagnation 
pressure  field  at  the  marching  station  x/D  =  7  is  presented 
on  figure  4.  The  mesh  sensitivity  is  dramatically  reduced 
by  using  the  fc  -  e  version. 

Side-by-side  comparisons  of  computational  and  exper¬ 
imental  results  are  presented  for  the  algebraic  Baldwin 
Lomax  model  with  Degani-Schiff  correction  and  for  low- 
Reynolds  k  —  e  models.  The  prediction  of  the  stagnation 
pressure  level  in  the  core  of  the  vortex  with  the  k  —  e  model 
is  noticeably  improved  at  lO'^  as  well  as  at  15^  (Fig.  7). 
The  improvement  is  more  obvious  for  the  wall  pressure  co¬ 
efficient,  as  shown  on  figure  5.  This  trend  is  confirmed 
for  higher  angle  of  attack:  see  for  instance  the  stagnation 
pressure  contours  on  figure  7. 

Two-equation  models  give  similar  results  and  are  in  good 
agreement  with  experimental  data  for  10°  angle  of  attack, 
except  for  the  Shih’s  model,  which  has  been  calibrated  on 
DNS,  and  seems  to  have  difficulty  to  predict  such  high- 
Reynolds  number  flows  (Fig.  5).  The  Menter  k  —  u  model 
gives  results  similar  to  other  two-equation  models  (Fig. 
5,7),  and  seems  to  be  numerically  more  stable. 

The  agreement  with  experimental  data  is  less  satisfac¬ 
tory  for  higher  angles  of  attack.  In  particular,  the  wall 
pressure  coefficient  plateau  and  the  primary  vortex  shape 
are  not  adequatly  reproduced  (Fig.  6,  7,  9). 
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Wall  conditions  for  k  and  de/dn  are  derived  by  assuming 
that  the  source  term  of  the  equation  for  k  is  bounded  at 
the  wall.  Results  will  show  that  the  mesh  sensitivity  is 
reduced  by  this  treatment. 


Discretization  of  nonlinear  models 
When  using  a  nonlinear  RSM  model,  the  transport  equa¬ 
tions  for  the  Reynolds  stresses  are  expressed  in  term  of  the 
anisotropy  tensor  components  to  improve  stability.  Nev¬ 
ertheless,  no  simple  wall  conditions  exist  for  these  compo¬ 
nents,  and  we  must  split  the  boundary  layer  into  two  parts: 
RSM  equations  are  solved  in  terms  of  Reynolds  stresses  in 
the  inner  layer  and  in  terms  of  anisotropy  tensor  compo¬ 
nents  in  the  outer  layer.  The  location  of  the  matching 
between  both  formulations  of  the  same  model  does  not  in¬ 
fluence  the  solution. 


APPLICATIONS 


Geometry  and  flow  conditions 
We  consider  the  computation  of  the  supersonic  turbu¬ 
lent  flow  ELTOund  an  ogive-cylinder  at  three  angles  of  attack 
(10,  15,  20°).  It  is  intended  to  evaluate  the  ability  of  the 
selected  turbulence  models  to  adequatly  compute  three- 
dimensional  phenomena  such  as  crossflow  separation.  The 


Study  and  comparison  of  RSM  models 

In  the  case  of  Reynolds  Stress  models  for  which  wall 
effects  lie  on  viscosity  only,  the  wall  function  must  be  fitted 
to  the  ogive-cylinder  test  case:  the  value  of  B  in  equation 
(2)  is  taJcen  equal  to  100  instead  of  200,  since  this  last  value 
tends  to  reduce  drastically  the  turbulence  level. 

At  the  opposite,  the  other  class  of  models  needs  no  ad¬ 
justment:  they  appear  to  be  more  general;  however,  they 
make  use  of  wall  functions  which  depend  on  the  anisotropy 
tensor  invariants,  which  can  give  rise  to  numerical  insta¬ 
bility.  These  models  are  less  robust  than  the  first  ones. 

For  the  three  different  angles  of  attack,  all  RSM  models 
give  similar  results.  The  improvement  in  the  prediction  of 
the  primary  vortex  shape  and  of  the  wall  pressure  coeffi¬ 
cient  if  compared  with  two-equation  models  can  be  noticed 
(Fig.  6  and  9).  The  differences  between  both  results  can  be 
explained  by  the  decrease  of  the  turbulent  kinetic  energy  in 
the  vortex  core  predicted  by  RSM  models:  the  anisotropy 
reduces  the  turbulent  level  in  the  vortex  core  (Fig.  10). 

For  10°  of  angle  of  attack,  the  turbulent  kinetic  energy 
level  predicted  by  RSM  or  two-equation  models  are  very 
similar.  These  results  confirm  that  at  moderate  angles  of 
attack,  the  crossflow  is  governed  by  the  boundary-layer, 
although  at  high  angles  of  attack,  the  primary  vortex  be¬ 
haves  as  a  free  vortex. 

Two  results  obtained  with  the  LTm  are  presented.  The 
model  is  validated  on  the  Owen’s  axisymetric  ogive  [2] 
(Fig. 2):  the  uv  profile  obtained  with  LTm  or  LS  are  sim¬ 
ilar  and  in  good  agreement  with  experimental  data.  This 
low-Reynolds  nonlinear  model  is  able  to  predict  the  3D 
flowffield  around  Pagan  and  Molton’s  ogive  cylinder  as  well 
as  linear  models  (Fig.  3). 

Two-layer  RSM  models  have  been  validated  on  a  flat 
plate  and  on  the  axisymetric  ogive  (Fig.2).  The  use  of  non¬ 
linear  models  in  the  outer  layer  affects  the  primary  vortex 
(Fig.  8).  The  improvement  due  to  the  RSM  models  as  re¬ 
gard  to  the  two-equation  models  for  the  prediction  of  the 
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skin  friction  coefficient  is  clearly  demonstrated  in  figure  11. 
In  this  figure,  the  effect  of  the  model  used  in  the  viscous 
layer  is  also  pointed  out:  the  best  results  axe  obtained  with 
the  HJ/FLT  two-layer  RSM. 

CONCLUSION 

A  three-dimensional  PNS  solver  has  been  developed  for 
the  computation  of  3D  turbulent  flows.  Various  turbu¬ 
lence  models  have  been  selected  and  adapted  to  the  PNS 
equations,  ranging  from  algebraic  to  RSM  models.  Special 
attention  have  been  devoted  to  the  wall  region  treatment 
and  to  numerical  robustness.  An  original  two-layer  low- 
Reynolds  RSM  /  high-Reynolds  RSM  approach  has  been 
proposed  and  validated.  The  improvement  due  to  Reynolds 
Stress  Models  for  the  computation  of  3D  flowfield  with 
large  crossflow  separation  is  obviously  demonstrated  for 
moderate  and  high  angles  of  attack.  Nevertheless,  for  a 
moderate  angle  of  attack  (10°),  algebraic  and  two-equation 
models  give  satisfactory  results. 
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Figure  1:  Plate  plat  boundary  layer  {Moo  =  2,  Rcl  = 
1.610^,  L  =  Im):  evolution  of  the  ratio  v^/k  and  the  flat¬ 
ness  parameter  A 


Figure  2:  Owen's  experiment  (Mo©  =  7.2,  Rcl  = 
1.0910^,  L  =  Im):  profile  at  marching  station  2.25m, 

Comparisons  of  RSM  models 


Figure  3:  Ogive-Cylinder  at  10°  angle  of  attack:  Stagnation 
pressure  contours  at  the  marching  station  x/D  =  7,  perfor¬ 
mance  ot  LTm  model 
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Nagano-Tagawa:  original  model  Nagano-Tagawa:  k-  e  version 

Figure  4:  Ogive-Cylinder  at  10°  angle  of  attack:  Stagnation  pressure  contours  at  the  marching  station  xjD  =  7:  Study  of 
mesh-sensitivity 


Figure  5:  Ogive-Cylinder  at  10°  angle  of  attack:  Wall 
pressure  coefficient  at  the  marching  station  x/D  =  7: 
Comparisons  of  two-equation  and  algebraic  models 


Figure  6:  Ogive-Cylinder  at  15°  angle  of  attack:  Wall 
pressure  coefficient  at  the  marching  station  x/D  =  8: 
Comparisons  of  two-equation  and  RSM  models 


Figure  7:  Ogive-Cylinder  at  15°  angle  of  attack:  Stagnation  pressure  contours  at  the  marching  station  x/D  =  8:  Comparison 
of  algebraic,  two-equation  and  RSM  models 
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Figure  8:  Ogive-Cylinder  at  10°  angle  of  attack:  Stagnation  pressure  contours  at  the  marching  station  x/D  =  7:  Comparison 
of  two-equation  and  RSM  models,  validation  of  the  two-layer  approach 


Hanjalic-Jakirlic  near-wall  SSG 


Figure  9:  Ogive-Cylinder  at  15°  angle  of  attack:  Stagnation  pressure  contours  at  the  marching  station  x/D  =  6:  Comparison 
of  two-equation  and  RSM  models 


k  —  e  model  RSM  model  o 

Figure  10:  Ogive-Cylinder  at  15°  angle  of  attack:  Figure  11:  Ogive-Cylinder  at  10°  angle  of  attack  Rcd  =  1-61 10^: 

Turbulent  kinetic  energy  contours  at  the  marching  Skin  friction  coefficient  at  the  marching  station  x/D  =  9:  Compar- 

station  x/D  =  8  isons  of  two  equations  and  RSM  models 
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ABSTRACT 

Our  study  consists  in  identiiying  the  characteristics  of  a  two- 
dimensional  unsteady  incompressible  separated  flow  behind  a 
backward-facing  step.  The  Reynolds  number  based  on  step 
height  is  about  10^.  An  experimental  apparatus  using  simple  or 
X  hot  wires  rakes  is  set  up  for  measuring  the  transverse  and  the 
longitudinal  instantaneous  velocities  simultaneously  in  several 
points  in  shear  layer,  where  coherent  structures  are  formed  and 
convected.  Then,  characteristics  of  coherent  structures  are 
captured  by  means  of  several  conditional  methods. 

INTRODUCTION 

The  study  of  unsteady  phenomena  in  separated  flows  is  of 
current  interest  owing  to  existence  of  strong  instabilities 
developing  large  scale  vortical  structures  in  the  separated  zone 
(aero-acoustic  strain  in  materials,  perturbation  in  combustion 
chambers).  The  physical  nature  of  these  structures  is  not  well 
known  yet  and,  up  to  now,  numerical  approaches  have  not  been 
able  to  correctly  predict  their  characteristics  because  of 
difficulties  in  extracting  the  organized  motion  from  Reynolds' 
averaging  of  turbulent  flows.  The  experimental  approach  seems 
to  be  the  best  way  to  analyze  coherent  structures  (CS).  Similar 
approaches  have  been  already  elaborated  in  the  case  of  mixing 
layers  and  wakes  (Bonnet  et  al.  (1992),  Giralt  et  al.  (1992), 
Hussain  et  al.  (1993)).  The  challenge  is  to  extend  these  methods 
to  a  case  more  complex  due  to  the  high  rate  of  curvature  of  the 
mixing  layer, 

DIFFICULTIES 

By  definition,  CS's  are  considered  as  an  accumulation  of 
spatially  phase-correlated  vorticity.  Further  studies  prove  that 
their  main  features,  although  globally  deterministic,  present 
significant  random  discrepancy.  It  is  the  case,  for  instance,  of 
their  exact  shape,  spatial  extent  and  trajectoiy.  It  follows  that 


with  a  one-point  measurement  apparatus,  it  is  not  possible  to 
precisely  locate  the  CS  relatively  to  the  probe.  Multipoint 
measurements  overcome  this  difficulty  since  one  captures  all 
the  spatial  extent  in  a  given  section  of  the  CS  at  each  time  step. 

Moreover,  we  can  build  a  detection  signal  of  CS  transit  based 
on  its  whole  spatio-temporal  extent,  instead  of  relying  on  any 
external  signal  which  could  create  a  false  detection. 

However,  this  introduces  a  scale  of  analysis  and  a  space 
resolution  which  can  occult  some  of  characteristic  scales  and 
thus,  some  of  physical  properties  of  these  structures. 

EXPERIMENTAL  APPARATUS 

The  rearward  facing  step  model  is  fixed  in  the  middle  of  the 
wind-tunnel  SIO  of  C.E.A.Toulouse  (figure  1).  The  test  volume 
is  1  m  wide  by  2.2  m  height  by  2  m  long.  The  plate  where  initial 
boundary  layer  is  developing  is  0.45  m,  the  reattachment  plate 
is  1.2  m  and  the  step  height  is  65  mm.  The  aspect  ratio  is  more 
than  1 0  and  so,  ensure  that  we  simulate  a  flow  in  an  infinitely 
high  tunnel.  Reference  velocity  is  40  m/s  (Reynolds  number 
based  on  step  height  is  about  1.7  10^,  Mach  number  0.12). 


Jii«- 


FIGURE  1  :  WIND  TUNNEL  S10  OF  C.E.A.T. 
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FIGURE  3  :  HOT  WIRE  RAKE  ‘IN  SITU", ON  A  BENT 
SUPPORT 


FIGURE  2  :  16  SINGLE  HOTWIRES  RAKE 

Some  preliminary  Laser  Doppler  Velocimetiy  measurements 
gave  access  to  mean  velocity  fields  and  help  to  check  flow 
bidimensionality  as  well  as  to  find  reattachment  length  (Xr  = 
5.7  H)  and  where  to  place  the  rakes  in  the  flow.  Then,  an 
experimental  study  was  developed  using  16  single  hot  wires  or 
8  X  hot  wires  rakes  in  the  mean-gradient  direction  behind  the 
backward  facing-step  (figures  2  and  3).  The  instantaneous 
streamwise  and  transversal  velocity  measurements  for  a 
sampling  frequency  about  12  kHz  allowed  a  good  definition  of 
the  CS*s  transit  in  this  area.  In  addition,  measurements  with  a 
lower  sampling  frequency  and  long  duration  enable  more 
precise  spectral  analysis. 

In  this  study,  we  present  results  based  on  measurements 
performed  with  a  rake  of  8  X  hot  wires  located  at  X  =  1.2  H. 
Intervals  between  wires  are  0.245qj  and  the  rake  covers  all  the 

shear  layer  extend  in  the  transverse  direction  (1.85^  =  25  mm 
where  5^  is  the  vorticity  thickness  in  the  studied  section).  The 

power  density  spectrum  of  velocity  signal  (figure  4)  exhibited  a 
concentration  of  energy  around  370  Hz  in  the  shear  layer.  We 
associate  this  bump  to  the  CS  transit.  The  shape  of  this 
spectrum  confirms  that  natural  CSs  keep  random  characteristics 
and  that  a  spectral  analysis  or  a  conditional  method  based  on  an 
external  signal  detection  are  not  sufficient. 

DEFINITIONS 

A  time  and  space  dependent  signal  F  can  be  decomposed  as 
follows : 

=i^y)+f{‘>y)+fV’y) 

where  is  the  signal's  time  average  and  (F)  its  the  coherent 

part.  f{t,y)  is  deduced  from  and  (f)  and  represents 

the  coherent  perturbation  around  time  average,  f  and  f  are  the 
remaining  parts  through  averaging,  f  is  considered  as  a 
completely  incoherent  signal. 

For  a  discrete  time  series  of  simultaneous  F  signal  at  N  y 
locations  separated  by  Ay,  during  T  with  a  time  step  At,  we 
define : 


FIGURE  4  :  POWER  SPECTRAL  DENSITY  OF  A 
VELOCITY  SIGNAL  IN  THE  SHEAR 


DETECTION  OF  COHERENT  STRUCTURES 

Two  signal  processing  methods  were  applied  to  these 
measurements.  Advantage  was  taken  from  the  complementarity 
of  these  methods  to  provide  correct  physical  interpretations  of 
data. 


Vorticitv-based  method 

The  first  method  was  based  on  the  instantaneous  spanwise 
vorticity  (using  the  Taylor  hypothesis  in  the  flow  direction  and 
finite  difference  schemes  for  evaluating  derivative  terms)  and 
gave  us  a  time  display  of  the  vorticity  along  the  transversal 
length  of  the  rake.  We  applied  a  numerical  filter  (LP  without 
phase  difference)  to  visualize  high  vorticity  areas.  Even  if  this 
investigation  was  not  the  panacea,  vorticity  peaks  were,  by 
definition,  the  best  CS  detectors  and  could  clearly  be  identified 
from  contour  plots. 

Practically,  we  used  a  method  very  close  to  the  vorti city-based 
conditional  sampling  technique  developed  by  Hayakawa  :  From 
a  discrete  time  series  of  simultaneous  U  and  V  signals  at  N 
locations  separated  by  Ay,  during  T  with  a  time  step  At,  we 
define  the  instantaneous  vorticity  ; 

^  1  ~  ^ i,j+\  ~  ^ ij-\ 

2^At  2*A>^ 


F(t,y)  =  F(i*Ag‘*Ay)  =  Fy 
with  i=l,2,...,T/At  and  j=l,...,N 


Uc  is  the  average  convection  velocity  of  CS  in  the  longitudinal 
direction  (Uc  =  0.5*Umax  in  our  study). 


y(mm)  0  0 

FIGURE  5  :  SMOOTHED  VORTICITY  FIELD 


We  obtained  a  spatio-temporal  map  of  vorticity  field 
(figures). 

"Profile  recognition”  method 

Theory.  The  second  method  is  similar  to  "pattern 
recognition"  technique.  Assuming  that  the  transit  of  a  CS  in  this 
kind  of  flow  is  typically  characterized  by  an  overvelocity  (with 
respect  to  the  local  time  mean  longitudinal  velocity)  in  the  top 
of  the  CS  and  an  undervelocity  in  the  bottom,  we  build  an 
indicative  reference  velocity  profile  of  the  CS's  transit  in  the 
studied  area.  For  each  time  step,  we  compute  the  spatial  cross¬ 
correlation  between  this  reference  profile  and  the  instantaneous 
profile.  The  cross-correlation  function  is  : 

Cuurof  . —  .  withn  =  -NtoN 

We  use  the  correlation  function  instead  of  the  correlation 
coefficient  to  keep  the  strength  of  CS’s  :  the  instantaneous 
profile  must  look  like  the  reference  profile  but  also  should 
present  the  amount  of  over-  and  under- velocity  magnitudes. 

So,  we  obtain  a  spatio-temporal  map  of  space  correlation  field 
(figure  6)  and,  if  a  strong  correlation  zone  (time  and  space 
spread)  is  detected,  we  class  it  as  a  CS’s  transit.  Again,  we  used 
a  low  pass  numerical  filter  to  investigate  high  correlation  areas. 


Reference  profile.  Inevitably,  we  have  to  choose  a 
reference  profile.  To  minimize  subjectivity,  the  method  relies  on 
a  "POD  profile"  :  the  Proper  Orthogonal  Decomposition  was 
performed  from  the  correlation  matrix  corresponding  to  the  long 
time  signal.  It  was  possible  to  identify  most  energetic  modes  of 
the  decomposition  related  to  the  CSs  and  to  establish  an  average 
basic  form  to  be  used  in  the  profile  recognition.  We  also  applied 
an  iterative  method  to  this  reference  profile  :  we  included  each 
new  detected  profile  in  the  reference  profile  using  weighted 
averages  (figure  7).  It  is  interesting  to  remark  that,  for  different 
initial  profiles,  the  iterative  profile  tends  towards  an  unique 
solution. 


y(mm)  0  0  I2nie(m3) 


FIGURE  6  :  SMOOTHED  CROSS-CORRELATION 
FIELD 


U(in/s) 

FIGURE  7  :  REFERENCE  PROFILES 


Comparison 

We  have  performed  tests  in  order  to  check  if  these  two 
methods  had  the  same  sensitivity  to  CS’s  transit.  For  its 
purpose,  we  computed  the  space-time  correlation  between  the 
vorticity  field  and  the  space  correlation  field  inferred  from  the 
"profile  recognition"  (figure  8). 


FIGURE  8  :  CROSS-CORRELATION  BETWEEN 
VORTICITY  FIELD  AND  SPATIAL  CORRELATION 
FIELD 
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A  high  correlation  peak  was  obtained  at  exactly  zero  space 
and  time  delay.  It  proved  that,  even  if  the  spatial  step  is  large, 
the  transversal  location  of  vorticity  and  correlation  maxima  are 
in  good  agreement.  In  time  direction,  the  high  correlation  area 
was  well  located  on  zero  delay.  Meanwhile,  the  peak  correlation 
was  not  very  high.  Detailed  analysis  of  time  series  Q  and 
Cu  yj.gf  showed  that  in  spite  of  very  similar  time  variation,  there 

were  magnitude  distortions.  For  instance,  figure  9  shows  that 
for  probe  number  4  (j  ^  even  though  vorticity  and 
correlation  are  very  aligned  and  in  phase,  they  are  not  simply 
proportional. 


FIGURE  9  :  COMPARISON  BETWEEN  VORTICITY 
AND  CORRELATION  SIGNAL  ON  PROBE  4 


Detection  approach 

To  isolate  CS  features  from  the  complete  motion,  we  imposed 
a  threshold  (Th)  on  vorticity  or  cross-correlation  maps  to  select 
areas  where  their  magnitude  was  strong.  Positions of 
maximum  amplitude  in  these  areas  were  supposed  to  be  CSs 
centers : 

Qi{t^,y^)>Th  and  ^,tc’yc)  =  ^^localp{‘’y)) 


Then,  we  obtained  a  spatio-temporal  matrice  I  that  indicate 
center  positions : 


if  Ijj  =  1 ,  =  /A/  and  =  JAy 

else  // y  =  0 


PHASE  AVERAGE 

The  application  of  phase  average  on  instantaneous  signals 
allowed  to  extract  the  coherent  motion  <F>  and  the  pure 
random  motion  f.  Furthermore,  the  coherent  motion  was 
assumed  to  be  the  coherent  structure  motion. 

We  chose  not  to  class  as  the  same  event  structures  centered  on 
different  transverse  positions.  These  CSs  could  indeed  have 
distinct  features.  So,  to  determine  the  mean  coherent  structure 
centered  on  a  fixed  transverse  position,  we  aligned  original 
unfiltered  realizations  of  all  transverse  positions  with  respect  to 
each  center  of  reference  position  and  then,  we  applied 


ensemble-average  on  U  and  V,  For  instance,  to  educe  the  mean 
coherent  structure  centered  on  probe  4,  the  detection  signal  was 
reduced  to  vector  Ij  4.  For  x  time  delay  with  respect  to  the 

structure  center,  the  phase-average  operator  was  : 


(F(/,y))4  S  F(/  +  T,y)with{ti,...,tN}={Ii4=l} 
t=tl 


The  procedure  of  "realignment"  proposed  by  Hayakawa  was 
also  implemented  :  phase-average  <Q>  or  <C^  >  is  used  to 

detect  new  CS  centers  and  possibly  correct  those  already  found. 
This  correction  should  reduce  possible  time  delays  between 
phase  average  CS  and  each  detected  realization. 


RESULTS 

Vorticitv-based  method 

We  present  (figure  10,  at  end  of  article)  the  morphology  of 
mean  coherent  structures  centered  on  the  fourth  and  fifth  wires. 
As  expected,  the  vorticity  peak  was  well  defined  and  centered 
on  the  trigger  point.  The  mean  structure  centered  on  the  fifth 
wire  seemed  to  be  more  distorted  than  the  one  centered  on  the 
fourth  wire  and  presented  protrusions  at  its  extremities.  This 
characteristic  is  probably  due  to  phase  difference  within  the 
structure,  i.e.,  meanly,  structures  centered  on  the  fifth  wire 
possessed  a  natural  tilt. 

To  check  that  these  vorticity  peaks  were  really  due  to  vortical 
structures  but  not  only  to  transverse  gradient,  we  present 
coherent  streamwise  and  transverse  velocity  fields  u  and  v  . 

Indeed,  locations  of  over  and  under  velocities  are 
representative  :  the  transverse  gradient  is  optimal  for  u  ,  and 
the  streamwise  one  for  v  . 

The  last  two  plots  depict  the  morphology  of  mean  structure  in 
a  convected  frame.  To  obtain  these  fields,  we  subtracted  the 
average  convection  velocity  of  structures  Uc  from  the 
streamwise  coherent  velocity  <U>.  It  is  interesting  to  notice  that 
if  we  subtract  the  experimental  convection  velocity,  the 
structure  is  not  centered  on  the  vorticity  peak.  On  the  other 
hand,  if  we  subtract  from  the  time-mean  velocity  of  the 
reference  position  to  the  phase  averaged  velocity,  the  structure 
is  well  centered  on  the  vorticity  peak  where  it  was  educed.  This 
means  that  averaged  structures  are  convected  at  their  center 
velocity.  Indeed,  the  global  convection  velocity  includes  all 
structures  and  so,  behave  as  a  spatio-temporal  average  of  the 
real  phenomena. 

Finally,  selection  of  events  during  the  detection  stage  is  not 
based  any  structure  size  criteria.  Nevertheless,  some  structures 
are  completely  occulted  by  this  technique  :  long  CS  could  go 
undetected  because  their  peak  vorticity  value  was  under  the 
prescribed  threshold.  Even,  a  small  structure  creating  a  high  but 
short  vorticity  peak  could  be  smoothed  out  by  filtering.  So,  a 
natural  selection  of  CS's  morphology  is  imposed  by  using  a 
vorticity-based  conditional  sampling. 


"Profile  recognition"  method 

In  conditions  of  these  experiments,  the  phase  average  process 
based  on  the  "profile  recognition"  method  did  not  permit  to 
attain  a  converged  solution.Even  though  both  detection  maps 
were  in  good  agreement,  the  application  of  a  threshold  to  select 
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suitable  events  leads  to  completely  different  averaged  results.  In 
order  to  interpret  this  difference,  we  scrutinized  each  detection 
stage.  We  notice  that  both  small  and  large  CSs  were  educed  and 
averaged  together.  Although  we  fixed  a  reference  CS  transit 
signature,  velocity  magnitude  of  detected  profile  was  also 
relevant,  and  further  subclassed  of  CSs  might  be  found. 

We  plan  to  implement  an  additional  criteria  based  on  the  CS 
extent  to  avoid  averaging  CSs  which  present  too  many 
discrepancies. 

CONCLUSION 

These  both  conditional  methods  have  allowed  us  to  study 
coherent  structures  which  develop  in  the  shear  layer  produced 
by  separated  flow  behind  a  backward  facing  step.  The  behavior 
of  this  shear  layer  in  the  studied  section  is  closed  to  the  plane 
mixing  layer.  The  morphology  of  the  conditional  CS  is  in  good 
agreement  with  Hayakawa  and  Beilin  results.  It  confirms  the 
habit  to  consider  the  curved  shear  layer  as  a  plane  mixing  layer 
in  the  first  sections.  The  "profile  recognition"  method  still  needs 
further  improvements  but,  it  is  really  hopeful  since  it  permit  to 
study  several  occuring  CS  morphologies.  Furthermore,  it  would 
present  a  great  advantage  since  it  doesn't  require  the  transversal 
velocity  measurements.  The  experimental  apparatus  is, 
therefore,  highly  simplified,  and  the  spatial  resolution  enhanced. 
Nevertheless,  with  existing  experimental  means  and  using  the 
detection  based  on  filtered  vorticity  peaks,  we  have  obtained 
information  about  the  decomposition  between  coherent  motion 
and  incoherent  background.  These  results  could  improve  the 
semi-  deterministic  approach  in  two  manners  :  they  can  give 
information  to  theoreticians  to  conceive  new  models  or  revise 
old  ones,  and  can  be  a  good  data  bank  to  validate  some 
simulations  of  this  unsteady  flow. 
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ABSTRACT 

The  flow  field  downstream  a  backward  facing  step  is 
investigated  using  a  multi-point  measurement  technique 
as  the  Particle  Tacking  Velocimetry.  The  near-step 
region  (from  0  to  about  11  step  heights  along  the 
streamwise  direction)  is  considered  for  Reynolds 
numbers  between  200  and  3000  (using  the  step  height). 
Eulerian  and  Lagrangian  statistics  are  used  to  determine 
the  average  reattachment  length  and  its  variation  in 
time.  The  results  indicate  that  on  the  average  this  length 
decreases  for  increasing  Reynolds  numbers  (unless 
lower  than  500).  The  fluctuation  of  the  reattachment 
length  is  as  large  as  3  step  heights  and  slightly 
decreases  with  the  Reynolds  number.  The  distribution  of 
the  instantaneous  reattachment  point  is  skewed  towards 
small  values  for  small  Reynolds  numbers  and  becomes 
almost  symmetrical  when  the  Reynolds  number 
increases.  The  fluctuation  of  the  reattachment  point 
seems  to  be  influenced  by  the  large  scale  structures  for 
Reynolds  numbers  lower  than  1000,  while  by  a  sort  of 
low  frequency  "flip-flop"  of  the  shear  layer  for  larger 
Reynolds  numbers. 


INTRODUCTION 

The  flow  field  downstream  a  simple  geometrical 
configuration,  as  the  step  in  the  channel,  is  extremely 
complex  due  to  the  combined  effects  of  the  step 
discontinuity  and  of  the  rigid  boundaries  on  the  flow 
dynamics.  The  interest  on  such  a  flow  field  is  justified 
not  only  from  the  viewpoint  of  fundamental  research,  but 
also  on  the  basis  of  the  large  number  of  applications  in 
hydraulic  and  mechanical  engineering.  Among  the 
others,  the  behaviour  of  contaminants  and  pollutants  in 
the  region  between  the  step  and  the  reattachment  point 


(the  point  where  the  separation  line  arrives  at  the  wall)  is 
investigated.  Therefore,  besides  of  Eulerian  statistics, 
special  attention  is  given  to  the  Lagrangian  description 
of  turbulence. 

Due  to  the  relatively  easy  boundary  conditions  and  to 
the  strict  requirements  on  the  description  of  the  flow 
field,  the  Backward  Facing  Step  (BFS)  has  been  used 
as  a  benchmark  problem  for  several  numerical  codes. 
However,  there  are  several  discrepancies  between 
numerical  and  experimental  results,  that  are  only 
partially  explained  by  the  different  parameters  as  the 
Reynolds  number,  the  step  expansion  ratio  (that  is  the 
ratio  between  the  channel  heights  downstream  and 
upstream  of  the  step),  the  wall  layer  thickness  to  step 
height  ratio  and  the  two-dimensionality  of  the  flow  field 
(Askelvoll  and  Moin,  1993).  As  a  consequence,  there  is 
an  effective  demand  for  accurate,  whole  field  and 
Instantaneous  measurements  on  the  BFS. 

Despite  the  large  number  of  papers  devoted  to  the 
subject,  there  are  a  few  whole  field  measurements.  In 
the  following,  the  attention  will  be  focused  on  the 
interaction  between  the  flow  and  the  bottom  channel 
wall.  The  question  is  if  and  how  large  scale  structures 
are  responsible  for  the  fluctuations  of  the  average 
position  of  the  reattachment  point.  The  most  of  the 
experiments  on  the  BFS -concerned  with  single-point 
measurements.  The  extensive  investigation  of  Armaly  et 
ai  (1983)  (in  air)  pointed  out  the  effect  of  the  Reynolds 
number  on  the  reattachment  length,  X^\  for  Re=Uh/v 
(where  U  is  the  mean  velocity  before  the  step,  h  the 
step  height  and  v  the  kinematic  viscosity)  less  than  1000 
it  increases  almost  linearly  up  to  X^hx^9,  For  larger 
Reynolds  numbers  it  decreases  to  X^hsiJ.  These  results 
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have  been  confirmed  by  other  authors  (for  example 
Sinha  et  aL,  1981,  Kasagi  et  aL,  1992).  However,  they 
are  strongly  dependent  on  the  step  expansion  ratio  and 
on  the  layer  thickness  at  the  step:  for  example  there  is  a 
20%  difference  in  the  reattachment  length  from  the 
measurements  of  Armaly  et  aL  (1983)  (expansion  ratio 
equal  to  2)  (X/Zr^^B),  to  those  of  Kasagi  et  aL  (1992) 
(expansion  ratio  equal  to  1.5)  (Xp//^6.5)  roughly  at  the 
same  Reynolds  number.  Also  when  considering  these 
effects,  a  strong  discrepancy  between  mostly  of  the 
results  obtained  in  air  and  water  is  still  present.  The 
latter  show  reattachment  lengths  more  than  two  times 
lower  than  the  former  at  small  Reynolds  numbers  (Durst 
and  Tropea,  1981,  Adams  and  Johnston,  1988).  Due  to 
the  different  approaches  involved  this  result  seems  not 
to  be  simply  due  to  numerical  or  experimental  problems. 

In  this  paper  the  flow  field  over  a  BPS  in  water  is 
investigated  in  the  region  between  the  step  and  the 
reattachment  point  for  Re  between  100  and  3000.  The 
aim  of  the  paper  is  to  give  some  clarification  on  the 
mechanisms  responsible  for  the  fluctuations  of  the 
reattachment  point  using  a  well  established  multi-point 
technique  as  the  Particle  Tracking  Velocimetry:  to  this 
end,  Eulerian  and  Lagrangian  statistics  are  considered. 


EXPERIMENTAL  SET  UP 

The  step  is  placed  into  a  water  channel  (height=2cm 
(hf),  wjdth=10  cm  (1))  at  about  x/h^=S0  from  the 
contraction  (5:1).  The  step  height  is  /7=1cm,  so  that  the 
expansion  ratio  is  /72//?-|=1.5  and  the  channel  width  to 
step  height  ratio  Is  1//?=10.  The  displacement  thickness 
and  the  momentum  thickness  before  the  step 
(measured  using  a  Laser  Doppler  Anemometer) 
decrease  as  the  Reynolds  number  and  are  equal  to 
0.15/7  and  to  0.08/7  at  ffe«2500.  The  momentum 
thickness  Reynolds  number  is  approximately  200.  The 
turbulence  intensity  of  the  free  stream  is  equal  to  5%. 

Flow  Visualization  is  performed  by  inserting 
Fluorescein  as  close  as  possible  to  the  step.  The 
measurement  section  Is  illuminated  by  a  spanning  laser 
beam  using  a  rotating  polygonal  mirror.  The  Schmidt 
number  is  about  2000.  Extensive  LDA  measurements 
were  performed  In  the  past  (Romano  and  Tumbiolo, 
1995):  the  reattachment  length  was  at  fle=^7500 

in  reasonable  agreement  with  results  of  Armaly  et  aL 
(1983)  and  of  Westphal  et  aL  (1984)  at  similar  Reynolds 
numbers.  The  agreement  was  observed  up  to  x/h=20. 

The  two  velocity  components  on  the  light  plane  are 
measured  using  a  PTV  system  (Cenedese  and 
Pagllalunga,  1990).  The  measurement  plane  is  obtained 
by  using  the  rotating  mirror.  Its  angular  velocity  is 
selected  to  have  one  image  of  tracers  on  each  frame 
(single  exposure  PTV).  The  mirror  scans  the 
measurement  section  with  a  velocity  more  than  100 
times  higher  than  the  maximum  velocity:  therefore,  the 
error  related  to  the  use  of  a  scanning  mirror  is  negligible. 


The  light  sheet  thickness  is  about  0.3cm  (0.3/7):  such  a 
large  value  Is  required  to  "track"  the  seeding  particles 
also  when  three-dimensional  motions  are  involved. 
Pollen  particles  (mean  size  equal  to  40  pm,  density 
equal  to  1.02  that  of  the  water,  relaxation  time  scale 
equal  to  3x10'"^  s)  are  used  as  seeders:  they  are  able 
to  follow  velocity  fluctuations  up  to  about  1  kHz.  Images 
of  the  flow  field  are  acquired  by  means  of  a 
videocamera  connected  to  a  videorecorder  at  50  frames 
per  second.  They  are  acquired  at  a  512x512x8  bit 
resolution.  Image  analysis  is  performed  by  "tracking" 
each  particle  along  its  trajectory  during  consecutive 
frames.  Tracking  consists  of  the  detection  of  each 
particle  barycentre  and  of  the  analysis  of  its 
displacements  using  some  maximum  velocity  and 
acceleration  as  validation  parameters  (Cenedese  and 
Querzoli,  1994).  About  50  images  of  particles  are 
obtained  on  each  video  frame  on  a  (10x3)cm 
measurement  region:  for  PTV  this  Is  a  rather  high  data 
density.  The  relative  error  on  PTV  is  given  by  the  digit 
error,  that  is  about  5%  of  the  mean  velocity  (Romano, 
1995). 


RESULTS 

Visualizations 

In  Figure  2,  flow  visualizations  on  the  (x,y)  plane  at 
different  Reynolds  numbers  are  presented.  For  Re<200 
instabilities  are  not  observed,  whereas  for  /?e=300  the 
Keivin-Helmholtz  (K-H)  instability  appears.  In 
comparison  to  free  flows,  the  spanwise  vortices  are 
deformed  by  the  presence  of  the  wall:  the  x-size  is  more 
than  two  times  larger  than  that  along  y  (respectively 
more  than  2h  and  less  than  1/7).  This  interaction  is 
outlined  in  the  visualization  at  Re=500  where  very  long 
inclined  layers  of  flow  from  the  wall  are  observed. 
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FIGURE  2.  FLOW  VISUALIZATION  AT  DIFFERENT  REYNOLDS  NUMBERS.  FLOW  FROM  RIGHT  TO  LEFT. 


They  derive  from  the  interaction  of  large  scale 
structures  with  the  wall.  At  higher  Reynolds  number  the 
K-H  vortex  size  decreases  to  less  than  If?  along  x, 
whereas  is  practically  unchanged  along  y.  Their 
appearance  Is  moved  towards  the  step.  For  Re>1000 
large  scale  instabilities  are  not  clearly  detected. 

These  observations  are  confirmed  when  measuring  the 
variation  of  the  vertical  vortex  size  (a)  along  x.  In  Figure 
3  this  size  is  given  for  different  Reynolds  numbers.  It 
changes  almost  linearly  with  the  distance  from  the  step 
and  the  slope  increasing  as  the  Reynolds  number.  On 
the  other  hand,  the  horizontal  vortex  size  (not  shown) 
reaches  a  maximum  (corresponding  to  the  point  closer 
to  the  wall)  and  then  decreases.  It  Is  usually  two  times 
larger  than  the  vertical  vortex  size  and  It  decreases  as 
the  Reynolds  number.  In  Figure  3  it  is  also  noticed  that 
the  position  where  the  vortices  initially  appear  moves 
towards  the  step  when  the  Reynolds  number  increases. 
At  the  same  time,  such  vortices  lose  their  shape  rapidly, 
so  that  at  high  Reynolds  number  they  disappear  earlier. 
The  position  of  the  vortex  centre  is  followed  in  time:  in 
Figure  4  the  non-dimensional  x  and  y  positions  (x^h  and 
y^//?)  are  plotted  as  functions  of  the  time  r=tU/h.  While 
the  first  increases  linearly  in  time,  the  second  decreases 
down  to  a  minimum  (roughly  equal  to  0.6-i-0.7  /?), 
corresponding  to  the  minimum  distance  from  the  wall, 
and  then  starts  to  increase  (not  for  Re=500).  The  y- 
position  seems  to  depend  on  the  Reynolds  number 
more  than  that  in  x.  These  conclusions  agree  with  those 
obtained  by  Shen  and  Ma  (1996)  by  Image  Velocimetry. 


In  Figure  5  the  non-dimensional  number  of  vortices  per 
unit  time  (nh/U)  is  plotted  vs  the  Reynolds  number:  the 
overall  increase  shows  that,  when  the  Reynolds  number 
increases,  there  is  not  only  an  higher  number  of 
convected  vortices,  but  rather  an  effective  increase  of 
the  number  of  generated  vortices. 

Particie  Tracking  Velocimetry 

In  Figure  6  examples  of  PTV  trajectories  at  three 
Reynolds  numbers  are  shown:  about  800  trajectories 
are  overlapped  during  100  frames  (about  2s  of  total 
image  acquisition  time).  At  small  Reynolds  number, 
particles  does  not  arrive  at  the  wall  within  the  test 
section,  while  this  happens  for  higher  Reynolds 
numbers.  The  previous  trajectories  are  used  to  obtain 
averaged  quantities  in  a  Eulerian  frame  of  reference  and 
to  follow  Instantaneous  particles  in  a  Lagrangian  one. 

Mean  velocity  isocontours,  for  the  same  Reynolds 
numbers  used  In  Figure  6,  are  given  in  Figure  7.  These 
plots  contain  all  the  information  that  can  be  obtained  by 
classical  single  point  techniques.  However,  they  are 
obtained  by  averaging  about  9000  frames  corresponding 
to  only  6  minutes  of  total  acquisition  time.  The 
reattachment  length  (determined  by  computing  the 
distance  where  the  point  corresponding  to  zero  axial 
velocity  arrive  at  the  wall)  is  given  in  Figure  8  together 
with  results  by  Armaly  etal.  (1983)  (obtained  in  air  using 
LDA).  Also  taking  into  account  a  20%  difference 
dependent  on  the  different  expansion  ratio,  present  data 
strongly  differ  from  those  by  Armaly  et  a/.  (1983). 
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X-DIRECTION  AT  DIFFERENT  REYNOLDS  NUMBERS 


FUNCTION  OF  THE  REYNOLDS  NUMBER. 


This  difference  is  similar  to  that  obtained  when 
comparing  two-dimensional  numerical  simulations  and 
experiments.  However,  present  data,  although  obtained 
on  a  plane,  are  representative  of  a  real  3D  flow.  This 
point  deserves  further  attention  in  future  investigations. 

Such  plots  cannot  allow  to  investigate  the 
instantaneous  variations  of  the  reattachment  point  that 
have  been  preliminary  noted  in  PTV  images  (on  the 
order  of  ±30%  of  the  average).  To  investigate  this 
variation,  trajectories  are  followed  in  time  in  a 
Lagrangian  frame  and  their  minimum  distance  from  the 
wall  is  detected  and  recorded.  This  minimum  distance 
from  the  wall  along  a  trajectory  is  assumed  to  represent 
the  "instantaneous"  reattachment  length.  In  Figure  9  the 
variation  in  time  of  this  instantaneous  reattachment  point 
is  given  for  Re=2500.  The  average  value  is  equal  to 
6.4/7  in  agreement  with  that  given  in  Figure  8,  However, 
it  oscillates  between  4h  and  9h  (±40%).  The  power 
spectrum  of  this  signal  (not  shown)  displays  a  first  line  at 
about  10Hz  and  a  second  at  0.03  Hz:  the  first  value  is 
close  to  the  frequency  due  to  the  passage  of  K-H 
vortices. 


Indeed,  at  this  Reynolds  number  this  last  frequency  is 
given  roughly  by  U/1.5/7  (1.5/7  is  the  vortex  size  as  given 
in  Figure  3),  that  is  larger  than  10  Hz.  On  the  other 
hand,  the  low  frequency  is  not  observed  for  fl©<1000. 
Therefore,  the  variation  of  the  reattachment  point  for 
f?e>1000  is  not  due  only  to  the  instantaneous  passage 
of  K-H  vortices  but  also  to  a  low  frequency  oscillation 
that  could  correspond  to  a  "flapping"  of  the  outflow  not 
observed  in  free-shear  layers  (Eaton  and  Johnston, 
1980).  The  probability  density  distributions  of  the 
instantaneous  reattachment  lengths  are  given  in  Figure 
10  for  three  Reynolds  numbers.  At  small  values  the 
standard  deviation  is  equal  to  about  1.7h  and  the 
distribution  has  a  negative  skewness.  This  means  that 
frequently  the  reattachment  length  is  high  (in 
comparison  to  the  average),  but  sometimes  there  are 
particles  arriving  at  the  wall  at  small  distances  from  the 
step.  For  larger  Reynolds  numbers  the  standard 
deviation  of  the  distribution  slightly  decrease  (Is  equal  to 
1.4/7  at  Re=2500),  while  the  distribution  is  non  (or 
slightly)  positively  skewed.  This  means  that  more 
frequently  than  before  particles  arrive  close  to  the  step. 
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FIGURE  6.  TRAJECTORIES  FROM  PTV  ANALYSIS  AT 
DIFFERENT  REYNOLDS  NUMBERS.  FLOW  FROM 
RIGHT  TO  LEFT. 


CONCLUSIONS 

In  this  paper  average  and  instantaneous  values  of  the 
reattachment  point  are  derived.  The  average 
reattachment  length  decrease  as  the  Reynolds  number 
(except  for  R©<500)  in  disagreement  with  other  results. 
The  instantaneous  variation  of  the  reattachment  point 
seems  to  derive  from  a  sort  of  flapping  that  cause  the 
mean  flow  to  move  away  from  the  wall  and  to  approach 
again  the  wall  alternatively.  This  is  a  sort  of  "flip-flop" 
device  that  partially  hides  the  effect  of  large  scale 
vortices  on  the  fluctuations  of  the  reattachment  point  for 
Reynolds  numbers  larger  than  1000.  This  fact  Is 
confirmed  by  visualizations  of  particle  behaviour  on 
large  time  intervals. 
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ABSTRACT 

The  lajninar  boundary  layer  on  a  flat  surface  is  made  to 
separate  by  applying  suction  through  an  opposite  bound¬ 
ary,  causing  approximately  a  25%  deceleration.  The  de¬ 
tached  shear  layer  transitions  to  turbulence,  reattaches, 
and  evolves  towards  a  normal  turbulent  state.  Tempera¬ 
ture  is  treated  as  a  passive  scalar  with  an  isothermal  wall. 
The  flow  is  studied  by  Direct  Numerical  Simulation  (DNS), 
and  by  a  Reynolds- Averaged  (RANS)  approach  with  a  one- 
equation  turbulence  model  and  spontaneous  (“trip-less”) 
transition.  In  the  transition  region,  both  show  a  negative 
surge  in  skin  friction.  The  agreement  on  skin  friction,  dis¬ 
placement  thickness,  and  pressure  is  quite  good,  which  we 
attribute  to  the  simple  nature  of  transition  “by  contact” 
due  to  flow  reversal.  In  contrast,  the  heat-transfer  surge  is 
greatly  under-predicted  by  the  model.  The  detailed  transi¬ 
tion  mechanism,  and  the  possible  dependence  of  the  DNS 
solution  on  the  weal:  incoming  disturbances  and  on  the 
presence  of  a  hard  opposite  boundary,  are  scrutinized.  We 
argue  that  the  flow,  although  transitional,  is  fully  speci¬ 
fied  by  its  total  deceleration,  two  Reynolds  numbers,  and 
the  Prandtl  number.  This  makes  DN^RANS  comparisons 
meaningful. 

INTRODUCTION 

Transition  to  turbulence  occurs  in  a  wide  variety  of  man¬ 
ners.  Much  of  the  research  has  addressed  transition  by 
gradual  amplification  of  small  disturbances,  such  as  cross¬ 
flow  vortices  or  TS  waves,  because  such  cases  make  the 
location  of  transition  most  uncertain.  Progress  in  stability 
methods  should  displace  DNS  transition  work,  and  steer  it 
towards  flows  dominated  by  elliptic  (steep  spatial  growth) 
and  nonlinear  effects,  such  as  the  present  one.  Wings  with 
moderate  Reynolds  numbers  and  low  sweep  angles  often 
cause  their  boundary  layer  to  separate  while  still  laminar; 
the  detached  shear  layer  may  become  turbulent  rapidly 
enough  to  achieve  reattachment,  creating  a  “short  bub¬ 
ble”.  This  is  weU  known  in  classical  aerodynamics,  and 
revealed  by  a  “flat  spot”  on  the  pressure  distribution  as 
the  bubble  alters  the  effective  shape  of  the  airfoil.  It  ap¬ 
pears  that  transition  is  inevitable,  except  at  the  smallest 
Reynolds  numbers  (chord  Reynolds  numbers  below  about 
70,000,  see  Lissaman  1983),  but  the  length  of  the  bubble 
is  not  obvious.  This  is  of  importance  for  high-lift  devices 
on  airliners,  particularly  in  wind-tunnel  tests.  Some  high- 


performance  low-Reynolds-number  airfoils  plan  on  a  short 
bubble,  and  provide  a  “transition  ramp”. 

The  wall  heat  transfer  in  separation  bubbles  appears  to 
break  the  usual  analogy  with  momentum  transfer  (Spalart 
and  Coleman  1997),  making  skin-friction  measurement 
particularly  difficult,  and  providing  an  additional  challenge 
in  turbulence  modeling.  Heat  transfer  is  also  used  to  de¬ 
tect  transition  in  experiments.  Finally,  the  turbine  blades 
in  turbo-machines  are  very  sensitive  to  heat  transfer,  have 
low  sweep,  and  moderate  Reynolds  numbers.  On  the  other 
hand,  they  are  exposed  to  high  freestream  turbulence  lev¬ 
els,  which  we  are  not  considering  here. 

For  this  paper,  we  set  out  to  create  a  transitional  sepa¬ 
ration  bubble  under  simple  conditions,  easy  to  reproduce 
numerically  if  not  experimentally.  Very  few  of  the  experi¬ 
ments  provide  the  ceiling  shapes  and  suction /blowing  rates 
needed  to  calculate  the  flows  (airfoil  experiments  such  as 
Crouch  and  Sark  1986  do,  but  they  have  less  detail  and  are 
less  attractive  for  DNS).  A  transitional  bubble  is  somewhat 
more  physically  interesting  than  a  fully- turbulent  one  (such 
as  Spalart  and  Coleman  1997)  and  achieves  reattachment 
more  promptly  even  in  an  adverse  pressure  gradient.  This 
slightly  relieves  the  need  for  high  Reynolds  numbers,  which 
is  helpful  in  a  DNS.  We  speculate  that  this  flow  transitions 
by  what  we  loosely  call  an  absolute  instability  (Huerre  and 
Monkewitz  1985);  the  initial  three-dimensionality  is  also  of 
interest. 

In  order  to  deserve  attention,  the  DNS  is  to  have  a  low 
level  of  disturbances  in  the  entry  region  and  to  be  accurate 
while  having  a  high  enough  Reynolds  number  to  create  vi¬ 
able  turbulence.  “Low-Reynolds-number  effects”  are  a  nui¬ 
sance  when  using  DNS  results  to  test  turbulence  models. 
It  also  appeared  that,  unlike  transition  by  gradual  amplifi¬ 
cation,  this  kind  of  transition  could,  possibly,  be  amenable 
to  Reynolds-averaged  calculations  (Shur  ef  al  1996).  We 
believe  transition  of  transport-equation  turbulence  models 
“by  contact”  should  be  understood,  as  it  happens  spon¬ 
taneously  in  complex  calculations.  We  had  evidence  that 
laminar  separation  can  be  followed  by  transition,  but  not 
that  the  rate  at  which  transition  occurs  is  accurate.  This 
led  us  to  the  present  joint  study.  By  “transition”  of  a 
turbulence  model  we  mean  that  the  Reynolds  stresses  it 
provides  go  from  being  zero,  or  at  least  negligible  relative 
to  the  viscous  stresses,  to  much  larger  than  the  viscous 
stresses. 
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SPECIFICATION  OF  THE  FLOW 

The  boundary  conditions  are  identical  to  those  of  Pauley, 
Moin,  and  Reynolds  (1990),  expect  of  course  for  the  third 
dimension.  A  viscous  wall  at  2/  =  0  creates  the  bound¬ 
ary  layer,  and  an  inviscid  boundary  at  y  =  T  controls  the 
pressure  gradient.  At  the  inviscid  boundary,  the  boundary 
condition  in  the  streamwise  velocity  u  is  either  no-stress, 
or  zero  vorticity;  this  has  little  importance,  since  fluid  only 
leaves  the  domain  through  this  boundary.  A  suction  veloc¬ 
ity  V{x)  at  Y  is  specified,  which  is  non-zero  only  in  the 
vicinity  of  a  “slot”  near  x  =  X.  These  conditions  can 
be  closely  duplicated  in  an  experiment  (provided  side-wall 
problems  are  solved),  unlike  those  we  used  for  a  turbulent 
bubble  (Spalart  and  Coleman,  1997,  had  suction  followed 
by  blowing,  so  that  the  vorticity  of  the  injected  fluid  would 
matter).  If  Uq  is  the  velocity  upstream  in  the  channel,  the 
deceleration  is  measured  by  the  ratio 

If  the  V  distribution  is  sufficiently  localized  near  A",  com¬ 
pared  with  y,  the  boundary  layer  is  sensitive  only  to  the 
above  integral  (we  used  a  Gaussian  with  width  0-24y).  If 
the  inflow  and  outflow  boundaries  are  far  enough  not  to 
matter,  the  boundary  conditions  are  reduced  to  three  non- 
dimensional  parameters:  5,  and  the  Reynolds  numbers 
Ry  =  YUo/v  and  Rx  =  XUo/i/.  Here,  X  is  measured 
from  the  virtual  origin  of  the  incoming  Blasius  bound¬ 
ary  layer,  and  1/  is  the  molecular  viscosity.  Heat  transfer 
adds  another  parameter,  the  molecular  Prandtl  number  Ft 
which  we  set  to  0.71,  and  the  type  of  wall  condition  which 
we  made  isothermal. 

Pauley  et  al  presented  two-dimensional  results  for  5  in 
the  range  [0.09,0.22],  Rx  in  the  range  [6  10^,24  10^],  and 
Ry  «  Rx /5.  They  obtained  periodic  vortex  shedding  in 
2D  solutions.  We  also  find  the  threshold  for  flow  reversal 
and  shedding  to  be  near  S  =  0.12.  For  the  transitional 
case  we  chose  S  =  0.3,  Rx  —  10^ >  —  Fx/^i  in  order  to 

produce  a  large  enough  bubble  and  a  fairly  high  Reynolds 
number.  For  a  given  S  and  Rx^  2-  larger  Ry  makes  the 
pressure  rise  more  gradual.  For  a  Blasius  region  to  ex¬ 
ist  before  the  pressure  rise,  which  we  require  to  facilitate 
comparisons,  Ry  must  be  less  than  about  half  of  Rx  • 

CALCULATION  METHODS 

The  DNS  code  is  close  to  that  of  Spalaxt  and  Coleman 
(1997).  It  is  spectral  in  space  and  mixed  third/second- 
order  in  time.  The  inflow  and  outflow  are  treated  by  a 
fringe  method,  with  additional  damping  terms  to  suppress 
disturbances  in  the  fringe,  similar  to  our  other  transition 
studies.  The  resolution  is  at  least  as  fine  as  that  proven 
in  fully  turbulent  boundary  layers  (Spalart  1988).  This 
flow  is  more  demanding,  since  we  demand  low  disturbance 
levels  upstream.  The  grid  was  refined  beyond  the  usual 
turbulence  values  in  the  x  and  y  directions,  based  on  ob¬ 
servations  of  the  spurious  fluctuations  in  the  irrotational 
region,  which  are  never  exactly  zero.  The  grid  spacing  is 
0.0094  in  the  x  direction,  0.005  in  z  and  variable  in  y  with 
about  100  points  within  the  boundary  layer  at  its  thickest 
(S  2:;  0.5).  Periodic  spanwise  conditions  are  applied  with 
a  period  equal  to  O.OY,  which  is  about  7  times  the  dis¬ 
placement  thickness  at  the  outflow,  or  8  times  the  total 
thickness  of  the  detached  laminar  shear  layer. 

The  initial  condition  of  the  DNS  contained  3D  random 
perturbations;  their  details  and  level  are  not  relevant  in 
the  developed  solution.  The  approach  to  steady  state  was 
verified  in  the  integral  quantities,  and  established  based 
on  the  temperature-deficit  equilibrium,  shown  below.  The 
fringe  terms  were  adjusted  to  provide  a  Blasius  entry  region 
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Figure  1:  Wall  pressure  coefficient. 


with  the  desired  virtual  origin.  The  outflow  conditions  are 
not  critical,  as  shown  by  the  smoothness  of  the  curves  in 
this  and  other  fringe  simulations. 

The  RANS  solver  uses  the  upwind-difference  scheme  of 
Rogers  and  Kwak  (1990).  This  is  an  implicit  flux-difference 
splitting  scheme  of  3rd-order  accuracy*  for  the  convective 
terms,  and  second-order  for  the  viscous  terms.  The  method 
is  implemented  by  line  Gauss-Seidel  relaxation.  The  S-A 
eddy-viscosity  transport  equation  (Spalart  and  AUmaras, 
1994)  is  solved  jointly  with  the  RANS  equations  with  first- 
order  accuracy  for  the  convective  terms.  Finally,  the  tem¬ 
perature  equation  is  solved  independently.  A  non-uniform 
grid  (with  clustering  in  the  vicinity  of  the  wall  and  suc¬ 
tion  region)  is  used  with  the  total  number  of  grid  points 
201  X  101.  The  spacing  in  x  is  between  0.03  and  0.05.  The 
maximum  value  of  the  normalized  near-wall  grid  spacing. 
Ay'*’,  in  the  turbulent  region  is  no  higher  than  0.6.  The  ra¬ 
tio  of  neighboring  steps  is  less  than  1.05  for  x,  and  less  thzin 
1.2  for  y.  Grid  studies  give  error  estimates  below  5%  for 
quantities  such  as  the  skin-friction  pealc.  The  constants 
Ct3  and  Ct4  were  also  varied,  because  they  are  arbitrary 
to  some  extent,  and  have  some  control  over  spontaneous 
transition;  in  this  flow,  they  had  no  effect. 

The  RANS  solution  uses  the  “Trip- Less”  approach  of 
Shur  et  ai  (1996);  the  eddy  viscosity  is  zero  in  the  entry  re¬ 
gion  and  transition  occurs  only  because  reverse  flow  carries 
non-zero  values  upstream  in  the  bubble.  This  was  achieved 
by  setting  non-zero  inflow  values  during  the  first  iterations, 
and  then  setting  zero  inflow  values  until  a  new  steady  state 
was  reached.  The  2D  RANS  solution  has  a  stable  steady 
state,  unhke  2D  solutions  without  turbulence  model,  such 
as  those  of  Pauley  et  al.  (1990).  The  transitional  RANS 
solution  appears  to  be  unique. 

RESULTS.  INTEGRAL  QUANTITIES 

We  present  pressure  coefficients  in  figure  1.  From  here 
on,  lengths  are  normalized  with  Y  and  velocities  with  Uo. 
The  DNS  fringes  leave  a  “useful  region”  that  covers  roughly 
[0.5,  7.5]  in  the  x  direction.  By  “inviscid  wall  pressure”,  in 
the  figure,  we  mean  the  pressure  that  would  exist  with 
a  slip  condition  on  the  lower  wall.  It  has  a  smooth  rise 
from  Cp  =  0  to  5(2  —  5),  centered  at  x  =  3.  The  vis¬ 
cous  Op  reaches  only  about  0.43,  instead  of  0.51,  because 
the  displacement  thickness  is  near  0.08  downstream  of  the 
bubble,  which  lessens  the  deceleration.  The  displacement 
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Figure  2:  Boundary-layer  thicknesses. 


effect  at  the  bubble  itself  creates  the  expected  flat  spot,  fol¬ 
lowed  by  a  rapid  rise.  Note  also  the  anticipated  rise  near 
X  =  2,  caused  by  the  concave  curvature  of  the  streamlines. 
This  was  observed  in  experiments,  by  comparing  with  a 
tripped  case,  which  remained  attached  and  therefore  close 
to  the  inviscid  Cp  (Gaster  1966).  The  agreement  between 
DNS  and  RANS  is  better  than  expected. 

We  present  thicknesses  in  figure  2.  In  the  definition 
of  the  velocity  thicknesses  S*  and  the  velocity  U  is 
ill-behaved  outside  the  viscous  region,  because  of  pres- 
^re  gradients,  and  is  replaced  by  the  pseudo-velocity 
Cf(x,y)  =  —  dy' .  On  the  other  hand,  the 

true  velocity  is  used  in  the  temperature-deficit  thickness 
A2  =  U{\  —  T)  dy^  T  being  well-behaved.  We  use  the 

notation  T  and  for  the  mean  and  root-mean-square  tem¬ 
peratures.  A2  is  very  valuable  as  a  check  of  equilibrium, 
with  no  need  for  boundary-layer  assumptions.  The  quan¬ 
tity  A2  is  the  right-hand-side  of  the  integrated  tempera¬ 
ture  equation  (Coleman  and  Spdart  1997).  It  matches  A2 
very  well,  although  the  time  sample  we  were  able  to  collect 
in  time  for  the  conference  leaves  some  roughness  beyond 
x  4.  The  figure  also  shows  agreement  with  the  Blasius 
distribution  for  6*.  DNS  and  RANS  agree  quite  well  on  6* , 
which  is  consistent  with  the  pressure.  However,  6  rises  ear¬ 
lier  in  the  RANS,  and  is  about  14%  too  low  downstream. 

The  wall-transfer  coefficients  in  figure  3  are  more  sensi¬ 
tive,  and  exhibit  appreciable  differences  between  the  two 
methods.  Both  have  a  negative  surge  of  skin  friction 
around  x  =  3.8,  which  we  did  not  foresee  but  is  justified  by 
the  steep  pressure  rise,  following  a  region  with  essentially 
zero  values.  The  recovery  to  positive  values  is  too  slow  with 
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Figure  3:  Wall  transfer  coefficients,  based  on  Uq,  and 
probability  of  reverse  wall  shear  (upper  graph). 


RANS,  missing  the  local  maximum  near  x  =  5.  This  was 
not  expected,  as  models  often  approach  “standard”  states 
faster  than  they  should,  but  it  is  consistent  with  results  of 
the  S-A  model  behind  a  backward-facing  step.  At  x  =  7,5, 
the  DNS  gives  Re  —  1500,  Cj  ^  0.0044  (both  based  on 
the  local  edge  velocity  C/(x,oo)  rather  than  on  Uo)y  and 
if  =  5*/^  1.41.  These  values  are  not  far  from  normcJ  in 

zero  pressure  gradient,  as  we  would  expect  C'j  0.0039, 
H  -  1.44.  The  RANS  gives  Re  1300,  C}  0.0035, 
H  1.55  (at  x  =  7.5,  8*  and  H  are  still  dropping).  A 
longer  recovery  region  would  be  desirable,  but  Re  1500 
is  not  far  from  the  current  limit  of  DNS.  The  Blasius  curve 
C/B  is  also  shown. 

The  Stanton  number  is  more  challenging.  The  RANS 
completely  misses  the  large  surge  at  transition,  which 
would  of  course  be  quite  a  concern  in  jet-engine  applica¬ 
tions.  Recall  that  the  S-A  model  simply  uses  a  constant 
turbulent  Prandtl  number  equal  to  0.9.  The  agreement  im¬ 
proves  downstream.  Notice  how  mismatched  the  momen¬ 
tum  and  temperature  boundary  layers  are  in  that  region: 
A2  is  less  than  half  of  whereas  in  a  simple  boundary 
layer  it  would  be  a  little  larger.  Correlatively,  2Si^  is  near 
0.0071,  which  far  exceeds  C/;  this  will  slowly  close  the  gap 
between  A2  and  9. 

The  upper  graph  shows  the  probability  for  the  wall  shear 
stress  to  be  negative.  It  jumps  from  0  to  1  near  x  =  2.25, 
revealing  the  very  weak  dependence  on  time  and  on  the 
spanwise  coordinate.  In  the  turbulent  part  of  the  bubble, 
it  is  quite  below  1,  much  like  in  bubbles  with  turbulent 
entry  (Alving  and  Fernholz  1996).  It  then  decays  quite 
slowly  as  a  result  of  elevated  turbulence  levels,  relative  to 
the  mean  skin  friction,  and  is  still  non-zero  at  x  =  7.5, 
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Figure  4:  Peak  rms  in  boundary  layer. 


RESULTS,  LOCAL  QUANTITIES 

These  results  all  come  from  the  DNS.  Figure  4  shows  the 
peak  values  of  w\  and  i'  within  the  boundary  layer. 
All  are  well  below  0.1%  in  the  Blasius  region,  indicating 
that  the  damping  of  the  turbulence  through  the  fringe  was 
quite  effective.  However,  some  authors  report  effects  on 
bubble  length  at  least  down  to  0.2%  (Mayle  1991),  so  that 
it  is  difficult  to  guarantee  that  residual  fluctuations  play  no 
role.  Typical  levels  outside  the  boundary  layer  are  0.03%. 
At  separation,  x  2.25,  w’  increases  by  a  factor  of  50, 
indicating  a  dramatic  rise  of  the  three-dimensionality.  The 
peaks  of  u  and  i'  then  smoothly  rise  to  near  10%  at  rc  = 
3.5,  with  w'  lagging.  After  transition,  the  peak  u  decays 
from  about  3.7  in  wall  units  at  x  =  5  to  the  usual  2.7  at 
X  =  7.5.  However,  a  normal  log  layer  is  not  established; 
C/+  at  =  100  is  less  than  15.  Other  workers  have  also 
found  the  wall-unit  profiles  to  be  lower  than  normal  even 
far  downstream  of  reattachment  (Castro  and  Epik  1996). 

The  sustained  spatial  growth  rate  d{\ogu')/dx  upstream 
of  transition  is  between  2  and  4,  with  two  spikes  near  6. 
Growth  is  steep  even  upstream  of  x  =  1,  where  the  Blasius 
boundary  layer  is  stable  {Rs*  =  314).  The  instantaneous 
side  views  in  figure  5  show  a  sudden  change  from  a  very 
smooth  shear  layer  to  a  rolled-up  vortex,  with  small-scale 
activity  throughout  the  layer.  End  views  in  the  same  region 
reveal  no  remarkable  large  three-dimensional  flow  struc¬ 
tures,  suggesting  that  a  typical  secondary  instability  is  not 
taking  plac:e.  Michalke  (1965)  points  out  that  the  mixing- 
layer  instability,  with  a  ratio  R  =  \U2  —  Ui\/{Ui  -f  U2) 
equal  to  1,  grows  by  a  factor  of  35  in  one  wavelength  (Ui 
and  1/2  being  the  velocities  on  either  side  of  the  layer). 
Here,  R  is  about  1.06,  giving  an  even  larger  growth  ratio, 
so  that  the  convective  instability  comes  close  to  explaining 
the  very  sudden  appearance,  visually,  of  rolls.  The  abso¬ 
lute  instability  of  Huerre  and  Monkewitz  (1985)  may  not 
add  much  to  Mich2Llke’s,  particularly  since  the  R  ratio  does 
not  reach  their  critical  value  {R  =  1.315)  until  x  ~  3.63, 
well  into  the  transition  region.  The  present  shear  layer 
has  a  vorticity  thickness  5uj  =  \U2  —  Ui\/i^miLX  of  about 
0.045,  and  MichaJke’s  analysis  would  predict  a  wavelength 
of  about  0.3;  this  agrees  with  figure  5.  The  Reynolds  num¬ 
ber  \U2  -  Ui\6u;/i'  is  about  1,500;  therefore,  viscous  effects 
are  much  weaker  than  wall-proximity  effects. 

It  appears  that  the  Kelvin- Helmholtz  instability  is  in¬ 
volved,  but  the  possible  dependence  of  the  DNS  results  on 


Figure  5:  Instantaneous  velocity  and  temperature  from 
the  DNS.  Side  views,  and  end  views  at  x  =  3.5. 


incoming  disturbances  is  difficult  to  establish  beyond  any 
doubt.  Numerical  errors  are  of  course  never  zero,  and  they 
do  propagate  upstream.  However,  they  are  dominated  by 
very  short  waves,  with  typical  wavelengths  of  a  few  grid 
spacings,  say  about  0.05  here.  Thus,  they  are  not  likely 
to  foster  the  wavelength  0.3.  Similarly,  the  dominant  pe¬ 
riod  in  time  represents  about  500  time  steps.  The  “hard’’ 
ceiling  (prescribed  normal  velocity)  at  a  height  of  1  re¬ 
flects  pressure  signals,  but  appears  too  distant  to  dictate 
the  wavelength  0.3.  Of  course,  the  reflection  preserves  the 
frequency,  and  the  base  flow  undergoes  noticeable  changes 
(such  as  0.05  in  Cp)  on  the  scale  of  0.3  in  x.  Therefore, 
receptivity  is  present.  We  could  study  this  further  by  cre¬ 
ating  receptivity  in  the  laminar  region,  for  instance  with 
a  suction  and/or  blowing  “slot”.  Reflections  against  the 
inflow  boundary  are  of  course  not  zero,  but  the  very  low 
disturbance  level  at  x  =  0  suggests  that  they  play  no  role. 

In  figure  6  we  show  the  profiles  which  underlie  the  tran¬ 
sition.  The  mean  velocity  only  reaches  very  small  nega¬ 
tive  values,  which  is  consistent  with  the  small  skin  fric¬ 
tion  for  X  <  3.5.  Crouch  and  Saric  (1986)  had  larger 
values.  The  profiles  of  u  and  \dU/dy\,  each  normalized 
by  its  local  maximum,  are  instructive.  We  think  of  a 
“flapping”  shear  layer  as  having  a  dependence  of  the  type 
u{x,y,  z,i)  =  u{y  —  y)  where  the  function  u  depends  on  x 
only,  and  y{x,z,t)  is  a  statistical  variable  with  small  varia¬ 
tions.  For  such  a  dependence,  the  rms  of  u  is  proportional 
to  the  slope  of  27:  u'  oc  \Uy\.  This  behavior  is  clear  in 
figure  6.  At  X  =  2,  the  shear  layer  does  not  yet  have  pure 
flapping  behavior.  At  x  =  2.5,  the  shapes  match  very  well 
except  close  to  the  wall.  At  x  =  3  and  x  =  3.5,  “true”  tur¬ 
bulence  near  the  wall  is  growing,  but  the  outer  part  still 
exhibits  flapping  behavior.  We  see  that  the  growth  rates 
in  the  [2,4]  range  for  x  <  3.5  apply  to  the  flapping  motion 
(which  sets  the  u  peak),  not  to  the  shorter  waves  which 
eventually  cause  transition. 

In  figure  7  we  show  contours  of  the  primary  averaged 
quantities.  The  mean  streamlines  and  the  U  and  T  con- 
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Figure  6:  Profiles  in  DNS.  — ,  U\ - ,  ^V^max* - * 

l^yl/^yniax-  o,  a:  =  2;  A,  x  =  2.5;  o,  x  =  3;  x  =  3.5. 
Each  profile  is  displaced  by  1.2 


tours  exhibit  the  thin  laminar  detached  shear  layer,  fol¬ 
lowed  by  a  sudden  widening  as  transition  begins  near 
X  =  3.5.  They  are  very  reminiscent  of  Caster’s  measure¬ 
ments  (1966).  The  pe^  negative  mean  velocity  is  -0.16, 
at  (x,s^)  =  (3.75,0.013).  The  concave  streamline  curva¬ 
ture,  which  we  invoked  earlier  to  explain  the  early  pres¬ 
sure  rise,  is  very  noticeable  near  x  =  2.5;  the  same  applies 
near  x  =  4.5.  The  length  of  the  bubble  is  1.9,  giving  a 
Reynolds  number  of  63,000  based  on  the  upstream  veloc¬ 
ity.  This  compares  well  with  the  value  of  50,000  quoted  by 
Lissaman  (1983).  The  temperature  and  vorticity  rms  are 
confined  to  the  boundary  layer,  but  the  velocity  rms  con¬ 
tains  irrotational  fluctuations  and  therefore  extends  much 
farther  up.  The  temperature  rms  has  a  complex  behav¬ 
ior,  quite  unlike  that  oi  u\  including  a  local  minimum  at 
(x,  j/)  =  (3.75, 0.12)  and  high  near-wall  values.  The  double¬ 
peak  behavior  is  even  more  pronounced  for  i‘  than  for 

The  rms  of  vorticity  (all  three  components  added)  rises 
to  very  high  values  near  x  =  3.75,  as  intense  small-scale 
turbulence  is  generated,  then  decays  throughout  the 
recovery  region.  We  also  show  the  pseudo-shear-stress 
UiUjSij / w2SijSij ,  designed  to  equal  the  familiar  —u'v^ 
in  parallel  regions,  but  to  be  insensitive  to  axis  rotation. 
It  can  be  viewed  as  the  production  of  turbulent  kinetic  en¬ 
ergy,  normalized  by  the  strain  tensor.  It  take  very  high 
values,  near  0.017,  at  transition.  Over  the  recovery  region, 
it  decays  to  values  near  0.0014,  consistent  with  the  skin 
friction  (C/  ~  0.0026).  Small  regions  of  negative  produc¬ 
tion  are  found,  particularly  very  near  the  wall  at  x  =  4. 
Spalart  and  Coleman  (1997)  also  found  such  regions,  but 
had  concerns  that  their  flow  might  have  unrealistic  distor¬ 
tions. 

CONCLUSIONS 

We  believe  we  have  obtained  the  DNS  of  a  well-defined 
and  reproducible  transition  mechanism  in  a  separation 
bubble.  The  results  of  the  RANS  are  better  than  could 
be  expected,  considering  how  crudely  turbulence  models 
treat  transition;  we  had  predicted  that  RANS  would  pre¬ 
dict  transition,  but  give  the  wrong  bubble  length.  If  the 
length  is  correct,  the  model  might  be  useful  to  predict  short 
and  long  bubbles  on  airfoils.  Of  course,  our  considerations 
on  receptivity  imply  that  any  success  of  turbulence  models 


would  be  somewhat  fortuitous.  This  is  because  receptiv¬ 
ity  occurs  at  a  distance  through  pressure  signals,  whereas 
the  models  only  involve  local  diffusion.  It  would  not  be 
the  first  time  a  turbulence  model  gives  a  fair  answer  with¬ 
out  a  deep  reason  for  doing  so.  It  is  also  fortunate  that 
the  RANS  solution  is  not  sensitive  to  the  negotiable  con¬ 
stants  in  the  turbulence  model.  On  the  other  hand,  the 
heat  transfer  prediction  is  as  poor  as  we  could  fear;  we 
intend  to  analyse  the  reasons  for  this,  beginning  with  the 
turbulent  Prandtl  number.  We  also  intend  to  carry  another 
temperature  field,  with  prescribed  wall  heat  transfer;  this 
will  be  closer  to  most  experiments. 

In  the  future  we  intend  to  obtain  a  longer  and  later  sam¬ 
ple  to  obtain  smooth  curves  up  to  x  =  7.5,  and  to  test 
at  least  one  other  turbulence  model.  We  will  calculate 
growth  rates  for  instabilities  in  profiles  such  as  those  in 
figure  6.  We  will  conduct  a  2D  “DNS”  like  that  of  Pauley 
et  ai  (1990)  to  see  how  long  it  tracks  the  3D  DNS;  this 
win  suggest  in  which  region  three-dimensionality  is  essen¬ 
tial.  A  very  interesting  and  very  costly  extension  would 
be  to  gradually  reduce  S  until  transition  is  not  sustained 
any  more.  It  may  or  may  not  coincide  with  the  S  value 
that  gives  flow  reversal,  and  would  be  a  further  and  severe 
test  of  the  turbulence  models.  We  could  also  reduce  the 
Reynolds  number  in  an  attempt  to  obtain  “bursting”  and 
a  ‘long  bubble”  (Gaster  1966). 
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ABSTRACT 

The  paper  describes  further  developments  to  the 
low-Reynolds-number  second-moment  closure  of  Craft 
h  Launder  (1996),  focussing  in  particular  on  the  pre¬ 
diction  of  separating  and  reattaching  flows.  The 
flows  considered  are  the  axisymmetric  diffuser  flows  of 
Stieglmeier  et  al  (1989),  and  the  backward  facing  step 
flows  reported  by  Driver  k  Seegmilier  (1983)  and  Le  et 
al  (1997).  It  is  shown  that  modifications  to  the  pres¬ 
sure  strain  model  allow  the  large  shear  stress  values 
found  experimentally  in  the  recirculation  region  to  be 
captured,  whilst  an  elaboration  of  the  (algebraic)  ap¬ 
proximation  for  the  triple  moments  improves  the  pre¬ 
diction  of  the  recirculation  and  recovery  region. 

INTRODUCTION 

One  of  the  drawbacks  of  the  most  widely  used 
Reynolds  stress  models  is  their  use  of  wall  normal 
distances  and  vectors  to  account  for  wall-proximity 
effects.  This  clearly  hinders  their  application  to 
flows  with  non-planar  or  multiple  walls,  where  these 
geometry-specific  quantities  may  be  diflficult,  or  impos¬ 
sible,  to  define  uniquely.  Following  the  work  of  Laun¬ 
der  k  Tselepidakis  (1993)  and  Launder  k  Li  (1994), 
Craft  k  Launder  (1996)  made  some  initial  proposals 
in  extending  the  realizable  stress  model,  which  had 
been  developed  at  UMIST  by  Fu  (1988),  to  account 
for  low-Reynolds-number  and  near-wall  effects  without 
the  need  to  introduce  any  geometry-dependent  quan¬ 
tities.  This  was  achieved  by  employing  “normalized 
turbulence  lengthscale  gradients”,  which  allowed  the 
model  to  identify  the  direction  in  which  strong  inho¬ 
mogeneity  was  present.  Promising  results  were  ob¬ 
tained  for  a  number  of  flows  including  sheared  and 
shear-free  boundary  layers,  and  impinging  flow. 

The  present  contribution  extends  the  testing  and  de¬ 
velopment  of  this  model  by  considering  a  number  of 


cases  where  the  geometry  of  the  flow  induces  separa¬ 
tion  and  reattachment.  This  is  an  important  further 
test  of  the  modelling  procedures,  since  the  non-planar 
walls  help  to  ascertain  whether  the  use  of  the  above 
lengthscale  gradients  in  place  of  wall-normal  vectors 
can  be  expected  to  produce  the  desired  effect  in  more 
complex  geometries. 

The  axisymmetric  diffuser  flow  studied  experimen¬ 
tally  by  Stieglmeier  et  al  (1989)  results  in  a  relatively 
weak  recirculation,  whilst  the  backward  facing  step 
flows  test  the  modePs  ability  to  predict  a  larger  re¬ 
circulation  zone.  The  DNS  of  Le  et  al  (1997)  is  par¬ 
ticularly  useful  in  this  respect,  since  it  provides  full 
Reynolds  stress  budgets  in  what  is  a  relatively  com¬ 
plex  flow  situation. 

The  following  sections  describe  the  modelling  de¬ 
tails,  highlighting  further  developments  to  those  re¬ 
ported  by  Craft  k  Launder  (1996),  and  present  the 
predictions  of  the  flows  currently  under  consideration. 

MODELLING  APPROACH 

The  Reynolds  stress  transport  equations  can  be  writ¬ 
ten  as 

DuiUj  ^  „  ,  ,,, 

+  +  (1) 

where  the  production  term  Pij  =  -iw^dUj/dx,  + 
UjUkdUi/dxk)  does  not  require  any  modelling. 

In  the  present  work,  the  dissipation  Sij  is  model- 
lied  as  in  Craft  k  Launder  (1996).  The  form  of  this 
is  designed  to  give  isotropic  values  in  high-Reynolds- 
number  regions  far  from  walls.  Close  to  a  wall,  how¬ 
ever,  it  utilises  the  fact  that  there  are  significant  gra¬ 
dients  of  the  turbulent  kinetic  energy,  k,  in  order  to  re¬ 
turn  the  correct  wall-limiting  values  derived  by  Laun¬ 
der  k  Reynolds  (1983). 
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Pressure- Correlations 

For  reasons  given  in  Craft  fc  Launder  (1996),  the 
pressure  correlation,  lijj  is  split  into  a  redistributive 
and  a  non-redistributive  part  by 

Uij  =  o'j -Wuj/tcdl  (2) 

where  =  -{l/p)d{puk)/dxk  is  the  pressure- 
diffusion  of  the  turbulent  kinetic  energy,  and  the  corre¬ 
lation  between  fluctuating  pressure  and  velocity,  puj:, 
is  modelled  as 

pu^  =  -piO.bdk  -f  l.ldt)(i'ekAA2y^- 

X  [Cprfi.42  +  Cpd2R7'^^‘^  exp(-/?j/40)]  (3) 

with  Cpd\  =  1.0  +  2.0exp(-“/^f/40)  and  Cpd2  =  0.4, 
which  gives  a  reasonable  fit  to  the  available  DNS  data. 
The  invariants  of  the  Reynolds  stress  anisotropy  ten¬ 
sor,  A2  and  .4,  are  defined  as  ylo  =  M  = 

aijQjkaki,  A  =  1-9/8(.42-j43),  where  aij  =  uTaJ/k- 
and  Rt  =  k^/(i/s)  is  the  turbulent  Reynolds 
number. 

The  redistributive  part  of  II, y  is  modelled  as 


where 

=  -ci£[a.i  +  c[{aikakj  -  VsA^Sij)]  - 
4>ij2  =  —0-6  [Pij  —  ^kSijPkk)  +  O-^dijPkk 
-0.2 


(4) 


UkUj  UlUi 

k 


dUk  dUi 
dxi  dxk 


UlUk 


_ dUi  ^ _ dUi]] 

—  C2  [A2  {Pij  —  ^ij)  "h  ^^mi^nj  (P mn  .^mn)] 
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(Pij  -  ysSijPkk) 


-f  0.1  [aij  -  V2  [ciikOkj  -  V3^ij-42)]  Pkk 

—  0.05a,ja/^-PA-/ 


+  0.1 
+  0.1 


UiUr: 

k 


m?  ^  rr 


■mj  • 


-^kSiJ^Pm, 


UjUjUkUj 


-  yz&i 


UiUm 


'UkUm' 

t2 


^du,  at/,.]] 

[dxk  52:/ JJ 


+  13A- 


cij"*  =  fwijiWikdfSij  -  ^l2uiukdf  -  ^/2UjUkdf)d^ 
+  fw2^Wii7(ti^d^Sij  -  ^/2uTu^df  -  )df 

„  k-  ( _ d^fldVA,  „ _ dVAdVA 


_ _ d'/Ad%/A\ 

-ST ‘tel 


where 

Dij  =  -{uTuUdUk/dxj  +uJvkdUk/dxi) 


(5) 


i=s-2i^(dk°-^/dxj)- 


c\  =  min(.4S-®.0.5)  c,  =  1.1 

Ui  =  2.0/;,,  /;,  =  0.22  U2  =  0.1  +  0.8.42/^, 

fftt  =  min(J?t/160, 1)  c,  =  min(0.6,.4) 
f'fi,  =  min(l,max(0, !-(/?,—  5.5)/20)) 

/r,  =  rnin{l,max(0, 1  —  (Rt  —  50)/85)) 


[(>1/14)1/2 
Ia  =  <  yl/0.71/2 

Ul/2 


A  <  0.05 
0.05  <  -4  <  0.7 
A  >  0.7 


fA=A°^fjtt  +  A(l-fjit) 

The  quantities  d,-  and  df  are  the  normalized  length- 
scale  gradients  defined  as 


dr  = 


N, 


0.5  +  (NfcNO"-' 


where  Nt  = 


d(k^-^/e) 

dxi 


(6) 


df  = 


Nf 


0.5  +  (yV^^N/)0-^ 


where  Ni  = 


^  _  d{k^-^A^-^le) 

dXr  ^  ^ 


These  are  designed  to  indicate  the  direction  in  which 
strong  inhomogeneity  exists:  if  the  lengthscale  gradi¬ 
ents  are  large,  the  values  of  di  and  df  are  close  to 
unity,  whilst  they  become  negligible  in  regions  of  small 
inhomogeneity. 

In  the  earlier  work  of  Craft  &  Launder,  the  coef¬ 
ficient  Co  in  was  taken  as  min(0.55, The 
purpose  of  the  factor  A^'^  was  to  reduce  the  effect  in 
the  near-wall  region  where,  in  its  absence,  the  terms 
multiplied  by  co  contribute  a  very  large  sink  term  for 
the  shear  stress.  In  the  backward  facing  step  flow 
currently  under  consideration,  the  data  shows  that  a 
large  shear  stress  is  generated  immediately  following 
separation  from  the  step.  Furthermore,  the  budget 
of  uv,  reported  by  Le  et  al  (1997),  shows  that  there 
is  substantial  generation  of  the  shear  stress  in  this 
region,  which  is  not  quite  balanced  by  the  pressure- 
strain  process.  In  the  computations,  however,  as  the 
flow  leaves  the  step,  the  parameter  A  increases,  as  a 
result  of  the  turbulence  no  longer  being  close  to  2- 
component,  and  the  pressure-strain  contribution  be¬ 
comes  too  large,  resulting  in  underprediction  of  the 
shear  stress.  After  investigating  a  number  of  alterna¬ 
tive  methods  of  reducing  C2  in  the  near- wall  region,  the 
present  calculations  employ  a  form  dependent  upon 
both  A  and  the  strain  parameter  S  =  /:/e(S,y5,j)^/~ 
where  Sij  =  dUiJdxj  dUj  jdxi.  The  form  adopted  is 
Co  =  min(0.55,3.2A/(l  +  S)),  which  was  found  to  give 
almost  identical  results  to  the  earlier  version  in  simple 
plane  channel  flow^s. 


Turbulent  DifTusion 

For  the  turbulent  diffusion  of  the  stresses,  Craft  k 
Launder  (1996)  employed  the  proposal  of  Hanjalic  & 
Launder  (1972)  to  model  the  triple  moments  as 


_  k  _ dujUk  ,  _ du,Uk  ,  _ dujUt 

U, UjUk  oc - UiUl-^ - hUjUi— - - — 

e  L  dxi  ox  I  ox  I 


'  (8) 
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Whilst  this  gives  good  agreement  with  the  data  near 
both  shear  and  shear-free  surfaces,  it  has  the  draw¬ 
back  that,  towards  the  centre  of  a  channel  flow  (where 
the  cross-stream  and  spanwise  stresses  and  w-  are 
nearly  equal)  it  predicts  significantly  more  diffusion  of 
V-  than  of  w-.  At  high  Reynolds  numbers  this  can 
be  sufficient  to  give  v-  >  w-  on  the  channel  centreline. 
Moreover,  when  applied  to  the  step  flows,  it  was  found 
to  lead  to  a  very  strong  backflow  in  the  recirculation 
region,  and  very  late  recovery  of  the  flow. 

The  formulation  presently  adopted  for  the  triple  mo¬ 
ments  is  based  on  an  algebraic  simplification  of  their 
transport  equations,  which  can  be  wTitten  as 


+  Pf.,  +  4,,^,  +  dii,  -  £.•,*  (9) 

where  the  production  terms 


Phk  = 


dukW 

dxi 


_dujut 


du 


iUl 
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.dUi 


.dUi 


UiUkUl-^  - 


(10) 

(11) 


are  exact. 

Invoking  the  Millionshtchikov  (1941)  approximation 
for  the  fourth  order  moments  appearing  in  the  diffu¬ 
sion  term  dijk^  leads  to 


dijk  =  (WiUj  UkUi  -f  UiUk  UjUl  +  UkUj  UiUi)  (12) 

OXl 


whilst  Eijk  is  modelled  as  -2eu{UjUf,/k  from  a  simplifi¬ 
cation  of  the  form  proposed  by  Kawamuraet  al  (1995). 
The  pressure  correlations  <j>ijk  are  modelled  as 


<t>ijk  =  -h  <t>ijk2  + 


where 


4>i3k\  =  -CtieuiUjUk/k 
4>ijk2  =  —Ct2Ptjk 

,  f _ dUi  , _ dU!  _ dUi 

.  ink  { Un  ^  ^  ,  OukUn  ^  ^ - jA  _]A 


represent  a  return  to  isotropy  term,  a  mean-strain 
dependent  term,  and  an  inhomogeneity  related  term 
respectively,  and  the  coefficients  are  taken  as 

Ci\  =  4.2  0(2  —  1*0  0^2  ~  0.2A  =  0.5 


The  coefficient  Ct2  was  taken  as  unity  since  inclusion  of 
the  term  tended  to  cause  numerical  instabilities 
in  the  code.  The  other  coefficients  were  tuned  to  give 
good  agreement  with  available  boundary  layer  data, 
whilst  not  causing  the  problems  outlined  above  at  the 
centreline  of  a  plane  channel  flow.  The  final  model 
for  the  triple  moments  was  then  obtained  by  neglect¬ 
ing  the  Ihs  of  equation  (9),  and  solving  the  resultant 
algebraic  relations  for  the  triple  moments. 


Dissipation  Rate  Equation 
The  dissipation  rate  equation  employed  is  a  sim¬ 
plified  version  of  that  proposed  by  Craft  k  Laun¬ 
der  (1996),  and  is  a  transport  equation  for  the  ‘‘ho¬ 
mogeneous'’  dissipation  rate,  f,  which  can  be  written 
as 


De  __  ePkk  i'  , 

Di  "  2k  k  k 


u 


r  _ -  ,  di 

udik  +  CcUiVk-  ) 


_ k  d-Uk  d-Uk 

+  Cczi'UiUj  ^  dxjdxi 

with  coefficients  given  in  table  1. 


(13) 


Table  1:  Coefficients  in  the  i  equation. 


Crl 

Cc2 

^2 

1.0 

1.92 

TToJaTa^ 

1.0 

0.875 

CfS 

Cf 

Ad 

1.0 

0.18 

max(A,0.25) 

RESULTS 

Figure  1  shows  the  predicted  mean  velocity  and  nor¬ 
mal  stresses  in  a  plane  channel  flow  at  a  Reynolds 
number  Rtr  of  495  compared  to  the  DNS  data  of 
Kim  (1989).  The  model  clearly  returns  good  predic¬ 
tions  of  the  stress  anisotropy  in  the  near- wall  region. 

The  two-dimensional  flows  reported  here  have  been 
computed  using  a  modified  and  extended  version  of 
the  STREAM  code  (Lien  k  Leschziner  1993),  which 
is  a  finite  volume  solver,  with  a  fully  collocated  grid 
arrangement,  employing  the  SIMPLE  pressure  correc¬ 
tion  with  Rhie  &  Chow  (1983)  interpolation  to  avoid 
chequerboarding.  The  diffuser  flows  employed  a  grid 
fo  100  (axial)  by  80  (radial)  nodes,  and  the  step  flows 
meshes  of  up  to  120x120  nodes,  which  were  found  to 
give  grid-independent  results. 

Axisvmmetric  Diffuser  Flows 

Before  considering  the  backstep  flows,  attention  is 
first  given  to  the  axisymmetric  diffuser  flows  studied 
experimentally  by  Stieglmeier  et  al  (1989).  The  geom¬ 
etry  of  these  cases  is  shown  in  figure  2,  and  the  inlet 
condition  is  fully-developed  pipe  flow  at  a  Reynolds 
number  of  15600,  which  was  obtained  from  a  sepa¬ 
rate  calculation  using  a  version  of  the  parabolic  code 
PASSABLE  (Leschziner  1982). 

The  predicted  vector  plot  for  the  14®  expansion  is 
shown  in  figure  3,  and  the  predicted  velocity  pro¬ 
files  using  both  the  present  model  and  the  Launder- 
Sharma  (1974)  k-e  model  are  shown  in  figure  4.  The 
recirculation  zone  appears  to  be  well  predicted  by  the 
present  model,  as  are  the  shear  and  normal  stress  pro¬ 
files  shown  in  figure  5. 

In  the  downstream  region,  the  turbulence  levels  to¬ 
wards  the  centre  of  the  pipe  are  somewhat  underpre¬ 
dicted,  whilst  in  the  near- wall  region,  the  radial  stress, 
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V-,  appears  to  be  slightly  overpredicted,  leading  to  the 
small  disagreement  seen  in  the  mean  velocity  profiles 
in  figure  3. 

For  the  larger  diffuser  angle  of  18^.  the  results  are 
very  similar  as  can  be  seen  from  figures  6  and  7  show¬ 
ing  the  mean  velocity  and  normal  stress  profiles. 

Backward  Facing  Step  Flov^s 
Figure  8  shows  the  predicted  mean  velocity  profiles 
for  the  backstep  flow  simulation  of  Le  et  al  (1997)  at  a 
Reynolds  number  of  5100.  The  recirculation  region  is 
again  well-predicted,  although  there  are  slight  discrep¬ 
ancies  between  the  predicted  and  simulated  profiles 
further  downstream  in  the  flow  recovery  region.  The 
shear  and  normal  stress  profiles,  shown  in  figures  9  and 
10,  indicate  that  the  high  peak  values  found  in  the 
recirculation  region  are  well  captured,  as  are  the 
profiles  further  downstream.  However,  the  streamwise 
stress  u-  tends  to  be  underpredicted  in  the  recovery 
region,  as  does  the  shear  stress  tTF. 

Finally,  for  the  backstep  flow  of  Driver  &  Seeg- 
miller  (1983),  figures  11  and  12  show  that  the  recircu¬ 
lation  zone  is  again  well- predicted,  with  a  sharp  peak 
in  the  turbulence  energy  immediately  following  sepa¬ 
ration.  Further  downstream,  in  the  recovery  region, 
the  turbulence  energy  is  again  slightly  underpredicted 
in  the  near- wall  region,  leading  to  a  too  slow  recovery 
of  the  mean  velocity  profile. 

CONCLUSIONS 

The  low-Reynolds-number  stress  modelling  work  of 
Craft  fc  Launder  (1996)  has  been  extended  and  tested 
further  in  a  number  of  recirculating  flows  involving 
non-pianar  walls.  The  results  are  in  reasonable  agree¬ 
ment  with  the  experimental  and  simulation  data,  giv¬ 
ing  confidence  that  the  model  can  be  applied  to  more 
complex  geometries  without  the  need  to  include  quan¬ 
tities  such  as  wall-normal  vectors  and  distances.  The 
immediate  recirculation  regions  are  well-predicted  by 
the  model,  although  some  further  refinement  is  needed 
in  the  recovery  region,  where  the  model  currently  pre¬ 
dicts  too  slow  a  recovery  of  the  flow. 
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Figure  1:  Mean  velocity  and  normal  stress  profiles  in 
plane  channel  flow. 
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Present  Model - Launder-Sharma  k-e 


Figure  9:  Shear  stress  profiles  in  the  backstep  flow  of 
Le  et  al. 


Figure  10:  Normal  stress  profiles  in  the  backstep  flow 
of  Le  et  al. 
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Figure  12:  Normal  stress  profiles  in  the  backstep  flow 
of  Driver  k  Seegmiller. 
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ABSTRACT 

Large  eddy  simulations  of  turbulent  flows  near  walls  have 
been  performed  to  investigate  the  influence  of  perturba¬ 
tions  produced  either  by  a  geometrical  accident  or  by  the 
way  of  superimposed  unsteady  boundary  conditions. 

The  flows  under  consideration  are  the  flow  downstream 
a  step,  the  pulsed  channel  flow  and  the  channel  flow  per¬ 
turbed  by  periodic  blowing-suction  at  the  wall. 

The  numerical  method  is  an  hybrid  dicretization  using 
fourth  order  hermitian  difference  in  non-homogeneous  di¬ 
rections  and  Fourier  pseudo-  spectral  expansions  in  homo¬ 
geneous  directions. 

The  characteristics  of  the  flow  are  analysed  through 
phase  -averaged  quantities  showing  lag  effects  and  through 
instantaneous  3D  fields  showing  structural  effects. 

INTRODUCTION 

The  present  study  is  dealing  with  perturbed  turbulent 
flows  due  to  geometrical  effects  or  to  unsteadiness.  Both 
cases  can  produce  noticeable  variations  from  the  usual 
quasi-equilibrium  turbulence  found  for  instance  in  tubes 
and  boundary  layers  over  a  plat  plate.  These  flows  are 
thus  particularly  interesting  for  providing  databases  useful 
to  develop  and  refine  turbulence  modelling  methods. 

The  flow  downstream  of  a  backward-facing  step  is  a  well 
known  example  of  imposed  geometrical  perturbation.  This 
flow  has  been  studied  experimentally  by  several  investiga¬ 
tors  (see  Jovic  and  ai.  (1995),  Eaton  and  ai.  (1981),  Durst 
andai.  (1983)).  The  flowfield  is  indeed  very  complex  where 
the  prcisence  of  a  recirculating  zone  influences  the  proper¬ 
ties  of  the  shear  layer.  At  the  reattachment,  the  flow  is 
ver}^  unsteady  with  very  large  structures  that  are  moving 
through  this  zone.  Further  downstream  there  is  a  relax¬ 
ation  zone  after  which  the  flow  recovers  equilibrium.  This 
flow  luis  long  been  a  ticklish  matter  for  turbulence  mod¬ 
elling.  The  development  of  DNS  and  LES  allowed  further 
investigations  for  analysing  the  mechanisms  in  this  flow 
and  also  to  obtain  numerical  databases  that  supplement 
experimental  measurements. 

Unsteady  turbulent  flows  occur  in  various  situations  en¬ 
countered  in  industrial  applications.  There  are  for  instance 
important  manifestations  of  hysteresis  which  axe  significant 


for  applications  in  aeronautics.  We  can  cite  also  pulsed 
flows  in  ducts  and  boundary  layers,  influence  of  wall  vibra¬ 
tions  on  a  turbulent  flow,  forced  vortex  shedding  flow  from 
obstacles  ...  Several  experimental  studies  have  been  devel¬ 
oped  since  the  past  fifteen  years  (see  Le  and  aJ.  (1994)) 
that  allowed  insight  into  the  structure  and  characteris¬ 
tics  of  unsteady  turbulent  flows.  If  classical  time-averaged 
quantities  are  often  found  to  be  almost  the  same  as  the 
value  expected  in  the  corresponding  steady  flow  ,  this  fact 
must  not  mask  that  substantial  changes  can  be  found  in 
the  behavior  of  the  flow.  As  regards  detailed  turbulence 
characteristics,  intensity  and  structure,  important  changes 
may  occur  when  the  frequency  of  oscillation  is  increased 
past  a  critical  level  for  which  there  is  interaction  between 
the  oscillating  motion  and  the  turbulent  flow  structure  it¬ 
self.  Analysis  of  the  turbulence  field  can  be  made  using 
phase  averaging  that  enables  a  three  terms  decomposition 
generalizing  the  Reynolds  decomposition. 

The  present  study  uses  large  eddy  simulation  to  investi¬ 
gate  perturbed  turbulent  flows  of  the  two  types  described 
before.  The  backward-facing  step,  which  has  been  already 
extensively  studied  by  numerous  authors,  is  mainly  used 
here  for  testing  the  LES  method.  Unsteady  flows  consid¬ 
ered  include  the  pulsed  channel  flow  for  which  experimental 
comparisons  are  available  and  the  channel  flow  with  wall 
perturbations  produced  by  superimposed  periodic  blowing- 
suction. 

GOVERNING  EQUATIONS  AND  NUMERI¬ 
CAL  PROCEDURE 

.A.fter  filtering  of  the  instantaneous  Navier-Stokes  equa¬ 
tions,  the  following  system  of  the  momentum  and  continu¬ 
ity  equations  is  derived 


_  -U.VU  -  VP  -  V#  -h  i/AU 
dt 

VU  =  0 

where  the  overbar  denotes  filtering. 
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Figure  1:  friction  coefficient  C/  in  a  flow  downstream  of  a 
backward-facing  step  in  a  boundary  layer. 
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Figure  2:  profiles  of  the  mean  streamwise  velocity  UlUm  at 
x//i=1.0  and  at  a;//i=12.5. 


Figure  3:  profiles  of  the  mean  streamwise  turbulence  inten¬ 
sity  Urms/Um  at  x/h  =  1.0  and  at  x/h  —  12.5. 
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Figure  4:  comparison  of  the  mean  streamwise  velocity  profile 
with  the  Simpson’s  law  in  the  recirculation  zone. 


The  subgrid  stresses  are  defined  by: 


R  =  u'  (S)  U  -f-  U  (g)  u'  +  u'  (S)  u' 


(2) 


^  =  R  —  I  trace(R).r  (3) 

The  deviatoric  part  (3)  must  be  modelled.  The  closure 
used  here  is  the  Smagorinsky  model  which  suppose  pro¬ 
portionality  with  the  filtered  strain-rate  tensor  Sij. 

Tij  =  -2i'tSij 

Near  the  wail  damping  is  introduced  according  to  the  fol¬ 
lowing  formulation: 


i't  = 


i 


(C5O  y/ 

C’2  ^ij 


pour  C  <  Cc 
pour  C  >  Cc 


(4) 


with 

I  =  [JJ  min(A,„,r)]  ,Cs  =  0.2  ,62  = 


pourC>^ 

pourC<^ 


(5) 


where  denotes  the  filter  width  in  the  (m)  direction,  S 
the  width  of  the  wall  shear  layer,  ^  is  the  distance  from  the 
wall  and  k.  the  Von  Karman  constant. 

The  governing  equations  are  solved  on  a  staggered  grid 
and  the  non-linear  terms  aure  discretized  using  a  skew- 
svmmotric  form.  The  space  derivatives  are  obtained  by 
Fourier  pseudo-spectral  development  in  homogeneous  di¬ 
rections  and  are  obtained  by  fourth  order  hermitian  finite 
difference  schemes  in  non-homogeneous  directions. 

Time  advancement  uses  fractional  step  method  with 
Adams-Bashforth  scheme  for  the  non-linear  terms  and  a 
Crank-Nicolson  scheme  for  the  viscous  terms.  Pressure 


linkage  is  solved  by  an  approximate  Poisson  equation  that 
guarantees  fourth  order  accuracy  with  internal  iterations. 

Several  versions  of  the  numerical  code  have  been  devel- 
opped  depending  on  the  number  of  homogeneous  directions 
(1  or  2  in  the  present  applications).  In  the  inhomogeneous 
directions  the  mesh  is  strongly  refined  near  the  wall  by 
using  a  change  of  space  variable. 

The  numerical  method  has  been  tested  in  the  case  of 
plane  channel  (see  Viazzo  et  al.  (1995)). 

THE  FLOW  DOWNSTREAM  OF  A  BACK¬ 
WARD  FACING  STEP  IN  A  BOUNDARY 
LAYER 

In  the  present  simulation,  the  Reynolds  number  based 
on  the  maximum  inflow  velocity  Um  and  the  step  height 
h  is  equal  to  =13800.  This  choice  has  been  dictated 
by  the  inlet  boundary  conditions  built  on  an  already  ex¬ 
isting  simulation  in  a  plane  channel.  The  dimensions  of 
the  streamwise,  spanwise  and  vertical  directions  are  20/i, 
37rh/2  and  5h.  The  simulations  make  use  of  380  928 
grid  points  {NX  =  96,  NY  =  64,  NZ  =  62)  and  the 
mesh  is  refined  near  the  lower  wall  (minimum  step  size  is 
Az/h  =  0.0064)  and  near  the  vertical  step  wall  (  minimum 
step  size  is  Ax/h  =  0.07).  The  statistical  results  have  been 
obtained  using  a  total  integration  time  tUm/h=300. 


Figure  5:  perspective  view  of  the  low  pressure  surfaces  down¬ 
stream  of  the  step. 

The  reattachment  length  is  an  important  primary  test  for 
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the  calculation  method.  Figure  (1)  shows  the  distribution 
of  friction  coefficient  versus  the  distance  from  the  step. 
Good  overall  agreement  is  found  with  the  experiments  of 
Jovic  and  Driver,  1995  and  the  DNS  of  Le  and  Moin,  1994 
even  if  the  Reynolds  numbers  are  somehow  different. 

Indeed  the  reattachment  length  is  known  to  have  strong 
dependance  on  Reynolds  number  in  the  lower  range  but  it 
varies  only  slightly  in  the  range  Rch  >  5000.  The  calcu> 
lated  reattachment  lenght  is  slightly  underpredicted  due  to 
the  above  mentionned  Reynolds  number  effects. 

A  secondary  recirculation  bubble  is  also  found  near  the 
step  wall,  according  to  experimental  and  DNS  results. 
Streamwise  mean  velocity  profiles  are  given  on  figure  (2) 
for  two  downstream  locations.  In  spite  of  some  discrep- 
ancies  appearing  between  the  Le  and  Moin  DNS  and  the 
present  predictions,  mainly  attributed  to  Reynolds  number 
effects,  the  shape  of  the  profiles  is  found  to  be  correct. 

Inflectional  profiles  are  still  found  in  the  second  section 
x/h  =  12.5  showing  that  equilibrium  is  not  yet  reached. 
The  same  remarks  hold  for  the  turbulence  intensity  distri¬ 
butions  given  on  figure  (3). 

The  profiles  exhibit  a  first  small  local  maximum  of  energy 
near  the  wall  probably  linked  to  reverse  flow  effects  and  a 
larger  peak  located  in  the  shear  layer. 

In  the  recirculation  zone,  no  universal  wall  law  exists 
and  it  is  interesting  to  compare  with  the  empirical  relation 
propo.sed  by  Simpson  (see  Le  and  aJ.  (1994)): 

i  =  (6) 

where  .4  is  a  numerical  constant  and  N  is  the  distance 
to  the  wall  of  the  maximum  reverse  flow.  The  values  of 
A  adequate  for  approximating  reasonably  the  numerical 
results  represented  on  figure  (4)  lies  between  0.5  and  1. 
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Figure  6:  fluctuating  velocity  vectors  in  the  x-z  plane. 
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Figure  7:  pressure  fluctuations  contours  in  the  x-z  plane;  12 
levels  p  fpUm  from  -0.138  to  0,0. 


Figure  8:  contours  of  the  spanwise  vorticity  component;  12 
levels  uJyh/Um  from  0.0  to  4.4. 


Figure  (5)  gives  an  instantaneous  perpective  view  of  large 
eddies  revealed  by  low  pressure  isosurfaces.  The  motion  of 


vortices  shedding  from  the  step  gives  rise  to  large  scale 
temporal  oscillations.  These  large  eddies  looks  quasi-two 
dimensional,  they  grow  in  the  shear  layer  before  interacting 
with  the  wall,  i^rther  insight  is  given  on  figures  (6),  (7) 
and  (8)  that  put  in  corrsespondance  three  instantaneous 
views  in  a  longitudinal  section:  the  velocity  vector  field 
showing  the  presence  of  big  rolls,  the  spanwise  vorticity 
component  that  presents  maximum  values  at  the  same  lo¬ 
cations  and  negative  values  of  pressure  fluctuations  which 
is  known  to  be  a  very  good  indicator  of  large  eddies. 

PULSED  CHANNEL  FLOW 

The  second  type  of  perturbed  turbulent  flow  considered 
here  is  the  unsteady  periodic  channel  flow^  with  forced  pres¬ 
sure  gradient  oscillations  .  Several  experimental  and  nu¬ 
merical  investigations  (see  Binder  and  al.  (1995),  Rida 
and  al  (1991),  Tardu  and  al.  (1994))  are  available  in  the 
scientific  literature  for  detailed  comparaisons.  These  pre¬ 
vious  studies  have  shown  that  the  time  averaged  mean  flow 
and  the  turbulent  quantities  seem  to  be  unaffected  by  the 
imposed  periodical  oscillations. 

At  the  high  frequencies,  the  phase  averaged  quantities 
follow  the  Stokes  solution  while  at  relatively  low  frequen¬ 
cies  this  is  no  longer  true  near  the  wall  cind  also  further 
from  the  wall. 
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Figure  9:  relative  amplitude  of  fundamental  mode  of  the 
periodic  velocity  oscillations  vs  non-dimensional  distance  ys 
from  the  wall.  (-I-)  Binder  and  Kueny;  (-)  present  simulation. 
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Figure  10:  phase  of  fundamental  mode  of  the  periodic  veloc¬ 
ity  oscillations  vs  non-dimensional  distance  ys  from  the  wall, 
(-h)  Binder  and  Kueny;  (-)  present  simulation. 

Binder  and  Kueny  1981,  have  shown  also  that  the  Stokes 
thickness  non-dimensionalized  with  the  mean  viscous 
sublayer  thickness  is  the  leading  parameter: 


where  /  is  the  frequency  of  the  imposed  oscillations  and 
the  friction  velocity  at  the  wall. 

The  mean  Reynolds  number  based  on  the  channel 
halfwidth  and  the  mean  bulk  velocity  has  been  fixed  to 
Rch  =  13800.  The  dimensions  of  the  computational  do¬ 
main  with  respect  to  the  streamwise,  spanwise  and  vertical 
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Figure  11:  amplitude  of  fundamental  mode  of  the  periodic 
variations  of  the  turbulent  intensity  vs  (+)  Binder  and 
Kueny:  (-)  present  simulation. 


Figure  12:  relative  amplitude  of  the  periodic  variations  of 
the  turbulent  intensity  vs  y'^ .  (+)  Binder  and  Kueny;  (-) 

present  simulation. 


directions  are  Airh,  tt/i,  2h.  This  simulation  supposes  that 
both  X  and  y  coordinates  are  homogeneous  directions  with 
periodic  conditions.  This  grid  is  composed  of  256  x  128  x  62 
numbers  of  points. 

The  value  of  h  has  been  selected  on  the  basis  of  the 
analysis  of  Binder  and  Kueny  1981,  in  order  to  create  sit¬ 
uations  for  which  the  oscillating  flow  interacts  with  tur¬ 
bulence.  The  value  C  =  12-9  tas  been  considered  and 
the  amplitude  of  the  superimposed  oscillating  velocity 
(relative  amplitude  of  the  modulation)  is  0.05. 

The  statistical  treatment  has  been  carried  on  five  periods 
to  obtain  the  phase  averaged  quantities  from  the  databases. 

The  numerical  results  confirm  previous  findings  already 
cited  indicating  that  the  mean  velocity  profiles  in  pulsed 
flow  are  practically  always  indistinguishable  from  the 
steady  state  profile.  The  same  is  true  for  the  turbulence 
intensities. 

The  periodic  velocity  oscillations  (with  Is  =  12.9)  are 
analysed  in  figures  (9)  and  (10)  which  compare  respec¬ 
tively.  the  amplitude  Ai  and  the  phase  shift  of  the  first 
mode  of  the  velocity  versus  the  non-dimensional  distance 
from  the  wall  ys  =y/ls-  The  calculations  give  near  the  wall 
a  steep  gradient  of  amplitude  which  is  characteristic  of  low 
frequency  cases  while  further  from  the  wall  a  local  maxi¬ 
mum  is  found  like  in  Stokes  flow.  Phase  shift  presents  a 
rapid  decrease  from  the  wall  that  also  recalls  a  Stokes  flow 
behaviour  while  measured  quantities  are  more  scattered. 

The  periodic  variations  of  the  turbulent  intensity  is 
shown  on  figures  (11)  stud  (12).  The  calculated  amplitudes 
of  the  variations  of  the  turbulence  intensity\/w^  given  on 
(10)  present  an  order  of  magnitude  comparable  with  the 
experimental  values;  the  maximum  value  obtained  for  the 
ratio  3.5  shows  that  the  oscillation  of  the  nor¬ 

mal  stress  is  larger  then  the  forcing  of  the  mean  flow. 

On  figure(12)  these  turbulent  intensity  variations  are 
compared  to  the  local  amplitude  of  mean  velocity.  The 
calculated  values  are  rather  moderate  compared  to  exper¬ 
iments  but  considering  the  value  of  turbulent  intensity 


Vu'u'  /u=0. 08  it  appears  that  there  is  still  an  amplifica¬ 
tion  of  the  turbulent  intensity  with  respect  to  the  imposed 
velocity  oscillation. 

Another  comparison  has  been  made  with  the  experi¬ 
mental  case  of  Binder  e£  ai.  1995.  realized  for  a  larger 
amplitude.  Figure  (13)  shows  that  the  ratio  is 

very  close  to  unity,  suggesting  that  the  turbulence  response 
follows  closely  the  forcing  amplitude  without  attenuation. 
The  comparison  is  almost  satisfactory  even  if  the  ampli¬ 
tude  is  very  different  for  the  experimental  case. 
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Figure  14:  phase  of  the  fundamental  mode  of  the  periodic 
turbulent  intensity  oscillations  vs  non-dimensional  ys  distance 
from  the  wall  .  (-)  present  simulation. 


TURBULENT  CHANNEL  FLOW  WITH  IM¬ 
POSED  SINUSOIDAL  WALL  PERTURBA¬ 
TION 

This  case  consists  in  a  flow  between  two  parallel  flat 
plates  submitted  to  periodic  blowing  and  suction  in  time 
and  space  on  one  wall.  The  investigation  of  this  type  of 
unsteadiness  is  of  great  interest  for  the  fundamental  study 
of  coherent  structures  and  their  impact  on  turbulence  con¬ 
trol. 

Many  studies  in  boundary  layer  blowing  and  suction  ex¬ 
ist  in  the  literarure  in  the  steady  case  (see  Antonia  et  al. 
(1987),  Miyake  and  al.  (1995),  Kajishima  and  al.  (1992). 
In  the  configuration  considered  here,  the  lower  wall  is  seen 
as  permeable  with  an  imposed  normal  velocity  varying  si- 


Figure  13:  amplitude  profiles  of  the  modulation  of  the  lon¬ 
gitudinal  turbulent  intensity.  (+)  Binder,  Kueny  and  Black- 
welder;  (-)  present  simulation. 

The  figure  (14)  is  an  illustration  of  the  large  phase  shift 
found  between  the  longitudinal  normal  stress  and  the  phase 
averaged  velocity  gradient  that  acts  in  the  corresponding 
transport  equations  for  the  normal  stress.  This  results  sug¬ 
gest  that  even  if  large  eddy  simulations  offer  a  great  hope 
for  unsteady  turbulence  prediction,  subgrid  scale  models 
that  are  based  on  subgrid  viscosity,  are  likely  to  be  lim¬ 
ited  because  they  postulate  instantaneous  alignment  of  the 
subgrid  scale  stresses  with  the  phase  averaged  mean  rate  of 
strain.  Introduction  of  finite  time  response  of  turbulence 
would  be  desirable. 
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Figure  15:  hysteresis  of  (a)  pressure  gradient,  (b)  shear 
stress,  (c)  turbulent  shear  stress  at  2+  =  0.885,  (d)  tur¬ 
bulent  shear  stress  at  2+  =  30.04  and  (e)  superimposed 
perturbation  for  x/h  =  3?:. 
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FIgure(16):  t  =  T/4. 


Figure(17):  t  =  T/2. 


Figures(16)  and  (17):  (a):  fluctuating  velocity  vectors  at  Z'^  =  0.885;  (6):  fluctuation  of  the  streamwise  velocity  at 
=  0.885;  (c):  fluctuating  velocity  vectors  aty  =  Hy/2;  {d):  pressure  fluctuations  at  y  =  Hy/2’,  (e):  perspective  view 
of  the  low  pressure  fluctuation  level  p  fpuZ  =  —0.47. 
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nusoidally  in  time  and  space: 

Wu,aii{x,y)  =  Aosin  (27r/t)  sin  {kix)  (8) 

where  /  is  the  frequency  of  the  perturbation  and  27r/«] 
is  the  wavelength  of  the  longitudinal  perturbation.  Their 
values  are  :  Ao  ~  0.075u. ,  /  =  2u.jh  and  /ci  =  1/2. 

The  number  of  grid  points  and  the  computational  box 
are  the  same  as  the  pulsed  channel  case.  This  numerical 
simulation  which  allows  a  Iiigh  resolution  near  the  wall, 
has  bt'cn  made  on  a  total  of  thirteen  periods  and  on  this 
time  interval  a  sample  of  1690  points  has  been  extracted. 

As  in  previous  case,  it  is  found  that  the  time  mean  values 
are  almost  unaffected  by  the  wall  perturbations  compared 
to  the  ones  obtained  in  a  steady  channel  flow.  Ho\vever  im¬ 
portant  differences  may  be  found  if  one  looks  at  the  phase 
average  quantities. 

Figures  (15a)  to  (loe)  show  hysteresis  plots  for  several 
quantities  including  pressure  gradient,  wall  shear  stress  and 
tiirbuk’iit  shear  stress  very  near  the  wail.  All  the  quantities 
are  strongly  affected  by  the  periodic  blowing-suction. 

A  strong  lag  effect  is  seen  on  the  shear  stress  distribution 
at  the  particular  x  position  represented. 

Figures  (15c)  and  (15d)  show  the  hysteresis  diagram  for 
the  turbulent  shear  stress  at  different  wall  distances,  indi¬ 
cating  that  the  influence  of  the  wall  perturbation  strongly 
decays  far  from  the  wall.  The  same  behavior  has  been 
observed  for  the  others  turbulent  quantities. 

Structural  properties  are  illustrated  on  figures  (16a  to 
16e)  and  (17a  to  17e)  for  two  different  phases  {t  =  TjA 
corres])onding  to  maximum  blowing  in  the  0  <  5:  <  27rh 
region  and  maximum  suction  in  the  27:h  <  x  <  AtcH  region, 
and  t  =  T (2  corresponding  to  Wwaii  =  0). 

Figure  (16a)  clearly  show  that  the  blowing  zone  is  char¬ 
acterized  by  a  strong  decay  of  turbulence  fluctuations  wdth 
a  tendancy  to  relaminarization.  This  remark  is  confirmed 
by  the  contour  plots  presented  on  figure  (16b)  suggesting 
encreased  turbulence  in  the  suction  zone  and  damped  fluc¬ 
tuations  in  the  blowing  zone. 

Subsequent  figures  consider  longitudinal  x-z  vertical  sec¬ 
tions.  Velocit}^  vectors  plots  in  projection  on  the  vertical 
plane  are  put  in  correspondance  with  pressure  contours. 
The  longitudinal  distance  represented  is  limited  to  one 
fourth  of  the  wavelength  starting  from  a:  =  0.  So,  figures 
(16c)  (16d)  show  relatively  low  fluctuations  levels.  The 
contrary  is  found  on  figures  (17c)  (17d),  with  high  turbu¬ 
lence  fluctuations  near  the  wall  and  high  levels  of  pressure 
fluctuations.  It  is  also  possible  to  notice  on  these  two  fig¬ 
ures  a  good  correspondance  between  turbulent  vortex  and 
instantaneous  pressure  minimum. 

Perspective  views  of  the  turbulent  structures  determined 
by  low-pressure  iso-surface  are  shown  on  figure  (16e)  and 
(17c)  for  these  two  phases  (T’/2  and  T/4)  at  the  same  lo¬ 
cation  in  space.  For  t  =  r/2,  horse-shoe  vortices  are  found 
like  in  a  fully  developed  channel  flow,  while  for  t  =  T  jA^  the 
vortic(‘s  obtained  with  the  same  pressure  level  are  scarce 
with  no  apparent  organization. 

CONCLUSIONS  REMARKS 

In  this  contribution,  we  have  applied  large  eddy  simu¬ 
lation  to  study  various  perturbed  turbulent  flows.  Like  in 
pulsed  flows,  the  phase-averaged  quantities  show  that  lag 
effects  occur  in  the  turbulent  interactions  producing  non¬ 
equilibrium  situations. 

The.'^e  situations  are  often  accompanied  by  structural  ef¬ 
fects  such  as  coherent  structures.  Present  simulations  have 
shown  the  abilit}’'  of  large  edd}^  simulations  to  investigate 
the  statistical  and  structural  properties  of  perturbed  flows 
and  in  particular  to  give  informations  to  improve  statis¬ 
tical  modelling.  One  has  to  mention  however  that  the 
strong  lag  effect  found  will  not  be  captured  properly  b}^ 
the  Smagorinsky  model  still  used  here  and  that  transport 


equation  subgrid  scale  model  is  desirable  and  now  under 
investigation. 
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ABSTRACT 

Flows  in  an  aircrctft  engine  combustor  are  typically 
swirling  for  better  fuel-air  mixing  and  flame  stabiliz¬ 
ing.  It  has  been  long  recognized  that  eddy  viscosity 
turbulence  models  are  imable  to  appropriately  model 
swirling  flows.  Therefore,  it  has  been  suggested  that, 
for  modeling  of  swirling  flows,  a  second  order  closure 
scheme  should  be  considered  for  its  ability  in  model¬ 
ing  of  rotation  and  curvature  effects.  However,  this 
scheme  will  require  solving  many  complicated  second 
moment  transport  equations  (six  Reynolds  stresses 
plus  other  scalar  fluxes  and  variances),  which  is  not 
an  easy  task  for  CFD  implementations  and  also  re¬ 
quires  large  computer  resources  for  a  genersd  combus¬ 
tor  swirling  flow.  This  paper  is  devoted  to  a  devel¬ 
opment  of  a  cubic  Reynolds  stress-strain  model  for 
turbulent  swirling  flows,  inspired  by  the  work  of  Laun- 
der’s  group  at  UMIST.  Using  this  type  of  models,  one 
only  needs  to  solve  two  turbulence  equations,  one  for 
turbulent  kinetic  energy  k  and  the  other  for  dissipa¬ 
tion  rate  e.  The  cubic  model  developed  in  this  paper 
is  based  on  a  general  Reynolds  stress-strain  relation¬ 
ship  (Shih  and  Ltimley,  1993).  Two  flows  have  been 
chosen  for  model  evaluation.  One  is  a  fully  developed 
rotating  pipe  flow,  and  the  other  is  a  more  complex 
flow  with  swirl  and  recirculation. 

INTRODUCTION 

For  better  fuel-air  mixing  and  flame  stabilizing  in  a 
combustor,  a  swirling  flow  is  often  applied.  Therefore, 
accurate  modeling  of  turbulent  swirling  flows  is  impor¬ 
tant  to  an  engine  combustor  design.  Commonly  used 
turbulence  models  in  engineering  calculations  are  eddy 
viscosity  models  which  include  zero-equation  and  two- 
equation  models  (e.g.,  mixing  length  models  and  k-e 
models).  However,  this  kind  of  eddy  viscosity  mod¬ 
els  have  been  long  recognized  that  they  are  often  not 


appropriate  for  predicting  swirling  flows.  In  fact,  the 
deficiency  of  eddy  viscosity  models  for  swirling  flows 
can  be  analytically  shown  by  using  a  fully  developed 
rotating  pipe  flow  (Pu,  1995).  The  measured  swirl  ve¬ 
locity  in  the  pipe  varies  approximately  as  the  square  of 
the  normalized  radius  (r^),  but  eddy  viscosity  models 
give  an  exact  linear  profile  of  the  swirl  velocity,  which 
describes  a  solid  body  rotation. 

To  avoid  this  kind  of  deficiency  of  eddy  viscosity 
models,  a  second  order  closure  scheme  has  been  sug¬ 
gested  for  modeling  of  swirling  flows  for  its  ability  to 
simulate  the  effects  of  mean  rotation  and  curvature. 
However,  this  requires  solving  many  complicated  sec¬ 
ond  moment  transport  equations,  which  include  six 
Reynolds  stresses  plus  other  scalar  fluxes  and  vari¬ 
ances.  Because  of  this  complication  and  of  also  re¬ 
quiring  for  large  computer  resources,  second  moment 
transport  equation  models  have  not  been  successfully 
implemented  in  CFD  for  a  general  combustor  swirling 
flow. 

Recent  developments  in  nonlinear  Reynolds  stress- 
strain  models  bring  a  practical  method  for  the  calcula¬ 
tions  of  combustor  flows  for  its  potential  in  simulating 
turbulent  swirling  flows  with  only  two  modeled  tur¬ 
bulence  transport  equations  (Craft  et  al,  1993).  Fur¬ 
ther  development  and  evaluation  of  these  models  are 
of  great  interest  to  both  CFD  development  and  mod¬ 
ern  aircraft  engine  combustor  design. 

The  model  developed  in  this  paper  is  based  on  a 
general  Reynolds  stress-strain  relationship  which  is  an 
explicit  expression  for  the  Reynolds  stresses  in  terms 
of  a  tensorial  polynomial  of  mean  velocity  gradients. 
It  is  derived  from  a  generalized  Cayley-Hamilton  re¬ 
lation.  This  general  formulation  contains  terms  up  to 
the  sixth  power  of  the  mean  velocity  gradient  with 
eleven  undetermined  coefficients.  Obviously,  for  any 
practical  application,  we  need  to  truncate  this  poly¬ 
nomial.  Shih,  Zhu  and  Lumley  (1995)  suggested  a 
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quadratic  formulation  and  determined  the  three  rele¬ 
vant  coefficients  by  using  the  realizability  constraints 
of  Reynolds  stresses  and  a  result  from  rapid  distor¬ 
tion  theory  analysis.  This  quadratic  model  works 
quite  successfully  for  many  complex  flows  including 
flows  with  separation.  However,  our  recent  calcula¬ 
tions  of  swirling  flows  show  that  the  swirl  velocity  is 
not  appropriately  predicted,  which  verifies  the  find¬ 
ing  from  Launder’s  group  at  UMIST.  Laimder  (1995) 
pointed  out  that  “the  weaknesses  of  the  linear  eddy 
viscosity  model  can  not  be  rectified  by  introducing 
just  quadratic  terms  to  the  stress-strain  relation.”  In 
this  paper,  we  retain  the  cubic  terms  from  a  general 
Reynolds  stress-stain  formulation  and  determine  the 
coefficients  by  using  a  similar  method  used  in  Shih 
et  al’s  quadratic  model  and  the  measured  data  from 
rotating  pipe  flows.  Modeled  k-e  equations  are  used 
together  with  the  cubic  Reynolds  stress-strciin  model 
for  mean  flow  calculations.  The  first  test  flow  is  a 
fully  developed  pipe  flow  rotating  about  its  own  ax¬ 
ial  axis  with  various  rotation  rates  (Imao,  Itoh  and 
Harada,  1996).  The  second  test  flow  is  a  more  com¬ 
plex  flow  with  swirl  and  recirculation  (Roback  and 
Johnson,  1983).  These  two  flows  both  have  detailed 
experimental  data  on  mean  velocity  components.  The 
comparisons  between  the  experimental  data  and  com¬ 
putational  results  from  models  will  be  reported  in  de¬ 
tail. 


CUBIC  REYNOLDS  STRESS  MODEL 

A  cubic  Reynolds  stress  model,  used  in  this  study  for 
modeling  of  turbulent  swirling  flows,  is  derived  from  a 
general  formulation  of  Reynolds  stress-strain  relation. 
The  detailed  derivation  is  reported  in  a  NASA  CR  by 
Shih  et  al  (1997).  The  resultant  cubic  model  can  be 
expressed  in  terms  of  mean  velocity  gradients,  Ui^j^  or 
in  terms  of  mean  strain  and  rotation  rates,  Sij  and 
Qij  .  Here,  we  list  both  of  them  for  the  convenience  in 
their  applications. 

In  terms  of  mean  velocity  gradients,  the  cubic  model 
of  Reynolds  stresses  is 


-puiUj  =  hj 


+-B2“3“  (^i,kUk,j  +  Uj^kUk,i  —  3^1  ^v) 

-^Is  (Uk.iUkj  +  Ui,kUj,k  - 
+Uk,iUt,pUpj  +  -  |n3  Sii 


(1) 


where  “j”  means  tensorial  derivative  with  respect  to 
j.  Is  is  the  first  principal  invariant  of  Sij^  i.e.,  Skk- 


The  invarints  Hi,  II2  and  Ha  are  defined  as  follows 
Ha  =  ,  U2  =  UijUij  ,  Ha  =  (2) 

The  three  coefficients  Bi  and  B2  are 


r*  — 

1 

(3) 

Op  - 

4.0 + 

Bi  = 

i  +  6||-n*  s* 

(4) 

B2  = 

l,Zflx 

(5) 

pk*  |7(s-)’+(n*)»i 

-  4 


in  which  px  is  the  eddy  viscosity  in  Eq.  (18),  and 
As  =  \/6cos<^,  (t>  —  ~  arccos(\/6W'*), 

W‘  = 

In  terms  of  mean  strain  and  rotation  rates,  Eq.  (1) 
can  be  written  as 

-puTS^  =  "pkSij  +  Cp^2Slj 

+2Bi  (Siifity  -  0.ikSkj) 

— 2B2  ~  ^ikSkm^tnj 

-  l^klSlm^mkSii  +  IIsS:,^  (7) 

where 

S^j  =  Sij  —  —Skk^ij^  Sij  =  2  "H  ^i,i)  j 
\  (Uij  -  Ui,i) ,  Sfj  =  SikSki  (8) 
IIs  is  the  second  principal  invariant  of  Siy: 

IIs  =  I  {SkkS^n.  -  (9) 

Note  that  in  the  above  equations,  Skk  means  Su  *f 
S22  "1"  *^33  and  S^j^  means  SipSpi  “1“  S2pSp2  S^pSp^ 
in  which  each  term  contains  a  summation  operator  on 
the  subscript  “p”. 

TURBULENT  SWIRLING  FLOWS 

The  model  proposed  in  the  previous  section  will  be 
used  for  modeling  of  swirling  flows  in  this  study.  The 
first  flow  is  a  fully  developed  rotating  pipe  flow  (Imao, 
Itoh  and  Harada,  1996).  This  flow  was  used  for  model 
development;  however,  a  pipe  flow  with  various  ax¬ 
ial  rotating  rates  is  still  a  critical  test  case  for  the 
model.  The  second  flow  is  a  more  complex  swirling 
flow  with  recirculation  and  separation  (Roback  and 
Johnson,  1983),  which  is  often  encountered  in  an  air¬ 
craft  engine  combustor. 
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Rotating  pipe  flow 

A  fully  developed  rotating  pipe  flow  provides  a  very 
clean  test  case  for  checking  turbulence  model’s  ability 
in  modeling  of  swirling  flows.  Commonly  used  eddy 
viscosity  models  fail  to  predict  this  flow.  One  can 
show  that  any  eddy  viscosity  model  will  produce  a 
solution  of  solid  body  rotation  for  a  rotating  pipe  flow, 
while  experimental  data  shows  that  the  flow  is  not  a 
solid  body  rotation.  Experiments  further  show  that 
the  characteristics  of  a  pipe  flow  changes  significantly 
with  the  axial  rotation  rate.  For  example,  for  a  fixed 
mass  flux,  the  axial  rotation  will  strongly  reduce  the 
pressure  drop.  In  other  words,  for  a  fixed  pressiure 
drop,  the  axial  rotation  will  increase  the  total  mass 
flux.  However,  the  standcird  eddy  viscosity  models 
show  no  such  changes  at  all. 

In  a  fully  developed  turbulent  pipe  flow,  all  the  axizil 
gradients,  d/dx  and  azimuthal  derivatives  d/dO  are 
zero,  and  so  is  the  radial  velocity  y  =  0.  The  non¬ 
zero  velocity  components  are  the  axial  velocity  V  and 
tangential  (or  swirl)  velocity  W  =  rO,  where  is 
the  angular  velocity.  Equations  for  this  flow  eire  very 
simple: 


or 


drpU  ^  ^ 

at  ~  ^dx'^  dr 


+- 


dxTx 


'  -  8U 


dr 


dr^pW 


at 


a  \,  ,  drW^ 

dr.  .  drr&r 


drpk 

dt 


drpe 

dt 


(10) 


-2-[{^  +  PT)rW]  +  ^  (11) 

S  r  /  ,  Mr  '\  dk 
+rPk  -  rpe  (12) 

_  5  fiT\  de 

+C^i  rPt^  -  Cc2  (13) 


drpe 

~ar 


-hC7i  tS  s  —  C2 


Tp€^ 


k  +  ^/vE 


(14) 


wher.  5  =  +  The 

nonlinear  parts  of  turbulent  stresses,  r^r  and  from 
the  proposed  cubic  model,  Eq.  (1)  or  Eq.  (7),  are 


7-*r  =  0  (15) 


and  the  corresponding  production  rate  of  turbulent 
kinetic  energy  Pjt  is 


where 

_  pk^ 

f^T  =  (18) 

=  [l  -  exp{-aiRk  -  asRl  -  asiZ|)]^^^(19) 


and  Cl  =  1.7  *  10"^,  as  =  1  *  lO**”^,  ai  =  5  *  10~^°, 
Rk  =  pVkylp.  Other  model  constants  used  in  this 
paper  are  standard:  ak  =  1,  =  1.3,  C^i  =  1.44  and 

Ce2  =  1.92.  Depending  on  particular  modeled  k-e 
equations,  and  ffj,  may  have  different  formulations 
proposed  by  different  researchers.  For  example,  if  Eq. 
(14)  (Shih  et  al,  1995)  is  used  together  with 


niaflu 

C2  =  1.9 
77  “  ^ 


|o.43, 


—  I 

5  +  7?/ 


then  needs  to  be  adjusted.  In  this  paper  we  have 
used  the  following  near  wall  damping  function: 


^  1  +  O.l^i  +  0.152J| 

From  Eq.  (11),  it  is  easy  to  show  that  any  eddy  vis¬ 
cosity  model  will  produce  a  solution  of  solid  body  ro¬ 
tation,  i.e.,  W/W^aii  =  t/R^  where  W^aii  is  the  swirl 
velocity  of  the  wall  and  R  is  the  radius  of  the  pipe.  It 
can  also  be  shown  that  any  quadratic  Reynolds  stress 
models  will  have  no  contributions  to  the  component 
Ter  for  a  fully  develed  rotating  pipe  flow.  Therefore, 
they  will  also  produce  a  solution  of  solid  body  rota¬ 
tion,  just  like  an  eddy  viscosity  model  does.  Eqs.  (10- 
14)  can  be  easily  and  accurately  solved  by  a  parabolic 
code.  Figures  1-3  show  the  results  of  the  present  cu¬ 
bic  model  with  Eqs.  (12)  and  (14)  compared  with  the 
measurements  by  Imao,  et  al  (1996).  The  results  from 
the  standard  k-s  model  are  also  included  for  compar¬ 
isons.  In  Figures,  the  rotation  parameter  N  is  defined 
as  N  =  WyjalilUm^  where  Um  is  the  average  velocity 
of  the  pipe.  The  Reynolds  number  based  on  Um  and 
R  is  20000.  As  shown  in  these  figures  that  the  stan¬ 
dard  k~e  model  has  totally  missed  the  effect  of  axial 
rotations  on  pipe  flow.  In  contrast,  the  present  cubic 
Reynolds  stress  model  can  capttire  all  the  effects  of  the 
axial  rotation  on  the  pipe  flow:  it  increases  the  cen¬ 
terline  velocity  and  changes  the  axial  velocity  profile 
towards  parabolic  shape,  it  maintains  non-solid  body 
swirl  velocity  profile,  it  reduces  the  relative  turbulent 
kinetic  energy  kjU^. 
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Complex  swirling  flow 


Figure  1:  Axial  velocity  profile  in  a  rotating  pipe 


Figure  2:  Tangentail  velocity  profile  in  a  rotating  pipe 


Figure  3:  Effect  of  rotation  on  turbulent  kinetic  energy 
k 


A  confined  swirling  coaxial  jet  was  experimentally 
studied  by  Roback  and  Johnson  (1983).  Figure  4 
shows  the  general  features  of  the  flow.  At  the  inlet, 
an  inner  jet  and  an  annulcir  jet  are  ejected  into  an 
enlarged  duct.  Besides  an  annular  separation  due  to 
sudden  expansion  of  the  duct,  a  central  recirculation 
bubble  is  created  by  flow  swirling.  This  flow  feature  is 
often  observed  in  an  aircraft  engine  combustor.  In  this 
figure,  calculated  velocity  vectors  in  an  axisymmetric 
plane  from  the  cubic  model  is  compared  with  the  one 
from  the  standard  k’£  model.  Solutions  were  obtained 
by  two  Navier-Stokes  codes.  One  is  CORSAIR  (Liu  et 
al,  1996)  and  the  other  is  FAST-2D  (Zhu,  1991).  Eq. 
(13)  and  Eq.  (14)  are  respectively  used  in  this  calcula¬ 
tion.  Numerical  results  from  the  two  codes  are  quite 
close  to  each  other.  Figure  5  compares  the  calcula¬ 
tions  of  the  centerline  velocity  from  standard  k-e  eddy 
viscosity  model  (SKE)  and  the  present  cubic  model 
with  the  experiment.  The  negative  velocity  indicates 
the  central  recirculation.  It  is  seen  that  both  mod¬ 
els  predict  the  strength  of  central  recirculation  quite 
well,  but  the  present  model  predicts  the  rear  stag¬ 
nation  point  much  better  than  does  the  SKE  model. 
This  is  cilso  reflected  in  Figure  4  that  the  recircula¬ 
tion  bubble  from  the  cubic  model  is  larger  than  that 
from  the  standard  k-e  model.  Figures  6,  7,  8  show  the 
comparison  of  calculated  and  measured  mean  veloc¬ 
ity  profiles  at  x=51mm.  Both  models  give  reasonably 
good  profiles  which  are  within  experimental  scatter. 
However,  significant  differences  of  tangential  velocity 
profile  between  the  two  models  have  been  found  in 
the  downstream  region.  For  example,  Figure  9  shows 
the  swirl  velocity  profile  at  x=305mm.  SKE  model 
predicts  a  nearly  solid  body  rotation,  whereas  the  cu¬ 
bic  model  shows  a  non-solid  body  rotation  which  is 
consistent  with  the  experimental  observation. 


x«2S  x-91  x-102  X«1S2  ^nttrmm) 


(a).  PriMrt  modal 


X-25  X-51  X-102  x-152  (unit;  mm) 

I  t  i  i 


^).  SKE  modal 


Figure  4:  Velocity  vectors  in  an  axisymmetric  plane, 
(a)  from  present  model,  (b)  from  standard  k~£  model. 
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Figure  8:  Tangential  velocity  profile  at  a:  =  51mm 


CONCLUSION  AND  DISCUSSION 

This  study  shows  that  nonlinear  cubic  Reynolds 
stress-strain  models  with  modeled  k-e  equations  have 
the  potential  to  simulate  turbulent  swirling  flows  en¬ 
countered  in  aircraft  engine  combustors.  The  model 
proposed  in  this  paper  appears  simple  and  numerically 
robust  in  CFD  applications  which  the  engine  industry 
is  particularly  interested  in.  However,  further  evalu¬ 
ations  against  other  flows  Bxe  needed  in  order  to  find 
the  flow  range  of  modePs  validity  and  possible  further 
improvements. 

The  cubic  Reynolds  stress  model  can  be  combined 
with  existing  k-s  model  equations,  yet  the  best  com¬ 
bination  needs  further  studies  and  evaluations. 

The  proposed  cubic  model  appears  the  simplest 
among  other  cubic  or  higher  order  models;  however 
it  still  needs  about  15%  more  CPU  time  them  a  linear 
k-e  eddy  viscosity  model  does  for  a  general  2D  axisym- 
metric  swirling  flow.  We  expect  that  if  a  higher  order 
model  (e.g.,  fourth  or  fifth)  is  used,  then  the  CPU 
time  for  calculating  Reynolds  stresses  will  siginicantly 
increase  and  the  model  may  become  impratical  for  a 
general  3D  swirling  flow. 
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ABSTRACT 

The  effects  of  rotation  on  strained  homogeneous  tur¬ 
bulence  are  analysed  on  the  basis  of  nonlinecir  spectrail 
calculations  using  a  refined  EDQNM  closure  model,  and 
by  direct  numerical  simulation  (DNS).  The  results  glob¬ 
ally  confirm  the  tendencies  observed  in  laboratory  exper¬ 
iments:  Rotation  significantly  inhibits  the  strain-induced 
anisotropization  of  the  Reynolds-stress  tensor,  as  a  conse¬ 
quence  of  an  enhanced  level  of  the  rapid  pressure-strain 
correlations,  and  increases  the  anisotropy  of  the  integral 
lengthscales  relative  to  the  rotation  axis.  Satisfactory 
agreement  is  achieved  between  EDQNM  and  DNS  results. 
The  DNS  calculations  reveal  the  existence  of  stream  wise 
vortical  structures  of  high  intensity,  as  a  consequence  of 
the  stretching  of  the  flow  by  axisymmetric  strain. 

INTRODUCTION 

Various  types  of  rotation-strain  coupling  have  been  in¬ 
vestigated  in  recent  years  at  ONERA,  in  the  framework  of 
basic  research  on  rotation  effects  in  homogeneous  turbu¬ 
lence.  Plane  and  axisymmetric  configurations  have  been 
analysed,  both  experimentally  and  numerically.  The  nu¬ 
merical  approach  has  mciinly  focussed  on  nonlinear  spec¬ 
tral  calculations  based  on  the  EDQNM  closure  approach 
developed  in  cooperation  with  the  ECL.  This  rather  fun¬ 
damental  resecirch  activity  wcis  primarily  motivated  by  the 
need  for  more  refined  single-point  closure  models  able  to 
predict  rotation  effects  correctly.  Actually,  most  of  the 
Reynolds  stress  models  available  in  the  literature  are  not 
sensitive  to  rotation  in  axisymmetric  flows. 

Rotation  acts  on  strciined  axisymmetric  turbulence  pri¬ 
marily  through  linear  mechanisms.  In  homogeneous  flow, 
it  is  essentially  the  strong  action  of  rotation  on  the  rapid 
pressure  terms  which  causes  the  turbulence  structure  to 
be  modified.  The  closure  of  the  rapid  pressure-strain  cor¬ 
relation  therefore  still  remains  one  of  the  main  tasks  in 
one-point  turbulence  modelling. 

Rapid  distortion  theory  (RDT)  is  an  appropriate  back¬ 
ground  for  analysing  and  understanding  the  linear  rotation 
effects,  since  it  provides  exact  numerical  solutions  for  the 


pressure-strain  correlations  in  the  rapid  limit.  RDT  cal¬ 
culations  show  that  it  is  the  large  enhancement  that  rota¬ 
tion  produces  on  the  rotational  part  of  the  rapid  pressure- 
strain  correlation  that  is  responsible  for  the  reduction  of 
anisotropy  observed  in  the  experiments.  RDT  also  elu¬ 
cidates  the  mechanism  by  which  rotation  enhances  the 
strain-induced  anisotropy  of  the  integrcil  lengthscales  rela¬ 
tive  to  the  axial  direction. 

Nonlinear  spectral  calculations  based  on  the  standard 
(EDQNM-1)  closure  model  qualitatively  confirm  these  ten¬ 
dencies,  except  that  the  anisotropy  level  is  significantly  re¬ 
duced  due  to  the  nonlinear  damping  effects.  The  purpose 
of  the  present  work  is  to  provide  more  refined  nonlinear 
spectral  predictions  of  axisymmetric  rotation-strain  cou¬ 
pling  with  a  more  elaborate  two-point  closure  model  (the 
EDQNM-2  model),  and  to  compare  the  results  with  Direct 
Numerical  Simulations  (DNS). 


FLOW  CHARACTERISTCS 


Homogeneous  turbulence  in  solid-body  rotation  is  sub¬ 
ject  to  axisymmetric  contraction  with  a  constant  strain 


rate  D,  The  mean  flow  is 
velocity- gradient  tensor: 


described  by  the  following 


0  0  \ 

-D/2  -n  ,  (1) 

Q  -D/2  ) 


where  Q,  is  the  (time-dependent)  rotation  rate,  which  varies 
during  the  straining  process  {t  >  0)  according  to  = 
fio  is  the  initial  rate  of  solid-body  rotation  be¬ 
fore  the  strain  is  applied. 

The  flow  has  been  investigated  experimentally  in  a  facil¬ 
ity  developed  at  ONERA  for  the  purpose  of  basic  research 
on  rotating  turbulence.  The  initial  solid-body  rotation  of 
rate  Qo  is  generated  by  a  rotating  honeycomb,  coupled  with 
a  grid  turbulence  generator,  and  the  strain  is  superimposed 
in  a  subsequent  contracting  duct  of  appropriate  shape  (see 
ref.[l]  for  details).  Ducts  of  different  lengths,  but  with  the 
same  contraction  ratio  (C  =  4)  allow  the  strain  rate  D 
to  be  varied  for  a  given  axial  velocity.  The  rotation  rate 
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Figure  1:  Experiment:  Axisym metric  anisotropy 


Ccin  be  varied  continuously  between  0  and  a  maximum  of 
2;r  rad/s.  The  distortion  described  by  eq.(l)  is  suitably 
reproduced  in  the  experiments  near  the  flow  axis.  For  the 
nominal  conditions,  the  Taylor  microscale  Reynolds  num¬ 
ber  {Rex  =  is  of  the  order  of  40,  and  the 

flow  is  characterized  by  the  parameters  cjo  =  ^o/D  and 
To  =  2eo  jDql.  The  latter  represents  the  ratio  between  the 
characteristic  linear  time  {ti  =  l/D)  and  the  characteristic 
nonlinear  time  (eddy  turnover  time  tjvrz,  =  go/2eo),  where 
ql  /2  is  the  kinetic  energy  at  t  =  0  and  eo  the  correspond¬ 
ing  dissipation  rate.  Typical  values  for  both  parameters 
are  wo  =  0,  1  or  2,  and  tq  =  0.5,  1  or  2. 


The  measurements  showed  that  the  strain-induced  in¬ 
crease  of  the  rotation  strongly  affects  the  structure  of  the 
turbulence.  As  shown  in  Figure  1,  the  variation  of  the  (nor- 

malized)  axisymmetric  anisotropy  {Ajc^  = 

during  the  straining  process  is  significantly  reduced  in 

the  presence  of  rotation  (here  wo  =  2),  compared  to  the 


non-rotating  reference  case  of  pure  axisymmetric  strain 
(wo  =  0).  Rotation  simultcineously  increases  the  corre¬ 
sponding  pressure- strain  correlation  and  the  aunisotropy  of 
the  axial  lengthscales  (not  shown). 

These  tendencies  are  confirmed  by  (spectral)  Rapid  Dis¬ 
tortion  Theory  (RDT)  and  its  nonlinear  extension  based 
on  the  EDQNM-1  closure,  while  (single-point)  second  or¬ 
der  closure  models  do  not  predict  this  behavior  correctly, 
£is  they  are  strictly  insensitive  to  rotation  in  axisymmet¬ 
ric  flow.  Figure  2  shows,  for  sample  RDT  results,  the 
anisotropy  A  and  the  corresponding  rapid  pressure-strain 
correlation  11^  normalized  by  Dq^ .  The  initial  conditions 
are  isotropic,  unlike  the  experiments.  The  huge  amplifi¬ 
cation  of  the  linear  pressure  terms  and  the  concomitant 
reduction  of  the  anisotropy  appear  clectrly  to  be  the  most 
relevcint  linear  rotation  effects. 

NUMERICAL  METHODS 
EDQNM-2  Model 

The  principle  of  the  EDQNM-2  model  has  been  outlined 
in  ref, [3]  for  the  general  case,  and  applied  to  the  particular 
case  of  solid-body  rotation  in  ref.  [4].  Recently,  an  extended 
version  of  the  model  has  been  developed  for  the  case  of 
rotation-  strain  coupling  as  defined  by  eq.(l),  see  ref. [5]. 

The  EDQNM-2  model  differs  from  the  standard 
(EDQNM-1)  model  by  the  fact  that  the  rotational  mean 
velocity  gradients  are  explicitly  taken  into  accoimt  in  the 
spectral  equations  for  the  third-order  moments.  The  start¬ 
ing  point  is  the  Craya  equation  for  the  second-order  spec¬ 
tral  tensor  defined  as  the  Fourier  transform  of  the 
two-point  velocity  correlation  tensor  in  physical  space: 

—  Xlmkl  ■  ^  +  Ajm^tm)  + 

ot 

+2Aim^(^t^mj  H“  kj^im)  —  ^ij  -f  Tij  (2) 

The  terms  on  the  right-hand  side  represent  the  produc¬ 
tion,  the  "rapid”  pressure- strain  correlation,  the  viscous 
term,  and  the  nonlinear  transfer  term,  respectively.  Only 
the  nonlinear  term  Tij  (which  also  contains  the  "slow” 
pressure-strain  correlation)  needs  to  be  closed.  Instead  of 
we  use  the  scalar  variables  e  and  Z  defined  by 

e  =  1$,,,  ^  (3) 

where  N  and  are  the  complex  eigenvectors  of  the  ro¬ 
tation  matrix  relative  to  the  wavevector  k,  see  ref. [3],  [4]. 

Equation  (2)  is  then  replaced  by  the  scalar  equations 

^  +  2uk'^e  +  D.L'  =  T‘, 

(4) 

^  +  D.L^  = 

The  scalar  e  represents  the  energy  density  and  Z  =  Zr-hiZi 
the  complex  deviator  in  plcines  normal  to  the  wavevector 
k.  The  quantities  L*  and  stand  for  the  linear  contri¬ 
butions  due  to  the  strain,  and  /i  is  the  cosine  of  the  angle 
between  the  rotation  vector  Q  and  the  wave  vector  k.  The 
time  derivatives  in  eq.(4)  are  to  be  considered  as  convective 
derivatives  along  the  spectral  trajectories  (in  accordance 
with  RDT  and  DNS  using  distorted  Fourier  modes). 

By  analogy  with  eq.(3),  the  nonlinear  terms  T'  and 
are  defined  by: 

T‘  =  ^Tii,  =  ^TijN-N;  (5) 

These  involve  triple  correlations,  which  can  be  written  in 
the  following  symbolic  form: 
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<  uuu  >  {t)  =  {g  -  g  ‘  g}it)  <  uuu  >  (to) 

+  /  {g  ■  g  ■  g}{t  -  t')  <  uuuu  >  (t')dt'  (6) 

Jto 

The  g’s  represent  the  Green  functions  relative  to  the  linear 
operator  in  the  spectrad  equations  for  the  velocity  fluctua¬ 
tions.  By  neglecting  the  direct  effect  of  strain  in  the  nonlin¬ 
ear  terms,  the  individual  Green  functions  can  be  expressed 
analytically  (see  ref. [4])  as: 

gi,{t  -  t')  =  Re[NiN/  ■  (7) 


Direct  Numerical  Simulation 

The  Direct  Numerical  Simulations  are  made  with  a 
pseudo-spectral  method  in  a  cubic  box  of  length  27r,  us¬ 
ing  distorted  Fourier  modes,  with  periodic  boundary  con¬ 
ditions  in  the  three  directions.  The  method  is  described  in 
detail  in  ref. [6],  The  simulations,  performed  with  a  resolu¬ 
tion  of  128^  mesh  points,  are  made  for  the  following  flow 
cases,  consistent  with  eq.(l): 

•  isotropic  decay, 

•  solid-body  rotation, 

•  pure  axisymmetric  strain, 

•  rotation  coupled  with  axisymmetric  strain. 


For  nonrotating  flows,  they  reduce  to  the  usual  (EDQNM- 
1)  form: 


With  the  classic  EDQNM  closure  assumptions,  eq.(6)  takes 
the  final  (symbolic)  form: 

<  uuu  >  (t)  =  X  >}(t)  X 

X  r  {g^-g*-g*}(t-t')dt'  (9) 

J  —  oo 

where  g*(t)  =  ^(t).e'’‘^*.  tj  stands  for  the  usual  eddy 
damping  term  of  the  basic  isotropic  EDQNM  model.  In 
equation  (9)  the  transient  term  (first  term  in  eq.(6))  is 
neglected,  and  the  initial  conditions  for  the  triple  correla¬ 
tions  are  taken  at  t  =  —  oo.  The  Markovian  assumption 
is  also  adopted.  The  effect  of  rotation  on  the  third-order 
moments  is  represented  by  the  triple  product  of  the  Green 
functions  in  the  integral  of  eq.(9),  giving  rise  to  rather  so¬ 
phisticated  expressions  for  the  characteristic  eddy  damp¬ 
ing  time,  compared  to  those  usually  considered  in  the  ba¬ 
sic  EDQNM  closure.  It  is  this  term  which  allows  initially 
isotropic  turbulence,  subjected  to  solid-body  rotation,  to 
develop  axisymmetric  anisotropy,  in  accordance  with  nu¬ 
merical  simulations,  whereas  the  initial  isotropy  would  be 
conserved  with  the  standard  EDQNM-1  model. 

Equation  (4)  is  solved  numerically  with  an  implicit  solver 
for  the  linear  terms  and  an  explicit  treatment  for  the 
nonlinear  terms.  The  latter  requires  remeshing  at  every 
(nonlinear)  time  step  for  flow  cases  involving  axisymmet¬ 
ric  strain.  The  calcudations  start  at  t  =  0  from  isotropic 
initial  conditions  corresponding  to  a  specified  energy  spec¬ 
trum  Eo(k),  The  initial  conditions  for  e  md  Z  are  then 
eo  =  Eo(k)lA7:k'^  and  Zo  =  0.  For  comparison  with  ex¬ 
periments,  the  initial  energy  spectrum  is  adjusted  in  such 
a  way  that  the  corresponding  values  of  the  initial  en¬ 
ergy  (go  12  =  j  Eo{k)dk)  and  the  initial  dissipation  rate 
(to  =  2uf  k^Eo(k)dk)  coincide  with  the  experimental  val¬ 
ues. 

The  calculations  start  with  given  values  of  the  strain 
rate  D  and  the  initial  rotation  rate  Qo,  expressed  through 
the  ratio  a;o  =  Qo/D.  The  maximum  value  of  t  is  tmaz  = 
Zn(C)/D,  where  C  is  the  total  contraction  of  the  flow.  As  in 
the  experiments,  C  is  fixed  at  a  value  of  4,  yielding  for  the 
non-dimensional  time  Dt  a  maximum  vcdue  of  Dtmax  = 
ln{A)  1.39.  The  physical-space  statistics  are  deduced 
from  the  solution  of  eq.(4)  by  simple  integration  in  Fourier 
space. 


The  velocity  field  is  initialized  in  a  preliminary  calcula¬ 
tion  of  isotropic  decay  starting  (at  t  =  —0.5)  from  rcindom- 
phase  Fourier  modes  with  a  specified  energy  spectrum  of 
the  form: 


E{k)~{^)  exp 


~[(A)  -1] 

Z  Km 


(10) 


The  proportionality  factor  is  such  that  the  total  energy  is 
1.  The  adjustable  constant  n  lies  typically  between  2  and 
4,  and  km  is  the  wave  number  for  which  E(k)  is  maximum. 
The  values  retained  in  the  present  calculations  are  n  =  2 
and  km  =  8.  Figure  3  shows  the  initial  energy  spectrum  (at 
t  =  —0.5,  solid  line)  according  to  eq.(lO),  together  with  the 
final  spectrum  obtained  at  the  end  of  the  relaxation  period 
(t  =  0,  symbols). 


The  relaxation  to  turbiilence  is  characterized  by  the  vari¬ 
ation  of  the  velocity-gradient  skewness  factor 

[(aUl/aXl)2]3/2  ^  ^ 

considered  to  be  representative  for  the  building-up  of  the 
third-order  correlations  which  generate  the  spectral  energy 
transfer.  Once  the  skewness  factor  reaches  its  asymptotic 
level,  the  rotation  (and/or  strain)  is  imposed  (at  t  =  0). 
The  energy  has  by  then  dropped  from  1  to  0.58,  and  the 
microscale  Reynolds  number  Rex  from  51  to  26.  The  vcdue 
of  kmaxT]  during  the  whole  relaxation  period  remains  close 
to  1,  which  can  be  considered  an  adequate  limit  concerning 
space  resolution.  At  the  end  of  the  relaxation  process,  the 
following  values  for  the  various  lengthscales  are  obtained 
(computational  units): 

•  integreJ  lengthscale  L/  =  0.324 

•  dissipation  lengthscale  Lc  =  (9^/3)^  =  0.287 

•  Taylor  microscale  A  =  (Si/q^ / e)^ =  0.166 
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•  Kolmogorov  scale  77  =  {u^ /cY^^  =  0.014, 

showing  in  particular  that  the  largest  scales  are  adequately 
small  (as  required),  compared  to  the  dimensions  of  the 
computational  box. 

The  calculations  are  performed  (as  for  the  EDQNM  cal¬ 
culations)  between  t  =  0  and  tmax  =  ln{C)/D.  Two  val¬ 
ues  of  the  ratio  u;o  =  Qo/D  are  considered  for  the  case 
of  rotation-strain  coupling:  1  and  2.  The  ratio  tq  be¬ 
tween  the  characteristic  linear  and  nonlinear  times  at  t=0 
(to  =  2to/Dql)  takes  the  values  0.523  and  1.046,  which 
could  also  be  achieved  in  the  experiments  (see  above).  Ac¬ 
cordingly,  the  ratio  between  the  total  flow  time  (tmax)  snd 
the  initial  eddy  turnover  time  (t*  =  2eo/go)  takes  the  val¬ 
ues  0.725  and  1.45,  respectively.  For  the  lower  value,  the 
linear  mechanisms  are  more  significant.  The  initial  Rossby 
number  at  t  =  0  (/?oo  =  2eo/fio<7o  ^  ro/o^o)  then  vanes 
between  0.25  and  1. 

In  view  of  comparing  DNS  with  EDQNM-2  calculations, 
the  latter  start  with  the  same  energy  spectrum  Eoik)  as  in 
the  DNS  (Figure  3),  and  with  isotropic  initial  conditions 
corresponding  to  €o{k)  =  Eo{k)/4.7rk^  and  Zo{k)  =  0. 

The  physical-space  statistics  are  calculated  at  selected 
time  steps  by  space  averaging  over  the  computational  vol¬ 
ume. 

Since  the  level  of  the  initial  Reynolds  number  at  t  =  0 
can  be  easily  reproduced  in  the  experiments,  comparisons 
between  experimental  and  numerical  results  are  in  prin¬ 
ciple  feasible.  It  must,  however,  be  noted  that  rotation 
is  suddenly  imposed  at  t  =  0  in  the  ceJculations  (together 
with  the  strain),  whereas  in  the  experiments  the  turbulence 
develops  during  the  initial  period  {t  <  0)  in  the  presence  of 
solid-body  rotation.  This  results  in  different  initial  states 
in  the  experiments,  depending  on  the  value  of  a;o-  Direct 
comparisons  between  numerical  and  experimental  res\alts 
are  therefore  to  be  considered  with  care. 

RESULTS  AND  DISCUSSION 
EDQNM-2  Results 

The  EDQNM-2  results  are  relative  to  nominal  conditions 
of  the  experiments  (Re a  ^  40,  To  2),  except  that  the  cal¬ 
culations  start  from  isotropic  conditions.  Like  in  the  exper¬ 
iments,  the  turbulent  energy  decay  is  found  to  be  slightly 
reduced  in  the  presence  of  rotation  (wo  =  2),  compared 
to  the  non-rotating  reference  case  of  pure  strain,  obviously 
due  to  nonlinear  effects. 

Figure  4  shows  the  (normalized)  anisotropy  A/g^  = 
-  "J^)  fg^  and  the  corresponding  linear  pressure-strain 
correlation  11^  normalized  by  Dq^ .  The  results  are  plotted 
against  the  non-dimensional  time  Dt  (as  in  Figs.  1  and 
2)  for  Wo  =  0  and  wo  =  2.  They  show  that  the  level  of 
the  rapid  pressure-strain  correlation  is  strongly  amplified 
by  the  rotation,  similarly  to  what  Figure  2  shows  for  RDT 
(where  tq  =  0).  It  can  be  seen  that  the  strong  amplification 
of  remains  the  dominant  featxire  of  rotation  effects  for 
this  type  of  flow,  irrespective  of  the  value  of  tq  .  The  corre¬ 
sponding  reduction  of  the  (negative)  anisotropy  is  similar 
to  that  shown  in  Figure  2  for  RDT,  but  both  the  amoimt 
of  anisotropy  produced  by  pure  strain  cind  the  variation 
due  to  the  rotation  are  significantly  reduced  here,  due  to 
the  nonlinear  damping  effects. 

Figure  4  shows  in  addition  the  results  obtained  with 
the  standard  EDQNM-1  model  (solid  lines).  These  clearly 
show  that  the  neglect  of  rotation  effects  in  the  EDQNM 
eddy  relaxation  term  leads  to  rather  unrealistic  predictions, 
especially  concerning  the  continuous  growth  of  the  rapid 
pressure-strmn  correlation. 

The  EDQNM-2  results  also  reveal  strong  rotation  effects 
on  the  anisotropy  of  the  integral  lengthscales  Lu  and  Lv 


relative  to  the  axial  direction  (see  the  following  section  for 
more  details). 


Comparison  between  EDQNM-2  and  DNS 

EDQNM  and  DNS  results  are  first  compared  for  the  ba¬ 
sic  reference  case  of  isotropic  decay  (Figure  5).  Here  (and 
in  the  following  figures)  DNS  results  are  represented  by 
symbols,  and  EDQNM-2  results  by  solid  lines. 


Figure  5:  Comparison  between  EDQNM-2  and  DNS: 
Isotropic  decay 


The  turbulent  kinetic  energy  g^ /2  and  the  dissipation 
rate  e,  normalized  by  their  respective  initial  values  (go/-  = 
0.582  and  co  =  0.844),  are  plotted  against  the  non- 
dimensionaJ  time  t/t*,  where  t*  is  the  eddy  turnover  time 
at  t  =  0  (here  t*  =  0.689)  The  value  t/t*  =  1.4  corresponds 
to  TO  1.  The  agreement  between  the  two  calculations  is 
seen  to  be  satisfactory.  It  should  be  noted  that,  for  this 
basic  reference  case,  no  mesh  deformation  is  required,  and 


31-10 


that  the  EDQNM  closure  reduces  to  the  basic  EDQNM-1 
version. 

In  the  following,  the  comparisons  between  EDQNM-2 
and  DNS  are  made  for  tq  =  0.52,  opposing  the  case  of 
rotation-strain  coupling  (cjq  =  2)  to  the  reference  case  of 
pure  strain  (a;o  =  0).  In  computational  units,  the  strain 
and  rotation  rates  are  then  D  =  2.773  and  Qo  =  5.545.  (In 
the  following  figures,  the  initial  rotation  rate  Qo  is  repre¬ 
sented  by  R) 


Figure  6:  Comparison  between  EDQNM-2  and  DNS: 
Normal  stresses  and 


Figure  6  shows  the  variations  of  the  normal  stresses 
and  and  Figure  7  that  of  the  kinetic  energy,  normal¬ 
ized  by  their  respective  initial  values  at  t=0.  In_the  case 
of  pure  strain,  is  seen  to  be  decreased  and  to  be 
increased,  as  a  consequence  of  the  opposite  signs  of  the 
corresponding  production  terms.  This  leads  to  increasing 
negative  anisotropy  A  =  whereas  the  turbulent 

energy  varies  o^y  moderately.  _When  rotation  is  added 
to  the  strain,  increases  and  decreases  with  respect 
to  the  pure-strain  situation,  with  the  consequence  of  in¬ 
hibiting  the  strain-induced  growth  of  negative  anisotropy 
(as  evidenced  in  Figs.  2,  4  and  8),  and  accentuating  the 
energy  decay.  Figures  6  and  7  show  satisfactory  agree¬ 
ment  between  EDQNM-2  and  DNS  results,  especially  for 
the  variation  of  the  transverse  component 


Figure  7:  Comparison  between  EDQNM-2  and  DNS: 
Kinetic  energy 


The  variations  of  the  anisotropy  and  the  correspond¬ 
ing  rapid  pressure-strain  correlations  are  shown  in  Figure 
8.  The  strain-induced  anisotropization  in  the  pure-strain 
case,  as  well  as  the  rotation-induced  variation  in  the  case 
of  rotation-strain  coupling  are  seen  to  be  noticeably  larger 
thcin  those  shown  in  Figure  4,  due  to  the  lower  level  of  the 


Reynolds  number  and  to  the  lower  value  of  tq,  which  re¬ 
inforces  the  linear  effects  (to  compare  also  with  Fig.  2). 


Figure  8:  Comparison  between  EDQNM-2  and  DNS: 
Anisotropy  (upper  figure) 

Pressure-strain  correlation  (lower  figure) 


From  Figure  6  through  8,  it  can  be  seen  that  the  DNS  re¬ 
sults  reproduce  the  EDQNM-2  predictions  reasonably  well, 
except  for  the  pressure-strain  correlations  in  the  last  pe¬ 
riod  of  the  straining  process,  where  the  differences  become 
more  significant.  This  could  be  a  consequence  of  some  non- 
axisymmetric  anisotropy  developing  in  the  DNS,  but  also 
due  to  the  strong  stretching  effect  of  axisymmetric  strain. 

Figure  9  illustrates  the  effects  of  rotation  on  the  equa¬ 
torial  energies  Eu  and  Ev  and  the  corresponding  integral 
lengthscales  Lu  and  Lv ,  normcdized  by  their  respective  ini¬ 
tial  values.  These  qucintities  are  deduced  from  the  integrals 
of  ^11  and  ^22  (or  $33)  over  the  equatorial  plane  ki  =  0, 
respectively: 


=  %  =  4  /  f  ^ndhdkz, 
J  Aj=o 

U  =  =  L  f  I  ^zzdhdkz  . 


(12) 


Axisymmetric  strain  without  rotation  produces  (essen- 
ticiUy  through  linear  mechanisms)  a  sharp  increase  of  Ev, 
with  a  simultaneous  decrease  of  Eu,  so  that  the  ratio 
Ev/Eu,  starting  from  the  isotropic  value  0.5,  becomes 
much  larger  them  1  at  the  end  of  the  straining  process. 
In  the  presence  of  rotation,  this  tendency  is  further  accen¬ 
tuated,  essentially  through  nonlinear  effects  on  Ev  It  is 
interesting  to  note  that  within  the  EDQNM-1  approxima¬ 
tion  rotation  would  have  no  effect  on  Ev  - 
Similar  trends  are  observed  for  the  lengthscales,  accord¬ 
ing  to  eq.(12).  Figure  9  shows  in  effect  that  there  is  a 
strong  increase  in  Lv  in  the  case  of  axisymmetric  strain 
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and  rotation-strain  coupling,  whereas  Lu  is  much  less  af¬ 
fected  and  remains  approximately  at  its  initial  value.  It  is 
to  note  that  the  increasing  effect  of  rotation  on  Lv  cumu¬ 
lates  the  direct  effect  on  Ev  with  the  effect  of  decreasing 


Figure  10  shows  DNS  plots  of  axial  vorticity  Wx  in  the  y,  2 
plane  normal  to  the  rotation  axis,  for  the  case  of  rotation- 
strain  coupling  with  uo  =  2.  Solid  lines  are  for  positive 
and  dashed  lines  for  negative  vorticity.  The  distance  be¬ 
tween  two  successive  iso-lines  corresponds  to  0.4  times  the 
rms  value  [c^)  of  The  level  of  cr^  is  3.6  times  higher 
in  Figure  10  than  for  the  case  of  pure  rotation.  As  can 
be  seen  from  Figure  10,  the  combined  action  of  strain  and 
rotation  generates  isolated  vortical  structures  of  high  inten¬ 
sity,  in  contrast  to  the  pure  rotation  case  where  the  vortical 
structures  are  much  less  ordered  and  appear  more  chaotic. 
Figure  10  thus  confirms  the  trend  towards  two-dimensional 
flow,  suggested  by  the  particular  behavior  of  the  equatorial 
energies  and  the  lengthscales  shown  in  Figure.  9. 

CONCLUSION 

The  combined  effects  of  rotation  and  strciin  on  axisym- 
metric  homogeneous  turbulence  are  analysed  in  the  frame¬ 
work  of  a  nonlinear  spectral  approach  based  on  a  refined 
EDQNM  closure  model.  The  new  model  tcikes  rotational 
mean  velocity  gradients  into  accoxmt  in  the  spectral  equa¬ 
tions  for  the  third-order  moments.  The  results  show  sub¬ 
stantial  improvements  in  the  prediction  of  the  rapid  pres¬ 
sure  term,  which  is  one  of  the  crucial  problems  in  the  field 
of  turbulence  modeling  based  on  single-point  closure.  The 
inhibition,  by  rotation,  of  the  strain-induced  amsotropiza- 
tion  of  the  Reynolds  stresses  is  well  predicted  by  the  model. 
Future  effort  in  this  field  should  be  devoted  to  generaliz¬ 
ing  the  EDQNM-2  model  for  inclusion  of  the  irrotational 
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Figure  10:  DNS:  Iso-vortlcity  plots,  wo  =  2 

velocity  gradients  in  the  equation  for  the  third-order  mo¬ 
ments. 

The  EDQNM  results  compare  favorably  with  DNS  cal¬ 
culations,  which  confirm  the  most  relevant  rotation  effects 
predicted  within  the  refined  two-point  closure  approach. 
In  parti ciilar,  the  tendency  to  two-dimensionality  as  evi¬ 
denced  by  the  behavior  of  the  integral  lenthscales  is  sup¬ 
ported  by  vorticity  plots  of  the  DNS  results. 

Both  predictive  methods  appear  to  be  useful  tools  for 
analysing  eind  enlightening  the  linear  and  nonlinear  mech¬ 
anisms  by  which  rotation  acts  on  the  turbulence.  They  are 
thus  valuable  guides  for  finding  new  modelling  concepts 
in  physical  space  for  turbulent  flows  subjected  to  strong 
rotation  effects.  In  spite  of  its  intrinsic  limitation  to  low 
Reynolds  number  flows,  DNS  appears  as  a  useful  comple¬ 
mentary  tool  for  assessing  modelling  concepts  for  refined 
two-point  closure  approaches  of  the  EDQNM-2  type. 
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ABSTRACT 

In  an  earlier  study  (Tummers,  1995)  experimental  data 
were  presented  for  the  turbulent  near  wake  of  a  flat  plate 
subjected  to  an  adverse  pressure  gradient.  This  paper 
presents  new  data  on  the  simultaneous  effects  of  cur¬ 
vature  and  adverse  pressure  gradient.  The  results  are 
compared  with  new  data  for  the  wake  under  zero  pres¬ 
sure  gradient.  The  measurements  were  performed  with 
a  three-component  laser-Doppler  velociraeter,  and  include 
the  mean  velocity,  Reynolds  stresses  and  triple  velocity  cor¬ 
relations.  Temporal  correlation  functions  of  the  streamwise 
velocity  component  were  measured  to  determine  the  dissi¬ 
pation  length  scales.  These  data  can  be  used  as  a  testcase 
for  turbulence  models. 

INTRODUCTION 

The  research  of  turbulent  wakes  is  motivated  by  indus¬ 
trial  needs  for  a  better  description  of  the  flow  around  air¬ 
foils  in  high-lift  conditions.  In  that  situation  the  strong 
wake  behind  the  wing  interacts  with  the  flow  over  the  flaps. 
The  prediction  of  these  flows  by  turbulence  models  is  com¬ 
plicated  by  the  combined  effects  of  pressure  gradient  and 
curvature.  The  development  of  turbulence  models  requires 
reliable  experimental  data  for  the  mean  velocities  and  tur¬ 
bulence  statistics  obtained  in  basic  configurations. 

It  is  known  that  an  adverse  pressure  gradient  results  in 
a  larger  spreading  rate  of  the  wake  and  in  larger  Reynolds 
stresses.  Curvature  affects  the  flow  through  the  combina¬ 
tion  of  the  direction  of  the  curvature  and  the  mean- velocity 
gradient.  When  the  mean  velocity  increases  with  increas¬ 
ing  distance  from  the  centre  of  the  local  curvature  radius 
the  flow  is  stabilized,  which  will  result  in  a  decrease  of  the 
spreading  of  the  wake  and  a  lower  production  of  turbulent 
kinetic  energy  compared  to  the  part  of  the  wake  where  the 
velocity  decreases  with  increasing  distance  from  the  centre 
of  the  curvature. 

Experimental  studies  for  the  effects  of  curvature  on  tur¬ 
bulent  wakes  are  reported  by,  for  example,  Hah  Sz  Lak- 
shminarayana  (1982),  Nakayama  (1987)  and  Weygandt  iz 
Mehta  (1995).  Measurements  were  taken  in  the  wakes  of 
various  bodies  in  different  experimental  set-ups  using  hot¬ 
wire  probes.  All  these  studies  confirm  that  even  a  mild 


Figure  1:  The  flow  configuration. 


curvature  has  a  significant  effect  on  the  mean  velocities  and 
the  turbulence  statistics  in  the  wake.  Since  the  develop¬ 
ment  of  advanced  turbulence  models  requires  accurate  ex¬ 
perimental  data  to  verify  their  performance,  it  was  decided 
to  use  an  LDA  system,  which  is  a  non-intrusive  method, 
for  the  acquisition  of  a  reliable  data-set  on  the  effects  of 
curvature  and  pressure  gradient  on  the  turbulent  wake  of 
a  fiat  plate.  The  main  objective  of  the  present  study  is 
to  obtain  accurate  initial  conditions  that  are  required  for 
numerical  methods.  These  data  will  be  used  to  investigate 
the  performance  of  advanced  turbulence  models  in  wakes 
that  are  subjected  to  curvature  and  pressure  gradients. 

EXPERIMENTAL  SET-UP 

Test  configuration 

The  measurements  were  performed  in  the  turbulent  wake 
of  a  flat  plate,  which  has  a  600  mm  chord  and  a  thickness 
of  18  mm.  The  plate  has  an  elliptic  nose  and  the  last  110 
mm  is  tapered  to  form  a  sharp  trailing  edge  of  0.2  mm. 
The  boundary  layers  on  both  sides  of  the  plate  were  tripped 
with  wires  at  6%  chord  from  the  leading  edge.  The  plate 
was  positioned  at  zero  angle  of  attack  in  the  test  section 
of  an  open-return-type  wind  tunnel,  as  shown  in  Figure  1. 
The  test  section  was  followed  by  a  channel  with  adjustable 
side  walls.  A  reference  pressure  pre/,  defined  as  the  dif- 
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Figure  2:  The  experimental  set-up. 


Figure  3:  The  static  pressure  distribution. 


ference  between  the  static  pressure  in  the  settling  chamber 
and  in  the  test  section,  together  with  the  air  density  and 
the  contraction  ratio  of  the  wind  tunnel,  were  used  to  de¬ 
termine  a  reference  velocity  Uref-  All  measured  data  were 
made  dimensionless  using  this  velocity.  The  wind  tunnel 
was  operated  at  a  velocity  of  approximately  10  m/s,  cor¬ 
responding  to  a  chord-Reynolds  number  of  4  x  10^. 

The  experiments  were  performed  in  two  different  con¬ 
figurations.  First,  a  zero  pressure-gradient  wake  is  inves¬ 
tigated.  Cross-stream  traverses  axe  performed  at  twelve 
downstream  stations  ranging  from  x  =  0  mm  to  x  =  420 
mm.  At  these  stations  mean  velocities  and  turbulence 
statistics  are  measured.  Furthermore,  a  centreline  traverse 
is  performed  in  this  configuration.  Secondly,  a  lateral  and 
an  adverse  pressure  gradient  are  introduced  by  adjusting 
one  of  the  side  walls.  This  results  in  a  wake  that  initially 
curves  towards  the  diverging  wall.  In  this  configuration  ten 
cross-stream  traverses  are  performed  between  x  =  0  mm 
and  X  =  420  mm. 


Instrumentation 

The  flow  field  was  measured  using  a  three-component, 
dual-beam  LDA  system,  which  is  shown  in  Figure  2.  The 
green  and  the  blue  colours  of  a  5  Watt  Argon-ion  laser  were 
used  to  measure  the  streamwise  and  the  lateral  compo¬ 
nents  of  the  velocity  vector  simultaneously,  while  the  third 
velocity  component  was  measured  independently  using  the 
violet  colour  of  the  laser.  To  detect  possible  instantaneous 
flow  reversal,  one  beam  of  each  colour  was  led  through  a 
Bragg  cell  causing  a  40  MHz  frequency  shift.  To  increase 
the  spatial  resolution,  the  receiving  directions  were  set  al¬ 
most  perpendicular  to  the  transmitting  optical  axes.  Small 
pinholes  placed  in  front  of  the  photomultipliers  reduced  the 
effective  length  of  the  measurement  volumes  to  0.2  mm. 
The  width  of  the  measurement  volumes  was  0.12  mm.  The 
output  signals  of  the  photomultipliers  were  electronically 
down-mixed  and  then  processed  by  Burst  Spectrum  Ana¬ 
lyzers.  In  addition  the  pressure  field  in  the  test  section  was 
measured  with  a  static  pressure  probe. 

EXPERIMENTAL  RESULTS 

Pressure  distribution 

Pressure  measurements  were  performed  in  the  undis¬ 
turbed  flow  outside  the  wake.  The  static  pressure  coeffi¬ 
cients  Cp,  which  is  defined  with  respect  to  prej  and 
are  given  in  Figure  3.  It  can  be  seen  that  the  static  pres¬ 
sure  remains  constant  in  downstream  direction,  except  for 
a  short  region  near  the  trailing  edge  where  a  small  rise 
in  the  pressure  can  be  observed.  The  curved  wake  has 
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Figure  4:  The  mean  velocity  components  at  x  =  2.5  mm. 


a  clear  normal  pressure  gradient  over  the  initial  part  of 
the  wake.  This  pressure  gradient  balances  the  centrifugal 
forces  which  arise  due  to  the  curvature  of  the  mean  stream 
lines.  In  streamwise  direction  the  curved  wake  encounters 
an  almost  constant  adverse  pressure  gradient. 

Mean  flow  characteristics 

Zero  pressure-gradient  wake. 

Figure  4  shows  the  components  of  the  mean  velocity  vec¬ 
tor  at  X  =  2.0  mm.  Both  the  streamwise  and  the  lat¬ 
eral  velocity  component  are  seen  to  be  distributed  sym¬ 
metrically  around  the  x-axis.  At  all  measured  stations 
the  measured  spanwise  velocity  ranged  between  uJ/I/re/  = 
-0.004  ±  0.006,  which  indicates  that  the  flow  is  almost 
two-dimensional. 

Figure  5  shows  the  development  of  the  mean  streamwise 
velocity  in  downstream  direction.  The  boundary  layer  at 
the  trailing  edge  has  a  shape  factor  H  =  1.55,  which  is 
slightly  higher  than  the  value  H  =  1.4  that  is  normally 
found  for  a  turbulent  boundary  layer  in  a  zero  pressure 
gradient.  The  difference  is  caused  by  the  fact  that  the 
boundary  layer  is  subjected  to  a  mild  adverse  pressure  gra¬ 
dient  induced  by  the  tapered  part  of  the  plate.  However, 
the  static  pressure  remains  practically  constant  along  the 
edge  of  the  wake,  as  was  shown  in  Figure  3.  The  initial 
stations  behind  the  trailing  edge  of  the  plate  show  a  rapid 
destruction  of  the  inner  layers  of  the  wail-bounded  flow 
at  the  plate:  the  sharp  gradient  of  the  mean  velocity  can 
be  seen  to  develop  into  the  more  wake-like  profile  within 
approximately  20  mm  length  downstream. 

Figure  6  presents  the  development  of  the  displacement 
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Figure  5 :  The  mean  streamwise  velocity  in  the  zero  pressure- 
gr^ent  wake* 
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Figure  6:  The  displacement  thickness  and  the  momentum- 
loss  thickness. 


Although  the  static  pressure  along  the  edge  of  the  wake  is 
practically  constant,  the  momentum-loss  thickness  shows  a 
clear  change  in  downstream  direction.  The  momentum-loss 
thickness  decreases  from  9  =  4.4  mm  at  the  trailing  edge  to 
a  constant  value  of  ^  =  3.3  mm  far  downstream.  A  vary¬ 
ing  momentum-loss  thickness  in  a  zero  pressure-gradient 
w^ake  is  also  reported  by  Ramaprian  et  al.  (1982).  Their 
results  indicate  a  7%  decrease  in  the  momentum-loss  thick¬ 
ness  in  the  near  wake.  They  hypothesized  that  this  was  due 
to  the  separated  flow  behind  the  relatively  thick  (1  mm) 
trailing  edge.  Hayakawa  &  lida  (1992)  found  a  10%  vari¬ 
ation  in  the  momentum-loss  thickness  behind  the  trailing 
edge.  This  was  partly  explained  by  the  inspection  of  the 
momentum-integral  equation  which  was  extended  with  a 
term  for  the  mean  streamwise  velocity  fluctuations.  The 
variation  in  the  momentum-loss  thickness  was  coupled  to 
the  measured  variation  in  the  mean  streamwise  velocity 
fluctuations.  However,  this  does  not  explain  the  substan¬ 
tial  decrease  of  6  in  the  present  experiment.  Also  the  rel¬ 
atively  thin  trailing  edge  is  presumed  to  have  negligible 
effect  on  the  momentum-loss  thickness.  In  our  opinion  the 
change  of  0  in  the  near  -wake  is  caused  by  the  tapering 
of  the  trailing  edge  of  the  plate.  The  curvature  of  the 
stream  lines  that  leave  the  tapered  trailing  edge  into  the 
symmetrical  wake  corresponds  to  a  normal  pressure  gra¬ 
dient  within  the  wake  near  the  trailing  edge  of  the  plate. 
Prom  the  local  balance  between  centrifugal  forces  and  pres¬ 
sure  forces  it  can  be  concluded  that  the  normal  pressure 
increases  going  from  the  outer  edge  of  the  beginning  of  the 
wake  towards  the  trailing-edge  position.  A  local  stream- 
wise  favourable  pressure  gradient  is  therefore  introduced 
at  the  start  of  the  wake,  since  the  static  pressure  will  be¬ 
come  constant  throughout  the  wake  further  downstream. 
This  local  favourable  pressure  gradient  results  in  an  ad¬ 
ditional  acceleration  of  the  mean  flow  near  the  centreline 
and  a  decrease  of  the  momentum-loss  thickness.  As  a  con¬ 
sequence  it  is  not  possible  to  apply  the  thin  shear-layer 
approximation  to  the  present  flow,  since  this  would  result 
in  a  constant  momentum-loss  thickness  as  prescribed  by 
the  initial  conditions. 

Figure  7  shows  the  centreline  velocity  expressed  in  wall- 
coordinates,  defined  as 
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Figure  7:  The  development  of  the  centreline  velocity. 


The  friction  velocity,  Ur,  has  been  evaluated  from  the 
mean-velocity  profile  at  the  trailing  edge  using  a  Clauser 
chart.  Directly  downstream  of  the  trailing  edge  there  is  a 
0.4  mm  long  backflow  region,  caused  by  the  finite  thick¬ 
ness  of  the  plate.  Further  downstream  the  centreline  ve¬ 
locity  grows  logarithmically.  The  additional  acceleration 
of  the  flow  due  to  the  tapered  trailing  edge  causes  the  in¬ 
crease  of  the  centreline  velocity  in  comparison  to  the  an¬ 
alytical  solution  of  Alber  (1980)  for  the  development  of  a 
zero  pressure-gradient  wake  behind  a  fiat  plate.  The  figure 
also  shows  the  experimental  data  by  Chevray  k  Kovasznay 
(1969),  who  used  an  extremely  thin  plate  with  a  trailing 
edge  angle  of  less  than  0.07°,  compared  to  4.64°  in  the 
present  study. 

The  spreading  rate  is  one  of  the  main  parameters  in 
wakes.  In  a  zero  pressure-gradient  wake  the  velocity  scale, 
and  the  length  scale,  lo,  are  known  to  grow  with  stream- 
wise  distance  as  and  respectively.  These 

scales  are  usually  defined  as  the  defect  velocity  at  the  cen¬ 
treline  and  the  y-coordinate  at  which  the  velocity  defect 
reaches  half  its  value  at  the  centreline.  This  leads  to  a 
constant  spreading  rate  in  the  far  wake  where  the  velocity 
defect  is  small  compared  to  the  free-stream  velocity.  The 
spreading  rate  defined  as 


1  U'oo  d/o 

2  Uo  dx 


(4) 


is  plotted  in  Figure  8.  The  present  experiment  does  not 
extend  far  enough  downstream  to  reach  the  self- similar  far- 
wake  conditions.  Therefore,  no  asymptotic  value  for  the 
spreading  rate  can  be  deduced.  However,  the  spreading 
rate  at  the  last  measured  station  equals  S  =  0.092,  which 
is  roughly  in  agreement  with  the  value  5  =  0-087  that  is 
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Figure  8:  The  spreading  rate  for  the  zero  pressure-gradient 
wake. 
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Figure  9:  The  mean  streamwise  velocity  in  the  curved  wake. 

reported  by  Wygnanksi  (1986)  for  the  far  wake  of  a  fiat 
plate  with  a  tapered  trailing  edge. 

Curved  wake. 

The  components  of  the  mean  velocities  and  the  turbu¬ 
lence  quantities  depend  on  the  orientation  of  the  coordinate 
axes.  A  curvilinear  s  —  n  coordinate  system  is  chosen  in 
the  curved  flow.  Here,  s  is  defined  as  the  streamwise  dis¬ 
tance  from  the  trailing  edge  of  the  plate  on  the  line  that 
connects  the  maxima  in  the  velocity  defect  of  each  down¬ 
stream  station.  The  n-coordinate  is  measured  perpendic¬ 
ular  to  this  reference  line.  All  velocities  in  a  traverse  are 
rotated  to  this  direction.  Furthermore,  the  mean-velocity 
components  are  scaled  with  the  local  potential  fiow  veloc¬ 
ity,  rather  than  with  the  local  free-stream  velocity,  since 
in  a  curved  wake  the  free-stream  velocity  differs  on  both 
sides  of  the  wake.  The  potential  fiow  velocity  varies  ap¬ 
proximately  linear  across  the  wake: 


Here,  Up^  is  the  interpolated  value  of  the  potential  fiow 
at  the  centreline  of  the  wake.  Note  that  this  scaling  also 
implies  a  redefinition  of  the  displacement  thickness  and  the 
momentum-loss  thickness  for  the  curved  wake:  the  free- 
stream  velocity  Uoo  in  the  definition  of  eq.  (1)  and  eq.  (2) 
is  now  replaced  by  the  interpolated  potential  fiow  velocity 

'^pot  ■ 

The  local  radius  of  curvature,  R{x),  is  determined  from 
the  balance  between  the  centrifugal  and  the  pressure  forces 
acting  on  the  wake: 

^  ^  (6) 
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Figure  10:  The  curv-ature  parameter. 
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Figure  11:  The  development  of  the  half  width  of  the  wake. 


This  formulation  is  in  agreement  with  the  conservation  of 
y-momentum  as  described  by  the  Navier-Stokes  equations 
under  the  thin  shear-layer  approximation.  Figure  10  shows 
the  curvature  parameter  which  is  defined  as  the  ratio  be¬ 
tween  the  average  half  width  of  the  wake  and  the  local  ra¬ 
dius  of  curvature;  lo/R{x).  Negative  values  indicate  that 
the  wake  curves  towards  the  diverging  test-section  wall.  At 
X  =  200  mm  am  inflection  point  occurs  when  the  curvature 
parameter  changes  sign.  Prom  here  on  the  side  of  the  wake 
facing  the  parallel  test-section  -wall  is  destabilized  by  the 
curvature,  whereas  the  side  of  the  wake  facing  the  diverg¬ 
ing  test-section  wall  is  stabilized.  The  maximum  absolute 
value  of  the  curvature  parameter  equals  0.0035  and  occurs 
near  the  trailing  edge  of  the  plate.  This  value  is  quite  small 
compared  to  other  studies,  where  maximum  values  in  the 
range  0.014  <  Iq/R{x)  <  0.056  are  reported. 

The  development  of  the  mean  streamwise  velocity  com¬ 
ponent  for  the  curved  wake  is  shown  in  Figure  9.  Note  that 
the  y-coordinate  is  plotted  on  the  vertical  axis  instead  of 
the  s-coordinate.  This  was  done  to  show  the  transverse 
shift  of  the  wake  towzirds  the  diverging  test-section  wall. 
The  velocity  profiles  are  asymmetrical  at  the  trailing  edge. 
This  is  caused  by  the  adverse  pressure  gradient  which  is  in¬ 
duced  in  the  boundary  layer  at  only  one  side  of  the  plate, 
namely  the  one  facing  the  diverging  wall.  .4s  shown  in 
Figure  1  the  divergence  of  this  wall  starts  at  an  upstream 
position  of  the  trailing  edge  of  the  plate.  As  a  result  the 
half  width  of  the  wake  is  larger  at  the  side  of  the  wake  fac¬ 
ing  the  diverging  wall.  Further  downstream  an  increased 
spreading  of  the  wake  at  the  side  which  is  destabilized  by 
the  curvature,  as  reported  in  the  literature,  is  hardly  no¬ 
ticeable  in  the  present  experiments,  owing  to  the  relatively 
large  radius  of  curvature. 

Figure  11  shows  the  half  width  in  both  the  zero  pressure- 
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Figure  12:  The  turbulent  kinetic  energ}’  in  the  zero  pressure- 
gradient  wake. 
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Figure  13:  The  Reynolds  shear  stress  in  the  zero  pressure- 
gradient  wake. 


gradient  wake  and  the  curved  wake.  The  adverse  pressure 
gradient  that  is  encountered  by  the  curved  wake  leads  to  a 
iau’ger  spreading  of  the  wake  compared  to  the  zero  pressure- 
gradient  wake. 

The  displacement  thickness  and  the  momentum-loss 
thickness  are  shown  in  Figure  6,  for  both  wakes.  The 
displacement  thickness  first  decreases  behind  the  flat 
plate  and  starts  to  increase  further  downstream.  The 
momentum- loss  thickness  is  observed  to  grow  steadily  in 
downstream  direction  in  the  curved  wake.  The  decrease  in 
the  momentum-loss  thickness  in  the  zero  pressure-gradient 
wake  is  not  observed  in  the  curved  wake.  However,  close 
to  the  trailing  edge  the  momentum-loss  thickness  appears 
to  grow  slower  than  further  downstream,  which  might  be 
caused  by  the  effect  of  the  tapered  trailing  edge  on  the 
internal  pressure  field. 

Turbulence  quantities 

Zero  pressure-gradient  wake. 

Figure  12  shows  the  development  of  the  turbulent  ki¬ 
netic  energy  in  the  zero  pressure-gradient  wake.  Initially  a 
maximum  in  the  turbulent  kinetic  energy  occurs  near  the 
wall.  Further  downstream  this  maximum  decreases  mono- 
tonically,  while  it  moves  away  from  the  centreline  of  the 
wake.  A  similar  behaviour  is  found  for  the  Reynolds  shear 
stress,  which  is  shown  in  Figure  13. 

Curved  wake. 

Figures  14  and  15  show  the  turbulent  kinetic  energy  and 
the  Reynolds  shear  stress  in  the  curved  wake.  The  ad¬ 
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Figure  14:  The  turbulent  kinetic  energj’  in  the  curv^ed  wake. 
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Figure  15:  The  Reynolds  shear  stress  in  the  cun^ed  wake. 


verse  pressure  gradient  on  the  side  of  the  wake  facing  the 
diverging  wall  of  the  test  section  introduces  asymmetric 
initial  profiles.  Both  quantities  can  also  be  seen  to  develop 
asymmetrically.  The  level  of  the  turbulent  kinetic  energy 
and  the  Reynolds  shear  stress  is  higher  than  in  the  zero 
pressure-gradient  wake. 

Figure  16  shows  the  maximum  values  of  the  turbulent 
kinetic  energy  for  the  zero  pressure-gradient  wake  and  for 
both  sides  of  the  curved  wake.  Initially  the  maximum  in 
the  turbulent  kinetic  energy  decays  faster  at  the  side  of 
the  wake  facing  the  parallel  wall  than  at  the  side  of  the 
wake  facing  the  diverging  wall.  However,  after  the  inflec¬ 
tion  point  in  the  radius  of  curvature  the  maximum  in  the 
turbulent  kinetic  energy  increases  at  the  side  of  the  wake 
facing  the  parallel  wall  while  it  decreases  on  the  other  side. 


Integral  time  scale 

Temporal  autocorrelation  functions  were  determined 
from  the  randomly  sampled  LDA-data  by  means  of  the 
slotting  technique  (Mayo,  1974).  Integration  of  these  func¬ 
tions  yields  the  integral  time  scale  T,  which  gives  informa¬ 
tion  on  the  large-scale  structures  in  the  flow  field.  Applica¬ 
tion  of  Taylor’s  hypothesis  on  frozen  turbulence  then  gives 
the  integral  length  scale,  Lt  as 

Lt  =  u  X  T.  (7) 

An  estimate  for  the  dissipation  rate  of  the  turbulent  kinetic 
energy  from  the  experimental  data  can  now  be  obtained 
from: 

p/2 

eaV-.  (8) 


31-17 


10 

8 

6 

4 


g 


o  2ero  pressure-gradient  w^K«  (-y) 

0  zero  pressure-gradient  wake  {+y) 

A  curved  wake,  side  facing  the  parallel  wall 
=  curved  wake,  side  facing  the  diverging  watt 


C 


0 


o 


20f 


o  zero  pressure-gradient  wake 
ft  curved  wake 


y  10  -  o  ‘ 

[mm]  0  ^ 


-10 


eo 


2 


Oo  100  200  300^  ^^^^400 


■^?).0  1 .0  2.0  3.0 

10*'£[m^/s"] 


Figure  16:  The  maximum  values  of  the  turbulent  kinetic  Figure  18:  The  dissipation  rate  of  the  turbulent  kinetic  en- 
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Figure  17:  The  integral  time  scale  at  x  =  0  mm. 


This  relation  is  based  on  the  balance  between  production 
and  dissipation  of  turbulent  kinetic  energy,  using  dimen¬ 
sional  analysis.  Figure  17  shows  the  integral  time  scale  at 
the  trailing  edge  of  the  plate  for  both  configurations.  In 
the  zero  pressure-gradient  wake  the  integral  time  scale  has 
been  measured  at  one  side  of  the  waJke  only.  The  resulting 
time  scales  are  mirrored  in  the  x-axis  for  easier  comparison 
with  the  curved  wake.  Both  wakes  have  almost  identical 
time  scales  at  the  side  of  the  wake  facing  the  parallel  wall. 
A  maximum  occurs  near  the  wall  and  the  integral  time 
scale  slowly  decreases  outwards.  At  the  side  of  the  curved 
wake  facing  the  diverging  wall  the  integral  time  scale  is 
larger  than  on  the  opposite  side  of  the  wake.  Although  not 
shown  in  the  figure,  it  was  found  that  the  integral  time 
scale  rises  steeply  near  the  edge  of  the  wake,  since  the  au¬ 
tocorrelation  function  of  the  undisturbed  flow  goes  to  one 
for  all  time  lags.  This  results  in  an  unbounded  value  for 
the  integral  time  scale. 

Figure  18  shows  the  dissipation  rate  profile  that  has  been 
evaluated  from  the  experiments.  A  sharp  peak  is  observed 
near  ?/  =  0,  which  falls  to  zero  towards  the  edge  of  the  wake. 
The  dissipation  rate  at  the  side  of  the  curved  wake  facing 
the  diverging  wall  is  clearly  higher  than  on  the  opposite 
side.  This  is  caused  by  the  adverse  pressure  gradient  at 
this  side  of  the  plate  which  enhances  the  production  of 
turbulent  kinetic  energy.  The  assumed  balance  between 
production  and  dissipation  will  then  also  lead  to  a  higher 
dissipation  rate. 

CONCLUSIONS 

Experiments  were  presented  for  the  combined  effect  of 
curvature  and  streamwise  pressure  gradient  on  the  turbu¬ 
lent  wake  of  a  flat  plate.  The  configuration  was  designed 


such  that  the  boundary  layers  on  both  sides  of  the  plate 
are  asymmetric  when  reaching  the  trailing  edge.  In  the  ini¬ 
tial  part  of  the  wake  a  weak  curvature  is  present,  whereas 
further  downstream  a  mild  adverse  pressure  gradient  has 
been  established. 

The  effect  of  curvature  on  the  mean  velocity  components 
and  the  turbulence  in  the  wake  is  primarily  visible  in  a  shift 
of  the  wake  centre  line  to  the  diverging  tunnel  wall  and  in 
the  asymmetric  development  of  the  maximum  of  the  tur¬ 
bulent  kinetic  energy.  Compared  to  the  presented  wake 
experiments  for  a  zero  pressure  gradient,  the  presence  of 
an  adverse  pressure  gradient  causes  a  higher  spreading  rate 
and  higher  Reynolds  stresses  on  both  sides  of  the  wake. 
Computations  with  turbulence  models  for  this  new  exper¬ 
imental  test  case  are  underway. 
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ABSTRACT 

The  U-bend  in  question  represents  on  a  ^eatiy  magnified 
scale  the  interior  cooling  duct  of  a  gas-turbine  blade.  The 
paper  reports  the  results  of  two-dimensional  calculations 
based  on  the  q-^  two-equation  low-Reynolds-number 
turbulence  closure.  These  results  are  compared  with 
published  experimental  data  taken  from  smooth-wall  and 
rib-roughened  ducts,  and  with  the  results  obtained  using  a 
conventional  k-£  model  with  wall  functions. 

INTRODUCTION 

The  k-£  turbulence  model  owes  its  pre-eminent  position 
in  computational  fluid  dynamics  to  the  discovery  by 
Spalding  (1969)  and  his  contemporaries  that  there  was  no 
need  to  modify  the  length-scale  equation  (in  this  case  the 
£-equation)  in  order  to  handle  wall  flows,  provided  always 
that  the  probletn  of  resolving  the  low-Reynolds-number 
turbulence  close  to  the  wall  was  avoided  by  the  use  of  'wall 
functions'.  For  this  reason  the  promising  k-W  and  k-kL 
models  of  Gibson  and  Spalding  (1972)  and  Ng  and 
Spalding  (1972)  were  discarded  in  favour  of  a  model  which 
not  only  employed  a  variable  which  appeared  explicitly  in 
the  k-equation,  had  a  recognisable  physical  attribute 
(energy  dissipation),  but  was  perceived  at  the  time  to  be 
computationally  more  convenient. 

Although  the  high-Reynolds-number  k-£  model  has  given 
good  service  over  the  years,  it  is  now  difficult  to  justify 
the  continued  use  of  wall  functions,  particularly  in 
applications  where  the  existence  of  universal  wall  laws  is 
doubtful,  and  as  arguments  for  computational  economy 
become  weaker.  Wall  functions  endure  mainly  because  the 
problem  of  integrating  the  turbulence  equations  to  the  wall 
has  yet  to  be  satisfactorily  solved.  The  choice  of  e  as  a 
variable  adds  to  the  difficulties:  it  has  no  natural  boundary 
condition  at  the  wall,  so  that  one  must  be  derived  from 
assumed  limiting  behaviour  of  the  turbulence  fluctuations 
as  y  0.  And  if  the  assumed  wall  value  £^  is  subtracted 
to  form  a  new  variable,  E  =  £  -  which  is  zero  at  the 
wall,  this  quantity  is  found  to  vary  as  y^  as  y  — >  0,  thus 
necessitating  the  use  of  an  excessively  fine  grid  for 


computations  through  the  sublayers,  as  well  as  the  need  to 
calculate  spatial  derivatives  of  the  turbulence  energy,  k. 
Other  'wall'  terms  are  also  needed,  whose  exact  form  is 
uncertain,  and  which  destroy  the  attractive  simplicity  of 
the  high-Reynolds-number  model,  which  is  one  of  its  chief 
merits.  There  is,  in  short,  no  advantage  in  persisting  with 
the  E-equation  except  the  many  years  of  experience  built 
into  it,  much  of  which  may  still  be  employed  in  the 
formulation  of  more  useful  equations. 

Alternatives  include  equations  for  the  turbulent 
vorticity,  co  s  E/k,  and  its  reciprocal,  the  time  scale 
T  =  k/£.  And  there  are  other  variables  fitting  the  general 
fonn  of  k^E*'.  Spalding  (1991)  has  pointed  out  that  the 
question  of  which  of  these  is  best  has  never  been  seriously 
investigated.  We  have  found  that  there  is  much  to  be  said 
for  the  use  of  the  new  variable,  ^  =  E/2Vk,  especially 
when  the  k-equation  is  replaced  by  one  for  q  =  Vk.  ^  is 
then  identified  as  the  dissipation  rate  of  q.  Both  variables 
are  zero  at  the  wall  and  are  well  behaved  in  that  they  vary 
linearly  with  distance  from  it  for  small  y.  ^  lies  between  © 
and  E  in  the  progression  ©  s  £/k,  ^  s  £/2Vk  and  £, 
meeting  the  empirical  condition  that  for  simplicity  in  the 
high-Reynolds-number  form  the  exponent  of  £  in  the 
general  variable  above  should  be  unity.  ^  «  V(©£) 
apparently  acquires  the  merits  of  the  earlier  models 
without,  it  seems,  many  of  the  defects. 

Gibson  and  Dafa’AUa  (1995)  used  DNS  of  channel  flow 
and  boundary  layers  to  validate  the  model,  which  was  then 
applied  to  the  calculation  of  the  flow  over  two-dimen¬ 
sional  fences  and  ribs  by  Gibson  and  Harper  (1995).  In  a 
further  development,  Gibson  and  Harper  (1997)  used  the 
corresponding  low-Reynolds-number  q^  and  equations 
in  a  four-equation  closure  to  calculate  the  heat  transfer 
from  an  impinging  jet.  Finally,  Dafa’Alla  et  al  (1996, 
1997)  have  applied  the  model  to  boundary  layers  with 
periodic  variation  of  ffee-stream  velocity. 
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THE  MATHEMATICAL  MODEL 


We  start  from  the  turbulence  constitutive  equation; 


aUj  , 

^  9xj  3xj 


2s  ,, 

— -5iik 


where  is  the  kinematic  eddy  viscosity: 

VtsC^f^qL 


(1) 

(2) 


In  this  definition  q  is  the  square  root  of  the  turbulence 
kinetic  energy  (q  =  "'/k),  L  is  the  length  scale,  is  a 
constant  and  fp  is  a  low-Reynolds-number  damping 
function. 

An  equation  for  q  is  derived  in  the  usual  way  from  the 
Navier-Stokes  equations  as  follows: 

+  Q-C  (3) 

where  Q  is  the  rate  of  production  of  q: 


v+- 


Q  ^  -UjUj  3Ui 
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and  ?  is  the  rate  of  destruction.  An 
evaluate  the  length  scale  from: 


(4) 


equation  for  5  is  used  to 


(5) 


where  the  factor  of  two,  which  was  originally  inserted  for 
imagined  convenience,  has  now  become  a  bit  of  a 
nuisance.  Recognising  that  the  turbulence  time  scale  is 
q/^,  it  is  easy  to  make  up  a  ^-equation  on  the  lines  of  the 
familiar  equation  for  £.  The  result  is: 
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where  the  Cs  are  constants,  the  fs  are  low-Reynolds- 
number  damping  functions,  and  the  last  term  accounts  for 
sources  of  ^  which  become  significant  only  in  the 
immediate  vicinity  of  a  wall.  The  eddy  viscosity,  equation 
(2),  is  now  expressed  as: 


Vi^Cpfp^  (7) 

Note  that  reference  has  been  made  only  in  passing  to 
the  k-E  model  and  that  no  knowledge  of  that  model  is 
needed  to  formulate  the  q-^  closure.  The  authors  and  their 
colleagues  now  recognise  that  the  care  taken  in  their 
earlier  papers  to  relate  the  two  new  equations  to  the  old 
ones  has  been  counter-productive  in  that  many  potential 
users  and  particularly  journal  referees  were  concerned  that 
the  e  and  5  equations  did  not  transform  exactly  into  one 
another,  that  in  order  to  get  equation  (6)  from  the  t  and  k 
equations  certain  terms  have  to  be  neglected.  This  is  true 
but  it  does  not  matter.  These  critics  regard  the  £  equation 
as  sacrosanct,  forgetting  that  it  is  a  made-up  equation  just 
like  equation  (6),  no  better  and  no  worse,  at  least  in 
principle.  In  practice,  however,  it  turns  out  that  the  ^ 
equation  is  usually  easier  to  handle  and  generally  gives  the 
better  results. 

The  equations  contain  a  number  of  constants  and 
functions  to  be  determined  by  reference  to  experimental 
data  and  the  results  of  numerical  simulations  at  low 
Reynolds  number.  It  is  convenient  now  to  make  use  of  the 
experience  gained  with  the  established  models,  a  useful 
short  cut,  as  the  ^ -equation  and  £-equation  constants  are 
related  by: 

C^f5  =  2Cef£-l  (8) 


or  C^  =  2C£-1  when  the  f-functions  are  unity  outside  the 

viscous  layers,  is  unchanged,  and  the  damping 
functions  may  be  assumed  to  have  the  same  forms.  For  the 
time  being  the  standard  k-£  model  constants  Cgj  =  1.44, 
C£2  =  are  used  so  that  C^j  =  1.88,  C^2  =  2.84, 

with  Gq  =  1.0  and  G^  =  G^  =  1.3. 

Mainly  we  have  used  the  low-Reynolds-number 
functions  of  the  Launder  and  Shaxma  (1974)  k-e  model 
because  they  are  functions  of  the  turbulence  Reynolds 
number: 


and  do  not  depend  explicitly  on  the  distance  from  the  wall, 
which  is  often  difficult  to  establish  in  general  recirculating 
flow.  Thus,  in  the  ^-equation  (6)  we  generally  put  f^i  =  1.0 
and 

fe2=l-0.3exp(-R?)  (10) 


For  damping  the  eddy  viscosity: 


f^  =  expj 
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(11) 


with  A^  =  6.0  instead  of  the  Launder-Sharma  value  of  3.4 
so  as  to  give  the  best  results  for  channel  flows  and 
boundary-layers  (Gibson  and  Dafa'Alla  1995).  Equation 
(11)  generally  gives  satisfactory  results  in  spite  of  its 
failure  precisely  to  match  the  limiting  conditions  at  the 
wall.  Improved  versions,  still  dependent  only  on  Rt,  are 
given  by  Dafa'Alla  et  al  (1996,  1997).  We  also  foDow 
Launder  and  Sharma  (1974)  in  writing: 
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CALCULATIONS 

The  computer  code  is  based  upon  general  curvilinear 
structured  meshes  fitted  to  the  boundary  of  a  geometry  in 
the  x-y  plane  but  retaining  the  rectilinear  form  in  the  z- 
direction.  An  arbitrary  flow  geometry  is  transformed  into  a 
'computational  space’  which  is  a  rectangular  difference  grid 
independent  of  the  physical  geometry.  All  variables  are 
co-located  at  the  grid  nodes.  The  pressure  field  is 
determined  using  the  SIMPLE  algorithm  but  the  mass  flux 
vectors  it  is  used  to  compute  are  modified  by  using  a 
pressure-smoothing  algorithm  to  avoid  decoupling  the 
pressure  and  velocity  fields.  A  TVD  scheme  was  used  for 
discretisation  and  the  equations  solved  using  either  a 
conjugate  gradient  method  or  Gauss-Siedel  line-by-line 
approach.  In  view  of  the  resources  immediately  available 
only  two-dimensional  computations  were  attempted  in  the 
first  instance.  These  were  made  on  the  symmetry  plane  of 
the  duct  shown  in  Figure  1.  For  calculations  with  the 
standard  k-e  model  with  wall  functions  grid-independent 
solutions  were  obtained  on  a  1297  x  62  grid.  For  the  low- 
Reynolds-number  q-^  model  a  2469  x  139  grid  was  found 
to  be  necessary.  Further  details  are  given  by  Harper 
(1996),  together  with  the  results  of  heat-transfer 
calculations. 

Measured  and  calculated  distributions  of  the  x-wise  mean 
velocity  component,  U,  the  cross-stream  component,  V, 

and  the  shear  stress,  uv,  are  compared  in  Figures  2,  3  and 
4.  Here  the  points  represent  the  experimental  data  of 
lacovides  et  al  (1996),  the  continuous  lines  the  results  of 
low-Re  q-^  calculations,  and  the  dotted  lines  those  of  the 
k-e  wall-function  method.  Recall  that  the  flow  has  been 
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treated  as  two-dimensional  and  secondary  flow  produced  in 
a  duct  of  finite  aspect  ratio  does  not  appear.  On  balance, 
where  the  computations  differ,  the  low-Reynolds-number 
method  is  superior,  as  might  perhaps  be  expected.  On  the 
other  hand,  the  results  also  demonstrate  the  extraordinary 
ability  of  wall  functions  to  deliver  at  least  qualitatively 
correct  results  for  flows  with  separated  regions  where  the 
ability  of  the  law-of-the-wall,  however  modified,  is 
debatable  to  say  the  least.  The  pressure  loss  is  predicted 
more  accurately  by  the  low-Reynolds-number  method.  The 
table  below  shows  the  pressure-loss  coefficients  calculated 
by  the  two  methods  for  the  region  -6.9D  <  x  <  7.55D. 


Pressure-Loss  Coefficient 


Smooth 

Ribbed 

Ratio 

k-£-wall-function 

1.20 

3.68 

3.07 

q-5  low-Re 

1.86 

4.16 

2.24 

Experimental  data 

1.90 

4.77 

2.51 

CLOSURE 

The  study  is  one  of  a  series  designed  to  test  the 
practicability  of  the  q-^  turbulence  model.  On  the  whole  we 
are  reasonably  well  satisfied  with  the  model  performance, 
particularly  in  relation  to  numerical  robustness,  although 
it  conceded  that  there  is  more  to  be  done.  Attention  is  now 
to  be  centred  on  the  use  of  more  realistic  damping 
functions  which  meet  the  limiting  conditions  of  turbulence 
at  the  wall. 
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Figure  1.  Section  through  the  symmetry  plane  of  the  rib-roughened  U-bend. 
L  =  600  mm,  D  =  50  mm,  h  =  5  mm,  P  =  50  mm. 
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Figure  2.  Measured  and  predicted  distributions  of  the  streamwise  velocity  component  U  normalised  by  the  bulk  velocity. 
0  0  0  0  Experimental  data  from  lacovides  et  al  (1996),  — — —  q-^  model, - k-£  model  with  wall  functions. 


Figure  3.  Measured  and  predicted  distributions  of  the  velocity  component  V  normalised  by  the  bulk  velocity. 

0  o  0  0  Experimental  data  from  lacovides  et  al  (1996), -  q-^  model, . k-£  model  with  wall  functions. 
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Figure  4.  Measured  and  predicted  distributions  of  the  shear  stress  uv  . 

0  0  0  0  Experimental  data  from  lacovides  et  al  (1996), -  q-^  model, . k-E  model  with  wall  functions. 
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INTRODUCTION 

Kraichnan’s  (1959)  Direct  Interaction  Approximation 
(DIA)  and  related  closures  (Kraichnan,  1964,  Ketneda, 
1968)  remain  the  only  deductive  turbulence  theories.  Al¬ 
though  a  study  of  a  simple  inhomogeneous  flow,  like  chan¬ 
nel  flow,  using  these  closures  would  be  of  the  greatest  the¬ 
oretical  and  practical  interest,  the  complexity  of  the  calcu¬ 
lations  required  to  implement  them  has  precluded  any  but 
preliminary  results  (Dannevik,  1992). 

Practical  application  of  DIA  therefore  requires  some 
compromise  between  rigor  and  usefulness.  The  most  com¬ 
prehensive  attempt  to  extract  turbulence  models  from 
DIA  remains  the  two-scale  theory  (TSDIA)  of  Yoshizawa 
(1984,  1996)  in  which  inhomogeneity,  anisotropy,  and  non- 
stationarity  are  introduced  by  perturbing  about  a  state  of 
homogeneous,  isotropic,  stationary  turbulence. 

Yoshizawa’s  procedure  leads  to  formulas  for  quantities 
familiar  in  single  point  phenomenological  turbulence  clo¬ 
sures  like  the  eddy  viscosity.  A  typical  result  is  the  expres¬ 
sion  for  eddy  viscosity 

dr  G{k,T)Q{k,T)  (1) 

in  terms  of  the  DIA  descriptors  of  isotropic  turbulence:  the 
response  function  G{k^  r)  and  correlation  function  Q{k,  r). 
The  isotropy  of  the  lowest  order  field  implies  that  these 
descriptors  are  scalars,  homogeneity  permits  introduction 
of  the  wave-vector  argument  k,  and  stationarity  in  time 
makes  them  functions  of  time  difference  r  only.  Yoshizawa 
(1984)  shows  how  the  familiar  eddy  viscosity  formula  of 
single-point  turbulence  modeling  is  deduced  from  this  for¬ 
mula,  by  substituting  Kolmogorov  scaling  forms  for  G  and 

Q- 

DIA  FOR  ROTATING  TURBULENCE 

Eq.  (1)  suggests  that  an  eddy  viscosity  for  turbulence 
subject  to  any  external  agency  can  be  derived,  provided 
that  appropriate  formulas  for  G  and  Q  are  known.  Rota¬ 
tion  is  a  particularly  simple  external  effect,  since  the  energy 
remains  an  inviscid  invariant  under  rotation,  and  a  steady 


state  with  constant  energy  flux  remains  possible.  Since 
Kolmogorov  scaling  may  no  longer  apply  we  first  outline 
how  DIA  can  be  used  to  investigate  the  properties  of  this 
steady  state.  For  rotating  turbulence,  the  DLA.  equations 
of  motion  take  the  form 


Gij(k,  t,  5)  2Ftp(k)np^Gr^j  (k,  t,  s) 


i: 


+  /  dr  7j,p(k,t,r)Gpj(k,r,s)  =  0 


(2) 


Qij  (1^1  f  1 5)  4"  2Fjp(k)f}p5Q^j  (k,  t,  s) 

+  dr  r]ip{k,t,r)Qpj{k,r,s) 

=  dr  Gip{'k,t,r)Fpj(k,s,r)  (3) 

where  the  eddy  damping  tj  and  forcing  F  are  defined  by 
J7ir(k,  t,  s)  =  /  dpdq/^iTTiTi  (k)Fp-rs (p)  x 

^k=p-fq 

Gmp  (p,  5)Qn5(<l,  t,  5)  (4) 

Ffj(k,t,s)  =  j  dpdqPimn(k)Pj>3(k)  X 

Jk=p+ci 

Q ns  ip ■,  t .f  s)Qmr{C{,t,  s)  (5) 

In  Eqs.  (4)  and  (5), 

PjmTi(k)  =  kmFini^}  kriFimO^) 

PiTn(k)  ~  Sim  k  kikm 


The  solution  of  these  equations  in  complete  generality  is 
not  known.  A  useful  simplification,  EDQNM,  effectively 
replaces  the  response  equation  Eq.  (2)  by  a  phenomeno¬ 
logical  hypothesis,  and  solves  a  simplified.  Markovianized 
version  of  the  correlation  equation  Eq.  (3)  (Cambon  and 
Jacquin,  1986). 

A  perturbative  solution  of  these  equations  is  suggested 
by  Leslie’s  (1972)  treatment  of  shear  turbulence:  treat  the 
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rotation  terms  as  small,  and  pertiirb  about  an  isotropic 
turbulent  state.  This  approach  is  adopted  by  Shimomura 
and  Yoshizawa  (1986)  who  derive  a  TSDIA  theory  in  which 
inhomogeneity  and  rotation  both  appear  as  smadl  parame¬ 
ters. 

The  complementary  limit  is  also  of  interest.  Namel}^,  in 
the  response  equation,  bedance  the  time  derivative  by  the 
rotation  term,  and  treat  the  eddy  damping  as  small.  This 
linear  theory  of  the  response  equation  treats  strongly  ro¬ 
tating  turbulence  as  a  case  of  weak  turbulence  (Zakharov  et 
al,  1992)  in  which  nonlinear  decorrelation  of  Fourier  modes 
is  dominated  by  linear  dispersive  decorrelation  (Waleffe, 
1993).  The  result  is  conveniently  expressed  in  terms  of  the 
Cray  a- Herring  basis 

e“^{k)  =  kxn/|kxn| 
e'='>(k)  =  kx(kxn)/  I  kx(kxn)  I 

or  the  equivalent  basis  of  Cambon  and  Jacquin  (1989),  and 
the  corresponding  tensors 


and  r  =  t  “  5  denotes  time  difference.  The  time  integrals 
in  Eq.  (10)  will  take  the  form 

0(k,p,q)  = 

n“’^(±p-f2/pn±q-n/gn±k  n/fcfi)  (ii) 

Thus,  wave- vector  integrations  take  place  over  resonant  tri¬ 
ads  only  (Waleffe,  1993)  and  these  integrals  scale  as 
(Zhou,  1995). 

Introduce  the  ansatz 

Q’’{k)  =  •  k/fcfi)  (12) 

for  the  functions  in  Eq.  (9).  In  view  of  Eq.  (11),  the  energy 
balance  Eq.  (10)  requires  a  =  2.  The  go^  of  this  work  is  a 
two-equation  model  of  the  standard  form.  Accordingly,  we 
only  attempt  to  quantify  the  overall  effect  of  rotation  on 
turbulent  energy  transfer,  ignoring  the  polarization  of  tur¬ 
bulence  (Cambon  and  Jacquin,  1989)  by  rotation  and  the 
distribution  of  energ>'  in  k  space.  It  will  suffice  to  summa¬ 
rize  the  scaling  laws  in  terms  of  the  ‘equivalent’  isotropic 
energy  spectrum  given  by  Zhou  (1995), 


^0  „  (1)(2)  _  Jl)  (2) 


2 


=  (2),(2) 


_i_  ..(2)^(2) 


(6) 


Note  that  =  F<j(k). 

The  leading  order  solution  of  Eq.  (2),  obtained  by  drop¬ 
ping  the  eddy  damping  term,  is 


Gij  (k,  t,  s)  =  {cos(k  ■  n(t  -  s)/k)Pij  (k) 

+  sin(k.n(t-s)A)^?(k)}fl-(t-s)  (7) 


where  H  is  the  unit  step  function.  Let  us  adopt  the 
fluctuation- dissipation  hypothesis  relating  the  two-time 
correlation  function  to  the  response  function  and  single- 
time  correlation  function 


Qtj(k,  f,  s)  —  Cxm(k,  t,  5)^771^' (k) 

+  (k,  s,  t)QTni(k)  (8) 

Conditions  under  which  this  approximation  is  reasonable 
are  discussed  by  Woodruff  (1992).  Substituting  Eqs.  (7) 
and  (8)  in  Eq.  (3)  shows  that  the  single-time  correlation 
function  must  take  the  general  form  containing  all  of  the  $ 
tensors  of  Eq.  (6) 


E{k)  ~  V^k-^  (13) 

It  is  of  interest  to  exhibit  the  eddy  damping  correction 
to  the  leading  order  results  represented  by  Eqs.  (7)  and 
(13).  Namely,  substituting  these  results  in  Eq.  (4)  for  the 
eddy  damping  factor, 

/oo  - 

dp  —  ky/e/Q,  (14) 

The  corrections  to  the  time  scale  and  energy  spectrum  have 
the  form 

e  ~  i{i  +  o(n-"/=)}-' 

E  ~  y/^k~^{l+0(,{k'‘£/Q^)^^^}  (15) 

The  low  rotation*  rate  expansion  of  Shimomura  and 
Yoshizawa  (1986)  gives  the  complementary  expansions  in 
positive  powers  of  fl, 

e  ~  £-^^^k-^'^{i  +  o{n)} 

E  ~  +  (16) 

The  expansions  in  Eqs.  (15)  and  (16)  could  be  consoli¬ 
dated  into  Fade  approximations  for  the  energy  spectrum 
and  decorrelation  time  applicable  for  an}^  rotation  rate. 


Q.i{k)  =  ^Q'’(k)e?(k) 


(9) 


which  is  equivalent  to  the  form  of  the  correlation  function 
noted  by  Cambon  and  Jacquin  (1989). 

The  DIA  inertial  range  energy  balance  (Kraichnan, 
1971),  which  states  that  a  steady  state  with  constant  en¬ 
ergy  flux  exists,  is 


£ 


[/+  -  /-]Pimn(k) 


dr  2P;,rs(p)  X 


Grrifj.  (p,  r)Qns{ci>,  r)Qir{K  t) 

Pjrs  (h)C7tj  (k,  T )Qns  (P)  ^)Qmr(<I?  T~) 


(10) 


where  the  integration  operators  in  Eq.  (10)  are  defined  by 


I^iko)  = 

/  dk 

/  dpdq 

Jk>ko 

/k— p-fq;p,«?<*0 

r{ko)  = 

[  dk 

/  dpdq 

Jk<ko 

/k=p-|-q;p,9>^0 

Locality  of  energy  transfer 

The  scaling  law  of  Eq.  (13)  is  purely  formal:  to  prove 
that  a  steady  state  scales  this  way,  the  convergence  of 
the  integral  in  Eq.  (10)  must  be  demonstrated.  Diver¬ 
gence  would  imply  strong  dependence  on  the  cutoff  at 
large  or  smadl  scales,  and  would  therefore  alter  the  scal¬ 
ing  law  (Kraichnan,  1959).  Even  if  the  dependence  on 
is  known,  Eq.  (13)  cannot  be  asserted  on  dimensional 
grounds:  dimensional  analysis  assumes  that  k  is  the  only 
relevant  length  scale;  it  therefore  postulates  the  locality 
which  convergence  of  the  flux  integral  proves. 

Since  a  convergence  proof  would  require  both  the  tensor 
forms  Eq.  (9)  and  the  exact  forms  of  the  functions  /^(n  • 
k/fcfl),  Eq.  (13)  is  only  hypothetical.  But  it  is  easily 
proven  that  the  flux  integral  *with  isotropic  functions  vith 
the  scalings  of  Eq.  (15)  does  converge.  This  fact  provides 
some  support  for  asserting  the  locality  of  energy  transfer 
in  a  rotating  inertial  range  and  using  the  scaling  laws  of 
Eq.  (15)  to  develop  turbulence  models. 
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SUBGRID-SCALE  MODELS 

Since  the  lowest  order  field  in  TSDIA  is  arbitrary,  the 
transport  properties  of  'weakly  strained  strongly  rotating 
turbulence  can  be  derived  by  perturbing  about  the  steady 
rotating  turbulent  state  just  described  instead  of  perturb¬ 
ing  about  a  Kolmogorov  steady  state.  In  carrying  out  this 
program,  it  should  be  stressed  that  formulas  like  Eq.  (1) 
for  the  eddy  viscosity  are  the  result  of  evaluating  an  inte¬ 
gral  over  interacting  triads  in  the  distant  interaction  limit. 
This  is  consistent  with  the  properties  of  strongly  rotating 
turbulence  since  distant  triads  with  kjp^kjq  0  satisfy 
the  resonance  condition  as  well. 

Again,  since  our  goal  is  to  evaluate  the  over-all  effect 
of  rotation  on  turbulent  energetics,  we  will  evaluate  the 
eddy  viscosity  integral  using  the  isotropic  expressions  of 
Eq.  (15).  It  follows  by  substituting  these  results  in  Eq. 
(1)  that  in  strongly  rotating  turbulence,  to  leading  order 

V  =  C!}Ay/sJn  (17) 

where  A  is  the  filter  size.  Corrections  for  finite  rotation 
rates  are  suggested  by  Eq.  (15).  Setting  A  equal  to  the 
integral  scale  of  turbulence  leads  to  the  single  point  result 

Equating  the  dissipation  rate  to  the  resolved  production 
gives 


£  =  (19) 

where  =  SijSij/2  and  Sii  is  the  strain  rate.  Solving 
Eq.  (19)  for  e  and  substituting  in  Eq.  (17), 

(20) 

which  is  the  Smagorinsky  model  for  strongly  rotating  tur¬ 
bulence. 

This  calculation  supplements  the  evaluation  by  Shimo- 
mura  and  Yoshizawa  (1986)  of  the  sub-grid  scale  viscosity 
in  weakly  rotating  turbulence.  But  the  effect  of  rotation 
becomes  weaker  with  decreasing  scale  size;  accordingly,  the 
weak  rotation  correction  of  Shimomura  and  Yoshizawa  may 
be  appropriate  even  in  some  rapidly  rotating  flows. 

The  additional  production  and  dissipation  mechanisms 
present  in  meteorological  flows  are  often  modeled  by 
Richardson  number  modifications  of  the  subgrid-scale  vis¬ 
cosity.  Thus,  if  the  energy  balance  at  the  grid  sccde  is 
written  as 

uS^(l-Rf)  =  £  (21) 

and  Kolmogorov  scaling 

1/  =  (22) 

can  be  assumed,  then  Eqs.  (21)  and  (22)  give 


»/  =  CA5Vi--R/  (23) 

If  strong  rotation  is  also  present,  as  in  a  rotating  buoyant 
flow,  Eqs.  (17),  (18),  and  (21)  imply 


(24) 

Note  the  difference  between  the  Richardson  number  depen¬ 
dence  in  Eq.  (23),  corresponding  to  no  rotation,  and  in  Eq. 
(24),  corresponding  to  strong  rotation. 


DISSIPATION  TRANSPORT  EQUATION 
Our  earlier  work  (Rubinstein  and  Zhou,  1996)  attempts 
to  implement  Leslie’s  (1972)  suggestion  that  the  dissipation 
rate  transport  equation  be  derived  from  the  expression  Eq. 
(10)  for  energy  transfer  into  the  inertial  range.  A  complete 
treatment  would  require  TSDIA  in  order  to  evaluate  the 
essentially  inhomogeneous  diffusion  effects.  The  present 
account  wdll  be  limited  to  the  production  and  destruction 
terms,  which  are  amenable  to  a  homogeneous  theor3^ 

The  starting  point  is  then  the  DIA  equations  Eqs.  (2)-(3) 
in  which  the  strain  rate  term 


OXm  dXr  OK 


is  added  to  the  rotation  term.  Differentiating  the  time 
dependent  form  of  Eq.  (10)  with  respect  to  time,  and  as¬ 
suming  stationaxity  of  the  lowest  order  TSDIA  field, 


+ 

+ 


£  —  [/  /  ]Pjmn(k){Pnir5(p)Qnj(<l) 

Qir(k)  —  P,>5(k)Qn5(p)Qrnr(q)  +  / 

Jo 


X 

dr[ 


Pt^rs{p)Gmu  (p,  'r)<3n5(q,  r)<5,r(k,  r) 
Pir.(k)a;(k,r)Q,3(p,r)Q„i.(q,r) 
Pjttr5(p)(?m)u  (p,  7‘)Qnj(q,  T)Qtr(k,  t) 

Pjrs  (k)G{j  (k,  T )Qn5(Pi  T )Qmr  (q,  T ) 

P/xr5  {p)Gm^  (p,  r)Qns  (q,  T)Qir  (k,  t) 
Ijr5(k)Gij(k,  T)Qn5(p5  ‘r)Qmr(q,  t)]}  (25) 


The  time-dependent  form  of  this  equation  might  be  of  in¬ 
terest  in  the  context  of  non-equilibrium  turbulence  mod¬ 
eling.  Note  that  the  first  two  terms,  distinguished  b}*^  the 
absence  of  any  time  integration,  arise  from  a  quasi-normal 
hypothesis.  The  remaining  terms  are  corrections  due  to 
DIA. 

We  follow'  the  program  outlined  before:  to  find  the  dis¬ 
sipation  rate  transport  equation  in  weakly  rotating  tur¬ 
bulence,  we  will  substitute  Kolmogorov  scaling  forms  for 
the  descriptors  G  and  Q;  to  find  this  transport  equation  in 
strongly  rotating  turbulence,  we  will  substitute  descriptors 
appropriate  to  strong  rotation. 


The  destruction  term 

The  destruction  terms  De  are  those  which  are  indepen¬ 
dent  of  strain.  Consider  first  the  destruction  term  in  non¬ 
rotating  turbulence.  The  quasi-normal  terms  can  be  shown 
(Rubinstein  and  Zhou,  1996)  to  contribute 

A  =  (26) 

when  expressed  in  terms  of  single-point  quantities.  The 
most  important  conclusion  is  that  the  integral  which  leads 
to  Eq.  (26)  is  convergent  in  the  large  k  limit.  This  implies 
that  there  is  no  Reynolds  number  dependence  in  the  de¬ 
struction  term.  The  remaining  terms  in  Eq.  (25)  lead  to 
the  same  result.  The  third  term,  for  example,  has  the  form 

[/+  -  /-]7/(p)e(fc,p,  q)PCk)P(p)Q(q)Q{k) 

Since  the  combination  77©  is  homogeneous  of  degree  zero, 
the  convergence  of  the  integral  is  not  changed,  and  the 
form  Eq.  (26)  again  follow^s. 

To  evaluate  the  destruction  term  in  strongfy  rotating  tur¬ 
bulence,  we  observe  first  that  the  terms  of  low^est  order  in 
fl  are  the  quasi-normal  terms  'which  we  have  already  an¬ 
alyzed  (Rubinstein  and  Zhou,  1996).  Substituting  the  en- 
erg}^  spectrum  wdth  the  scaling  of  Eq.  (15)  in  these  terms, 
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there  results 


D,  =  -C^eQ.  (27) 

The  constant  C%  is  expressed  as  a  convergent  integral.  The 
result  of  Eq.  (27)  agrees  in  the  strong  rotation  limit  with 
the  rotation  correction  proposed  by  Bardina  et  al  (1985). 
Dimensional  analysis  obviously  cannot  predict  this  limit, 
and  other  limits  for  De  have  been  proposed. 


The  production  term 

The  production  terms  Pc  depend  on  the  mean  velocity 
gradient.  The  contribution  of  lowest  order  in  the  mean  ve¬ 
locity  gradient  obviously  depends  on  =  SijSij /2^  where 
Sij  is  the  strain  rate. 

Beginning  again  with  turbulence  without  rotation,  we 
find  at  once  that  there  can  be  no  production  term  with¬ 
out  weak  breaking  of  the  isotropy  of  small  scales  (Xu  and 
Speziale,  1996).  This  weak  anisotropy  is  introduced  using 
Leslie’s  (1972)  perturbative  DIA  theory  of  shear  turbu¬ 
lence,  Expanding  the  single  time  correlation  function  in  a 
power  series  in  the  strain  rate, 

(?,v(k,t)  =  C?5°Hk,f)  +  Qg>(k,  <)  +  ••■ 


where  is  the  correlation  function  of  isotropic  turbu¬ 
lence  and  setting  Gij  =  the  response  function  of 
isotropic  turbulence,  Leslie  found 


,t)=  f  ds{ 
Jo 
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dUr  d 


dXr  ' 


dUr  d 

dXn  dk„ 


Q^°\k,t,s)kr  -^G^°\k,t,s)}  (28) 


Nonzero  contributions  to  production  are  possible  from 
terms  which  contain  the  combination  These  terms 

will  contibute  production  of  dissipation  terms  proportional 
to  quadratic  invariants  of  the  mean  velocity  gradient  Sij  Sij 
and  WijWij  where  Wij  is  the  antisymmetric  part  of  the 
mean  velocity  gradient.  For  example,  the  third  term  in 
Eq.  (15)  contributes 

P,  =  [/+ -  J"]5eP(k)P(p)Q<’>(q)0'®^(k) 

=  [/+  -  /-]5e"P(k)P(p)5C?‘®>(q)<3<‘'>(kX29) 

where  indices  have  been  dropped.  The  second  power  of  © 
in  Eq.  (29)  arises  from  the  time  integration  in  Eq.  (28)  re¬ 
quired  to  express  in  terms  of  The  contribution  to 
A  of  Eq.  (29)  differs  from  a  contribution  from  the  quasi¬ 
normal  terms  only  in  the  factors  of  ©.  As  these  factors 
scale  like  they  do  not  introduce  any  high  wavenum¬ 

ber  divergence,  and  we  find  that  in  terms  of  single-point 
quantities,  they  contribute 


Pc 


KS^  - 

R 


(30) 


where  denotes  terms  quadratic  in  the  mean  velocity 
gradient.  These  terms  must  be  proportional  to  the  invari¬ 
ants  Sij  Sij  or  to  Tl'jjiri; 

The  occurrence  of  terms  proportional  to  W^ij^'ij  in  Eq. 


(30)  would  lend  theoretical  support  to  the  procedure  of 
‘sensitizing  to  irrotational  strains’  introduced  by  Hanjalic 
and  Launder  (1980).  Since  such  a  term  cannot  appear  in 
energy  production  we  conclude  that  Pk  and  Pc  may 
not  be  related  by  the  proportionality 

Pe  =  C,i-^PK  (31) 

Further  evidence  against  the  proportionality  of  Eq.  (31) 
occurs  if  the  series  for  Pc  is  taken  to  higher  order  in  VU 
by  substituting  the  higher  order  terms  in  Leslie’s  expansion 
Eq.  (28)  in  Eq.  (25).  The  result, 

P,  =  u-^.{0{'vUf  +  —0{VUf  +  ---}  (32) 

A  £ 

can  be  compared  term  by  term  with  the  result  of  substi¬ 
tuting  Yoshizaw^a’s  (1984)  expansion  of  the  Reynolds  stress 
in  the  definition  of  energy  production, 

Pk  =  v{0{VU)^  +  jOVvUf  +  •  •  •}  (33) 

There  is  no  reason  to  anticipate  term-by-term  equalit}'  of 
the  series  in  braces  in  Eqs.  (32)  and  (33). 

Evaluating  Eq.  (29)  using  the  descriptors  Eq.  (15)  of 
strongly  rotating  turbulence  leads  to  the  scaling 

P,  ~  ~  ^i/(n)VJ7^  (34) 

A 

where  v(D)  denotes  the  rotation-dependent  viscosity  with 
the  strong  rotation  limit  Eq.  (18). 


INTERPOLATION  FORMULAS 

In  principle,  the  series  expansions  of  i/,  Dc  and  Pc,  in 
positive  powers  of  Q  following  Shimomura  and  Yoshizawa 
(1986)  for  weak  rotation,  and  in  negative  powers  of  for 
strong  rotation,  can  be  continued  to  arbitrary  order.  The 
problem  arises  to  interpolate  rationally  between  these  lim¬ 
its  to  obtain  a  model  valid  at  intermediate  rotation  rates. 
Thus,  for  the  turbulent  viscosity,  we  can  pose  a  series  ap¬ 
proximations  of  Fade  type 


u 


_ 1 _ 11/2 

1  +  Ci(DA:/£:)2  J 

i-hCi(nK/ey-^C2{nK/£y 


(35) 

}*^f36) 


which  reduce  to  the  usual  eddy  viscosity  formula  with 
0(f2)^  corrections  for  low  rotation  rates,  or  to  the  limiting 
form  given  by  Eq.  (18)  for  strong  rotation.  The  constants 
Ci  and  Di  could  be  determined,  in  principle,  by  matching 
to  the  high  and  low  rotation  rate  expansions  constructed 
above. 

The  lowest  order  interpolation,  Eq.  (35),  when  used  with 
analogs  for  Dc  and  Pc  does  not  prove  satisfactory  in  com¬ 
putations.  At  moderate  rotation  rates,  the  reduction  in  e 
brought  about  by  the  modified  dissipation  rate  transport 
equation  causes  the  leading  factor  in  u  to  increase,  unless 
the  constant  Ci  is  made  extremely  large.  Only  wdien  Q 
is  asymptotically  large  does  the  factor  in  braces  become 
small  enough  to  reduce  the  turbulent  viscosity. 

This  defect  may  be  due  to  the  property  of  Eq.  (35)  that 
the  strong  rotation  limit  fixes  the  constant  Ci,  which  then 
also  determines  the  rotation  correction  in  the  w^eak  rotation 
limit.  It  appears  that  these  limits  axe  not  consistent.  The 
more  complex  model  of  Eq.  (36)  may  be  more  satisfactory, 
but  further  investigation  is  essential  in  order  to  at  least 
suggest  the  size  of  the  constants. 
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ABSTRACT 

This  paper  concerns  computations  of  compressible  tur¬ 
bulent  shear  flows  with  multiple-scale  models.  Several  im¬ 
provements  in  computations  of  shear  flows  (mixing  layer, 
afterbody  flow  including  near  wall  turbulent  boundciry 
layer  and  supersonic  jet)  at  high  convective  Mach  number 
cire  obtained  with  multiple-scale  models.  The  multiscale 
modeling  permits  to  xmderstand  better  the  physics  con¬ 
cerning  regions  of  strong  nonequilibrium  turbulent  flows. 
In  this  study,  two  cispects  have  been  examined  ;  the  com¬ 
pressibility  caused  by  strong  Mach  number  variations  ctnd 
the  anisotropy  of  turbulent  flow.  The  results  show  that 
the  RSM  model  with  multiscale  formulation  is  able  to  in¬ 
tegrate  simultaneously  these  two  effects.  This  model  is 
proved  numericcdly  stable  and  gives  better  results  com¬ 
pared  to  those  issued  from  a  classical  second-moment  clo¬ 
sure. 


NOMENCLATURE 


E(k) 

Me 

au 


energy  spectral  density 
convective  Mach  number 


U* 

y* 

St 

K 

P 


mecin  cind  fluctuating  velocity  components 

dimensionless  velocity 

{y-yo)/Su 

vorticity  thickness 

visual  thickness  of  shear  layer 

wave  number 

density 


INTRODUCTION 

The  aerothermodynamics  phenomena  over  space  launch 
vehicles  or  missiles  are  a  challenging  problem  on  space  and 
aeronautical  applications.  These  physical  phenomena  can 
affect  strongly  the  engine’s  aerodynamic  performances  and, 
in  consequence,  its  conception  and  operating  mode. 

The  physical  problems  found  on  this  geometry  type  are 
primarily  the  result  of  the  interaction  of  two  primary  flows; 
one  issued  from  a  propulsive  jet  at  high  speed  and  high 
temperature,  and  the  other  caused  by  the  exterior  air  flow 
at  low  speed  and  low  temperature.  The  complexity  and 


the  usual  misunderstanding  of  these  physicad  phenomena 
coupled  with  the  turbulence  modeling  problem  of  complex 
compressible  flows  motivated  the  present  study. 

In  turbulence  modeling,  the  classical  two-equation  k  —  t 
model  and  its  variants  have  been  the  most  widely  used 
models  in  engineering  ccJculations.  However,  one  of  the 
weaknesses  of  this  model  is  the  use  of  a  single-time  scade 
(or  a  single-length  scale)  to  describe  the  turbulent  field. 
Indeed,  the  usual  turbulence  models  based  on  one-point 
closures  suppose  a  local  equilibrium  neglecting  the  spec¬ 
trum  characteristic  turbulence  fluctuation.  In  readity,  tur¬ 
bulence  is  characterized  by  a  wide  spectrum  of  fluctuations 
and  the  turbulent  interactions  aire  associated  with  differ¬ 
ent  parts  of  this  evolving  spectrum.  One  approach  to  take 
into  account  this  physical  reality  is  the  multiple- time-scale 
turbulence  modeling  (see  Schiestel  1987,  Wilcox  1988  aind 
Kim  1991), 

In  this  work,  we  propose  the  introduction  of  several  scales 
characterizing  different  process  of  turbulence  interaction 
by  using  multiple-time-scale  models. 


Figure  1;  Sketch  of  spectral  partitioning 

The  multiscade  turbulence  modeling  consists  in  partitioning 
the  energy  spectrum  into  several  regions,  each  character¬ 
ized  by  a  different  time  scale.  Thus  different  mechanisms 
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such  as  the  return  to  isotropy,  dissipation,  diffusion,  and 
viscosity  can  be  modeled  using  the  various  characteristic 
scales.  In  the  simplified  split- spectrum  used  by  Kim  et  al. 
(1991),  turbulent  transport  is  described  by  using  two  time 
scales  the  first  corresponds  to  the  large  eddies  and  de¬ 
scribes  generation  of  turbulent  kinetic  energy,  and  the  sec¬ 
ond  corresponds  to  the  smalier-scale  eddies  and  describes 
dissipation  rate.  Figure  1  shows  a  sketch  of  a  typical  spec¬ 
trum  arising  in  a  shear-flow  at  high  Reynolds  numbers. 
The  turbulent  energy  can  be  partitioned  into  three  regions 
:  production  region,  characterized  by  the  turbulent  kinetic 
energy  kp  and  the  energy  transfer  rate  Cp,  transfer  region, 
characterized  by  the  turbulent  kinetic  energy  kt  and  the 
dissipation  rate  €t  and  dissipation  region,  where  the  turbu¬ 
lent  kinetic  energy  is  dissipated  into  heat. 


TURBULENCE  MODELING 
The  turbulence  modeling  the  most  widely  used  is  based 
on  the  eddy  viscosity  concept.  However,  this  approach 
is  questionable  for  m2my  flows,  especially  for  turbulence 
anisotropy  and  compressible  shear  flows.  A  second- 
moment  closure  permits  a  finer  description  of  the  turbu¬ 
lence  behaviour. 

The  second-order  models  are  based  on  the  solution  of 
Reynolds-stress  tensor  and  dissipation-rate  equations.  The 
first  Reynolds-stress  model  was  introduced  by  La\inder, 
Reece  and  Rodi  in  1975.  This  model  is  based  on  incom¬ 
pressible  Navier-Stokes  equations  and  uses  the  Reynolds 
average  for  all  variables. 

Wilcox  and  Rubesin  proposed  a  new  formulation  of  the 
second-order  closure  replacing  the  equation  of  the  dissipa¬ 
tion  rate  e  by  an  equation  of  rotational  keeping  entirely 
the  same  stress  closure  Hty  .  Their  model  has  shown  some 
improvements  for  flow  geometries  at  strong  curvature. 
Recently,  Wilcox  proposed  a  second- order  model  with  mid- 
tiscale  formulations.  Indeed,  this  approach  consists  in 
modeling  two  different  flow  regions,  which  are  : 

>  Large  eddies  :  contain  most  of  the  energy  of  the 

turbulence,  contain  very  little  vortic- 
ity,  and  transport  the  Reynolds  stress 
tensor. 

>  Small  eddies  :  Contain  a  lot  of  vorticity,  a  very 

smcill  energy,  are  isotropic,  and  dis¬ 
sipate  into  heat. 

The  modeled  Reynolds  stress  equations  with  multiscale  for¬ 
mulation  are  : 


At  this  system,  three  supplementary  equations  are 
added,  which  are  : 

>  Total  turbulent  kinetic  energy  equation  : 


Djpk) 

Dt 


P  “  puj  k 


(2) 


>  Turbulent  kinetic  energy  equation  for  large  eddies  : 


'(t)' 
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o  Dissipation-rate  equation  u>  : 

The  tensors  Pij  and  Qij  are  given  by  : 
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Finally,  the  ten  closure  coefficients  appearing  in  the  model 
are  : 


<5  =  42/55  0  =  6/55  7  =  1/4 
0  =  3/40  7  =  4/5  0-  =  1/2 

/  k  \ 

0*  =  9/100  0-*  =  1/2  Cl  =  1  +  4  j 

For  a  2D  flow,  the  model  contains  six  transport  equations. 
Theses  ones  coupled  with  Navier-Stokes  equations  (mass, 
momentum  and  energy  conservations)  make  a  total  of  ten 
equations  to  solve. 

In  this  study,  we  examine  the  performances  of  the  previous 
model,  called  RSM  multiscale,  and  applied  to  a  wide 
range  of  turbulent  flows. 
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COMPUTATIONAL  RESULTS 
In  this  paper,  we  examine  the  performance  of  multiple- 
time>scale  models  on  complex  flows  at  high  speed  includ¬ 
ing  afterbody  flows.  The  computations  are  performed  by 
an  explicit-implicit  time-dependent  finite  volume  technique 
with  a  flux-splitting  formulation. 

Concerning  the  test  cases  under  study,  the  flowfield  is  simu¬ 
lated  numerically  by  solving  axisymmetric  and  2D  Navier- 
Stokes  equations  in  combination  with  different  turbulent 
models:  Jones  and  Launder  k  —  c  model  [5],  a  variety 
of  multiple-time-scale  models  [6,7],  including  the  partial 
equations  for  Reynolds  stress  transport  [13]. 

As  a  first  step  in  turbulence  modeling,  the  performances 
of  the  previous  models  are  compared  cind  cinalyzed  criti¬ 
cally  for  a  wide  range  of  turbulent  flows  including  super¬ 
sonic  mixing  layers  [3],  necir  wall  turbulent  boundary  layer 
with  zero  adverse  pressure  gradient  [8]  and  supersonic  ex¬ 
haust  jet  [9].  The  second  step  of  the  study  is  to  provide  a 
more  comprehensive  testing  and  evaluation  of  these  mod¬ 
els  for  realistic  afterbody  configurations  for  which  detailed 
measurements  are  available  [l]. 

Equilibrium  boundary  layer  flow 
The  experimental  data  for  the  fuUy  developed  boundary 
layer  flow  over  a  flat  plate  can  be  found  in  ref  [8]  (see  Kle- 
bcuioff  1953).  The  inlet  freestream  velocity  is  15  m/s,  the 
boimdary  layer  thickness  is  76  mm  and  the  Reynolds  num¬ 
ber  is  about  10®. 


Figure  3  shows  the  normalized  mean  velocity  profile  for  a 
flat  plate  turbulent  boundary  layer. 


yidelta 

Figure  3:  The  flat  plate  boundary  layer ^  prediction  of 
normalized  velocity  profile 

In  this  graph,  numerical  results  of  multiple-time-scale  and 
k  —  c  turbulence  models  show  good  agreement  with  exper- 
iment2d  data.  Indeed  for  an  equilibrium  flow,  the  predic¬ 
tions  using  the  multiple-time-scale  model  are  not  signif¬ 
icantly  different  from  those  obtained  with  a  single- time¬ 


scale  one.  Similar  results  have  been  obtained  by  Schiestel 
(1983)  and  Gleize  et  al.  (1996). 

Compressible  mixing  layer 
In  this  study,  we  are  interested  in  the  mixing  layer 
studied  experimentally  by  Goebel  et  Dutton  in  a  super¬ 
sonic  wind-timnel  at  the  University  of  Illinois  at  Urbana- 
Champaign.  A  wide  variety  of  conditions  has  been  investi¬ 
gated  with  freestream  velocity  ratios  ranging  from  0.16  to 
0.79,  freestream  density  ratios  ranging  from  0.57  to  1.55, 
and  convective  Mach  numbers  ranging  from  0.20  to  1.0. 
This  range  of  convective  Mach  numbers  permits  to  illus¬ 
trate  the  region  of  significaint  compressibility  effects. 


Figure  4:  Shear-layer  geometry 

Furthermore,  we  examine  in  detml  the  flow  configuration 
with  convective  Mach  number  Me  =  0.46  and  Reynolds 
number  Re  =  12.10®  m”\  whose  operating  conditions  are 
as  following  : 


Ml,  M2 

,  Ul  (m/s) 

P  (Pa) 

P2//51 

1.91,  1.36 

700,  399 

46000 

0.57 

1.55 

When  a  mixing  layer  is  fully  developed,  it  is  possible  to 
obtain  similarity  profiles.  The  existence  of  such  a  zone  is 
verified  due  to  the  cxxrve  U*  =  f{Y*)  (see  figxire  5). 


X  (m) 

Figure  5:  Development  of  the  normalized  mean  velocity 
U*,  multiscale  models 

The  necir- wake  region  of  the  splitter  plate  is  characterized 
by  a  transition  from  boundary  layer  flow  to  a  fully  devel¬ 
oped  mixing  layer.  In  this  region,  the  turbulence  and  mean 
flow  are  strongly  unbalcinced.  The  turbulent  interactions 
mechanism  depends  on  the  nature  of  the  incident  bound¬ 
ary  layers  and  on  the  geometry  of  the  edge  of  the  splitter 
plate.  Locally,  a  subsonic  pocket  can  appear  with  a  recir¬ 
culation  zone,  trapped  between  two  supersonic  flows. 

From  figure  5,  it  can  be  seen  that  the  multiscde  mod¬ 
els  (with  or  without  Reynolds  stress  transport)  are  the 


32-3 


aptest  to  describe  the  transition  zone  in  very  good  agree¬ 
ment  with  experimental  data.  However,  the  classical  k  —c 
model  shows  a  deficit  for  the  first  four  stations  (see  Had- 
jadj  1997). 

>  Compressibility  effect 

In  this  section,  we  analyze  the  capacity  of  the  used  tur¬ 
bulent  model  to  predict  the  compressibility  effects.  So, 
we  have  calculated  six  mixing  layers  varying  the  convect- 
ing  Mach  number  from  0.2  to  1.15  and  keeping  constant 
the  freestream  velocity  ratio  r  =  0.57,  the  freestream  den¬ 
sity  ratio  s  =  1.55  and  the  nominal  Reynolds  number 
R,  =  12.10® 

In  the  graph  6,  we  present  the  results  obtained  with  the 
classical  A* -e  model  and  those  obtained  with  the  compress¬ 
ible  RSM  multiscale  model.  In  this  way,  the  normalized 
growth  rate,  function  of  the  convective  Mach  number,  are 
compared  to  different  experimental  results  correlated  with 
the  empirical  curve. 


Figure  6:  Normalized  shear  layer  spread  rate  vs.  con¬ 
vective  Mach  number 

We  remarque  that  beyond  the  convective  Mach  number 
the  curve  decrecises  and  tends  to  an  asymptotic 
value  for  high  convective  Mach  numbers.  The  RSM  mul- 
tiscale  model  gives  a  normalized  growth  rate  very  close  to 
the  experimental  data,  while  the  incompressible  k—t  model 
gives  a  constant  growth  rate  for  different  convective  Mach 
numbers.  This  result  shows  the  capacity  of  the  RSM  multi¬ 
scale  model  to  predict  correctly  the  compressibility  effects. 

>  Anisotropy  behavior 

Afterwards,  we  examine  the  Reynolds  stress  tensor.  The 
classical  k  —  c  model  is  based  on  the  isotrope  viscosity  hy¬ 
pothesis,  which  is  unable  to  describe  the  Reynolds  stress 
behaviour.  Indeed,  the  calculation  underestimates  the  fluc¬ 
tuating  longitudinal  velocity  component  —u  and  overesti¬ 
mates  the  fluctuating  transversal  velocity  —v"  component 
along  the  mixing  layer. 

Figure  7  compares  computed  and  measured  variations 
of  the  maximum  ratio  of  the  Reynolds  tensor  — u  ^/k, 

--xF^/k  and  the  turbulent  shear  stress  -u'v'lk  for  a  su¬ 
personic  mixing  layer  at  convective  Mach  number  equal  to 
0.46.  As  shown,  the  multiple-time-scale  model  accounts  for 
the  disalignment  of  the  Reynolds-stress-tensor  and  gives 
satisfactory  results  when  the  turbulence  approaches  an 
asymptotic  state.  ^ 

We  notice  a  disparity  of  15  %  for  —u”^/k  and  30  %  for 
fk  compared  to  experimental  data.  This  result,  even 
if  it  does  not  coincide  totally  with  experimental  points,  is 


completely  acceptable,  in  comparison  to  the  classical  sec¬ 
ond  order  model  that  produces  double  disparities  from  ex¬ 
perimental  data  (see  Hadjadj  1997). 

2.00  - 


Figure  7:  Evolution  of  the  maximum  ratio  of  the 
Reynolds  tensor  along  the  mixing  layer 

However,  the  turbulent  shear  stress  —u'v”/k  is  practically 
constant  and  equal  to  its  equilibrium  value. 

Axisymmetric  afterbody  flow 

The  next  step  of  this  study  has  to  do  with  realistic  af¬ 
terbody  configurations.  The  test  case  imder-investigation 
is  the  S3Ch  single-flux  axisymmetric  nozzle  (see  Bailly  et 
al.  1994).  The  existing  availability  of  experimental  results 
(mean  profiles  and  turbulent  quantities)  permits  an  accu¬ 
rate  vcdidation  of  turbulence  models  using  CFD. 

The  operating  conditions  for  the  selected  test  case  are  : 

•  Internal  flow 

-  stagnation  pressure  :  Pt  =  3.15  10®  Pa 

-  stagnation  temperature  :  Tt  =  900  K  (hot  jet) 

-  pressure  ratio  :  Pt / Pa  =  4.S0 

•  External  flow 

-  Moo  =  0.8 

-  stagnation  pressure  :  Pt  =  10®  Pa 

-  stagnation  temperature  :  Tt  =  300  K 

-  incident  boundary  layer  thickness  (<5^8  mm)  a 
X  =  —218  mm 

CONFLUENCE  ZONE 


EXTERNAL  FLOW  ^ 


Figure  8:  Afterbody  flow  with  supersonic  underex¬ 
panded  jet 
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Figure  9:  Locations  of  Laser  Doppler  Velocimetry  survey 


The  flow  issuing  from  the  converging  nozzle  has  a  higher 
pressiire  than  the  outer  flow.  Therefore,  the  jet  is  under¬ 
expanded  and  adapts  itself  to  the  environment  through  a 
train  of  Mach  cells.  The  structure  of  such  a  flow  is  schemat¬ 
ically  shown  in  figure  8.  The  flow  near  the  trailing  edge 
of  the  nozzle  is  largely  ciffected  by  the  nature  of  the  two 
incoming  jets,  cind  can  influence  the  engine’s  performcinces. 

Figure  9  shows  different  locations  of  a  2D  Laser  Doppler 
Velocimetry  (LDV)  survey.  In  this  case,  the  LDV  provides 
information  on  both  mean  velocity  and  turbulence  profiles 
at  each  location  :  starting  from  x/Dcoi  =  0.11  to  x/Dcoi  = 
5.08,  where  Dcoi  is  a  nozzle  throat  diameter.  The  first  four 
locations,  situated  at  x/Dcoi  <  1.07,  concern  the  region 
close  to  the  nozzle  exit  including  the  compression  shock 
and  the  confluence  zone.  The  last  two  stations  concern  the 
far  jet  downstream  of  the  nozzle. 

The  numerical  results  of  mean  velocity  profiles,  obtained 
with  the  RSM  multiscale  model,  are  of  excellent  quality 
and  show  a  very  good  agreement  between  computation  and 
experimental  data. 

On  the  figures  10,  11  and  12,  we  present  the  results  of 
the  turbulent  quantities  (fluctuating  longitudinal  and  ra¬ 
dial  velocity  with  the  turbulent  shear  stress  profile)  at  two 
differents  locations  (x/Dco/  =  1.88  and  ar/Dcof  =  5.08). 

The  comparison  between  the  experimental  and  the  numeri¬ 
cal  data  shows  that  the  — e  model  predict  discrepancies  of 
36  %  for  au  cind  53  %  for  av  component.  These  discrepan¬ 
cies  are  substantially  reduced  at  4  %  and  7  %  respectively 
with  the  RSM  model  (see  figures  10,  11  and  12). 
Practically,  in  both  near  wake  zone  and  mixing  layer  region 
the  RSM  multiscale  model  predicts  weD  the  maximum  of 
turbulent  intensity  having  the  good  spread  rate. 


sigma  V  (m/s)  sigma  v  (m/s) 


Figure  10:  Fluctuating  radial  velocity,  —v” 


sigma  u  (m/s)  sigma  u  (m/s) 


Figure  11:  Fluctuating  longitudinal  velocity,  —u” 
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Figure  12:  Turbulent  shear  stress  profile,  —u'v” 
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CONCLUSION 

This  work  deals  with  the  validation  of  multiscale  turbu¬ 
lence  models,  with  or  without  transport  of  Reynolds  stress 
tensor,  in  the  case  of  compressible  shear  flows.  The  com¬ 
putational  results  showed  that: 

•  The  multiscale  models  are  able  to  predict  correctly 
the  physical  process  in  regions  where  the  flow  is  in  tur¬ 
bulent  nonequilibrium  (in  the  transition  zone  down¬ 
stream  to  the  separation  flat  plate,  near  wake  region 

•  The  RSM  multiscale  model,  with  compressible  cor¬ 
rection,  is  able  to  reproduce  in  a  very  satisfactory 
way  the  effects  of  compressibility  (The  normalized 
growth  rate  decreases  rapidly  with  increasing  convec¬ 
tive  Mach  number). 

•  Taking  into  account  the  processes  of  turbulent  dif¬ 
fusion,  this  latter  model  describes  quite  fairly  the 
anisotropic  phenomena  of  the  Reynolds  tensor,  espe¬ 
cially  next  to  the  wake  region.  The  levels  of  speed 
fluctuations  are  better  taken  into  account  than  the 
ones  issued  from  a  classical  second  order  closure. 

•  Finally,  it  is  important  to  notice  that  the  multiscale 
models  do  not  depend  on  the  position  of  the  wave 
partitioning  at  the  entrance  of  the  calculation  domciin. 
In  deed,  whatever  might  be  the  energy  level  initially 
attributed  to  the  large  and  small  eddies,  these  models 
give  the  same  equilibrium  value  for  energy.  This  value 
is  aroimd  65%  for  the  large  eddies  and  35  %  for  the 
small  ones,  in  the  case  of  supersonic  mixing  layer. 

The  next  step  of  the  study  is  to  provide  a  more  compre¬ 
hensive  testing  and  evaluating  of  the  multiple- time-scale 
models  subjected  to  stringent  boundary  layer  separation 
flow,  especially  for  shock  wave/ turbulent  boundary  layer 
cind  shock/shock  interactions. 
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ABSTRACT 

Turbulence  models  for  compressible  flows  are  investigated 
using  a  statistical  theory  called  the  two-scale  direct- 
interaction  approximation.  Inertial-range  spectra  for 
velocity  and  density  variances  are  assumed  to  derive  models 
for  several  correlations  systematically;  they  include  the 
dilatation  dissipation^  mass  flux,  Reynolds  stress,  and 
pressure-dilatation  correlation.  Model  expressions  are 
shown  to  contain  two  important  parameters:  the  turbulent 
Mach  number  and  the  density  variance  normalized  by  the 
mean  density.  Typical  terms  are  material  derivatives  of  the 
turbulent  kinetic  energy  and  its  dissipation  rate  as  well  as  the 
mean  velocity  divergence.  Direct  numerical  simulation  data 
of  isotropic  and  homogeneous  shear  turbulence  are  used  to 
examine  models  for  the  dilatation  dissipation.  The 
normalized  density  variance  is  shown  to  be  useful  to  explain 
results  from  two  runs  of  isotropic  turbulence  with  different 
initial  conditions. 

INTRODUCTION 

Turbulence  modeling  plays  an  important  role  in  the  study 
of  high-speed  flows  in  engineering  and  aerodynamic 
problems;  they  include  flows  in  supersonic  combustion 
engines  and  over  hypersonic  transport  aircraft.  The 
enhancement  of  the  kinetic  energy  dissipation  by  the 
dilatational  terms  is  one  of  the  typical  compressibility 
effects.  Zeman  (1990)  and  Sarkar  et  al  (1991)  proposed  that 
the  dilatation  dissipation  is  proportional  to  the  solenoidal 
dissipation  and  is  a  function  of  the  turbulent  Mach  number. 
Sarkar  (1992)  also  modeled  the  pressure-dilatation 
correlation  using  the  turbulent  Mach  number.  Zeman  (1991) 
related  the  correlation  to  the  rate  of  change  of  the  pressure 
variance.  Recently,  Sarkar  (1995)  performed  DNS  of 
homogeneous  shear  flows  to  show  that  the  reduced  growth 
rate  of  kinetic  energy  is  primarily  due  to  a  reduction  of  the 
turbulence  production  and  that  the  gradient  Mach  number  is 
important  for  understanding  this  compressibility  effect. 


Using  a  statistical  theory  Yoshizawa  (1990)  pointed  out 
that  compressibility  effects  are  tightly  linked  with  density 
fluctuations.  He  proposed  a  three-equation  model  that 
consists  of  transport  equations  for  the  kinetic  energy,  its 
dissipation,  and  the  density  variance  (Yoshizawa  1992). 
Taulbee  and  VanOsdol  (1991)  also  modeled  transport 
equations  for  the  density  variance  and  the  mass  flux. 
Fujiwara  and  Arakawa  (1993)  proposed  another  type  of  three- 
equation  model  involving  the  sum  of  the  normalized 
compressible  turbulent  kinetic  energy  and  the  density 
variance. 

Yoshizawa  (1990)  used  a  statistical  theory  called  the  two- 
scale  direct-interaction  approximation  (TSDIA)  to  derive 
compressible  turbulence  models.  This  method  was  originally 
developed  for  incompressible  turbulence  (Yoshizawa  1984). 
The  TSDIA  consists  of  two  main  procedures.  First,  two-scale 
variables  are  introduced  and  the  direct-interaction 
approximation  (DIA)  is  applied  to  express  statistical 
quantities  in  terms  of  two-time  velocity  correlations  in 
wavenumber  space.  Second,  by  using  inertial-range  spectra, 
expressions  are  simplified  to  derive  one-point  closure 
models.  However,  the  second  procedure  has  not  been  carried 
out  for  compressible  turbulence  because  detailed  inertial- 
range  spectra  are  not  available.  Instead,  Yoshizawa  (1992) 
applied  dimensional  analysis  to  results  of  the  first  procedure. 
He  also  proposed  an  alternative  simplified  approach  that 
treats  the  governing  equations  in  physical  space  (Yoshizawa 
1995).  Several  model  expressions  were  obtained  and  an 
important  effect  of  density  fluctuations  was  clarified  by  these 
methods.  Some  ambiguity  still  remains;  since  several 
nondimensional  parameters  are  involved  in  compressible 
turbulence,  statistical  quantities  cannot  be  uniquely  modeled 
only  by  dimensional  analysis. 

The  energy  spectrum  for  compressible  turbulence  has  been 
examined  theoretically  and  numerically  to  some  extent. 
Moiseev  et  al.  (1981)  theoretically  obtained  a  spectral  form 
that  depends  on  the  turbulent  Mach  number.  Kida  and  Orszag 
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(1990)  showed  that  the  spectrum  of  the  solenoidal 
component  in  their  DNS  is  very  close  to  that  for 
incompressible  flows  whereas  the  spectrum  of  the 
compressible  component  depends  strongly  on  the  turbulent 
Mach  number.  Bataille  and  Bertogiio  (1993)  used  eddy- 
damped  quasi-normal  Markovian  theory  to  examine  inertial- 
range  spectra  of  weakly  compressible  turbulence.  Although 
more  study  needs  to  be  done  to  understand  inertial -range 
behavior,  these  findings  help  us  to  assume  some  spectral 
forms  for  compressible  turbulence. 

In  this  work,  we  introduce  inertial-range  spectra  of  density 
and  velocity  variances  to  simplify  results  of  the  first 
procedure  of  TSDIA.  A  deviation  from  the  Kolmogorov 
spectrum  is  assumed  for  the  spectrum  of  the  compressible 
velocity  variance.  The  dependence  on  nondimensional 
parameters  is  systematically  obtained  by  the  simplification. 
We  apply  the  TSDIA  to  several  correlations  included  in  the 
mean-field  equations  to  propose  a  three-equation  model.  We 
examine  models  for  the  dilatation  dissipation  using  DNS  of 
isotropic  and  homogeneous  shear  turbulence. 


FUNDAMENTAL  EQUATIONS 

The  motion  of  a  viscous  compressible  fluid  is  described  by 
the  equations  for  the  density  p,  the  velocity  Uj,  and  the 
internal  energy  e 
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where  |i  is  the  viscosity,  X  is  the  thermal  conductivity,  and  0 
is  the  temperature.  The  deviatoric  part  of  the  strain  rate 
tensor,  Sjj,  is  given  by 

(4) 
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For  the  perfect  gas  the  pressure  p  and  the  internal  energy  e  are 
written  as 


p  =  pR6  =  (y  ~  l)pe,  e  =  Cy0  (5) 

where  y  =  Cp  /c^ .  Here,  R  is  the  specific  gas  constant  and  Cy 
and  Cp  are  the  specific  heats  at  constant  volume  and  pressure, 
respectively. 

We  divide  a  physical  quantity  f  into  the  mean  F  and  the 
fluctuation  f 


f  =  F+f',  F  =  (f)  (6) 

where  f  denotes  p,  Uj,  e,  p,  Sy,  and  0.  Some  mean  quantities 
are  denoted  by  an  overbar  as  p.  By  taking  the  ensemble 
average  of  (l)-(3),  we  obtain  the  equations  for  the  mean 
quantities  p,  Uj,  and  E.  Those  equations  contain  several 
correlations  such  as  the  mass  flux  (p'u[)  and  the  Reynolds 
stress  (u[Uj^.  The  correlations  need  to  be  modeled  to  close 
the  mean-field  equations. 

Yoshizawa  (1990)  pointed  out  that  compressibility  effects 
are  tightly  linked  with  the  density  fluctuations;  he  proposed 
a  three-equation  model  that  consists  of  the  equations  for  the 
turbulent  kinetic  energy  K(=(u[^\/2),  its  dissipation  rate  e, 
and  the  density  variance  Kp(=(p'  y).  The  equations  for  K  and 
Kp  can  be  written  as 


The  correlations  included  in  (7)  and  (8)  as  well  as  the  e 
equation  itself  need  to  be  modeled  in  terms  of  the  mean 
quantities  and  the  three  variables. 

Model  expressions  shown  later  contain  two 
nondimensional  parameters:  the  turbulent  Mach  number  Mj 
(  =  4^/c  where  c  is  the  mean  sound  speed)  and  the 
normalized  density  variance  pn(  =  Kp/p*).  By  adopting  Kp 
as  one  of  the  basic  quantities  we  can  use  pj  as  a  parameter 
independent  of  Mj.  Modeling  with  the  two  parameters  is 
expected  to  be  more  flexible  than  that  with  M^  only. 

TWO-SCALE  STATISTICAL  THEORY 

Here,  we  give  a  brief  summary  of  the  procedure  of  the 
TSDIA.  Its  mathematical  details  were  given  in  Yoshizawa 
(1992), 

We  first  introduce  two  time  and  space  variables  using  a 
small-scale  parameter  6  as 

^^x),  X(e5x),  T(=t).  T(=6t)  (9) 

Here,  the  fast  variables  ^  and  T  describe  the  rapid  variations 
of  the  fluctuating  field  whereas  the  slow  variables  X  and  T 
describe  the  slow  variations  of  the  mean  field.  A  quantity  f 
can  be  written  as 

f  =  F(X,T)+r(^X,t,T)  (10) 

Using  the  Fourier  transform  with  respect  to  ^  we  express  f  as 

f'(^X,T,T)  =  Jdkf(k,X.T,T)exp[-ik-(^-UT)]  (11) 

This  representation  is  equivalent  to  the  viewpoint  that  the 
fluctuating  motion  consists  of  many  small  eddies  moving 
with  the  mean  velocity  U.  Hereafter,  the  dependence  of 
f(k,X,i,T)  on  X  and  T  is  not  written  explicitly. 

Applying  (9)-(ll)  to  the  equations  for  p’,  Uj'.  and  p’  (or  e*) 
we  obtain  a  system  of  equations  for  the  fluctuating  field  in 
wavenumber  space.  We  expand  the  fluctuation  f(k,T)  in 
powers  of  5: 

f(k,T)=Xfn(k,x)  (12) 

n=0 

Substituting  (12)  into  the  system  of  equations  and  equating 
quantities  in  each  order  of  5  we  have  an  equation  for  each 
quantity  fn(k,T).  By  introducing  the  Green’s  functions  for  po, 
uoi,  and  po-  we  can  formally  solve  the  equations  for  fn(  n  >  1 ) 
in  terms  of  the  lower-order  quantities. 

A  correlation  included  in  the  mean-field  equations  can  be 
written  as 

{f'(x.t)g'(x,t))  =  Jdk(f(k.T)g(-k.T))/6(0) 

=  Jdk((fogo}+(figo)+(fogi)+-)/5(0)  (13) 

Here,  8(0)  denotes  the  delta  function  5(k)  where  the  one¬ 

dimensional  wavenumber  k  equals  0. 

Substituting  the  formal  solution  for  fn  and  gn  ( n  >  1 )  and 
applying  the  DIA  we  obtain  a  model  expression  for  the 
correlation.  It  is  written  in  terms  of  the  mean  field  as  well  as 
the  basic  correlations  and  the  Green's  functions  defined  by 

Qp(k.x,TO  =  {po(k.T)Po(-k,TO)/S(0)  =  Qp(k.T,T')  (14) 

Qy(k,x,x')  =  (uoi(k.x)Uoj(-k.T'))/5(0) 
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=  Dy  (k)Q3  (k,  X,  T') + n  ij  (k)Q,  (k,  T,  X')  (15) 

Gp(k,x,xO  =  ^Gp(k,x,x'))  =  Gp(k,x,x')  (16) 

Gij(k,x.x')  =  (Gij(k,x,x')) 

=  D  jj  (k)Gs  (k,  X,  X')  +  n  jj  (k)G  j  (k,  x,  x')  ( 1 7) 

GJk,x.x')  =  (G,(k,x,x'))  =  G,(k,x,x')  (18) 

where 

Dy(k)  =  5ij-kikj/k\  nij(k)  =  kikj/k^  (19) 


For  example,  the  expression  for  the  eddy  viscosity  can  be 
written  as 


The  expression  includes  wavenumber  and  time  integrals  of 
two-time  correlations  and  Green’s  functions.  It  is  too 
complicated  to  be  a  practical  model;  some  simplification  is 
necessary. 

Following  the  TSDIA  for  incompressible  turbulence,  we 
assume  inertial-range  forms  for  the  fundamental  statistical 
quantities  as 

Qa(k.x,x')  =  <J,(k)exp[-co,(k)|x-x'|],  a  =  (p,s,c)  (21) 

Gb(k,x,x')=  H(x-x')exp[-(a;(k)(|x-x'|)],  b  =  (p,s,c,e)(22) 
where 


=  CopM?p^£,e-'k-^-^^kS-"^PH(k  -k„ ) 

(23) 

OsW  =  C„8"'V"'3H(k-k„) 

(24) 

Oc(k)  =  C^e,e-''^k-'“'^>-“k“  H(k  -  k„ ) 

(25) 

[co,(k),(o;(k)] = 

(26) 

[(Op  (k),(o;  (k),(Bp(k),(o;  (k),co;  (k)] 

(27) 

Here,  and  C'^b  are  model  constants,  H(k)  and  H(t) 

are  the  unit  step  functions,  is  the  wavenumber  of  the 
energy-containing  range,  and  £,  are  the 

dissipation,  the  dilatation  dissipation,  and  the  turbulent 
Mach  number  defined  by 


(28) 

respectively.  For  the  solenoidal  quantities  Gj,  CO5,  and  co  5  the 
spectra  are  the  same  as  those  for  incompressible  turbulence. 
The  compressible  part  of  energy  spectrum,  is  proportional 
to  e^j.  This  is  because  the  ratio  of  the  compressible  to 
solenoidal  parts  of  turbulent  kinetic  energy  is  shown  to  be 
proportional  to  the  ratio  of  the  dilatational  to  solenoidal 
dissipations.  The  spectrum  is  steeper  than  the  Kolmogorov 
one  by  a.  Moiseev  et  ai  (1981)  showed  the  deviation  a  is  a 
function  of  Mj.  Here,  we  do  not  include  such  Mj  dependence 
but  consider  a  an  unknown  numerical  parameter.  The 
deviation  from  the  incompressible  inertial-range  form  is  also 
introduced  into  co(k)  for  compressible  quantities.  We  assume 
that  time  scales  for  compressible  quantities  are  shorter  than 
those  for  incompressible  ones;  the  ratio  is  of  the  order  of  Mj. 

For  example,  substituting  the  above  spectral  forms  into 
(20),  we  obtain  a  one-point  closure  model  for  the  eddy 
viscosity  as  a  function  of  k^  and  £.  By  converting  kj^  into 
K  and  e  we  have  a  usual  expression  proportional  to  K^/e. 


RESULTS 


Dilatation  Dissipation 

We  applied  the  procedure  of  the  previous  section  to  (p'p') 
to  obtain  an  expression  for  the  density  variance;  it  is  a 
function  of  the  mean  field  p,  Uj,  and  P  as  well  as  the 
quantities  K,  e,  e^,  and  .  Since  the  transport  equation  for 
Kp  is  solved  in  the  K-e-Kp  model,  the  modeling  of  Kp  itself  is 
not  necessary.  Instead,  the  expression  can  be  considered  a 
model  for  Expanding  in  terms  of  the  other  quantities 
we  have 


1  +  C^,M, 


+1421 

4  ep  Dt 


4  eP  Dt 


^  3  DK  K  De  ^  K  DKp  "l 
2e  Dt  Dt  eKp  Dt  J 

where  is  the  normalized  density  variance  defined  by 

PS=Kp/p^ 


(29) 

(30) 


and  Cedi  and  C£d7  are  model  constants.  Hereafter,  Can 
denotes  a  model  constant  where  ’a'  represents  a  physical 
quantity  and  ’n’  is  the  number  of  the  term. 

The  factor  before  the  square  bracket  in  (29)  shows  the  ratio 
£d/e  is  proportional  to  Pn^/Mt^,  Yoshizawa  (1992)  pointed 
out  that  this  quantity  is  important  in  characterizing  the 
compressibility  effect  and  introduced  a  parameter  x(  = 
pn^/Mj^).  Yoshizawa  (1995)  paid  attention  to  the 
importance  of  the  parameter  %  and  proposed  the  model; 

ed/€s=C«iYX  (31) 

where  £s=£'£d  and  Cedv  a  model  constant.  This  model  is  the 
same  as  (29)  to  the  first  order. 

The  modeling  of  £d  was  originally  investigated  by  Sarkar 
et  ai  (1991)  and  Zeman  (1990).  Sarkar  et  al  (1991)  used 
asymptotic  analysis  and  DNS  to  model  £d  as  follows 
e<i/es=CcdsMf  (32) 

Zeman  (1990)  assumed  the  existence  of  shock-like  structure 
in  flow  fields  to  derive  the  model 
ed/es=C^F(M„KMt)  (33) 

where  Kmi  is  the  flatness  factor  of  Mt  and  F(Mt,KMt )  is  a 
complicated  integral.  He  also  derived  a  simple  algebraic 
expression  for  use  in  practice  (Blaisdell  and  Zeman  1992) 
Blaisdell  et  aL  (1991)  used  DNS  of  decaying  isotropic 
turbulence  to  examine  the  above  two  models.  They  carried 
out  two  simulations  that  had  the  same  initial  values  of  Mt  but 
different  initial  ratios  of  compressible  to  solenoidal  velocity 
variances.  In  spite  of  the  same  turbulent  Mach  number  the 
two  simulations  showed  different  values  of  Ej/e.  They 
concluded  that  the  development  of  Ej/e  in  isotropic 
turbulence  depends  more  on  its  initial  values  than  on  the 
turbulent  Mach  number  and  that  simulations  of  isotropic 
turbulence  cannot  be  used  to  validate  the  proposed  models. 
However,  Yoshizawa’s  model  as  well  as  the  present  model 
show  that  Ejj/e  depends  not  only  on  Mj  but  also  on  pjj^.  As 
was  pointed  out  by  Yoshizawa  (1995)  the  difference  in  in 
the  two  simulations  can  be  attributed  to  the  difference  in  p^^. 
The  assumption  that  e^/e  depends  only  on  Mj  seems  too 
restrictive  to  capture  the  behavior  of  decaying  isotropic 
turbulence.  In  the  K-£-Kp  model  we  use  the  two  parameters  Mj 
and  p^;  the  development  of  p^^  is  obtained  from  the  transport 
equation  for  Kp. 


Mass  Flux 

Since  ensemble  averaging  is  used  in  this  work,  the  mean- 
velocity  equation  contains  the  mass  flux;  its  modeling  is 
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necessary.  Taulbee  and  VanOsdol  (1991)  examined  the 
transport  equation  for  the  mass  fluctuating  velocity  (p'u')/p 
and  modeled  terms  included  in  the  equation.  Instead  of  the 
transport  equation  we  model  the  mass  flux  itself.  It  can  be 
modeled  as 


(pX)  =  -Cpu,M, 


K 


'ip 

3xi 


4e^  Dt 


e 

10+15a 
10  + 6a 


1-2-4+C„,.,|- 


pu3|^' 
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^  3  DK 
8  Dt 


"pul 


pLeL 

~  17  3p 

M,  e 

8  3xj 

1^8  2yJp 


'p  ap 

,  9  p  3K 

3  p  3s 

jpaxi 

4KaXi 

2  e  3xi 

2K„  dX: 


(34) 


The  term  with  the  first  square  bracket  depends  on  the  gradient 
of  mean  density;  it  corresponds  to  the  gradient-diffusion 
approximation.  The  eddy  diffusivity  is  proportional  to 
M.KVe.  It  is  smaller  than  the  eddy  diffusivity  in 
incompressible  flows  by  a  factor  of  Mj.  The  eddy  diffusivity 
for  the  mass  flux  includes  nonequilibrium  effects  due  to 
DK/Dt  and  De/Dt  as  well  as  compressibility  effects  due  to 
Pn^/M^and  aUj/aXj. 

On  the  other  hand,  the  term  with  the  second  square  bracket 
also  depends  on  the  gradients  of  mean  quantities  other  than 
p;  this  effect  is  called  cross  diffusion.  For  example,  when 
the  gradients  of  p  and  P  are  small  and  the  isentropic 
relations  hold,  the  profile  of  P  is  proportional  to  that  of  p; 
the  pressure  gradient  term  simply  represents  the  modification 
of  the  eddy  diffusivity.  However,  when  the  temperature 
changes  rapidly  due  to  heat  release,  the  profiles  of  density 
and  pressure  may  be  different;  in  such  a  case  the  cross 
diffusion  effect  due  to  the  pressure  gradient  can  be  important 
in  the  mass  flux  model. 

Using  the  simplified  approach  Yoshizawa  (1995)  derived  a 
model  for  the  mass  flux  as  follows 


(pX)=- 

[,  ,  3(y-1)  of 

V.  9p 

1 

H 

Q 

1 _ 

Op  3xi 

3  Kp  V,  DUj 

2 

p  K  Dt 

where  Vt=(2/3)Cu(K2/8)  and  Op, 

-1  BE 
E  dX; 


(35) 


Gc,  and  Cu  are  model 
constants.  If  we  assume  that  P=(Y-l)pE  and  DUj/Dt  =- 
(l/p)5P/9xi  we  can  see  that  the  second  and  third  terms  on 
the  right-hand  side  correspond  to  the  cross-diffusion  term  due 
to  the  mean  pressure  in  (34).  The  major  difference  between 
(34)  and  (35)  lies  in  the  dependence  of  the  eddy-diffusivity  on 
M^;  the  diffusivity  of  the  former  is  of  0(Mi)  whereas  that  of 
the  latter  is  of  0(1).  This  difference  stems  from  the  different 
dependence  of  the  time  scale  for  density  fluctuations  on  M^. 


Reynolds  Stress 

Yoshizawa  (1995)  pointed  out  that  compressibility  effects 
are  not  incorporated  into  the  Reynolds  stress  up  to  the  order 
of  6;  this  order  corresponds  to  the  eddy-viscosity 
approximation.  We  calculated  the  Reynolds  stress  up  to  the 
order  of  5^  to  obtain 
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(36) 


(37) 


Except  for  the  isotropic  part,  (2/3)K6ij,  the  expression 
consists  of  three  parts.  The  first  part  represents  the 
modification  of  the  eddy  viscosity  due  to  compressibility  and 
nonequilibrium  effects.  The  second  part  corresponds  to 
nonlinear  models  that  have  already  been  investigated  for 
incompressible  flows  (Spcziale  1987).  The  third  part 
represents  the  compressibility  effect  due  to  a  mean  pressure 
gradient. 

The  modification  of  the  eddy  viscosity  due  to  DK/Dt  and 
De/Dt  has  already  been  proposed  for  incompressible  flows 
(Yoshizawa  and  Nisizima  1993).  Yoshizawa  (1995)  also 
mentioned  its  importance  for  compressible  flows. 
Expression  (36)  suggests  that  we  should  take  into  account 
not  only  the  nonequilibrium  effect  but  also  the 
compressibility  effects  due  to  the  density  variance  and  mean- 
velocity  divergence.  Sarkar  (1995)  showed  that  the  reduced 
growth  rate  of  turbulence  energy  in  homogeneous  shear  flows 
is  primarily  due  to  the  decrease  in  turbulence  production. 
Since  the  production  term  includes  the  Reynolds  stress, 
compressibility  effects  on  the  Reynolds  stress  need  to  be 
modeled  appropriately.  In  the  present  model  the  direct  effect 
of  compressibility  on  the  eddy  viscosity  is  expressed  by 
in  (36)  because  the  mean- velocity  divergence 
vanishes  for  homogeneous  shear  flows.  For  inhomogeneous 
turbulence  the  mean-velocity  divergence  can  play  an 
important  role  when  the  flow  speed  rapidly  changes  in  the 
streamwise  direction  as  in  a  shock  wave.  If  the  flow  speed 
decreases  and  the  divergence  is  negative,  the  eddy  viscosity 
becomes  smaller  than  the  usual  estimate,  K^/8. 

Although  the  third  part  is  smaller  than  the  second  part  by  a 
factor  of  Mt,  its  expression  is  interesting  in  the  sense  that  it 
does  not  include  the  mean  velocity.  Each  term  in  the  square 
bracket  can  be  divided  into  the  two  terms:  (l/p)^^P/^x?  and 
-(l/p^)(9p/dxj)(3P/9xj),  A  term  similar  to  the  latter  can 
be  seen  in  the  K  equation  (7).  The  importance  of  this  term  in 
the  K  equation  was  discussed  by  Yoshizawa  (1995). 
Similarly  the  transport  equation  for  the  Reynolds  stress 
contains  such  a  term.  Therefore,  the  gradients  of  mean 
density  and  pressure  can  affect  the  Reynolds  stress. 


Pressure-Dilatation  Correlation 

The  pressure-dilatation  correlation  has  been  investigated 
as  a  typical  compressibility  effect.  In  this  work  we  obtained 
a  model  expression  as 
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PnY  +  pds  g  yp  . 


p  ap  y-1  I  ap 


(38) 


vP  y  P'o^iy 

By  assuming  some  relations  for  basic  model  constants  such 


as  Cqjp  and  C^jc  we  found  that  the  constant  Cp^i  vanishes.  If 
the  assumption  does  not  hold  exactly,  the  constant  can  have 
a  small  nonzero  value. 

Using  the  simplified  approach  Yoshizawa  (1995)  proposed 
a  model  as 


^  pdYl  P  ^  C  pdY2  P  C  pd  Y3 


PKXDE 
E  Dt 


(39) 


The  third  term  on  the  right-hand  side  corresponds  to  the  two 
terms  that  include  D  p/Dt  and  DP/Dt  in  the  present  model. 
Each  term  in  (39)  is  proportional  to  x  whereas  terms  in  (38) 
show  a  different  dependence  on  and  Mj.  Using  the  first  and 
third  terms  in  his  model  Yoshizawa  (1995)  explained  the 
property  of  the  pressure-dilatation  correlation  whose  value  is 
positive  for  decaying  isotropic  turbulence  and  negative  for 
homogeneous  shear  turbulence.  The  present  model  contains 
terms  with  Dk/Dt  and  De/Dt.  The  terms  can  also  explain  the 
different  sign  of  the  correlation  because  of  the  difference  in 
the  development  of  energy  in  the  two  flows. 


Sarkar  (1992)  modeled  the  pressure  dilatation  in  the  form 
of  a  power  series  in  as  follows 


This  model  is  different  from  the  above  two  models  in  that 
this  does  not  contain  the  density  variance.  The  first  term  on 
the  right-hand  side  has  a  similar  factor  to  the  production  term 
in  the  K  equation.  Yoshizawa  (1995)  discussed  that  such  a 
term  can  overestimate  the  pressure-dilatation  correlation  in  a 
turbulent  channel  flow  in  which  the  shear  is  strong  but  the 
correlation  is  very  small.  On  the  other  hand,  the  present  and 
Yoshizawa’s  models  contain  the  density  variance;  it  is 
expected  to  explain  the  small  value  of  the  correlation. 


Comparison  to  DNS  Data 

Blaisdell  et  al  (1991)  performed  DNS  of  decaying  isotropic 
and  homogeneous  shear  turbulence.  Using  the  DNS  data  we 
compare  models  for  the  dilatation  dissipation.  Although  the 
TSDIA  assumes  inertial-range  spectra,  the  simulations  are  at 
low  Reynolds  numbers  and  do  not  show  an  inertial  range. 
The  DNS  results  must  include  some  low  Reynolds  number 
effects.  The  values  of  model  constants  in  this  paper  may 
change  for  higher  Reynolds  number  flows.  Nonetheless,  we 
believe  that  by  comparing  the  models  to  the  DNS  we  can 
better  understand  compressible  turbulence. 

We  examined  four  simulations  of  isotropic  turbulence  and 
nine  simulations  of  homogeneous  shear  flow.  Here,  we  will 
show  results  of  three  simulations;  their  initial  conditions  are 
given  in  Table  1. 

The  parameter  Xc  Table  1  denotes  the  ratio  of  the 
compressible  to  total  velocity  variance  (u^u^)y/^UjU'^. 
Figures  1  and  2  show  the  time  history  of  the  ratio  for 
cases  idcl28  and  iel28.  The  initial  values  of  Mt  are  the  same 
for  the  two  cases  whereas  those  of  p„  and  Xc  different.  The 
solid  lines  denote  the  DNS  results,  the  dashed  lines  denote 
the  values  predicted  by  Sarkar’s  model  (32),  and  the  dotted 
lines  denote  those  by  the  present  model  (29).  The  model 
constant  in  Sarkar’s  model  is  given  by  Ceds=l-  On  the  other 


TABLE  1.  INITIAL  CONDITIONS  FOR  DNS  OF 
ISOTROPIC  AND  HOMOGENEOUS  SHEAR 
TURBULENCE  BY  BLAISDELL  ET  AL  (1991). 


Case 

Flow 

M, 

Pn 

Xn 

idcl28 

isotropic 

0,3 

0 

0 

iel28 

isotropic 

0.3 

0.15 

0.25 

shal92 

shear 

0.4 

0 

0 

0  0 

RGURE  1 .  TIME  HISTORY  OF  THE  RATIO  OF 
DILATATION  DISSIPATION  TO  TOTAL  DISSIPATION 
FOR  CASE  IDC128. 


0  0 

FIGURE  2.  TIME  HISTORY  OF  THE  RATIO  OF 
DILATATION  DISSIPATION  TO  TOTAL  DISSIPATION 
FOR  CASE  IE128. 


hand,  values  of  constants  in  the  present  model  have  not  been 
obtained  yet  because  the  values  of  the  basic  constants,  such 
as  C^yc  and  a,  are  not  known.  Here,  to  examine  overall 
agreement  with  DNS  data,  the  model  constants  are  set  at 
Ccdi=l  and  Ccd7=0  in  (29).  In  Figs.  1  and  2  the  DNS  results 
for  the  two  cases  are  very  different;  the  value  of  e^j/e  for  iel28 
in  Fig.  2  is  much  greater  than  that  for  idcl28  in  Fig.  1.  Since 
Sarkar’s  model  contains  only  the  predicted  values  for  the 
two  cases  are  almost  the  same;  they  decrease  in  time 
monotonically.  On  the  other  hand,  the  present  model 
contains  and  pn^;  it  predicts  different  values  of  z^/z  for  the 
two  cases.  The  value  for  idcl28  increases  in  time  like  the 
DNS  result.  The  model  explains  the  effect  of  the  initial 
condition  in  terms  of  the  density  variance.  Similar  results 
were  obtained  for  the  other  two  simulations  using  a  higher 
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FIGURE  3.  TIME  HISTORY  OF  THE  RATIO  OF 
DILATATION  DISSIPATION  TO  TOTAL  DISSIPATION 
FOR  CASE  SHA192. 


turbulent  Mach  number,  Mi=0.7  (not  shown).  Fujiwara 
(1996)  also  illustrated  the  initial  condition  effects  solving 
the  K-e-F  model  where  F  is  the  sum  of  the  nondimensional 
density  variance  and  compressible  kinetic  energy. 

Contrary  to  isotropic  turbulence  the  effect  of  initial 
conditions  were  shown  to  disappear  for  homogeneous  shear 
turbulence.  Time  histories  of  for  simulations  with 
different  initial  conditions  tend  to  overlap  as  time  increases. 
Here,  we  show  results  of  a  case  denoted  shal92;  in  this  case 
the  largest  number  of  grid  points  was  used  and  its  results  are 
considered  the  most  reliable.  Figure  3  shows  the  time 
history  of  Ej/e  for  case  shal92.  The  difference  between  the 
present  and  Sarkar’s  models  is  smaller  than  that  for  isotropic 
turbulence.  However,  the  DNS  result  shows  almost  a 
constant  value  after  St=10  whereas  Sarkar’s  model  predicts  a 
continually  increasing  value  after  St=3.  The  present  model 
shows  the  same  tendency  as  the  DNS  although  the  value  is 
smaller.  Other  simulations  with  Mt=0.5  extend  to  St=15  and 
show  qualitatively  similar  profiles  as  in  Fig,  3.  Therefore, 
the  parameter  is  concluded  to  be  important  for  modeling 
the  dilatation  dissipation. 

CONCLUDING  REMARKS 

Model  expressions  obtained  in  this  work  need  to  be 
examined  further  by  comparing  to  DNS  of  homogeneous  and 
inhomogeneous  turbulence.  Since  the  TSDIA  is  a  method 
based  on  derivative  expansions,  expressions  contain  several 
terms  including  higher-order  terms.  Some  terms  should  be 
selected  so  that  model  expressions  are  simple  but  contain 
essential  compressibility  effects.  Model  constants  also 
should  be  estimated  by  DNS. 

We  assumed  inertial-range  spectra  of  the  density  and 
velocity  variances.  The  spectral  forms  are  not  as  established 
as  those  for  incompressible  flows.  If  details  of  inertial-range 
spectra  are  obtained  in  other  theories  or  experiments,  we  can 
include  them  into  this  analysis.  The  relationship  to 
incompressible  models  in  the  limit  of  zero  Mach  number  also 
needs  to  be  considered  to  improve  the  models. 
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ABSTRACT 

A  new  two-point  closure  for  weakly  compressible  iso¬ 
tropic  turbulence  is  proposed.  The  model  has  the  same 
structure  that  the  EDQNM  closure  previously  exten¬ 
ded  to  compressible  turbulence  (Batailleet  al  (1993)), 
but  is  based  on  diiferent  assumptions  concerning  two- 
time  correlations.  The  results  of  the  new  model  are 
nearly  identical  to  the  ones  of  the  EDQNM  theory  in 
the  case  of  incompressible  turbulence,  whereas  in  the 
case  of  compressible  turbulence  they  significantly  dif¬ 
fer.  In  the  limit  of  small  turbulent  Mach  numbers,  the 
scalings  of  the  quantities  associated  with  the  purely 
compressible  part  of  the  field  are  found  to  be  strongly 
altered.  Direct  and  Large-Eddy  Simulations  are  also 
performed  in  the  case  of  weakly  compressible  isotropic 
turbulence  maintained  statistically  stationary  by  in¬ 
jecting  energy  in  the  large  scales.  Comparisons  with 
the  theory  confirm  the  scalings  at  low  Mach  number 
and  show  good  qualitative  agreement  when  the  Mach 
number  is  increased.  Quantitative  comparisons  of  the 
spectra  lead  to  a  reasonable  agreement. 

INTRODUCTION  AND  BASIC  EQUATIONS 

The  aim  of  the  present  paper  is  to  investigate  the 
dynamics  of  weakly  compressible  isotropic  turbulence 
within  the  framework  of  two-point  closure  theories  and 
to  compare  the  results  with  Direct  and  Large- Eddy 
Simulations.  In  a  previous  work,  the  Direct  Inter¬ 
action  Approximation  (DIA)  was  extended  to  weakly 
compressible  turbulence  (Marion  et  al  (1988)).  Then, 
the  DIA  equations  were  used  as  a  starting  point  to 
derive  the  Eddy  Damped  Quasi  Normal  Markovian 
(EDQNM)  model  for  weakly  compressible  isotropic 
turbulence  (Bataille  et  al  (1993)  and  Bertoglio  et  al 
(1996)).  Among  the  results  obtained  with  the  EDQNM 
model,  at  low  turbulent  Mach  number  (Mj),  the  diiata- 
tional  dissipation  was  found  to  scale  as  M^Re^ .  More 


recently,  it  was  shown  by  Wunenburger  (1994),  us¬ 
ing  a  simplified  form  of  the  model,  that  the  results 
were  largely  depending  on  one  of  the  assumptions  in¬ 
troduced  when  deriving  the  one-time  EDQNM  model 
from  the  two-time  DIA  closure,  namely  the  assump¬ 
tion  on  the  relaxation  terms  introduced  in  the  two-time 
correlation  equations  (or  in  the  response  function  equa¬ 
tions).  In  the  EDQNM  approach,  a  linear  relaxation  is 
postulated. 

In  the  present  paper,  a  new  one-time  model  is  de¬ 
rived  from  the  DIA  formulation,  introducing  a  differ¬ 
ent  type  of  relaxation.  The  new  relaxation  term  leads 
to  a  Gaussian  shape  for  two-time  correlations  of  the 
solenoidal  field  (whereas  the  usual  relaxation  leads  to 
an  exponential  form).  For  incompressible  turbulence, 
it  is  shown  that  the  results  are  not  significantly  affected 
by  this  alteration.  In  contrast,  in  the  case  of  compress¬ 
ible  turbulence,  results  concerning  the  dilatational  part 
of  the  field  are  largely  modified. 

Direct  and  Large  Eddy  Simulations  are  also  per¬ 
formed  in  order  to  check  the  validity  of  the  statistical 
models.  Comparisons  are  proposed  in  the  case  of  stat¬ 
istically  stationary  isotropic  turbulence  which  has  the 
advantage  of  being  independent  of  the  initial  condi¬ 
tions. 

In  the  basic  set  of  equations,  a  low  Mach  number 
approximation  is  introduced  [Mt  <  1)  to  simplify  the 
Navier-Stokes  equations  for  weakly  compressible  tur¬ 
bulence.  After  Fourier  transforming  and  splitting  the 
velocity  field  into  a  solenoidal  component  and  a 
dilatational  component  where  is  divergence  free 
and  is  curl  free,  the  simplified  set  of  equations  is: 

=  -ipoC;Kiuf{K)  (1) 
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-ijPij{K)QiUi{P)ui(Q)S[K-P-Q)dPdQ  (2) 


jTiiAK)Qi^AP)MQW<-P-Q^^^^  (3) 

where  po  is  the  mean  density,  Co  is  the  sound  speed 
(both  assumed  to  be  constant),  p  is  the  pressure  fluc¬ 
tuation,  u  and  are  the  molecular  viscosities,  with 
z/'  =  4/3z/,  A"  is  the  wave- vector.  Pij  and  Uij  respect¬ 
ively  denote  the  projector  onto  the  plane  orthogonal 
to  the  wave- vector,  and  the  projector  along  the  wave- 
vector  direction.  Mt  is  defined  as:  Mt  =  u'fCo- 

Equations  (1),  (2)  and  (3)  are  used  as  the  starting 
point  to  develop  our  statistical  models.  They  also  con¬ 
stitute  the  basic  set  of  equations  for  the  numerical  sim¬ 
ulations. 

THE  MODIFIED  MODEL;  CASE  OF  IN¬ 
COMPRESSIBLE  TURBULENCE 

Formally,  in  the  case  of  incompressible  turbulence, 
the  DIA  formulation  is  : 

f  <  G(K,  f,  t")  >  <i>{P,t,t")^{Q,  t,  t'')dt"  (4) 

{^  +  uK^)<G(K,t,t')  >= 
f  <  G(K,t',i")  X  G(P,t,n  >  ^(Q,t,t")dt"  (5) 

where  ^(K,  is  the  two-time  two-point  velocity  cor¬ 
relation  and  <  G(K,t,f)  >  is  the  averaged  response 
function  (response  of  the  velocity  at  K  and  t  to  a  per¬ 
turbation  at  t’  (t’<t)). 

One-time  models,  such  as  the  EDQNM,  are  derived 
from  the  two-time  DIA  by  applying  the  following  pro¬ 
cedure: 

♦  deduce  the  equation  for  the  one-time  correlation  by 
taking  the  limit  t'  — t  in  equation  (4).  It  comes: 

f  <  G(A,t,t")  >  (6) 

♦  link  the  two-time  correlations  that  remain  in  the 
right  hand  side  of  (6)  to  the  one-time  correlations, 
introducing  a  new  function  R(K,t,t’): 

=  (7) 

♦  introduce  the  ”  Markovianization”  assumption:  i.e. 
assume  that,  in  the  right  hand  side  of  (7), 

has  a  weak  dependency  with  respect  to  time  (com¬ 
pared  with  the  characteristic  time  of  the  response 
function).  Then  the  equation  for  the  one-time  cor¬ 
relation  reads: 

+  2yK^MK,  t)  =  JbkpqHP,  (8) 


where 

Okpq  =  J<G{K,t,t")>R{P,t,t")RiQ,t,t")dt'' 

is  a  characteristic  time  of  the  triad  {K,P,Q}. 

•  assume  modeled  forms  for  <  G  >  and  R. 

The  EDQNM  model  is  obtained  if,  in  the  last  step 
of  the  above  procedure,  the  following  assumptions  are 
injected: 

-  the  non  linear  term  appearing  in  the  right  hand 
side  of  (5)  is  expressed  by  a  linear  relaxation  term 
-p(K)  <  G{K,t,f)  >  where  p  is  an  eddy  damp¬ 
ing  coefficient.  This  leads  to: 

<  G(A',t,0  >=  exp((-/i(A')  ~  uK^){t  -t')) 

-  R  is  assumed  to  be  equal  to  <  G  >. 

-  the  eddy  damping  coefficient  is  expressed  in  order 

to  obtain  a  behaviour  of  the  spectrum  in 

the  inertial  range.  A  form  usually  retained  is: 

ii{K)  =  \^j%^E{P)dP  (9) 

where  A  is  a  constant  related  to  the  Kolmogorov 
constant  (A  =  0.355  is  generally  used). 

The  approach  proposed  in  the  present  paper  consists 
in  expressing  the  functions  <  G  >  and  R  differently. 
It  is  known  that  for  statistically  stationary  turbulence, 
A(Ar,f,t  -f  r)  has  to  be  an  even  function  of  r  and  that 
the  exponential  form  resulting  from  the  EDQNM  as¬ 
sumptions  does  not  satisfy  this  condition.  This  ques¬ 
tion  was  raised  by  Kraichnan  (1964)  who  also  noticed 
that  this  inconsistency  could  be  corrected  by  introdu¬ 
cing  another  formulation  for  R: 

R{K,i,t^)  =  exp(-a(A")(f  (10) 

The  aim  of  the  present  approach  is  to  propose,  and 
to  extend  to  compressible  turbulence,  a  model  consist¬ 
ent  with  this  Gaussian  shape.  As  a  matter  of  fact, 
it  was  shown  by  Kraichnan  (1971)  that,  in  case  of  in¬ 
compressible  turbulence,  the  use  of  Gaussian  functions 
for  <  G  >  and  R,  instead  of  exponential  forms,  was 
resulting  in  only  minor  changes  in  the  predictions  of 
the  closure.  This  probably  explains  that  the  problem 
has  received  little  attention  in  the  field  of  turbulence 
modeling.  The  situation  being  different  in  the  case  of 
compressible  turbulence,  attention  is  here  focused  on 
this  point. 

A  systematic  (and  easy  to  extend  to  compressible 
turbulence)  route  to  obtain  (10)  is  to  replace  the 
right  hand  side  of  equation  (5)  by  a  modeled  term 
--2q;(A')  (t  —  /')  <  G{k,t,f)  >.  This  leads  to: 

<  G(A^f,t')  >=  exp(-a(A')(t  -  -  z/A‘(t  -  f')) 

and  Kraichnan ’s  expression  for  R  is  recovered  if  R  is 
assumed  to  be  the  limit  of  <  G  >  when  i/  tends  to  0. 
Following  this  procedure,  equation  (8)  is  not  modified. 
Solely  the  form  of  the  characteristic  time  0  is  changed. 

It  can  be  shown  that  the  new  damping  coefficient  a 
is  linked  to  //  by  4a  =  where  7  is  found  to  be 

equal  to  2.68,  following  Kraichnan ’s  approach  (1971). 
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THE  MODIFIED  MODEL  FOR  WEAKLY 
COMPRESSIBLE  TURBULENCE 
In  the  DIA  equation  for  weakly  compressible  turbu¬ 
lence  (Marion  et  al  (1988)),  the  following  quantities 
are  introduced: 

•  correlation  between  the  a-mode  at  K 
and  t  and  the  y^-mode  at  t’, 

•  <  >  averaged  response  function  (re¬ 

sponse  of  the  a-mode  at  K  and  t  to  a  perturbation 
of  the  /?-mode  at  t’  (t’<t)), 

where  a  and  /3  stand  for  the  different  modes 
and  p}.  When  the  procedure  described  in  the  previ¬ 
ous  section  is  applied  to  compressible  turbulence,  the 
resulting  closed  set  of  equations  is  identical  to  the  one 
of  the  EDQNM  model  (Bataille  et  al  (1993)).  Only 
the  characteristic  times  are  modified  (their  expressions 
are  given  in  Appendix).  In  the  response  function  equa¬ 
tions,  three  damping  coefficients  are  introduced:  a^^, 
and  a^.  a^^,  associated  with  the  solenoidal  mode,  is 
taken  equal  to  the  damping  coefficient  for  incompress¬ 
ible  turbulence  a.  The  coefficients  a^  and  associ¬ 
ated  with  the  dilatational  modes  are  simply  assumed 
to  be  proportional  to  a^^:  a^  =  =  ra^*. 


COMPARISON  BETWEEN  EDQNM  AND 
THE  MODIFIED  MODEL 

In  the  case  of  incompressible  turbulence,  as  noticed 
by  Kraichnan  (1971),  the  results  of  the  model  are  very 
weakly  dependent  on  the  choice  of  the  assumption  con¬ 
cerning  the  two-time  correlations.  This  can  be  ob¬ 
served  in  figure  1  where  the  numerical  predictions  of 
the  EDQNM  and  modified  models  are  compared,  in 
the  case  of  a  turbulent  field  maintained  statistically  sta¬ 
tionary  by  injecting  energy  in  the  large  scales.  Only  the 
smallest  scales  of  the  turbulence  spectrum  are  slightly 
modified. 

In  the  case  of  weakly  compressible  turbulence,  res¬ 
ults  are  analyzed  with  a  forcing  applied  to  the  solen¬ 
oidal  part  of  the  field.  The  behaviours  of  the  different 
spectra  and  E^'p'  are  studied,  as  well  as 

the  scalings  for  the  compressible  turbulent  kinetic  en- 
9c /2  and  for  the  dilatational  dissipation  e^.  These 
quantities  are  defined  as: 


f  E^^(K)dK 

fE<^^(K}dK 

fEPPiK)dK 

fEPy(K)dK 

fEZ(K)dK 

f  2iyK'^E‘‘{K)dK 

f  2ty'K^E‘‘(K)dK 


=  I  < 

=  I  < 

=  ^  <PP> 
=  2^  <  p'p'  > 

=  £* 


where  pinc  is  the  ’’incompressible  pressure”  (solution 
of  a  Poisson  equation)  and  p*  ^  p  —  pi^c^ 

In  the  limit  of  a  very  small  turbulent  Mach  number, 
an  asymptotic  expansion  of  the  present  model  can  be 
performed.  Assuming  a  Kolmogorov  type  of  spectrum 
for  E^^j  this  analytical  analysis  leads  to  the  results 
summarized  in  table  I. 


EDQNM 

modified  model 

£'“(A") 

M^R°K-^ 

EfP{K) 

EP'P'(K) 

«  E«(A') 

App(A') 

#  EZ{K) 

EVnciK) 

M^Rl 

MtR° 

MfRl 

ln(i?e) 

table  I 


Comparisons  with  the  results  of  the  EDQNM  model, 
also  given  in  table  I,  show  that  different  scalings  are 
obtained.  It  has  to  be  pointed  out  that  both  the  com¬ 
pressible  turbulent  kinetic  energy  and  the  dilatational 
dissipation  are  found  to  scale  as  whereas  in  the 
case  of  the  EDQNM  model  they  are  proportional  to 
M^.  The  slopes  of  the  different  spectra  are  also  af¬ 
fected.  It  is  also  interesting  to  notice  that  in  the  limit 
Mt  0,  the  pressure  spectrum  tends  to  the  pressure 
spectrum  in  incompressible  turbulence,  which  was  not 
the  case  with  the  EDQNM  model.  The  obtained  scal¬ 
ings  and  the  fact  that  equipartition  of  energy  between 
the  and  p'  modes  is  not  obseved,  indicate  that  the 
modified  model  reproduces  the  ”  pseudo-sound”  regime 
(Ristorcelli  1995). 

In  figure  2,  results  of  the  numerical  integration  of 
the  modified  model  are  plotted  at  low  Mach  number 
(Mt=10~^).  They  validate  the  results  of  the  analyt¬ 
ical  analysis,  the  different  slopes  of  the  spectra  be¬ 
ing  in  agreement  with  those  given  in  table  I.  In  fig¬ 
ure  2,  it  can  also  be  observed  that  the  spectrum  of 
the  solenoidal  velocity  is  not  affected  by  compressib¬ 
ility  effects.  In  figure  3,  the  dilatational  dissipation 
is  plotted  as  a  function  of  the  Mach  number.  At  low 
Mt,  the  M^Re~^  \n(Re)  scaling  is  observed,  whereas 
for  Mt  larger  than  10^^  discrepancies  begin  to  ap¬ 
pear,  indicating  that  turbulence  is  leaving  the  pseudo¬ 
sound  regime,  to  enter  an  acoustic  regime,  equipar¬ 
tition  between  the  and  p'  modes  beginning  to  be 
observed  (results  not  shown  here). 

LARGE  EDDY  SIMULATION  TECHNIQUE 

In  order  to  provide  comparisons,  Large  Eddy  Sim¬ 
ulations  (LES)  are  performed.  In  this  case,  equations 
(1)  (2)  and  (3)  are  directly  used.  For  LES,  the  molecu¬ 
lar  viscosity  in  (2),  z/,  is  replaced  by  u  +  where  z/t 
is  a  subgrid  eddy  viscosity,  evaluated  using  a  Chollet- 
Lesieur  (1981)  formulation,  built  on  the  spectral  energy 
density  of  the  solenoidal  velocity  at  the  cut-off  wave- 
number  E^^{Kc)-  To  account  for  low  Reynolds  number 
effects,  the  modification  introduced  by  Chollet  (1983) 
is  used.  On  the  compressible  mode,  we  also  introduce 
an  eddy  viscosity.  Its  expression  is  built  on  the  purely 
compressible  energy  at  the  cut-off: 

‘^tc  =  0.267 V£«(A'c)/A'e  (11) 

This  formulation  would  require  further  justifications, 
but  it  was  shown,  by  comparing  results  of  LES  on  fine 
and  coarse  grids,  that  it  leads  to  acceptable  results. 

With  the  aim  to  get  statistically  steady  isotropic  tur¬ 
bulence,  an  external  force  is  used  to  supply  energy  into 
the  turbulent  field  at  large  scales.  In  order  to  avoid 
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excessive  disturbance  of  the  compressible  mode,  the 
forcing  is  applied  only  to  the  solenoidal  part  of  the 
field.  The  force  is  therefore  solenoidal.  It  is  added  to 
the  right  hand  side  of  equation  (2).  It  is  stochastically 
generated  and  time  correlated  with  a  memory  time  Tni . 
The  force  is  obtained  by  a  Langevin  equation  (cf  Shao 
et  al  (1996)). 

The  time  correlation  of  the  force  is: 

<  /.  (<)/.  (<')  >«:  exp  (^2) 


A  second  type  of  forcing,  generated  using  two  Langevin 
equations,  was  also  used.  In  this  case,  the  two-time 
correlation  of  the  force  has  a  zero  derivative  at  <  = 


exp 


(13) 


The  set  of  equations  (l)-’(3)  is  solved  using  a  pseudo 
spectral  code.  Time  integration  is  achieved  with  a  4^^ 
order  Runge-Kutta  scheme.  The  forcing  is  applied  to  a 
range  of  wave-numbers  between  0  and  58  m"  ^ .  Statist¬ 
ically  stationary  turbulence  is  obtained.  The  effect  of 
the  memory  time  Tni  is  analyzed  in  figure  4  where  the 
compressible  kinetic  energy  is  plotted  as  function  of 
Tni .  Clearly,  the  compressible  kinetic  level  is  drastic¬ 
ally  reduced  when  Tni  increases.  However,  for  large 
enough  memory  time,  an  asymptotic  state  is  obtained 
and  the  results  become  independent  of  Tni-  In  figure 
4,  we  also  compare  results  obtained  with  the  two  types 
of  forcing  techniques  (respectively  satisfying  (12)  and 
(13)).  It  appears  that  the  asymptotic  level  is  the  same 
with  the  two  forcings  (the  asymptote  being  reached 
faster  when  the  second  one  is  used). 

All  the  results  presented  below  are  for  Tni  large 
enough  for  the  asymptote  to  be  reached,  so  they  are 
considered  as  independent  of  the  forcing.  More  spe¬ 
cifically,  the  second  type  of  forcing  is  used  with  Tni 
approximatively  equal  to  5  turbulent  turn-over  times. 

The  LES  computations  were  run  on  a  64^  grid.  The 
Mach  number  was  changed  by  varying  the  value  of  the 
sound  speed.  Seven  values  of  Mt  were  investigated, 
ranging  from  Mt=4  10“^  to  Mt=0.45.  The  influence 
of  the  Reynolds  number  was  studied  by  varying  the 
value  of  the  molecular  viscosity.  Three  values  of  Rei 
(based  on  the  integral  length  scale)  were  investigated: 
Rei  80,  Ret  ^  800  and  i^ei,  -  4000.  It  has  to  be 
pointed  out  that  in  the  lowest  Reynolds  number  case, 
all  the  important  scales  of  the  turbulent  motion  were 
nearly  resolved  so  that,  in  this  case,  the  LES  was  nearly 
a  DNS.  For  validation  purpose,  a  DNS  on  a  128^  grid 
was  also  performed  (at  0.2  and  i?ei^=80). 


Figure  1:  Comparison  between  the  present  model  and 
EDQNM  in  the  case  of  incompressible  turbulence.  Turbulent 
kinetic  energy  spectrum;  i2eL=10®. 

change.  This  is  also  in  agreement  with  the  results  of 
our  statistical  model. 

In  figures  7,  8,  9  and  10,  a  comparison  between  spec¬ 
tra  obtained  with  LES  (or  DNS  in  case  of  fig.  8)  and 
with  the  present  statistical  model  is  proposed.  Both 
E^^{K)  and  are  plotted  at  different  Mach  and 

Reynolds  numbers.  The  overall  agreement  appears 
to  be  satisfactory.  It  has  to  be  pointed  out  that  all 
the  model  results  presented  here  were  obtained  with 
r=0.125  (ratio  between  the  damping  coefficients  on  the 
compressible  and  solenoidal  modes).  The  influence  of 
this  parameter  is  illustrated  in  figure  10,  where  results 
obtained  with  r=l  are  also  plotted:  r  appears  to  play  a 
significant  role,  especially  when  the  Reynolds  number 
becomes  high. 

CONCLUSION 

The  improved  two-point  closure  for  compressible 
turbulence  appears  to  lead  to  results  that  significantly 
differ  from  those  of  the  EDQNM  model.  The  different 
scalings  associated  with  the  compressible  modes  are 
modified.  The  results  of  the  new  model  are  corrobor¬ 
ated  by  LES  results. 
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SIMULATION  RESULTS  AND  COMPAR¬ 
ISON  WITH  THE  MODEL 

In  figures  5  and  6,  the  compressible  kinetic  energy 
ql/2  and  the  dilatational  dissipation  are  plotted 
against  the  turbulent  Mach  number  for  different  Rei- 
At  low  Mach  number  (Mt  <  0.1),  a  scaling  is  ob¬ 
tained  for  both  ql  and  .  The  compressible  kinetic 
energy  level  is  found  to  be  independent  of  the  Reyn¬ 
olds  number.  The  dilatational  dissipation  is  found  to 
scale  as  M^Re1^hi{Rei).  This  is  in  agreement  with 
the  results  of  the  modified  statistical  model  presen¬ 
ted  in  table  I.  At  higher  Mach  number,  the  behaviours 
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Figure  2:  Results  of  the  present  model  at  turbu¬ 

lent  kinetic  energy  spectra,  incompressible  and  compressible 
pressure  spectra;  i?eL=10®. 


Figure  3:  Normalized  dilatational  dissipation  as  function  of 
Mt  for  different  Reynolds  numbers  (model  results). 


Figure  5:  Compressible  kinetic  energy  as  function  of  Mt  for 
different  Reynolds  numbers  (LES  results). 


Figure  6:  Normalized  dilatational  dissipation  as  function  of 
Mt  for  different  Reynolds  numbers  (LES  results). 
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APPENDIX 

The  characteristic  times  appearing  in  the  statistical 
models  for  weakly  compressible  turbulence  are: 


H 

£^€{-1.1}  £,.£{-1.1}  «j€{-1.1} 

+  epg^{K))  {cP  +  e^gJiP))  (d^  +  esgi(Q)) 

n  =V^[K)^r,1{P)  +  4(Q) 
h  =epb^{K)+e.,b1{P)  +  e6hi{Q) 
a  =a^(K)  +  a^(P)  +  a^(Q) 

This  general  expression  is  valid  for  both  EDQNM 
and  the  modified  model,  but  the  definitions  of  the  dif¬ 
ferent  functions  differ.  They  are  given  here  in  the  case 
of  the  modified  model: 

t}‘‘{K)  =  J7‘=p(A')  =  if<={K)  =  =  v'K'^/2 

a“(A)  =  o‘=P(A)  =  oc^'^iK)  =  oPf{K)  =  ro”(A) 

b“(K)  =  0 
b^‘{K)  = 

b‘=f(K)  =  =  6PP(A')  =  6“  (A) 

d“  =  =  (fP  =  1;  =  rfP'  =  0  ■ 

g“(K)  =  G 

g^^iiq^gPPiK)  =  r7«(A)/6-(A) 
g‘P{K)=gP<={K)  =  -KCo/b^P{K) 

t)^{K)  =  limy,t,--+o  V^{K) 
b0(K)=lim,,^.^ob^iK) 
g^K)  =  lim,..-^o/(A) 

Mn>b,a)  =  ^exp((2^)2)er/c(2^). 


Figure  10:  Comparison  between  LES  (symbols)  and  model 
(lines);  ReL=800,  Mt=0.45  (r=l  — ;  r=0.125  -  -). 
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ABSTRACT 

Validation  of  linear  and  recently  developed  non¬ 
linear  eddy-viscosity  models  in  transonic  flows  featuring 
shock/boundary  layer  interaction  and  separation,  is  pre¬ 
sented.  The  accuracy  of  the  models  is  assessed  against  ex¬ 
perimental  results  for  two  transonic  flow  cases,  one  over 
an  axisymmetric  bump  and  another  in  a  channel  with 
a  bump  on  the  lower  wall.  Discretisation  of  the  mean 
flow  and  turbulence  transport  equations  is  obt2dned  by 
a  characteristics-based  scheme,  third-order  of  accuracy. 
For  the  time  integration  an  implicit  unfactored  method  is 
used.  The  study  reveals  that  the  numerical  predictions  for 
the  shock/boundary  layer  interaction  are  improved  by  the 
present  non-linear  models. 

INTRODUCTION 

Shock/boundary  layer  interaction  appears  in  many  aero¬ 
nautical  applications,  such  as  flows  in  compressor  passages, 
around  turbomachinery  blades  and  external  flows  over  air¬ 
craft  wings  or  helicopter  blades.  The  aerodynamic  perfor¬ 
mance  in  these  applications  depends  strongly  on  the  lo¬ 
cation  and  strength  of  the  shocks,  as  well  as  on  the  flow 
separation,  induced  by  the  shock/ boundary  layer  interac¬ 
tion.  Accurate  prediction  of  such  flow  phenomena  is  of 
primary  technological  importance  and  their  simulation  re¬ 
mains  a  challenging  problem  due  to  the  complex  physics 
involved. 

Past  research  has  revealed  that  the  accuracy  of  the  nu¬ 
merical  calculations  is  mainly  dictated  by  the  accuracy  of 
the  turbulence  model.  Experience  using  algebraic  turbu¬ 
lence  models  has  shown  that  such  modelling  of  turbulence 
did  not  provide  satisfactory  results  in  most  cases.  Linear 
low-Re  two-equation  models  seem  to  offer  the  best  balance 
between  accuracy  and  computational  cost,  but  are  not  able 
to  capture  effects  arising  from  normal-stress  anisotropy.  At 
present  non-linear  models  seem  to  be  one  of  the  principal 
routes  for  advanced  modelling  of  turbulence  beyond  the  lin¬ 
ear  eddy-viscosity  models.  Such  models  take  into  account 
streamline  curvature  and  swirl,  as  well  as  history  effects. 
Non-linear  models  are  still  being  refined  and  validated  for 
steady  flows,  mainly  two-dimensional  and  incompressible, 
while  limited  experience  has  been  acquired  from  applica¬ 


tions  to  compressible  flows. 

The  objectives  of  the  present  study  is  to  validate,  in  flows 
with  shock/boundary  layer  interaction,  two-  and  three- 
equation  non-linear  eddy- viscosity  models  (EVM)  recently 
developed  at  UMIST  by  Craft,  Launder  and  Suga  (Craft 
et  al.,  1996;  Suga,  1995).  The  accuracy  of  the  models  is 
assessed  in  contrast  to  experimental  results  for  two  tran¬ 
sonic  flow  cases  and  calculations  using  linear  eddy- viscosity 
models. 


NUMERICAL  METHOD 

The  compressible  Navier-Stokes  equations  for  a  two- 
dimensional  curvilinear  coordinate  system  (^,  77),  in  con¬ 
junction  with  the  transport  equations  of  the  turbulence 
model,  are  written  in  matrix  form  as: 


^  £S 

Si  ac  -  ac 


(1) 


U  is  the  six-component  vector  of  the  conservative  variables: 


U  J  {p,  pu,  pw,€,  pk,  pe)'^  (2) 

where  p  is  the  density,  u,  w  are  the  velocity  components  in 
the  X  and  s  directions,  respectively,  e  is  the  total  energy 
per  unit  volume,  h  is  the  turbulent  kinetic  energy  and  € 
the  isotropic  part  of  the  turbulent  dissipation  rate. 

The  matrix  H  —  JH  has  non-zero  entries  for  the  source 
terms  of  the  turbulence  model  equations,  as  well  as  for 
terms  due  to  the  axisymmetric  formulation.  J  is  the  Ja¬ 
cobian  of  the  transformation  from  Cartesian  to  curvilinear 
coordinate  system. 

The  inviscid  (E^G)  and  viscous  (R,S)  flux  vectors  are  writ¬ 
ten  as: 


E  =  J{Ei^  +  Gi,),  C  =  J{EC^  +  GC,)  (3) 

R  =  J  ,  S  =  J  {R<:^  + 

In  the  above  relations  E,  G  and  R,S  are  the  inviscid  and 
viscous  Cartesian  flux  vectors,  respectively. 
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The  total  energy  per  unit  volume  e  is  the  sum  of  the 
specific  internal  energy  (2),  kinetic  energy 
and  turbulent  kinetic  energy  k: 

e  =  pi  ^  -p  (w"  -t-  «•*■)  +  pi^  (4) 

The  pressure  is  evaluated  by  the  equation  of  state  for  an 
ideal  gas. 

A  third  -  order  upwind  scheme  along  with  a  character¬ 
istics  -  based  flux  averaging  (linear  locally  one  -  dimen¬ 
sional  Riemann  solver)  is  used  to  calculate  the  inviscid 
fluxes  at  the  cell  faces  (Drikakis  and  Durst,  1994,  Eberle 
et  a].,  1992).  Limiters  based  on  the  squares  of  pressure 
derivatives  have  been  used  for  the  detection  of  shocks  and 
contact  discontinuities. 

An  implicit-unfactored  solver  (Barakos  and  Drikakis,  1996) 
has  been  employed  for  the  solution  of  the  equations.  A 
sequence  of  approximations  such  that: 

lim  ^  1/^+^ 

ty>i 

is  defined  between  two  time  steps  n  and  n  +  1.  Using 
implicit  time  discretisation  and  after  linearising  the  fluxes 
around  the  sub-iteration  state  1/  the  following  form  is  de¬ 
rived: 


||  +  +  (Cr„„A9)c  - 

(A^,-,A?)j  -  (C.-,Ag)<  =  RHS  (5) 


where 


RHS  =  -  +G<-  -  Sc  -  (6) 

A?  =  -  9"  (7) 


and 


_dE  ^ 


dR 

du' 


At  each  time  step  the  final  system  of  algebraic  equations 
is  solved  by  a  point  Gauss- Seidel  relaxation  scheme. 

According  to  the  present  method  the  transport  equa¬ 
tions  for  the  turbulence  model  are  solved  coupled  with  the 
fluid  flow  equations.  This  strategy  provides  fast  conver¬ 
gence  and  compact  numerical  implementation.  Alterna¬ 
tively,  the  transport  equations  for  the  turbulence  model 
can  be  solved  with  a  fourth-order  Runge-Kutta  explicit 
scheme.  This  option  has  also  been  implemented  into  the 
present  Navier-Stokes  code.  The  above  formulation  is  quite 
general  since  the  implementation  of  another  two-equation 
turbulence  model  requires  slight  modifications  regarding 
the  incorporation  of  the  damping  functions,  closure  coeffi¬ 
cients  and  boundary  conditions. 


TURBULENCE  MODELLING 

In  the  present  study  two  linear  k  —  c  models  have  been 
employed:  the  Launder-Sharma  (1974)  and  the  Nagano- 
Kim  (1988).  The  main  objective  is.  however,  to  validate 
the  non-linear  models  recently  developed  at  UMIST.  The 
first  is  a  two-equation  model  proposed  by  Craft  et  a/.  (1996) 
and  the  second  is  a  three-equation  k  —  c  —  A2  model  pro¬ 
posed  by  Suga  (1995). 

Linear  eddy- viscosity  models  of  the  L*  —  f  type,  make  use 
of  the  Boussinesq  approximation  and  require  the  solution 
of  two  transport  equations;  one  for  the  kinetic  energy  of 
turbulence,  k^  and  one  for  the  turbulent  dissipation  rate, 
c. 


The  stress  tensor  iij  is  modeled  using  the  Boussinesq 
approximation: 


(9) 


(10) 


(11) 


and  pT  is  the  eddy- viscosity  of  the  fluid. 

On  the  other  hand,  non-linear  eddy- viscosity  models  use 
an  expansion  of  the  Reynolds  stress  components  in  terms 
of  the  mean  strain-rate  and  rotation  tensors: 


5o-  =  {Uij  +  Uj,i)/2,  Qij  =  {Uij  -  Uj,i)  /2  (12) 

For  the  k  —  €  non-linear  EVM  by  Craft  et  al  (1996)  the 
transport  equations  for  the  k  and  e  are: 


Di  ^ 

-f  Pk  -  pc 

(13) 

11 

k 

-C,2^+P.z+S,  (14) 

diffusion  terms  are  given  by: 

,  d 

dk  = 

axk 

LV^  1.0. 

\  dk  ' 

1  dxi . 

\  (15) 

1.3>I 

*  dxi  J 

t  (16) 

The  production  term  Pk  and  the  near  wall  term  Pa  are: 


Pk  =  pc^f^eSQ  (17) 

==  0.0022^J^  (  )  ,  At  <  250  (18) 

c  \dxkdxi ) 

Pcz  =0,  Rt>  250  (19) 

The  coefficients  c^i  in  the  dissipation  equation  take  the 
values:  Cei  =  1.44,  Cc2  =  1.92  { 1  —  O.Sexp  (— .R?)  }  .  Fi¬ 
nally  the  length-scale  (Yap)  correction  is: 


where  y  is  the  wall-distance.  Due  to  the  marginal  improve¬ 
ment,  provided  in  most  flow  cases,  by  quadratic  non-linear 
expansions  of  the  anisotropy  of  the  Reynolds  stress  tensor, 
aij  =  — ^  ^  cubic  expansion  has  been  suggested 

by  Craft  et  ai.  (1996): 


+ci^  \SikSkj  '-SktSki^'ij\ 

pc  I  3  J 

-\-C2^-^(QikSkj  -\-QjkSki) 
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+  C4  (‘^^•*■^0'  +  SkjQu)  Ski 


Sil^lm^mj  '^Sl-m^inn^7Tl^'ij 


+cc^SijSk,Ski  +  C7^SijQ„n,i 
P€-  pc- 


>1) 


This  cubic  expansion  has  been  utilised  here  to  calculate 
the  components  of  the  Reynolds  stress  tensor  — p  tTpuJ.  In 
the  above,  S{j  and  Qij  are  the  strain  and  vorticity  tensors, 
while  5  and  Q  are  their  normalised  invariants: 


5  =  j^SijSij/2,  Q  =  (22) 


where  the  coefficients  a  take  the  values:  ci  =  — 0,1,C2  = 
0.1,  C3  =  0.26,  C4  =  “lOc^.  The  eddy  viscosity  is  calculated 

by:  PT  =  where 


0.3  [1  —  exp  {— 0.36ea:p  (0.757?)}] 
1  +  0.357?i-^ 


7?  =  max  (5,  Q) 


(23) 

(24) 

(25) 


Such  functional  form  of  has  been  found  to  be  beneficial 
in  flows  far  from  equilibrium  and  has  also  been  employed 
in  the  work  by  Lion  and  Shih  (1995)  for  shock/boundary 
layer  interaction  problems. 

To  obtain  a  better  representation  of  the  turbulence 
anisotropy  the  three  equation  model  by  Suga  (1995)  utilises 
an  additional  transport  equation  for  the  second  invariant 
A2  of  the  Reynolds  stress  anisotropy  tensor.  As  reported 
by  Suga  (1995),  inclusion  of  the  third  equation  makes  the 
numerical  results  comparable  to  those  obtained  by  differ¬ 
ential  Reynolds  stress  models.  In  addition,  the  CPU  time 
is  slightly  increased,  while  the  model  becomes  free  the 
wall-distance.  The  transport  equation  for  the  invariant 
A.2  ~  fl  tj  Ci  ij  is : 


(26) 


The  diffusive  part  dA2  is  modelled  as: 


and  the  pressure-strain  term  <p{j  can  be  found  in  the  work 
of  Suga  (1995).  Once  .42  is  calculated,  the  effective  values 
of  Stj  and  can  be  also  calculated  as: 

Sij  —  TrjSij,  fl{j  =  TrjClij  (28) 


where 


Tjj  ^  1  A- 


1  —  exp 


1  +  4 


(29) 


These  are  subsequently  used  in  the  cubic  expansion  of 

Oij. 

The  structure  of  the  transport  equations  for  k  and  c  re¬ 
mains  the  same  as  for  the  two-equation  non-linear  model, 
but  the  production  and  diffusion  terms  are  different: 

Pk  ^  Pi  =  pc^^f^cSQ  (30) 

^  +  o-22/.^y )  1^}  (31 ) 

^  ^  (32) 

C<1  =  1  +  0.15(1 -.4*)  (33) 

1.92  ,  , 

C.2  =  - - - ^ - (34) 

1  +  0- '  j  (0-25:  +•) 


P.3  =  1.2 


fiiiT  d^Ui  d-Ui 
p  dxisdxj  dxkdxj 
^tipT  dk  dUi  d^Uj 
kp  dxk  dxi  dxkdxi 


(35) 


5.=  ^e.p(-P?/4)  + 


fdUi 

di 

I'dUp  di 

dl  > 

\  pk( 

V9Xm 

dxi 

dXmJ 

y  dXq  dxp 

dx^) 
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RESULTS  AND  DISCUSSION 
Test  Cases 

The  shock/boundary  layer  interaction  over  a  bump  is 
one  of  the  most  well  known  flow  configurations  used  for 
the  validation  of  turbulence  models.  Such  cases  have  been 
the  subject  of  various  efforts  like  the  BRITE/EURAM 
EUROVAL  project  (Haase  et  ai.,  1993)  and  the  AFSOR- 
HTTM-Stanford  conference  (Kline  et  ai.,  1980). 

Two  transonic  flow  cases  involving  shock/boundary  layer 
interaction  have  been  considered  in  this  work.  The  first  one 
was  identified  as  Case  8611  at  the  1980  AFSOR-HTTM- 
Stanford  conference.  The  experimental  data  have  been 
contributed  by  Johnson  et  ai.  (1982).  A  schematic  rep¬ 
resentation  of  the  flow  configuration  is  shown  in  Figure 
1(a).  A  free  stream  is  allowed  to  form  a  boundary  layer 
around  a  cylinder  having  an  attached  bump.  The  bump’s 
leading  edge  is  smoothed  and  at  its  origin  a  coordinate 
system  has  been  considered.  The  bump  is  assumed  sym¬ 
metric  around  the  cylinder  and  its  length  c  has  been  used 
as  the  characteristic  length  of  the  problem.  A  detailed 
description  of  the  bump  geometry  can  be  found  in  the 
work  of  Bachalo  and  Johnson  (1979).  Because  the  ax- 
isymmetric  configuration  provides  a  flow,  free  of  three- 
dimensional  effects  the  above  case  is  considered  as  one  of 
the  very  few  two-dimensional  cases  available  for  validation 
of  turbulence  models  in  transonic  flow  conditions  (Mar¬ 
vin  and  Huang,  1996).  The  working  fluid  is  air  flowing  at 
Mrx,  =  0.875  while  the  Reynolds  number  per  unit  length 
was  Re/m  —  13.6  IO^/ttv.  The  experimental  data  obtained 
at  the  .4mes  transonic  wind  tunnel  (Johnson  ef  ai.,  1982) 
revealed  a  shock  over  the  bump  at  about  xjc  —  0.63,  as 
well  as  separation  of  the  boundary  layer  occurring  between 
xjc  =  0.7  and  xjc  —  1.1.  This  case  has  been  extensively 
utilised  for  the  validation  of  numerical  techniques  and  tur¬ 
bulence  models. 
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The  second  test  case  has  been  submitted  by  Delery  to 
the  1980-81  Stanford  Conference  (Delery,  1980;  Kline  et 
ai.,  1981).  In  Figure  1(b)  a  schematic  of  the  geometry 
is  shown,  while  the  exact  description  can  be  found  in  the 
work  by  Kline  et  aL  (1981).  For  this  case  the  inlet  Mach 
number  is  0.63.  The  flow  is  accelerated  over  the  bump  until 
a  Mach  number  close  to  1.4  is  achieved.  The  downstream 
pressure  which  is  controlled  by  an  adjustable  second  throat 
yields  the  existence  of  a  normal  shock  wave  above  the  bump 
trailing  edge.  The  pressure  gradient  induced  by  the  shock 
is  strong  enough  to  create  boundary  layer  separation  on  the 
lower  wall.  Downstream  of  the  separation  point,  the  flow 
becomes  again  supersonic  and  a  second  shock  quasi-normal 
to  the  lower  wall  is  formed.  The  two  shocks  join  each  other 
above  the  interaction  zone  and  form  a  single  normal  shock 
which  interacts  with  the  boundary  layer  on  the  upper  wall. 
The  separation  and  reattachment  points  were  found  to  be 
at  X  =  0.260m  and  x  —  0.325m,  respectively,  away  from 
the  leading  edge  of  the  bump.  The  reservoir  conditions 
for  this  problem  are  Po  —  95000  IS Im"  and  To  =  300  A  . 
A  comparison  between  various  calculations  using  different 
models  and  numerical  schemes  can  be  found  in  the  work 
by  Haase  et  ai.  (1993) 

For  both  test  cases  surface  pressure,  as  well  as  LDV  mea¬ 
surements  are  available  and,  thus,  it  is  possible  to  assess 
the  accuracy  of  the  models  by  comparing  the  velocity,  and 
turbulent  shear  stress  profiles  at  various  positions. 

Results 

For  the  first  case  the  linear  k-e  model  by  Launder  and 
Sharma  (1974),  as  well  as  the  two  and  three-equation  non¬ 
linear  models  have  been  employed.  Several  discretisation 
grids  have  been  tested  and  finally  results  on  the  grid  160  x 
80  have  been  used  for  the  comparisons. 

The  predicted  surface  pressure  distributions  are  shown  in 
Figure  2.  As  shown  ^1  models  capture  satisfactory  the 
shock  position  and  the  pressure  distribution  before  the 
shock.  Differences  are  encountered  at  the  pressure  plateau 
after  the  shock  where  the  flow  is  separated.  The  non-linear 
models  are  able  to  capture  better  the  pressure  distribution 
apparently  due  to  the  functional  form  of  the  coefficient. 
Results  are  shown  in  Figure  3  for  the  velocity  and  turbulent 
shear  stress  profiles  using  the  above  models.  The  non-linear 
models  provide  better  results  both  upstream  (x/c  =  0.75) 
and  downstream  (x/c  =  1.0)  of  the  shock  wave.  The  non¬ 
linear  models  capture  better  (Figure  3)  the  development 
of  the  maximum  turbulent  shear  stress  and,  thus,  predict 
better  the  boundary  layer  separation. 

The  Nagano-Kim  (1988)  linear  model  and  the  two  and 
three-equation  non-linear  models  were  employed  for  the 
second  test  case.  A  121  x  121  grid  has  been  used.  In  previ¬ 
ous  computations  (Haase  et  ah,  1992)  this  grid  was  found 
to  be  adequate  for  obtaining  grid  independent  solution. 
For  all  calculations  the  exit  pressure  was  fixed  to  60  KPa. 
As  expected,  the  exit  pressure  is  an  important  parameter 
to  control  the  position  of  the  shock.  In  this  work  the  value 
of  60  KPa  was  found  adequate  for  calculations  with  the 
linear  and  non-linear  models. 

As  can  be  seen  from  the  pressure  distribution  (Figure  4) 
the  predictions  obtained  by  the  linear  and  non-linear  mod¬ 
els  are  in  fair  agreement  with  the  experimental  data  before 
and  after  the  interaction  zones.  Most  of  the  differences  are 
encountered  in  the  recirculation  region. 

In  Figure  5  the  velocity  profiles  are  compared  with 
the  experimental  data.  The  linear  models  underpredict 
the  separation  region  and.  consequently,  the  pressure  and 
strength  of  the  A-shock  are  underestimated. 

The  non-linear  models  predict  better  the  flow  near  the 
interaction  region  as  can  be  seen  from  the  velocity  profiles 
and  Figures  6,7  where  the  shock  structures  predicted  by 
the  linear  (Nagano-Kim)  and  non-linear  —  c  —  A12  models 
are  shown. 


(b) 


Figure  1:  Schematic  representation  of  the  test  cases,  (a) 
Johnson  et  al.  (1982)  case  and  (b)  Delery's  (1983)  case  C. 


More  information  about  the  accuracy  of  the  models  can 
be  obtained  by  comparing  the  shear  stress  profiles  (Figure 
5).  The  linear  models  tend  to  underestimate  the  magnitude 
of  the  turbulent  shear  stress  while  the  non-linear  models 
give  slightly  better  predictions.  All  models  fail  however,  to 
predict  the  shear  stress  magnitude  indicated  by  the  experi¬ 
mental  data.  This  is  striking  in  particular  for  the  — f-A2 
model  which  is  sensitive  to  the  anisotropy  of  the  turbu¬ 
lent  flow  and,  thus,  was  expected  to  give  better  predictions 
for  the  stress  levels.  Examining  the  experimental  data  by 
Delery  it  was  found  that  the  measurements  indicate  a  mag¬ 
nitude  of  the  u'  velocities  about  16  times  more  than  the 
w' .  As  reported  in  the  work  by  Benay  et  al.  (1989)  such 
anisotropy  is  apparent  and  is  mainly  due  to  oscillations 
of  the  shock  structure  that  magnify  the  turbulence.  It  is 
known  that  shock  waves  are  sources  of  anisotropy  which  is 
convected  downstream,  but  this  phenomenon  needs  further 
investigation. 

The  calculation  for  the  linear  model  requires  610  CPU 
minutes  on  an  HP  9000/700  workstation.  For  the  nonlinear 
model  the  CPU  time  was  increased  to  890  CPU  minutes. 
A  summary  of  the  required  CPU  time  is  shown  in  Table  1. 

CONCLUSIONS 

Validation  and  assesment  of  linear  and  non-linear  two 
and  three-equation  models  has  been  obtained  in  transonic 
flows  with  shock-boundary  layer  interaction  inducing  sep¬ 
aration.  It  was  found  that  the  linear  eddy-viscosity  models 
underestimate  the  separated  flow  regions  and  the  strength 
of  the  shock  structures.  On  the  other  hand  the  present 
non-linear  eddy- viscosity  models  were  found  to  give  consis¬ 
tently  better  predictions  for  the  mean  flow  and  turbulence 
quantities.  The  price  to  be  paid  is  an  increase  of  the  CPU 
time. 
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Figure  2:  Comparison  between  experimental  data  and  nu¬ 
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Figure  4:  Comparison  between  experimental  data  and  nu¬ 
merical  results  for  the  surface  pressure  distribution  along  the 
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ABSTRACT 

We  present  herein  some  new  results  on  second  order 
modelling  of  turbulent  compressible  flows.  Emphasis  is 
given  on  suitable  ways  to  compute  non  conservative 
convective  systems  arising  from  physical  modelling, 
focusing  on  Finite'Volume  schemes.  It  is  shown  that 
trustable  computations  of  these  systems  cannot  be  achieved 
when  using  Euler-based  approximate  (or  exact)  Riemann 
solvers,  though  this  is  implicitely  stated  by  many  workers 
in  the  field. 


INTRODUCTION 

It  is  claimed  herein  that  the  accurate  computation  of 
turbulent  compressible  flows,  using  second  order  closures, 
requires  the  development  of  specific  approximate  Riemann 
type  solvers  to  account  for  first-order  differential  terms. 
Emphasis  is  given  herein  on  a  simple  objective  and 
strongly  realisable  model  arising  from  the  literature,  but  the 
methodology  applies  to  more  complex  closures  arising 
from  the  literature  (Shih  and  Lumley,  1985  ;  Fu  et  al,  1987). 
Steady  computations  of  turbulent  flows  with  such  closures 
are  usually  performed  with  help  of  Euler  based  Riemann 
solvers,  which  means  that  the  influence  of  the  turbulence  on 
the  behaviour  of  the  whole  system  is  highly  negligible. 
Actually,  this  is  not  an  adequate  strategy,  even  when  using 
two-equation  closures,  as  pointed  out  before  in  (Herard, 
1995b).  This  is  even  more  true  when  investigating  systems 
which  have  been  proposed  to  account  for  the  dynamical 
behaviour  of  the  Reynolds  stress  tensor. 

In  the  first  two  sections,  governing  equations  and  basic 
properties  are  described.  These  results  enable  us  to  propose 
in  the  third  section  a  simple  but  efficient  way  to  compute 


time-dependent  solutions  including  shocks,  using  either 
structured  or  unstructured  meshes.  The  fourth  section  is 
devoted  to  the  presentation  of  sample  computational  results 
of  turbulent  shock-tube  experiments,  which  confirm  the 
capabilities  of  the  adequate  scheme,  and  the  failure  of 
"Euler"  type  approximate  Riemann  solvers. 


GOVERNING  EQUATIONS 

The  basic  set  of  equations  is  based  on  standard  Favre's 
averaging  of  Navier-Stokes  equations  (Favre,  1965),  and 
we  refer  to  Vandromme  and  Ha  Minh  (1986)  ,Vandromme 
(1991),  Sarkar  and  Lakshmanan  (1991)  for  instance  for 
details  on  modelling  features  .  The  set  of  equations  is 
(overbar  and  tilde  notations  have  been  droped,  except  for 
turbulent  mass  fluxes  <u">) : 

(p).i  +(pUi).i  =  0  (1) 

(pU0.t  +  (pUiUj)j  +  (p  5ij).j  +  (Rij).j  =  -(Zr).j 

(2) 

(E).i  +  (E  Uj).i  +  (Ui(p  6ij+Rij)).j  =  ...  (3) 

-(Ui(Oj  +  (OE(2-)) 

\P/j  J 

(Rii).i  +  (Rii  Uk).k  +  RikUj,k  +  RikUi.k  =  ...  (4) 

‘I'ij  -  trace  (R)  8ij  +  (<I)y).k 
-  <Ui>  p.j  -  <n]>  p.i 


Rij  =  <pu;u>  (5) 
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ZIj  =  -H(Ui,j  +  Ui,j.JUu6.j) 

(6) 

p  =  (Y-l)(E-BM-iRjj) 

(7) 

It  is  recalled  that  admissible  states  are  such  as  : 

ni  Rij(x,t)  nj  >  0  (8a) 


referred  to  Brun  et  al  (1997)  for  proof.  It  obviously  requires 
that  the  Reynolds  stress  tensor  is  realisable. 

Hvperboitcttv 

Focusing  now  on  statistically  two-dimensional 
turbulence,  and  hence  assuming  that :  Rn  =  R23  =  0  ,  W  =  0 
,  (p  3  =  0,  whatever  (p  stands  for,  we  may  introduce  a  new 
"2D"  state  variable  T)  =  (p,  pU,  pV,  E,  Rn  ,  R22.  R.33,  R12)- 
The  non  conservative  convective  subset,  reads; 


p(x,t)  >  0  ;  p(x,t)  >  0  (8b) 

Given  any  vector  n  in  IR^  with  unit  norm,  we  introduce  : 

R  n  (9a) 

f/„  =  U*n  (9b) 


+  f  (Fi(Z)).i  = 

i=l  i=l 


For  realisable  states,  we  set  :  Ci  = 
C2  =  1^1  ,  and  we  get : 


0  (10) 


(IE. +  3^ 
I  p  p 


1/2 

I  ,  and  : 


p  stands  for  the  mean  density,  U  is  the  mean  velocity,  E 
denotes  the  mean  total  energy  and  P  is  the  mean  pressure. 
The  Reynolds  stress  tensor  is  R  ,  and  K  is  the  turbulent 
kinetic  energy  (K  =  trace(R)  :  2)  ;  y  is  the  ratio  of  specific 
heats  and  Ge  is  positive  ;  \i  is  the  molecular  viscosity. 

Solutions  of  the  whole  closed  set  should  be  such  that 
(8a-8b)  holds.  Moreover,  the  set  of  governing  equations 
should  be  strongly  realisable  (see  Fu  et  al  (1987),  Herard 
(1994ab,  1995a,  1996),  Lumley  (1978),  Pope  (1985), 
Shih  and  Lumley  (1985),  Shih  et  al  (1994)  for  details). 
Lumley  (1978)  proposed  a  "slow"  model  to  account  for  Oij, 
which  is  in  agreement  with  previous  constraints,  and  also 
fulfills  the  objectivity  requirement  (Speziale,  1979).  More 
recently,  two  slightly  distinct  proposals  were  suggested  by 
Shih  and  Lumley  (1985),  and  Fu,  Launder,  Tselepidakis 
(1987),  in  order  to  account  for  "rapid  terms".  We  focus  on 
Lumley's  closure,  and  in  addition  assume  that  the  mass  flux 
is  modeled  according  to  : 

Ril 

<Ui>  =  T  — ^p,j 

P 

BASIC  RESULTS 
Entropy  inequality 

We  introduce  the  state  variable 
W'  =  (p,  pU,  pV,  pW,  E,  Ri  1  ,  R22,  R33,  Ri2,  Ri3,  R23),  and 
define  :  t)  =  -  p  Log(pp'‘'^),  and  :  f^''(W)  =  U  ri.  Then  : 

Proposition  : 

Regular  solutions  W  of  the  set  ((1)  to  (4)  are  such  that : 

TI.1  +  V.  (fr^WV))  +  V.(  f?,(W,VW))  =  S^(W,VW)  <  0 
The  source  term  may  be  written  as  (setting  T=  P/p) : 

S„(W,VW)  =  -  (-^  T,iT,i  +  e  -  2^j“(Ui.j+Uj.i)) 

T  T 
-(Y-i)<u;>  p.i 


Proposition  : 

The  two-dimensional  non  conservative  first-order 
differential  set  (10)  is  a  non  strictly  hyperbolic  system  as 
soon  as  states  are  in  agreement  with  (8a,  8b).  The 
eigenvalues  are  : 

X]  =  Un  -  Cl 
>^2  =  Un-C2 
X,3  =  X4  =  ^5  =  ^  =  Un 
A.7  =  Un  +  C2 
A,8  =  Un  +  Cl 

In  a  one-dimensional  framework,  the  1-wave  and  the  8- 
wave  are  Genuinely  Non  Linear  ;  other  fields  are  Linearly 
Degenerate. 

The  eigenvalue  problem  is  "ill-conditioned",  due  to  the 
fact  that  the  turbulent  Mach  number,  which  is  proportional 
to  (K/P)^^^  is  usually  much  smaller  than  one. 

Solution  of  the  1D  Riemann  problem 

If  a  stands  for  the  speed  of  a  travelling  discontinuity, 
the  following  approximate  jump  conditions  arise  (we  set  : 
[cp]  =  (Pr-(Pl  ,  and:  (p  =  (<Pr+<Pl)/2  ) : 


-o[p]+  [pU]  =0 

(11a) 

-a[pU]+  [pU^  +  Rii+P]  =0 

(11b) 

-o[pV]+  [pUV  +  Ri:]  =0 

(11c) 

o[E]  +  [U  (E+R„+P)]  +  [V  RiJ  =  0 

(lid) 

-a[R33]+  [UR33]  =0 

(He) 

-ct[Ri,]+  [URi,]  +  2Rn’[u]  =  0 

(Ilf) 

-  c[R22]  +  [U  RjJ  +  2  ^[V]  =  0 

dig) 

-  o[Rii1  +  [U  RiJ  +  Ril[v]  +  Rj^  [U]=  0 

(llh) 

This  entropy  inequality  enables  to  connect  states  through  (see  Smoller  (1983)  for  fundamentals  of  conservative 

genuinely  non  linear  fields  in  a  physical  way.  The  reader  is  hyperbolic  systems,  and  Le  Fioch  (1988)  ,  Le  Floch  and 

Liu  (1992),  for  theoretical  results  within  the  frame  of  non 
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linear  hyperbolic  systems  in  non  conservative  form). 
Owing  to  the  entropy  inequality  :  -  CF[r|]  +[FtJ  <  0,  it  may 
be  proved  that  (see  Brun  et  al  (1997),  Uhlmann  (1997))  : 

Proposition  ; 

Assuming  the  above  mentioned  approximate  jump 
conditions  (11)  hold,  t  he  ID-Riemann  problem  associated 
with  the  non  linear  non  conservative  hyperbolic  system 
(10)  has  a  unique  entropy-consistent  solution,  provided  that 
some  condition  on  the  data  on  each  side  of  the  initial 
discontinuity  holds.  The  realisability  of  the  Reynolds 
stress  tensor  is  preserved,  through  contact  discontinuities, 
and  through  genuinely  non  linear  fields. 

A  counterpart  of  the  latter  result  within  the  frame  of  two- 
equation  compressible  models  was  detailed  in  Forestier  et  al 
(1997),  Herard  et  al  (1995). 


NUMERICAL  ALGORITHM 

The  computation  of  viscous  fluxes,  which  are  present 
on  the  right  hand  side  of  equations  (2)  and  (3),  only 
requires  the  implementation  of  centered  schemes. 
Moreover,  suitable  ways  to  implement  source  terms  (right 
hand  side  in  equation  (4))  were  discussed  in  a  previous  work 
(Herard,  1995a).  Since  no  Roe-type  approximate  Riemann 
solver  (Roe,  1981)  based  on  a  state  average  may  be 
exhibited  here  (see  Brun  et  al  (1997)  for  details),  we 
present  below  a  modified  version  of  the  latter,  which  is 
based  on  the  scheme  previously  described  in  (Herard, 
1995b).  We  define  :  Z'  =  (p,  pU,  pV,  E,  Rn  ,  R22,  R33.  R12), 
and  Bi(Z)  : 

B,(Z)=.^(Z)  +  Ar(Z)  (12) 

dZ 

We  recall  that : 

F',(Z)  =  (pU,  pU^+p+Rii,  pUV+R,2,  U(E+p+Ru)  +VR,2,.. 

UR„,UR22,UR33,UR.2) 

(13) 

Integrating  equation  (10)  over  cell  Oj  provides  : 

vol  (£2  i)  (zr'  -  Z?)  +  At  Ff™(Z")  dr  +  At  Si  (Z")  =  0 

Jn 

(14) 

where : 

S|(Z")=(0, 0,0,0,  2(Ri,)r  U?,d£2,  2(R,2^  ^dfi, 

Joj  Jcii 

0,  (Rii)!’|  V”,d£2  +  (Ri2^  U?xdQ) 

Joi  Joi 

(15) 

All  terms  in  (15)  are  computed  using  centred  schemes. 
The  numerical  flux  in  the  integral  on  the  left  hand  side 
of  (14),  is  then  set  as  : 


(F  r™)ij  (Z") = 1  ((F , )  (ZP)  +  (F , )  (ZP)) 

-1  |B,((ZP+ZP)/2)|(ZP-ZP) 

(16) 

using  standard  notations.  Hence  the  scheme  (14)  is 
complete. 

A  slightly  different  scheme  was  also  recently 
derived,  which  is  based  on  the  proposal  by  Gallouet 
(1996),  Gallouet  and  Masella  (1996),  Masella  et  al 
(1996).  This  second  scheme  takes  advantage  of  both 
Godunov’s  basic  idea  and  Roe’s  approximate  Riemann 
solver  (Roe,  1981),  and  has  been  extensively 
investigated  within  the  frame  of  Euler  equations 
(Masella,  1996),  and  some  hyperbolic  two-phase  flow 
models  (Masella,  1996  ;  Combe  and  Herard,  1997). 


COMPUTATION  OF  SHOCK  WAVES 

We  present  below  numerical  results  obtained  with  the 
scheme  detailed  in  the  previous  section.  The  resulting  flow 
contains  a  symmetrical  double  shock  wave.  This  test  case  is 
much  interesting  since  it  enables  to  examine  the  behaviour 
of  the  scheme  near  a  wall  boundary  when  dealing  with 
impinging  jets.  There  exists  a  strong  coupling  between 
various  Reynolds  stress  components,  but  also  between 
mean  variables  and  second-moments.  Riemann  invariants 
U,  (p+Rll)  are-  well  preserved  through  the  2- wave,  the  3-4- 
5-6  wave  and  the  7-wave.  It  must  also  be  emphasised  that 
the  mean  density  does  not  vary  across  the  2-wave  and  the  7- 
wave,  according  to  theoretical  results.  Additional  notations 
are  introduced  in  one  figure: 

W  =  V  4-  ■  v  =  V  - 

(pRi.r  ’  (pR-.r 

It  is  emphasized  that  (respectively  V")  remains  constant 
through  the  2-wave  (respectively  the  7-wave).  The  normal 
component  of  the  velocity  U  behaves  as  its  counterpart  in 
Gas  Dynamics  ;  the  tangential  velocity  V  is  non  trivial,  due 
to  the  strong  shear  induced  by  the  non-zero  component 
R12-  All  Reynolds  stress  components  (except  R33)  have 
been  plotted  in  the  second  figure  ;  it  may  be  checked  that 
the  determinant  (R!iR22  -  (Rn)^)  remains  positive. 

Results  presented  here  allow  the  comparison  with  results 
obtained  using  an  "Euler"  based  approximate  Riemann 
solver,  where  the  computation  of  first-order  convective 
fluxes  which  do  not  involve  the  Reynolds  stress  tensor  is 
done  using  an  upwinding  technique  based  on  the  following 
system  : 

(p).t  +  (pUi).i  =  0 
(pUi),  +  (pUiUj)j  +  (p  5ij).j  =  0 
(E),  +  ((E-HP)UjXj  =0 
(Rii),  +(RiiUk).k  =0 

whereas  the  remaining  first-order  differential  terms  are 
computed  using  centered  schemes.  Obviously,  the  computed 
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solution  of  a  double  shock  wave  shows  that  the  Euler-based 
solver  cannot  recognize  the  two  new  waves,  and  the  whole 
results  in  a  spurious  oscillation  for  variables  which  should 
vary  across  these  two  new  waves,  according  to  the 
theoretical  results. 


CONCLUSION 

The  compulation  of  turbulent  compressible  flows  with 
second-moment  closures  requires  using  specific  algorithms. 
Otherwise  spurious  solutions  may  develop,  if  Euler-based 
schemes  are  used.  Accurate  prediction  of  slow  internal 
waves  can  be  achieved  provided  that  fine  meshes  and  (or) 
second  order  MUSCL  type  extension  is  implemented.  The 
scheme  which  has  been  described  in  this  contribution 
accounts  for  non  conservative  first  order  differential  terms. 
This  is  compulsory  in  order  to  prevent  occurence  of 
negative  values  of  the  mean  pressure.  The  approximate 
Riemann  solver  enables  to  preserve  the  realisability  of  the 
whole  Reynolds  stress  tensor  (i.e.  the  positivity  of 
fundamental  minors).  Other  suitable  ways  to  compute  shock 
waves  were  detailed  in  (Buffard  and  Herard  ,  1996)  when 
focusing  on  one  or  two-equation  turbulence  models.  These 
results  may  be  extended  to  the  frame  of  second-moment 
closures. 
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ABSTRACT 

Fully  developed  turbulent  two-dimensional  channel  flow 
is  subjected  to  mean  strains  that  represent  the  effect  of 
pressure  gradients  in  two-  and  three-dimensional  bound¬ 
ary  layers.  This  is  done  by  applying  irrotational  temporal 
deformations  to  the  flow  domain  of  a  conventional  channel 
direct  numerical  simulation  code.  The  velocity  difference 
between  the  inner  and  outer  layer  is  controlled  by  acceler¬ 
ating  the  walls  in  the  streamwise-spanwise  plane,  allowing 
duplication  of  the  defining  features  of  both  the  inner  and 
outer  regions.  Strains  imitating  infinite-swept-wing  and 
two-dimensional  adverse-pressure-gradient  (APG)  bound¬ 
ary  layers  are  considered.  We  find  that  while  both  al¬ 
ter  the  structure  of  the  turbulence,  the  influence  of  the 
APG  dominates  over  that  of  the  pure  skewing.  When  the 
APG  strain  acts  alone,  behavior  observed  in  the  corre¬ 
sponding  experiments  is  produced  -  namely  an  increase 
in  turbulence  intensity  in  the  outer  layer  accompanied  by 
diminished  energy  near  the  wall.  The  strained-channel 
flows,  whose  statistics  depend  only  on  time  and  one  spa¬ 
tial  dimension,  are  expected  to  be  useful  both  as  a  means 
of  addressing  fundamental  physical  questions  and  also  to 
test  and  develop  turbulence  models  for  spatially  evolving 
pressure-driven  boundary  layers. 

INTRODUCTION 

The  most  obvious  result  of  subjecting  a  turbulent 
boundary  layer  to  an  adverse  pressure  gradient  (APG)  is  a 
reduction  in  the  surface  shear  stress.  But  besides  causing 
the  mean  sldn  friction  to  approach  zero  as  the  flow  de¬ 
velops  in  the  downstream  direction,  the  bulk  deceleration 
dVjBx  <  0  is  also  responsible  for  deforming  the  turbulence 
in  the  region  away  from  the  wall  (cf.  figure  la, 6).  While  the 
importance  of  the  inner-layer  modification  is  clear  -  lead¬ 
ing  to  a  drop  in  production  of  turbulent  kmetic  energy, 
for  example  -*  the  strain  applied  to  the  outer  layer  is  also 
likely  to  be  significant  (Smits  Wood  1985,  Bradshaw 
1988).  The  objective  of  this  study  is  to  explore  the  rel¬ 
ative  importance  of  the  inner-  and  outer-layer  alterations 
introduced  by  adverse  pressure  gradients  in  two-  and  three- 
dimensional  boundary  layers.  By  obtaining  a  deeper  un¬ 
derstanding  of  the  physics  of  APG  boundary  layers,  we 
hope  to  contribute  to  the  refinement  and  development  of 
practical  turbulence  models  applied  to  APG  flows  of  gen¬ 
eral  interest. 

APPROACH 

Our  attention  is  directed  toward  the  nonequilibrium 
flow  created  by  suddenly  imposing  a  mean  strain  field  to 
turbulence  that  had  previously  been  in  a  statistically  sta¬ 
tionary  ’state.  Specifically,  incompressible  turbulent  two- 
dimensional  (2D)  plane  channel  flow  is  subjected  to  spa¬ 
tially  uniform  irrotational  strains  characteristic  of  those  in¬ 
duced  in  the  outer  region  of  engineering  boundary  layers  by 
pressure  gradients.  We  are  thus  able  to  capture  the  essen¬ 
tial  physics  of  spatially  developing  pressure-driven  shear 
layers  using  a  temporally  evolving  flow.  Advantages  of 


this  approach,  which  is  described  in  detail  in  Coleman, 
Kim  h  Spalart  (1996;  hereinafter  referred  to  as  CKS)  and 
represented  schematically  for  the  case  of  a  2D  APG  strain 
in  figure  1 ,  include  having  a  single  well-defined  initial  con¬ 
dition  (instead  of  dealing  with  the  uncertainty  associated 
with  inflow  and  outflow  boundary  conditions),  being  able 
to  generate  statistics  by  averaging  over  two  homogeneous 
directions  and  both  halves  of  the  channel,  and  being  able 
to  use  an  unsteady  one-dimensional  problem  to  test  and 
develop  turbulence  models  for  spatially  evolving  flows. 

Solutions  are  obtained  using  direct  numerical  simulation 
(DNS);  since  all  relevant  scales  of  motion  are  resolved,  no 
turbulence  or  subgrid-scale  model  is  required.  In  contrast 
to  previous  DNS  studies  of  strained  flows,  which  assumed 
that  both  the  strain  and  the  turbulence  were  homogeneous 
(Rogallo  1981),  here  we  apply  a  uniform  strain  to  turbu¬ 
lence  between  two  no-slip  surfaces.  The  imposed  strain 
field  is  given  by  the  divergence-free  irrotational  deforma¬ 
tion, 
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Each  point  of  the  flow  volume  is  affected  by  the  strain  (fig¬ 
ure  Ic).  This  amounts  to  distorting  the  entire  computa¬ 
tional  domain  consisting  of  the  two  walls  at  y  =  S(t)  (where 
6  is  the  channel  half-width,  which  when  A22  0  be  a 

function  of  time)  and  the  periodic  boundaries  in  x  and  z. 
The  fact  that  the  walls  deform  complicates  the  compari¬ 
son  between  the  near- wall  regions  of  the  present  and  actual 
pressure-driven  boundary  layers.  However,  since  the  mag¬ 
nitude  of  the  irrotational  outer-layer  strains  are  typically 
much  smaller  than  the  mean  shear  near  the  wall,  and  be¬ 
cause  the  appropriate  behavior  of  the  near- wall  rotational 
gradients  can  be  approximated  in  a  straightforward  man¬ 
ner  (see  below),  the  significance  of  this  formal  inconsis¬ 
tency  is  limited.  It  is  convenient  at  this  point  to  differ¬ 
entiate  between  the  irrotational  and  vortical  mean  fields 
observed  by  the  turbulence.  The  former  is  prescribed  by 
imposing  the  various  Aij  components  in  (1);  the  latter  is 
due  to  wall-normal  variations  of  the  mean  velocity  n(y) 
between  the  no-sIip  channel  walls.  Note  that  the  applied 
irrotational  strains  will  affect  both  the  turbulence  and  the 
rotational  mean,  since  the  streamwise  and  spanwise  shear, 
du/dy  and  dw/dy  respectively,  are  the  components  of  mean 
vorticity  (i.e.  both  the  perturbation  and  mean  vorticity 
will  be  altered  by  Aij).  In  order  to  subject  the  turbu¬ 
lence  near  the  walls  to  the  correct  rotational  mean  gradient 
the  following  strategy  is  employed:  the  walls  are  acceler¬ 
ated  in  the  x-z  plane  such  that  the  difference  between  the 
mean  channel  centerline  velocity  (uc,^c)  and  the  wall  ve¬ 
locity  (uu;,wu;)  varies  in  time  at  the  same  rate  that  the 
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Figure  l.  Schematic  of  2D  APG  boundary  layer,  (a)  Spatially 
developing  analog.  (6)  Strain  applied  to  fluid  element  at  a:  =  0 
of  spatially  developing  flow  and  at  t  =  0  of  strained  channel 
DNS.  (c)  Initial  and  deformed  domain  of  strained-channel  DNS. 


outer-layer  velocity  in  the  spatial  flow  changes  as  it  con- 
vects  downstream.  For  example,  when  the  2D  APG  strain 
given  by  An  =  -A22  <  0  is  applied,  the  difference  be¬ 
tween  the  mean  streamwise  velocity  at  the  centerline  and 
the  wall,  uc  —  Uu;,  follows  uc(o)exp(Aiit)  (since  we  desire 
a(uc  -  viw)/dt  -  {uc  -  Uui)An)-  This  accounts  for  the  bulk 
deceleration  caused  by  ztn  APG  by  diminishing  the  mean 
surface  shear  stress,  and  creates  an  ‘inner  layer’  that  prop¬ 
agates  outwzLrd  in  time.  In  practice,  instead  of  accelerating 
the  walls  the  same  result  can  be  obtained  by  keeping  the 
walls  stationary  and  imposing  a  spatially  uniform  time- 
dependent  pressure  gradient  that  creates  the  same  uc(t) 
history.  Since  the  two  approaches  are  identical,  for  ease  of 
visualization  the  DNS  data  presented  below,  which  were 
generated  with  the  moving-wall  procedure,  are  plotted  as 
if  the  nonzero  pressure  gradient  had  been  used. 

Three  cases  will  be  considered,  defined  by  the  strain- 
rate  components  summarized  in  table  1.  The  rationale  for 
these  choices  will  be  explained  below.  The  DNS  results 
are  obtained  using  a  modified  version  of  the  spectral  chan¬ 
nel  code  of  Kim,  Moin  ^  Moser  (1987).  It  imposes  the 
three  principal  strain  rates  in  Cartesian  coordinates,  so 
that  the  numerical  domain  remains  a  right  parallelopiped 
for  all  time;  the  off-diagonal  (skewing)  components  in  (1) 


Case 

Aj3 

An 

A22 

A33 

HerCo) 

I 

0.99 

-0.99 

1.98 

-0.99 

180 

la 

0.99 

0 

0 

0 

180 

II 

0 

-0.3 

+0.3 

0 

400 

Table  l:  Case  parameters. 

(Strain  magnitudes  given  in  terms  of  initial  ur/6.) 


are  obtained  by  utilizing  initial  fields  that  flow  through  the 
domain  at  an  angle  with  respect  to  the  principal  strain  axes 
(cf.  figure  2c  of  CKS).  Two  sets  of  numerical  parameters 
are  employed.  For  the  runs  that  include  nonzero  A13,  an 
initially  square  domain  of  size  87r5/3  x  is  used,  with 

number  of  effective  grid  (quadrature)  points  of  256  x  256 
in  planes  parallel  to,  and  129  in  the  direction  normal  to, 
the  walls.  Even  though  the  initial  Reyolds  number  for  this 
run  is  the  same  as  that  used  by  Kim  et  aL  (1987)  for  their 
2D  study  (Her  —utSIvth  180,  where  ur  is  the  wall-friction 
velocity  and  1/  the  kinematic  viscosity),  the  3D  nature  of 
the  present  flow  requires  a  much  greater  computational  ex¬ 
pense.  For  the  run  with  no  skewing  (which  implies  that 
the  principal-strain  axes  are  aligned  with  the  streamwise- 
spanwise  directions),  a  higher  Reynolds  number  is  used, 
Her(o)  «  400,  and  the  initial  streamwise  and  spanwise  do¬ 
main  size  Lx  and  Lz  is  2yrS  and  7r5,  respectively;  the  re¬ 
quired  number  of  streamwise  ux,  wall-normal  ny,  and  span- 
wise  uz  quadrature  points  is  (na,ny,nz)  =  (256,193,192). 

Because  of  the  time-dependence  of  the  results,  the 
‘mean’  quantities  presented  below  (denoted  by  an  overbzir) 
are  obtained  by  averaging  over  planes  parallel  to  the  walls, 
over  both  halves  of  the  channel  and  (unless  explicitely 
stated  otherwise)  over  at  least  four  ensembles  of  each  case. 
Multiple  simulations  were  performed  using  the  same  strain 
parameters  for  statistically  independent  realizations  of  the 
2D  Poiseuille  initial  conditions. 

RESULTS:  lIMFINITE-SWEPT-WING  STRAIN 

We  begin  by  imposing  the  most  general  deformation 
allowed  by  (1).  The  resulting  flow,  denoted  Case  I,  du¬ 
plicates  the  full  complexity  of  a  three-dimensional  (3D) 
boundary  layer,  since  lateral  irrotational  skewing  (A13  = 
A31),  streamwise  deceleration  (An  <  0),  lateral  conver¬ 
gence  (A33  <  0)  and  wall-normal  divergence  (A22  >  0)  are 
all  present.  This  strain  field  thus  corresponds  to  that  found 
in  the  3D  boundary  layer  experiments  of  van  den  Berg  et 
aL  (1975)  and  Bradshaw  &  Pontikos  (1985);  in  the  present 
study  the  initial  flow  direction  is  oriented  at  45  deg  to  the 
principal  strain  axes  in  the  x-z  plane,  which  implies  that  in¬ 
stead  of  the  35  deg  sweep  angle  of  the  ‘infinite  swept  wing’ 
experiments,  the  effective  sweep  angle  is  45  deg,  and  An 
and  A33  are  equal.  The  strain  rates  used  here  are  larger 
than  the  experimental  values,  with  the  skewing  equal  to 
0.99  of  the  initial  ratio  of  the  wall-friction  velocity  to  the 
channel  halfwidth.  The  experimental  values  are  roughly 
0.2  to  0.3  as  large.  Other  details  about  the  solution  pro¬ 
cedure  (including  the  relationship  between  the  mean  cen¬ 
terline  and  wall  velocities  used  to  enforce  the  effective  no- 
slip  condition  of  the  spanwise  velocity;  see  figure  2)  are 
the  same  as  those  employed  for  the  3D  cases  discussed  in 
CKS. 

The  evolution  of  the  Case  I  mean  spanwise  velocity  is 
iliustrated  in  figure  2.  Two  characteristics  of  pressure- 
driven  3D  boundary  layers  can  be  seen:  the  growth  of  the 
layer  thickness  due  to  the  streamwise  deceleration/ wall- 
normal  divergence  (i.e.  the  APG),  and  the  ‘instant’  ap¬ 
pearance  of  spanwise  shear  (mean  streamwise  vorticity)  in 
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Figure  2.  Mean  spanwise  velocity  for  Case  I: - ,  Aizt  =  0; 

- »  >^13^  =  0.10; .  ,  Aist  =  0.18,  Reference  velocity 

Urcf  =  0.73ut(0);  distance  from  the  wall  =z  6  ^  |y|. 


Figure  3.  Turbulent  kinetic  energy  g^/2  =  uJuJ/2  for  Case  I: 
symbols  as  in  figure  2. 


the  outer  layer,  due  to  the  >li3-induced  skewing  of  the 
mean  spanwise  vorticity.  This  latter  ‘inviscid  skewing’ 
mechanism  dominates  the  behavior  of  the  outer-layer  mean 
velocity  to  the  extent  that  when  viewed  in  hodograph  form 
(not  shown)  the  u  versus  w  curve  is  closely  approximated 
by  the  Squire- Winter-Hawthorne  expression  (Bradshaw 
1987).  The  strain  abo  alters  the  turbulent  kinetic  energy 
q^/2  =  u'.u[/2,  causing  it  to  increase  across  the  entire  layer 
(figure  3j,  and  profoundly  affects  the  relationship  between 
and  the  turbulent  shear  stress  r  =  +  As 

shown  in  figure  4,  the  structure  parameter  ratio  ai  =  r/g^ 
is  uniformly  decreased  by  the  applied  strain.  The  signif¬ 
icance  of  this  reduction  is  twofold.  From  a  fundamental 
point  of  view  it  implies  that  the  efficiency  of  kinetic  energy 
extraction  from  the  mean  by  the  turbulence  has  become 
less  efficient.  From  a  practical  point  of  view  it  indicates 
an  inaccuracy  in  turbulence  models  that  assume  ai  is  con¬ 
stant  for  all  flows. 

Structure  parameter  values  smaller  than  that  found  in 
2D  layers  have  been  observed  in  many  3D  boundary  lay¬ 
ers  -  both  shear-  and  pressure-driven,  and  equilibrium 
and  nonequilibrium  varieties  (Bradshaw  ^  Pontikos  1985, 
Moin  et  al.  1990,  Schwarz  &  Bradshaw  1994,  Eaton  1995, 
Johnston  Ic  Flack  1996).  Some  have  proposed  that  this 
reduction  is  primarily  a  result  of  the  spanwise  shear.  This 
hypothesis  can  be  directly  tested  by  comparing  data  from 
Cases  I  and  la.  Since  the  latter  imposes  the  same  skew¬ 
ing  component  upon  the  same  initial  conditions,  but  does 


Figure  4.  Structure  parameter  oi  =  r/g^  for  Case  I:  symbols 
as  in  figxire  2.  Reynolds  shear  stress  r  =  (iFtr 


Figure  5.  Turbulent  kinetic  energy  g^/2  =  uJuJ/2  for  Cases  I 
and  la:  ,  Case  I  and  la  initial  condition,  Aizt  =  0  (cr  = 

Odeg); .  ,  Case  I  at  Aaaf  =  0.18  (a  =  lOdeg); - , 

Case  la  at  Ajst  =  0.20  (o  =  11. 5 deg).  Skewing  angle  ex  — 
2urctan(Ai3f). 


so  without  also  applying  the  normal  components  present 
in  the  Case  I  swept-wing  straining  field,  the  difference 
between  the  two  simulations  will  be  solely  the  result  of 
non-skewing  ‘APG  effects’.  In  figure  5,  which  contrasts 
the  kinetic  energy  profiles  after  the  same  amount  of  total 
skewing  (a  «  10 deg),  we  see  that  all  of  the  kinetic  en¬ 
ergy  increase  found  in  Case  I  is  due  to  the  principal  strain 
components.  In  fact,  when  An,  A22,  and  A33  are  zero, 
the  only  change  in  is  a  near-wall  reduction,  presum¬ 
ably  because  of  the  finite  BwjBy  below  the  peak;  in  the 
crossflow  (figure  2).  The  Case  la  results  are  therefore  con¬ 
sistent  with  the  previously  observed  stabilizing  behavior 
associated  with  conversion  of  a  2D  equilibrium  boundary 
layer  to  a  nonequilibrium  one  by  addition  of  mean  flow 
three-dimensionality  (Bradshaw  &  Pontikos  1985,  Moin  et 
al.  1990,  CKS).  While  this  phenomenon  is  of  great  inter¬ 
est  due  to  its  paradoxical  nature  (since  addition  of  a  strain 
typically  causes  the  turbulence  to  become  more  energetic), 
the  present  findings  imply  that  it  is  of  limited  significance 
in  practice  -  since  in  engineering  boundary  layers  skewing 
is  rarely  if  ever  unaccompanied  by  an  APG.  A  compari¬ 
son  of  the  evolution  of  the  structure  parameter  under  the 
Case  I  and  la  strain  fields  further  indicates  the  dominance 
of  APG  over  pure-skewing  effects.  Figure  6  reveals  only 
a  slight  change  of  qi  due  solely  to  nonzero  Aiz ,  while  the 
change  produced  (after  the  same  mount  of  skewing)  by  the 
full  strain  field  is  much  more  profound.  We  conclude  that 
for  strain  magnitudes  of  order  ut/S  the  infinite-swept- wing 
flow  is  less  sensitive  to  pure  skewing  than  to  strains  caused 
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Figure  6.  Structure  parameter  ai  =  for  Cases  I  and  la: 
symbols  as  in  figure  5. 


by  adverse  pressure  gradients.  Webster,  DeGraafF  &  Eaton 
(1996)  have  recently  made  similar  observations  regarding 
the  dominant  influence  of  the  APG  over  skewing  in  their 
exerimental  study  of  the  3D  boundary  layer  over  a  swept 
bump.  These  findings  point  to  the  relevance  of  the  subject 
of  the  next  section,  2D  APG  wall  layers. 

RESULTS:  2D  APG  STRAIN 

Our  previous  computations  have  shown  that  much  of  the 
behavior  seen  in  the  Case  I  results  discussed  above  is  also 
present  when  only  the  strain  components  created  by  an 
adverse  pressure  gradient  are  applied  to  the  channel  flow: 
a  comparable  increase  in  turbulent  kinetic  energy  and  de¬ 
crease  in  ai  is  observed  when  An  =  —^422  =  — 0.51ti.T(o)/(5(o) 
(half  as  large  as  the  corresponding  Case  I  terms)  for  the 
Series  B  runs  presented  in  CKS.  Consequently,  there  is  lit¬ 
tle  need  to  repeat  Case  I  with  A33  and  A33  set  to  zero  as 
a  2D  APG  run.  Instead,  we  choose  parameters  that  are 
more  representative  of  the  APG  experiments  of  Nagano, 
Tagawa  &  Tsuji  (1992)  and  Spalart  &  WatmufF  (1993), 
in  an  attempt  to  come  as  near  as  possible  to  a  spatially 
developing  counterpart.  Although  we  do  not  expect  the 
present  temporal  and  previous  spatial  flows  to  ever  ex¬ 
actly  correspond  (if  for  no  other  reason  than  we  are  us¬ 
ing  a  finite- width  channel  geometry  to  approximate  the 
semi-infinite-domain  boundary  layer),  the  closer  they  can 
be  made  to  agree  the  easier  similarities  and  differences 
will  be  to  understand.  Another  reason  the  previous  and 
current  studies  are  not  identical  is  the  differing  variation 
of  the  effective  mean  pressure  fields:  the  pressure  coeffi¬ 
cient  Cp  for  the  Nagano  et  al  experiment  increases  lin¬ 
early  with  downstream  distance  x,  while  for  the  Spalart  iz 
WatmufF  flow  (which  involved  a  parallel  experiment  and 
computation),  the  turbulence  is  subjected  to  a  continu¬ 
ous  pressure  distribution  varying  smoothly  from  favorable 
to  zero  to  adverse,  such  that  at  the  start  of  the  APG  re¬ 
gion,  dCp/dx  =  0,  and  then  increases  monotonically  down¬ 
stream.  For  the  present  study,  the  effective  Cp  variation 
is  shown  in  figure  7,  where  (C'p)eff  =  1  —  exp{—2A22't), 
>i22^eff(0/i^c(0)  =  l-exp(-A22t),  and  Xeff(t)  is  the  distance 
traveled  in  time  t  when  convecting  at  the  mean  centerline 
velocity,  such  that  dxeff/di  =  uc(o)exp(Aiit).  Note  that 
the  effective  pressure  field  varies  quadratically,  with  the 
maximum  d(ap)eff/dxeff  occurring  when  the  strain  is  first 
applied.  The  streamwise  Cp  variation  is  thus  qualitatively 
different  for  each  of  the  three  APG  cases. 

The  Case  II  parameters  are  shown  in  table  1.  The 
constant  uniform  strain  rate  used  is  j4ii  =  — j422  = 
— 0.3ut(o)/^(o);  this  value  implies  that  for  Case  II,  the  effec¬ 
tive  Clauser  parameter  /3eff  ~  0.9[ur(o)/^ir(t)]^,  indicating 
a  moderate-strength  APG  strain.  Since  the  skin  friction 
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Figure  7.  Effective  pressure  coefficient  variation  for  2D-APG 
strain  runs.  Cp  b^lsed  on  initial  mean  centerline  velocity  tlc(o)- 


Figure  8.  Mean  velocity  for  Case  II:  - ,  exp(— Ant)  = 

1.0; - ,  exp(— Aiit)  =  1.05; .  ,  exp(— Ani)  =  1.1; 

- ,  exp(— Aiit)  =  1.2; - ,  exp(— Aijt)  =  1.3;  , 

exp(— Aiit)  =  1.4.  Reference  velocity  =  1.02ur(o). 


will  decrease  in  time,  becomes  larger  as  time  passes. 
For  comparison,  we  note  that  in  the  Nagano  et  al.  flow,  p 
grows  from  less  than  one  to  4.66  over  a  downstream  dis¬ 
tance  of  the  order  of  100  initial  S99  boundary  layer  thick¬ 
nesses,  while  for  Spalart  Sz  WatmufF,  p  varies  from  0  to  2 
over  a  region  of  about  20.599.  When  the  present  computa¬ 
tion  is  stopped,  the  effective  downstream  distance  traveled 
is  Xeff  «  20(5fo),  which  corresponds  to  A223^eff/^c(o)  »  0.3 
(cf.  figure  7).  During  this  time  p^f^  grows  from  about  0,9 
to  the  order  of  4. 

As  described  above,  the  reduction  in  the  surface  shear 
associated  with  this  APG  straining  field  (which  is  held 
fixed  in  time),  is  accomplished  by  accelerating  the  walls 
in  the  downstream  direction  (equivalent  to  imposing  a 
uniform  time-dependent  adverse  pressure  gradient  in  the 
channel),  such  that  the  mean  centerline  velocity  uc  de¬ 
creases  in  time  with  respect  to  the  walls  at  the  rate 
the  freestream  velocity  Uoo  in  the  analogous  spatial  flow 
changes  while  moving  downstream.  This  amounts  to  en¬ 
forcing  duc/^t  =  Uc{^V ldx)c  ^  ucAii  (see  CKS).  The  re¬ 
sulting  evolution  of  the  Case  II  mean  velocity  is  presented 
in  figure  8.  While  the  thickening  of  the  layer  (due  to 
the  distance  between  the  centerline  and  walls  increasing 
in  time  under  the  influence  of  the  wall-normal  stretching 
>^22  >  0)  is  hidden  by  the  use  of  the  time-dependent  chan¬ 
nel  halfwidth  to  normalized  the  wall-normal  coordinate, 
the  reduction  in  time  of  the  mean  surface  shear  (due  to 
the  effective  bulk  deceleration)  is  apparent.  The  drop  in 
skin  friction  can  be  seen  more  clearly  in  figures  9  (show¬ 
ing  the  effective  C;  history)  and  10,  which  illustrates  the 
temporal  evolution  of  the  mean  shear  across  the  channel. 
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Figure  9.  Mean  skin  friction  history  for  Case  II:  symbok  from 
two  independent  ensembles.  C j  based  on  current  mean  center- 
line  velocity  ilc(t)- 


Figure  lO.  Mean  shear  for  Case  II:  symbok  as  in  figure  8. 


Near  the  wall  du/dy  decreases  rapidly,  while  in  the  outer 
layer  the  mean  shear  (i.e.  spanwise  vorticity)  at  a  given 
Vw/S  remains  nearly  constant.  Since  this  is  the  proper  be¬ 
havior  of  a  2D  flow  that  experiences  no  spanwise  straining 
(i.e.  vorticity  is  conserved),  figures  9  and  10  imply  that  the 
strategy  of  imposing  both  the  mean  strain  and  bulk  decel¬ 
eration  in  the  channel  successfully  produces  the  mean  flow 
conditions  found  in  both  the  inner  and  outer  regions  of 
APG  boundary  layers  -  and  therefore  demonstrates  the 
validity  of  the  current  approach. 

The  different  dynamics  of  the  inner  and  outer  layers  is 
revealed  in  figures  11  and  12,  which  respectively  show  the 
variation  in  time  of  the  turbulent  shear  stress  and  turbu¬ 
lent  kinetic  energy.  Near  the  wall,  after  a  brief  increase 
both  quantities  drop  drastically,  as  a  result  of  the  reduced 
Cj,  while  farther  out  both  — ix'v'  and  rise  to  levek  no¬ 
ticeable  higher  than  their  initial  values.  As  was  found  for 
the  earlier  APG  simulations  mentioned  above  (Series  B  of 
CKS),  which  impose  larger  strain  rates  than  are  used  here, 
the  increase  in  both  shear  stress  and  energy  is  accompa¬ 
nied  by  an  outer-layer  decrease  of  the  structure  parameter, 
the  ratio  of  the  two.  The  level  to  which  ai  has  dropped  af¬ 
ter  the  same  total  strain  exp(-Aiit)  is  much  less,  however, 
than  the  value  observed  at  larger  strain  rates.  Apparently 
the  extent  of  the  alteration  of  the  structure  of  the  turbu¬ 
lence  depends  upon  the  rate  at  which  it  is  strained. 

The  final  two  figures,  14  and  15,  show  the  inner-layer 
scaling  of  the  turbulent  kinetic  energy  k  =  u\u‘j2  and  mean 
velocity  tl,  respectively.  Both  exhibit  the  same  general 
outer-layer  behavior  observed  in  the  Nagano  et  aL  and 
Spalart  ^  Watmuff  experiments.  In  particular  we  note 
that  an  outer-layer  peak  in  the  profile  develops  due 
to  the  APG  strain,  and  u+  for  3/+  >  100  becomes  larger 


Figure  11.  Reynolds  stress  for  Case  II:  symbok  as  in  figure  8. 
Nonn£Jized  by  initied  wall  shear  stress  ru;(0) 


Figure  12.  Turbulent  kinetic  energy  q^/2  =  for  Case  II: 

symbok  as  in  figure  8. 


and  larger.  Near  the  wall,  however,  the  present  re¬ 
sults  show  less  of  a  tendency  to  collapse  than  they  do  in 
the  Nagano  et  aL  flow.  The  mean  velocities  in  figure  15 
also  differ  from  the  Nagano  et  al.  and  Spalart  Ic  Wat¬ 
muff  profiles:  here,  there  is  no  indication  of  the  downward 
shift  below  the  standard  logarithmic  profile  found  in  the 
earlier  APG  studies.  Instead,  first  rises  above  then  re¬ 
laxes  back  toward  the  initial  2D  value.  This  difference, 
which  is  probably  related  to  the  slight  near- wall  increase 
observed  in  ^nd  -u'v'  immediately  after  the  strain  is 
^-ppli^d  (figures  11  and  12)  could  be  due  to  differences 
in  the  strength  and  history  of  the  APG  (recall  that  for 
the  present  flow  the  effective  dCp/dr  is  greatest  when  the 
strain  is  applied,  and  decreases  thereafter).  It  could  also  be 
a  unique  feature  of  the  temporally  evolving  flow;  as  men¬ 
tioned  above,  because  the  irrotational  strain  is  applied  to 
the  walk,  temporally  and  spatially  developing  shear  lay¬ 
ers  cannot  be  expected  to  exactly  correspond.  Moreover, 
the  temporal-spatial  ‘mapping’  assumes  that  the  turbu¬ 
lent  structures  at  each  convect  at  the  same  speed,  and 
thus  that  the  current  state  of  the  turbulence  depends  only 
on  the  local  value  of  (not  the  time  to  which  it  has  been 
exposed  to)  the  mean  shear.  Some  of  the  near-wall  behav¬ 
ior  seen  here  might  therefore  be  attributable  to  turbulence 
that  is  ‘under- aged’  compared  to  its  spatial  counterpart. 
On  the  other  hand,  the  present  results  suggest  that  there 
might  not  be  just  one  type  of  ‘APG  behavior’,  but  rather 
that  nonequilibrium  APG  turbulent  boundary  layers  can 
be  sensitive  to  the  detaik  of  the  strain  history.  We  plan  to 
investigate  this  issue  further  as  our  studies  of  the  present 
flow  continue. 
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Figure  13.  Structure  parameter  oi  =  —u’v'jq^  for  Case  II: 
symbols  as  in  figure  8. 


Figure  15.  Mean  velocity  in  w£ill  scaling  for  Case  II  (averaged 
over  two  ensembles):  symbols  as  in  figure  8. 


Figure  14.  Turbulent  kinetic  energy  in  wall  scaling  for  Case  II 
(averated  over  two  ensembles):  symbols  as  in  figure  8. 


SUMMARY  AND  CONCLUSIONS 

DNS  of  time-developing  strained-channel  flow  has  been 
used  to  study  the  physics  of  pressure-driven  boundary  lay¬ 
ers.  Adverse-pressure-gradient  effects  are  found  to  dom¬ 
inate  over  those  of  mean  three  dimensionality  in  a  flow 
subjected  to  the  strains  present  in  swept-wing  3D  bound¬ 
ary  layers.  When  the  APG  strain  acts  alone  to  emulate 
the  canonical  2D  case,  the  flow  is  governed  by  the  interac¬ 
tion  of  the  diminished  turbulent  kinetic  energy  production 
associated  with  the  reduced  surface-shear  stress  (caused 
by  the  bulk  deceleration)  and  the  deformation  of  the  outer 
layer  turbulence.  The  magnitude  of  the  alteration  of  the 
structure  of  the  turbulence  in  the  outer  layer  depends  upon 
the  rate  of  the  applied  strain.  Under  the  influence  of  the 
APG  strain,  the  maximum  turbulent  kinetic  energy  and 
Reynolds  stress  shifts  to  the  outer  layer,  while  the  wake 
component  of  the  mean  velocity  grows.  In  addition  to 
these  findings,  which  correspond  to  those  of  earlier  APG 
boundary  layer  experiments,  we  also  observe  behavior  that 
is  unique  to  the  present  flow:  below  the  outer  region,  the 
mean  velocity  rises  above  the  standard  logarithmic  profile, 
and  thus  does  not  follow  the  trend  found  in  the  exeriment 
of  Nagano  et  al.  This  could  be  a  consequence  of  the  pecu¬ 
liarities  of  the  strained  channel  approach,  or  perhaps  an 
indication  of  the  non-universal  nature  of  APG  boundary 
layers. 
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ABSTRACT 

A  turbulent  boundary  layer  subjected  to  a  sustained 
adverse  pressure  gradient  is  experimentally  investigated. 
Waveforms  of  fluctuating  velocity  components  in  the 
boundary  layer  are  remarkably  elongated  in  time  in  com¬ 
parison  with  those  in  zero-pressure-gradient  flows,  and  thus 
time  scales  increase  with  increasing  pressure  gradient  pa¬ 
rameter  .  It  is  found  that  the  Taylor  time  scale  is  most 
appropriate  to  describe  the  essential  characteristics  of  the 
non-equilibrium  adverse  pressure  gradient  flows.  Even  the 
near  wall-limiting  behavior  of  streamwise  velocity  fluctua¬ 
tions  for  different  is  well  correlated  in  the  coordinates 
based  on  the  Taylor  time  scale.  Also,  in  the  boundary 
layer  with  an  adverse  pressure  gradient,  the  contribution 
of  sweep  motions  becomes  equivalent  to  that  of  ejections 
and  interactions  increase  near  the  wall,  which  evidently 
indicates  a  change  in  coherent  structures. 

NOMENCLATURE 

Cp  wall  static  pressure  coefficient, 

=  {P-Po)/{pUl/2) 

f_  frequency 

P  mean  pressure 

P"*"  dimen^onless  pressure  gradient  parameter, 

^  =  i/(dP/dx)f  pul 

pQ  reference  inlet  pressure 

Re  Reynolds  number  based  on  momentum  thickness, 

=  UJ/v 

R«(t)  auto-correlation  coefliicient  of  u 

Tb  Eulerian  integral  time  scale,  =  Rti{i)di 
^  time 

^  mean  velocity  in  x  direction 

free  stream  velocity 
U 0  reference  inlet  velocity 

Ur  friction  velocity,  = 

UjV,w  fluctuating  velocity  components  in  x,  y  and  z 
directions 

streamwise,  wall-normal  and  span  wise  coordinates 
dimensionless  distance  from  wall,  =  Ury/v 


/?  Clauser  pre^ure  gradient  parameter, 

=  (5Vr^)dP/dx 
<^99  boundary  layer  thickness 

6*,  ^  displacement  and  momentum  thicknesses 
1/  kinematic  viscosity 

p  density 

tb  Eulerian  dissipation  time  scale  or  Taylor  time 
scale,  =  ^/2u^  j  {du  j  dty 

Tm  time  scale  corresponding  to  mean  shear  rate, 

=  llidUldy) 

Tu,  wall  shear  stress 

INTRODUCTION 

In  theory  as  well  as  in  practice,  it  is  of  fundamental  im¬ 
portance  to  investigate  the  effects  of  pressure  gradients  on 
the  structure  of  turbulent  boundary  layers.  From  our  pre¬ 
vious  experiment  on  an  adverse-pressure-gradient(APG) 
turbulent  boundary  layer  (Nagano  et  al.  1992),  we  have 
obtained  the  following  results:  (1)  the  standard  log-law  ve¬ 
locity  profile  for  a  zero- pressure-gradient  (ZPG)  boundary 
layer  does  not  hold  in  APG  turbulent  boundary  layers;  (2) 
near-wall  distributions  of  r.m.s.  velocity  fluctuations  can¬ 
not  scale  with  the  wall  parameters,  Ur  and  and  (3)  the 
response  time  of  turbulence  to  the  imposed  APG,  which 
relates  closely  to  the  redistribution  process  of  turbulent  ki¬ 
netic  energy,  is  different  among,  streamwise,  wall-normal 
and  span  wise  velocity  components. 

Although  the  viscous  wail  unit  is  a  standard  parame¬ 
ter  for  scaling  the  equilibrium  turbulent  boundary  layers 
(Skare  and  Kroptad  1994),  the  above  fact  implies  that  an¬ 
other  characteristic  time  scale  or  length  scale  must  be  in¬ 
troduced  in  order  to  scale  the  non-equilibrium  APG  flows. 
Thus,  the  main  objectives  of  the  present  study  are:  (i) 
to  reveal  the  in-depth  turbulent  structure  inherent  in  the 
APG  flows;  (ii)  to  find  an  appropriate  time  scale  which 
provides  universal  scaling  of  the  near-wail  turbulent  statis¬ 
tics;  (iii)  to  understand  the  physical  meanings  and  roles  of 
the  time  scale  in  characterizing  the  APG  flows;  and  (iv)  to 
find  structures  which  cannot  be  described  in  terms  of  the 
time  scale,  if  any. 
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Table  1  Flow  parameters  {Uo=lO.Sm/s) 


X 

mm 

m/s 

<599 

mm 

Ur 

m/s 

Re 

525 

10.8 

13.3 

0.481 

1070 

0 

0 

925 

10.8 

19.9 

0.465 

1620 

0 

0 

523 

9.08 

16.2 

0.390 

1290 

9.12x10-" 

0.77 

723 

8.18 

24.6 

0.307 

1880 

1.93x10“^ 

2.19 

925 

7.54 

34.2 

0.251 

2660 

2.56x10“^ 

3.95 

1121 

6.68 

46.1 

0.197 

3350 

2.87x10“= 

5.32 

log-law  profile  for  ZPG  flows.  This  important  nature  of  the 
APG  flows  conforms  to  our  previous  result  (Nagano  et  al., 
1992),  and  is  also  confirmed  by  the  direct  numerical  sim¬ 
ulation  (DNS)  of  Spalart  and  Watmuff  (1993)  and  by  the 
recent  measurement  of  Debisschop  and  Nieuwstadt  (1996). 

The  intensity  profiles  of  fluctuating  velocity  components 
u,  V  and  w  normcJized  by  the  free-stream  velocity  Uq  z.t 
the  inlet  to  the  test  section  are  presented  in  Fig.  2.  The 
abscissa  is  the  distance  from  the  wall  normalized  with  the 


EXPERIMENTAL  APPARATUS 

We  used  the  same  experimental  apparatus  as  in  Nagano 
et  al.  (1992).  The  important  flow  parameters  are  listed  in 
Table  1.  Two  velocity  components  in  the  x  and  y  direc¬ 
tions,  u  and  V,  were  measured  with  an  X-wire  (diameter: 
3.1  ^m;  length:  0,6  mm;  wire  spacing:  0.3  mm.)  To  con¬ 
vert  the  hot-wire  outputs  into  the  velocity  components,  we 
adopted  the  look-up-table  method  (Lupetow  et  al.  1988). 
The  measurement  accuracy  was  checked  with  the  DNS  data 
of  the  ZPG  flow  (Spalart,  1988). 

In  the  present  APG  flow,  the  pressure  gradient  dCp/dx 
keeps  a  nearly  constant  value  of  0.6  over  65  mm  <  x  < 
700  mm  and  then  decreases  slowly.  On  the  other  hand,  the 
pressure  gradient  parameter  normalized  by  inner  variables 
and  the  Ciauser  parameter  /?  increase  monotonously, 
thus  giving  moderate  to  strong  adverse  pressure  gradients. 

STATISTICAL  CHARACTERISTICS 

Mean  Velocity  and  Turbulent  Intensities 

Figure  1  shows  the  mean  velocity  profiles  normalized  by 
the  friction  velocity  Ut-  As  clearly  seen  from  this  figure, 
the  velocity  profiles  in  APG  flows  lie  below  the  ‘standard’ 


Fig.  1  Mean  velocity  profiles  in  wall  coordinates  in 
adverse-pressure-gradient  flows 


Fig.  2  Turbulence  intensities  of  fluctuating  velocity 
components:  (a)  streamwnse;  (b)  wall-normal; 
(c)  span  wise 


Fig.  3  Wall-limiting  behavior  of  y/xPfur 
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boundary  layer  thickness  ^99.  With  increasing  the  APG 
effect,  the  reduction  of  turbulence  intensities  can  be  seen  in 
the  wall  region  <  0.4),  whereas  all  the  profiles  in  the 

outer  la>er  are  kept  unchanged,  i.e.,  turbulence  intensities 
are  unchanged  along  streamlines  of  the  mean  flow  lying 
outside  the  wall  region.  The  APG  changes  the  intensities  of 
velocity  fluctuations  near  the  wall  in  the  order,  streamwise 
(ti),  spanwise  (w),  and  wall-normal  (v)  components.  These 
profiles  cannot  be  correlated  in  wall  coordinates  even  in  the 
n^wall  region.  As  shown  in  Fig.  3,  the  distributions  of 

Vu^/ur  near  the  wall  follow  each  P+-dependent  straight 
line  which  coincides  with  the  origin.  The  same  tendency  is 
also  confirmed  from  the  recent  DNS  (Spalart  and  WatmufF 
1993).  This  means  that  the  viscous  wall  unit  cannot  be 
used  to  describe  the  unique  features  of  the  present  and 
DNS’s  APG  flows  in  non-equilibrium. 

To  know  the  basic  mechanism  of  the  above  feature  of 
APG  flows,  we  have  investigated  the  characteristics  of  in¬ 
stantaneous  signal  traces  of  the  fluctuating  velocity  com¬ 
ponents  u  and  u  together  with  the  Reynolds  shear  stress 
uv.  The  results  in  the  near- wall  region  and  those  at  the 
outer  edge  of  the  log-law  region  are  shown  in  Figs.  4(a) 


and  4(b),  respectively,  in  comparison  with  the  ZPG  flow. 
A  circumflex  denotes  the  normalization  by  the  respective 
r.m.s.  value.  It  is  quite  clear  from  Fig.  4(a)  that,  despite 
nearl}’'  the  same  Re  value,  the  time  scales  of  velocity  fluc¬ 
tuations  in  the  wall  region  of  the  APG  flow  are  extremely 
elongated  and  become  different  from  those  in  the  ZPG  flow; 
that  is,  turbulent  motions  of  the  APG  flow  become  gentle 
and  less  active,  which  may  correspond  to  the  observed  low 
production  of  turbulence  energy  (Nagano  et  al.  1992).  In 
the  outer  region,  on  the  other  hand,  there  is  only  a  little 
difference  in  the  instantaneous  signal  traces  between  the 
ZPG  and  APG  flows. 

Spectra 

Power  spectra  of  u  and  v  fluctuations  in  the  log  region 
(2^"^  50)  are  presented  in  Figs.  5(a)  and  5(b),  respec¬ 

tively,  against  the  dimensionless  frequency  f  =  fu/Ul. 
As  expected  from  the  waveforms  in  Fig.  4,  the  frequencies 
of  energy-containing  eddies  in  both  spectra  gradually  shift 
toward  the  lower  frequency  with  increasing  .  To  clarify 
the  APG  effect  on  velocity  fluctuations  at  high  frequencies, 
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Fig.  4  Signal  traces  of  u,  v,  and  iit;:  (a)  inner  layer 
(y^  —  23,  y/6s9  —  0.04);  (b)  outer  layerft/'*'  ~ 
260,  y/699  ~  0.5) 


Fig.  5  Power  spectra  of  velocity  fluctuation  in  the 
log  region:  (a)  streamwise  fluctuation  u;  (b) 
wall-normal  fluctuation  v.  (c)  Spectra  of  dis¬ 
sipation  {du/dty 
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we  have  examined  dissipation  spectra  (dujdt)^  and  present 
them  in  Fig.  5(c).  The  dissipation  spectra  also  shift  to¬ 
ward  the  lower  frequency  as  increases.  Such  changes 
in  power  and  dissipation  spectra  are  observed  both  in  the 
near- wall  and  outer  regions. 

Scaling  Law 

The  above  facts  indicate  that  an  adverse  pressure  gra¬ 
dient  has  a  strong  influence  on  turbulence  statistics  selec¬ 
tively  in  the  near-wall  region  and  that  it  is  the  time  scale 
that  represents  the  essential  characteristics  of  APG  turbu¬ 
lent  boundary  layers.  Thus,  we  then  investigate  the  flow 
structures  from  the  viewpoint  of  temporal  behavior  of  the 
turbulence  quantities,  so  as  to  obtain  an  appropriate  time 
scale  which  provides  a  universal  scaling  law  for  the  near- 
waJl  turbulence  statistics  of  APG  flows. 

In  the  present  study,  we  have  examined  the  turbulence 
structures  of  the  APG  flow  using  the  following  six  different 
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Fig.  6  Signal  traces  of  u,  v,  and  uv  normalized  by 
Taylor  time  scale  te:  (a)  inner  layer  (y*^  c:; 
23,  y/599  ~  0.04);  (b)  outer  layer(y+  ~  260, 
y^99  0.5) 


characteristic  time  scales  (see  Nomenclature  for  definition): 


(a) 


ih) 


(c) 


Fig.  7  Power  spectra  of  velocity  fluctuation  ar¬ 
ranged  with  dimensionless  frequency  /"  in 
the  log  region:  (a)  streamwise  fluctuation  u; 
(b)  wall-normal  fluctuation  u.  (c)  Spectra  of 
dissipation  (du/dt)^ 


Fig.  8  Distribution  of  Taylor  time  scale  te 
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•  viscous  time  scale: 

•  Kolmogorov  time  scale;  x/iV? 

•  Taylor  time  scale:  te 

•  time  scaJe  for  energy-containing  eddies:  kje 

•  integral  time  scale:  Te 

•  time  scale  corresponding  to  mean  shear  rate: 


where  k  and  £  are  the  turbulent  kinematic  energy  and  its 
dissipation  rate,  respectively.  Note  that  the  viscous  time 
scale  vjuX  is  uniquely  determined  at  a  given  x  location, 
while  the  other  parameters  vary  locally  in  the  y  direction. 

By  using  the  above  six  time  scales,  we  have  analyzed 


Fig.  9  Scaling  of  wall-limiting  behavior  of  stream- 
wise  intensity  \/u2  with  Taylor  time  scale  T£s 


0  0.5  1.0 

y/om 


Fig.  10  Intermittency  factors  7  in  APG  flow 


the  temporal  turbulent  structures  of  the  APG  flows.  As  a 
result,  the  Taylor  time  scale  te  is  found  to  be  most  appro¬ 
priate  for  representing  the  temporal  behavior  of  turbulence 
quantities  and  for  universally  scaling  the  turbulence  statis¬ 
tics.  Generally,  in  high- Reynolds  number  flows,  the  Taylor 
time  scale  te  and  the  viscous  dissipation  e  are  related  to 
each  other  through  the  expression  €  =  Z0i/u‘^/(U^ 

The  sample  results  of  scaling  raw  waveforms  in  Fig.  4 
with  Te  are  presented  in  Fig.  6.  The  corresponding  various 
power  spectra  in  the  log  region  50)  arranged  with  a 

new  dimensionless  frequency,  f”  =  /r^,  are  presented  in 
Fig.  7.  As  obviously  seen  from  these  figures,  we  conclude 
that  the  Taylor  time  scale  is  best  scaling  parameter  for 
both  ZPG  and  APG  flows. 

The  distributions  of  the  measured  Taylor  time  scale  te  in 
the  y  direction  are  shown  in  Fig.  8.  One  may  find  that  te 


Fig.  12  Mean  period  of  intermittent  bursts  normal¬ 
ized  by  Te 


Fig.  11  Mean  period  of  intermittent  bursts 
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Fig.  13  Fractional  contribution  to  Reynolds  shear 
stress 


33-11 


increases  witli  increasing  pressure  gradient  parameters  P"*”. 
In  tlie  proxiinit}’’  to  the  wall,  however,  T£  becomes  almost 
constant  for  a  given  In  what  follows,  we  apply  tlie 
characteristic  time  scale  T£  to  scaling  various  turbulence 
statistics. 

First,  we  present  the  scaling  of  the  wall-limiting  behavior 

of  streamwise  turbulence  intensity  \/^  in  Fig.  9.  Here, 
tes  defined  by  a  value  of  te  at  the  outer  edge  of  the  viscous 
subIa3Tr,  i.e.,  =  3,  is  adopted  and  the  fluctuation  inten¬ 

sity  and  the  coordinate  y  are  normalized  with  the  velocity 
scale  yJujTEs  and  the  length  scale  ^Jutes,  respectively.  If 
the  viscous  wall  unit  is  used  as  a  length  scale,  there  ap¬ 
pear  remarkable  differences  in  the  wall-limiting  behavior 
between  the  ZPG  and  APG  flows  with  a  systematic  devia¬ 
tion  from  the  ZPG  case  as  depicted  in  Fig.  3.  On  the  other 
hand,  the  use  of  the  time  scale  tes  makes  all  the  profiles 
collapse  irrespective  of  the  values  of  P*^  as  shown  in  Fig. 
9. 

Next,  from  the  waveforms  stretched  in  accordance  with 
the  Taylor  time  scale  te  in  APG  flows,  we  have  obtained 
intermittency  factors  7  by  using  the  method  of  Hedley  and 
KefFer(1974).  As  shown  in  Fig.  10,  the  distributions  of  in¬ 
termittency  factors  in  APG  flows  become  identical  to  those 
in  the  ZPG  flow. 

These  results  suggest  that  if  we  make  a  proper  choice  of 
a  scaling  parameter  based  on  the  knowledge  of  turbulence 
structures,  we  ma}^  describe  the  features  of  adverse  pres¬ 
sure  gradient  flows  uniquely  even  in  the  non-equilibrium 
conditions. 

DYNAMICAL  CHARACTERISTICS 

To  identify  any  scale-irrelevant  structures  hidden  in  a 
flow,  we  investigate  dynamical  features  of  APG  flows  in 
the  following.  We  first  investigate  the  relation  between  te 
and  the  characteristic  time  scale  pertaining  to  the  burst¬ 
ing  phenomena,  r^,  obtained  from  the  short-time  aver¬ 
aged  auto-correlation  function  method  (Kim  et  al.  1971, 
Hishida  and  Nagano  1979).  It  becomes  obvious  from  Fig. 

11  that  the  mean  burst  period  tb  changes  strikingly  with 
P”^.  However,  as  shown  in  Fig.  12,  the  normalized  period 
tbIte  tends  to  collapse  for  any  pressure  gradient  level. 
This  means  that  te  closely  relates  to  the  dynamical  coher¬ 
ent  structure. 

The  coherent  structure  of  turbulence  may  affect  statis¬ 
tical  values,  especially  higher  order  moments  (Nagano  and 
Tagawa  1988).  Thus,  we  have  examined  the  fractional  con¬ 
tributions  to  Reynolds  shear  stress  —uv.  Figure  13  shows 
the  results  obtained  for  ZPG  and  APG  flows.  In  the  log 
region  of  the  ZPG  flow,  the  most  contributive  motion  is 
the  ejection  (Q2)  and  the  sweep  motion  (Q4)  follows  it. 
The  contributions  of  interactions  (Ql,  Q3)  are  fairly  small 
in  comparison  with  those  of  the  active  motions  (Q2,  Q4). 
Such  behavior  is  also  observed  in  a  pipe  flow  (Nagano  and 
Tagawa  1988)  and  is  considered  to  be  a  nature  of  the  canon¬ 
ical  wall  flow. 

On  the  other  hand,  in  the  APG  flow,  the  situation  is 
remarkably  different  from  that  in  the  ZPG  flow.  The  con¬ 
tributions  of  ejection  and  sweep  motions  (Q2,  Q4)  become 
equivalent  and  increase  toward  the  wall.  Correspondingly, 
the  negative  contributions  of  interactions  (Ql,  Q3)  increase 
near  the  wall.  This  fact  indicates  that  in  APG  flows  en¬ 
ergy  transfer  through  the  turbulent  diffusion  toward  the 
wall  becomes  dominant  and  a  relative  increase  of  inactive 
motions  (Ql,  Q3)  results  (Bradshaw  1967). 

CONCLUSIONS 

Experimental  investigation  has  been  made  on  non- 
equilibrium  turbulent  boundary  layers  subjected  to  adverse 


pressure  gradients.  The  results  can  be  summarized  as  fol¬ 
lows: 

(1)  In  the  APG  flow,  the  characteristic  time  scale  of  the 
flow  is  exceedingly  elongated  in  the  near-wall  region, 
in  comparison  with  the  ZPG  flow  at  nearly  the  same 
Rq.  This  difference  should  be  related  closely  to  the 
progressive  decrease  of  the  turbulence  intensities  in 
the  near-wall  region  and  can  be  ascribed  to  the  retar¬ 
dation  of  turbulence  production. 

(2)  In  the  outer  region,  there  is  a  slight  difference  in  the 
instantaneous  velocity  signals  and  in  the  distributions 
of  turbulence  intensities  between  the  ZPG  and  APG 
flows. 

(3)  The  Taylor  time  scale  te  is  most  appropriate  to  de¬ 
scribe  the  essential  characteristics  of  the  near-wall 
structure  of  non-equilibrium  APG  flows. 

(4)  The  conventional  scaling  law  using  the  viscous  time 

scale  u/u\  cannot  be  applied  to  the  scaling  of  the 
near-wall  statistics  of  the  non-equilibrium  APG  flows. 
Instead  of  Taylor  scale  te  in  the  near- wall 

region  may  provide  the  good  scaling  law. 

(5)  In  APG  flows,  the  contribution  of  sweep  motions  be¬ 
comes  equivalent  to  that  of  ejections  and  interactions 
increase  near  the  wall,  which  evidently  indicates  a 
change  in  coherent  structures. 
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ABSTRACT 


Four  classes  of  turbulence  models  (algebraic,  k  —  e,  k  —  oj 
and  a  differential  Reynolds-stress  model)  are  applied  to 
boundary  layers  under  adverse  pressure  gradient  with  a 


6*  dv 

constant  equilibrium  parameter  /?  =  — Numerical 

T’ty  UX 

solutions  up  to  Ree  =10®  give  the  classical  scalings  in 
the  inner  and  outer  layer  for  all  models.  Comparison  is 
made  with  experiments  of  Clauser  at  ^  «  2  and  8  and 
with  recent  experiments  by  Share  and  Krogstad  at  ^  =  20. 
We  have  also  performed  new  direct  numerical  simulations 
at  /?  0.25  and  0.65  up  to  Ree  =  TOO.  The  differential 

Reynolds-stress  model  shows  the  best  agreement  with  the 
experiments  and  the  DNS. 


INTRODUCTION 

The  present  study  considers  the  scalings  according  to 
four  commonly  used  turbulence  models  for  equilibrium 
boundary  layers  under  an  adverse  pressure  gradient.  Ac¬ 
cording  to  Clauser  (1954),  the  boundary  layer  is  in  equi¬ 
librium  if  the  parameter  ^  ^  is  independent  of  the 

Txij  dx 

streamwise  position.  The  scalings  are  derived  from  the  tur¬ 
bulence  models  without  making  any  additional  a  priori  as¬ 
sumptions,  which  means  that  the  scalings  follow  from  the 
straightforward  numerical  solution  of  the  boundary-layer 
equations.  Computations  are  made  up  to  the  very  large 
Reynolds  number  of  Ree  ~  10®,  which  is  sufficient  "for  the 
similarity  scalings  to  appear.  A  strong  grid  refinement  was 
applied  close  to  the  waU.  By  doubling  the  number  of  grid 
points,  the  solutions  were  verified  to  be  numerically  accu¬ 
rate. 

The  classical  theory,  which  is  mainly  due  to  Clauser 
(1954)  and  Coles  (1956),  finds  that  the  boundary  layer  can 
be  split  up  in  an  inner  layer  (wall  function),  with  length 
scale  u/ur  and  velocity  scale  Ur,  and  an  outer  layer  (de¬ 
fect  layer),  with  the  velocity  scale  ilt  and  the  length  scale 
A  =■  S*U/ut  (where  U  denotes  the  local  free-stream  veloc¬ 
ity). 

The  results  for  the  turbulence  models  are  compared  with 
experiments  at  moderate  Reynolds  numbers  {Ree  =  10“^  to 
10®)  for  0  ^2  and  8,  obtained  by  Clauser  (1954),  and  with 


more  recent  experiments  at  /?  =  20,  being  close  to  separa¬ 
tion,  due  to  Skare  (1994)  and  Skare  and  Krogstad  (1994). 
Furthermore,  the  results  with  the  turbulence  models  are 
also  compared  with  new  direct  numerical  simulations  for 
0  ^  0.25  and  0.65  up  to  Ree  ~  700,  which  we  performed 
with  a  spectral  code. 


SCALING  ANALYSIS 
To  derive  the  scalings  of  the  boundary  layer  under  an 
adverse  pressure  gradient  one  can  start  from  the  turbulent 
boundary-layer  equations  for  an  incompressible  flow,  which 
read 


du  dv 
dx  dy 


=  0, 


(1) 


u 


du 

dx 


+ 


_  1  dp  d^  u  d  — ^ 

dy  p  dx  dy"^  dy 


(V 


Here  x  and  y  are  the  coordinates  along  and  normal  to  the 
wall,  respectively;  u  and  v  are  the  corresponding  velocity 
components;  p  is  the  pressure;  p  is  the  density:  v  is  the 
kinematic  viscosity;  and  —u‘v*  is  the  Reynolds  shear  stress. 

According  to  the  classical  theory,  the  velocity  scale  in 
both  the  inner  and  outer  layer  is  the  same,  namely  Ur, 
which  is  the  wall-shear  stress  velocity  'vith  r^, 

being  the  wail-shear  stress  p.[du/dy)u}.  The  length  scale 
differs,  and  is  y/ur  for  the  inner  layer  and  A  =  S^U/ur 
for  the  outer  layer;  8*  is  the  displacement  thickness,  and 
U  is  the  local  outer-edge  velocity.  Tennekes  ic  Lumley 
(1972)  and  Wilcox  (1993)  have  derived  a  so-c<illed  defect- 
layer  equation,  which  is  the  equation  that  describes  the 
similarity  solution  in  the  outer  layer.  There  is.  however, 
a  striking  difference  between  the  derivations  of  Tennekes 

Lumley  and  Wilcox.  We  have  reconsidered  the  analysis 
(for  more  details  see  Henkes,  1997a)  and  find  agreement 
with  the  results  by  Tennekes  k.  Lumley. 

When  it  is  assumed  that  molecular  diffusion  can  be  ne¬ 
glected  in  the  outer  layer,  the  boundary-layer  equations 
(l)-(2)  can  be  transformed  into 


(/? 


-2a;)/-f7/^-h(Q'~2/?-2w)77/^-\'/^  /  fdr}  =  r',(3) 

Jo 
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with 

,  =  (4) 

\tXr  /  dx  Tw  ax 

_  1  r  ^ 

^  2  ?ir  \  iir  / 

_  U  8*  ^  _  U  dS^  ^  6*  dU 

Ur  Ut  dx  '  ^  Ur  dx  Ur  dx 

Here  v  =  y/A,  /(>?)  =  - ,  and  t{t))  =  -—r-  ^  P"™® 

Ur 

denotes  differentiation  to  77. 

The  coefficients  can  be  developed  in  a  series  with  respect 
to  the  small  quantity  Ur/U  (see  Henkes,  1997a),  which 
gives 

a  =  1  +  3/?  +  (1  + (5) 

0,  =  _i/?  -  £(1  +  2^)^  + 

X  =  (l+2^)^  +  .... 


with  6'"  =  jy  pdri,  and  /c  is  the  Von  K  arm  an  constant. 
To  leading  order  eq.  (5)  gives 

a  =  l+3^,  7  =  X  =  0.  (6) 

Therefore,  for  increasing  Ree  (giving  Ur/U  ~  0)  equa¬ 
tion  (3)  converges  to  the  following  defect-layer  equation  for 
the  outer  layer 

2^/  +  (l  +  2/?)77/'  =  r',  (7) 

with  boundary  conditions 

/ - iln77-fC'  for  v  —  0,  (8) 

K  . 

/  —  0  for  77  —  00, 
and  the  integral  restriction 

fdT]  =  1.  (9) 

The  boundary  condition  for  77  —  0  follows  from  matching 
with  the  logarithmic  wall  function,  and  the  integral  restric¬ 
tion  follows  from  the  conservation  of  momentum.  Equation 
(7)  was  also  obtained  by  Tennekes  &  Lumley,  but  Wilcox 
took  u;  =  0  (instead  of  w  =  -4/?)  and  thus  arrived  at  a 
different  equation. 


TURBULENCE  MODELS 

To  solve  the  boundary-layer  equations  (1)  and  (2)  or  the 
defect-layer  equation  (7),  a  turbulence  model  is  needed  to 
represent  the  Reynolds  shear  stress.  The  following  models 
are  considered: 

•  Algebraic  model  of  Cebeci  Smith  (1974) 

•  Two-equation  low-Reynolds-number  k  —  e  model  of 
Launder  &  Sharma  (1974) 

•  Two-equation  low-Reynolds-number  k  —  u  model  of 
Wilcox  (1993) 

•  Differential  Reynolds-Stress  Model  (DRSM)  of  Han- 
jalic,  Jaldriic,  and  Hadzic  (1995) 


The  algebraic  model  uses  an  algebraic  relation  to  approx¬ 
imate  the  turbulent  viscosity  which  appears  in  —u*v'  — 

d'lL 

i/j  — .  The  k  —  €  model  solves  differential  equations  for  the 

dy 

turbulent  kinetic  energy  and  the  turbulent  dissipation  rate 
€  to  model  the  turbulent  viscosity,  whereas  the  k—u)  model 
solves  a  differential  equation  for  u  instead  of  <r  (where  a; 
is  proportional  to  €/k).  The  DRSM  is  the  most  complete 
model,  as  it  solves  differential  equations  for  all  Reynolds 
shear  and  normal  stresses,  as  well  as  for  e.  More  details  of 
the  models  are  given  in  the  cited  references,  and  in  Henkes 
{1997b). 

The  boundary-layer  equations  are  solved  with  a  march¬ 
ing  numerical  procedure,  after  discretization  with  a  second- 
order  finite-difference  scheme.  A  Cartesian  grid  is  used 
with  a  very  strong  grid  refinement  in  the  lower  part  of  the 
inner  layer.  To  account  for  the  growth  of  the  boundary 
layer  in  streamwise  direction,  at  several  x  positions  the 
outer  edge  was  increased  and  the  y  grid  points  were  redis¬ 
tributed.  All  results  presented  in  this  paper  are  guaranteed 
to  be  grid  independent.  This  was  checked  by  doubling  the 
number  of  points  in  x  and  y  direction.  A  typical  y  grid 
consists  of  200  or  400  points. 

The  defect-layer  equation  (7)  only  depends  on  the  sin¬ 
gle  coordinate  77.  This  ordinary  differential  equation 
was  numerically  discretized  with  a  second-order  difference 
scheme,  applying  200  or  400  points.  An  iteration  process 
was  used  to  satisfy  the  boundary  conditions  and  the  inte¬ 
gral  restriction. 

DIRECT  NUMERICAL  SIMULATIONS 

DNS  were  Ccirried  out  for  the  pressure  gradients  3  ^  0.25 
and  yd  «  0.65  with  a  code  developed  at  KTH  and  FFA  by 
Lundbladh  et  al.  (1992,  1994).  The  spectral  method  ap¬ 
plies  Fourier  modes  in  the  horizontal  directions  and  Cheby- 
shev  modes  in  the  wall-normatl  direction.  Since  the  bound¬ 
ary  layer  is  developing  in  the  downstream  direction,  the 
physical  boundary  conditions  in  that  direction  are  non¬ 
periodic.  To  capture  these  with  periodic  Fourier  modes,  a 
fringe  region  is  added  downstream  of  the  physical  domain, 
where  the  flow  is  forced  from  the  outflow  of  the  physical 
domain  to  the  inflow.  In  this  way  the  physical  domain  and 
the  fringe  region  together  satisfy  periodic  boundary  con¬ 
ditions.  The  fringe  region  is  implemented  by  the  addition 
of  a  volume  force  having  a  form  designed  to  minimize  the 
upstream  influence.  Time  integration  is  performed  using 
a  third-order  Runge-Kutta  method  for  the  advective  and 
forcing  terms  and  Crank- Nicolson  for  the  viscous  terms. 

The  simulations  start  with  a  laminar  boundary  layer  at 
the  inflow  which  is  tripped  by  a  random  volume  force  near 
the  wall.  AU  the  quantities  are  nondimensionalized  by  the 
free-stream  velocity  and  the  displacement  thickness  at  the 
starting  position  of  the  simulation  (2:  =  0)  where  the  flow 
is  laminar.  At  that  position  Res*  =  400.  The  length  (in¬ 
cluding  the  fringe),  height  and  width  of  the  computational 
domain  were  450  x  24  x  24  <5*  units. 

The  number  of  modes  was  480  x  161  x  96.  which  gives  a 
resolution  in  plus  units  of  Ax'^  =  16  and  =4.3.  The 
useful  region  was  confined  to  x*  ^  x/8*  =  150  —  350  which 
corresponds  to  Res*  from  550  to  1200  or  Ree  from  330  to 
700.  The  simulations  were  run  for  a  total  of  4500  time 
units  {8*  jU),  and  the  sampling  for  the  turbulent  statistics 
was  performed  during  the  2000  last  time  units.  The  good 
accuracy  of  the  DNS  and  its  statistics  was  verified  by  re¬ 
peating  the  computation  on  a  coarser  resolution  (320  x 
101  X  64  modes),  and  with  a  shorter  averaging  time  (1000 
time  units). 

LARGE-RE  BEHAVIOUR 

The  bound  ary -layer  equations  were  solved  for  the  four 
turbulence  models  with  different  3  values.  The  calculations 
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Figure  1:  Appearance  of  the  law-of-the-wall  and  the  defect  law  for  increasing  Reynolds  number  according  to  the  DRSM  with  /3  =  1; 
Ree  =  10^  (—  •  — ),  10“*  ( — ),  10^.  10®.  and  10^  (solid  lines): 

Velocity  in  (a)  the  inner  layer  and  (b)  the  outer  layer;  Reynolds  shear  stress  in  (c)  the  inner  layer  and  (d)  the  outer  layer. 

(long  dash  in  (a)  denotes  the  experimental  wall  function  for  the  velocity,  and  in  (c)  the  theoretical  wall  function  for  the  Reynolds  shear 
stress). 


were  started  at  Ree  =  300,  where  the  results  from  DNS  by 
Spalart  (1988)  for  a  zero- pressure  gradient  were  used  2ls 
starting  profiles.  At  each  downstream  position  the  outer- 
edge  velocity  was  iteratively  updated  until  the  chosen  /? 
was  obtained.  The  calculations  were  extended  up  to  about 
Ree  =  10^ 

For  all  considered  models  the  classical  scalings  turn  out 
to  appear  for  increasing  Reynolds  number.  An  example  is 
given  in  Fig.  1,  which  shows  the  velocity  and  Reynolds- 
shear  stress  in  the  inner  and  outer  layer,  as  obtained  with 
the  DRSM  for  ^  =  1.  In  the  inertial  sublayer,  being  the 
outer  part  of  the  inner  layer,  the  velocity  (Fig.  la)  con¬ 
verges  to  the  logarithmic  law-of-the-wali;  the  generally  ac¬ 
cepted  best  fit  to  experiments  (having  k  =  0.41  and  C  =  5) 
is  shown  as  a  long-dashed  line.  The  velocity  in  the  outer 
layer  (Fig.  lb),  when  scaled  with  Ur  and  A,  converges  to 
a  single  similarity  profile,  the  so-called  defect  law.  Only 
the  solution  for  Ree  =  10"  shows  some  deviation  from 
the  similarity  state,  but  up  to  at  least  graphical  accuracy 
no  changes  are  found  from  Ree  =  10"^  on.  The  Reynolds 
shear  stress  in  the  outer  part  of  the  inner  layer  (Fig.  Ic) 
approaches  the  wall  function  —  =  1.  The  Reynolds 

shear  stress  in  the  outer  layer  (Fig.  Id)  converges  to  a 
similarity  shape,  which  shows  a  local  maximum.  The  ap¬ 
pearance  of  a  maximum  for  the  Reynolds  shear  stress  in  the 
outer  layer  (with  -u‘v’/vi  >1),  and  also  for  the  turbulent 
kinetic  energy,  is  characteristic  for  adverse  pressure  gradi¬ 


ent  boundary  layers  (^  >  0);  such  a  maximum  is  not  found 
for  the  zero  pressure  gradient  boundary  layer  [3  —  0).  We 
checked  that  the  similarity  profiles  for  the  different  quan¬ 
tities  in  the  inner  layer  are  independent  of  3,  which  is  in 
agreement  with  the  classical  theory,  showing  that  the  same 
wall  function  holds  independent  of  the  pressure  gradient. 


Figure  2:  Reynolds-number  dependence  of  the  m  power  in  the 
outer-edge  velocity  according  to  the  DRSM. 
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Figure  3:  Compairison  between  txirbulence  models  and  exper¬ 
iments  for  the  streamwise  velocity  under  different  equilibrium 
conditions: 

(a)  d  =  2  (•  experiments  hy  Clauser), 

(b)  d  =  S  (•  experiments  by  Clauser). 

(c)  /5  =  20  (•  experiments  by  Sk^e  and  Krogstad), 

models:  0—0  algebraic;  A  — AA:  — c:  x  — xk— u;:  □  — □ 

DRSM 


Figure  4;  Comparison  between  turbulence  models  and  experi¬ 
ments  for  the  turbulence  in  an  equilibrium  boundary  layer  with 
3  =  20: 

(a)  Reynolds  shear  stress,  (b)  structure  parameter,  (c)  Reynolds 
normal  stress  along  the  wall. 

models:  0—0  algebraic:  A  —  AA:  —  e:  x  —  xk  —  u;:  □  —  □ 

DRSM 


We  verified  that  the  boundary-layer  solution  in  the  outer 
layer  converges  to  the  similarity  solution  described  by  the 
defect-layer  equation  (7).  However,  the  convergence  rate 
for  increasing  Ree  towards  the  similarity  state  becomes 
slower  for  increasing  /?.  For  example,  for  all  /?  values  the 
shape  factor  converges  to  if  =  1  at  Ree  —  oo,  but  the 
shape  factor  at  Ree  —  10®  for  /?  =  0,  8  and  20  still  is  14%, 
47%,  and  71%,  respectively,  above  its  asymptotic  value. 

An  interesting  practical  question  is  how  the  outer-edge 
velocity  should  be  chosen  to  realize  an  equilibrium  turbu¬ 
lent  boundary  layer,  as  represented  by  a  certain  constant 
B  value.  Bradshaw  (1967)  has  suggested  that  a  practi¬ 
cally  constant  jB  results  if  the  outer-edge  velocity  is  cho¬ 
sen  as  oc  (x  —  Xo)"”  (where  xq  is  a  virtual  origin,  and 
m  is  a  constant  power).  To  verify  this  we  prescribed  m 
and  computed  0  for  increasing  Ree,  but  ^  turns  out  to  be 
very  sensitive  to  m  when  m  comes  closer  to  -0.25  (that  is 
where  turbulent  separation  is  about  to  occur).  This  prob¬ 
lem  was  overcome  by  prescribing  B  instead  of  m.  Fig.  2 
shows  the  results J!or  the  DRSM.  Here  the  local  m  value 

is  defined  as  The  turbulence  model  does  not  give 

a  Reynolds- number  independent  m  power  for  equilibrium 
layers;  instead  the  power  becomes  slightly  more  negative 
for  increasing  Reynolds  number. 

Some  authors,  including  Clauser  (1954)  (who  measured 
}3  ^2  and  8),  have  reported  difficulties  to  establish  a  sta¬ 
ble  flow  in  the  windtunnel  when  the  adverse  pressure  gra¬ 
dient  becomes  stronger.  On  the  grounds  of  this  experi¬ 
ence,  Clauser  has  suggested  that  the  same  outer-edge  ve¬ 
locity  (represented  by  the  same  m  value)  can  correspond 
with  two  equilibrium  boundary  layers  (i.e.  two  /?  values). 
This  means  that  an  established  experimental  equilibrium 
boundary  layer  can  suddenly  lose  stability  and  jump  to 
the  other  flow  type.  This  is  indeed  what  is  found  with  the 
DRSM  in  Fig.  2.  For  a  given  Ree  (above  10®)  the  m- 
power  decreases  for  B  values  up  to  about  8,  above  which 
the  power  increases  again.  For  example,  the  m  value  for 
/?  =  3  is  almost  the  same  as  for  /?  =  20  (for  which  e.x- 
periments  were  performed  by  Share  Sz  Krogstad,  1994).  A 
similar  nonuniqueness  is  found  with  the  other  turbulence 
models. 

COMPARISON  WITH  EXPERIMENTS 

The  solution  in  the  outer  layer,  as  computed  from  the 
boundary-layer  equations  with  diiferent  turbulence  models, 
is  compared  with  experiments  in  Fig.  3  for  the  streamwise 
velocity  and  in  Fig.  4  for  different  turbulence  quantities. 
The  computational  curves  correspond  to  Ree  =  10®  for 
B  =  2  and  8,  and  to  Ree  =  5  x  10^  for  B  =  20.  All  models, 
except  for  the  k  —  e  model,  closely  predict  the  experimental 
streamwise  velocity  (Fig.  3);  the  k  —  e  model  overpredicts 
the  e.xperimental  wall-shear  stress  coefficient  for  B  =  20  at 
Ree  =  5  X  10^  by  145%.  The  DRSM  is  superior,  as  it  gives 
a  value  which  is  only  7%  too  large,  whereas  the  algebraic 
model  and  the  k  —  uj  model  give  a  slightly  larger  deviation 
of  —15%  and  +17%,  respectively. 

All  models  also  closely  reproduce  the  experimental 
Reynolds-shear  stress  (Fig.  4a),  but  the  k  —  e  model 
somewhat  overpredicts  the  boundary-layer  thickness.  The 
DRSM  predicts  the  structure  parameter  (=  —u'v'/k)  best 
(Fig.  4b).  and  is  in  fact  very  close  to  the  experiments  for 
.3  =  20.  The  DRSM  also  gives  a  quite  good  prediction  of 
the  Reynolds  normal  stresses  (Fig.  4c). 

With  respect  to  the  structure  parameter,  the  experi¬ 
ments  in  Fig.  4b  show  that  its  value  is  almost  constant,  and 
equal  to  about  0.3,  across  most  of  the  outer-layer  thickness. 
This  implies  that  the  Reynolds  shear  stress  is  proportional 
to  the  turbulent  kinetic  energy,  as  was  also  discussed  by 
Bradshaw  (1967)  on  the  grounds  of  his  own  experiments 
for  a  weaker  adverse  pressure  gradient.  Most  turbulence 
models  (including  the  —  e  model,  the  k  —  uj  model,  and 


the  DRSM)  have  chosen  the  model  constants  such  that 
the  proportionality  with  the  structure  parameter  0.3  is  re¬ 
produced  for  flows  in  which  the  production  of  turbulence 
energy  Pk  (=  -u'v'du/dy)  equals  the  turbulent  dissipation 
rate  e.  For  example  the  k-e  model  has  -Tiv  =  i/tdu/dy, 
with  i/t  =  c^k^/e.  As  the  constant  is  .set  to  0.09  this 
gives  —u'v'fk  =  0.3  when  Pk  =  e. 

COMPARISON  WITH  DNS 

The  DNS  were  performed  for  the  outer  edge  velocity 
U  <x  {x  -  lo)"”,  with  m  =  -0.077  and  m  =  -0.15.  At 
the  relatively  low  Ree  up  to  which  the  DNS  were  feasible, 
the  corresponding  equilibrium  parameter  B  is  found  to  be 
about  0.25  and  0.65,  and  the  shape  factor  H  is  about  1.60 
and  1.63,  respectively. 

The  calculations  with  the  DRSM  at  low  Reynolds  num¬ 
bers  are  compared  with  the  new  DNS.  Profiles  for  the  ve¬ 
locity  and  turbulence  obtained  from  the  DNS  at  x*  =  150 
were  used  as  initial  data  for  the  model  calculations.  We 
varied  the  initial  turbulence  and  dissipation  rate  in  the 
model  computations,  and  found  that  the  initial  transients 
already  had  decayed  at  z"  =  335,  where  the  comparison 
with  the  DNS  was  made.  Thus  the  comparison  is  mean- 
ingful  since  the  difference  between  the  model  predictions 
at  low  and  high  Reynolds  number  (see  Fig.  5)  are  due  to 
the  dependence  on  the  Reynolds  number  and  not  to  the 
influence  of  the  initial  conditions. 

Figs  5a, b  show  close  agreement  for  the  velocity  profile 
in  inner-layer  and  outer-layer  scalings  at  Ree  =  670  and 
B  ~  0.65,  as  computed  with  the  DNS  and  DRSM.  The  fig¬ 
ure  also  shows  the  large- Re  similarity  state  for  the  DRSM. 
In  fact  Ree  =  670  is  still  so  low  that  only  a  small  log¬ 
arithmic  part  in  the  inner  layer  is  found.  The  stream- 
wise  Reynolds  normal  stress  for  B  ~  0.65  is  compared  in 
Figs  5c, d.  The  results  are  shown  in  both  inner  and  outer 
layer  scalings,  and  the  similarity  solution  for  the  DRSM 
is  included  as  well.  Differences  between  the  solution  at 
Ree  =  670  and  the  similarity  solution  are  significant.  The 
results  with  the  DRSM  closely  agree  with  the  DNS  at 
Ree  =  670,  showing  that  the  DRSM  reproduces  the  physics 
of  adverse  pressure-gradient  boundary  layers  at  relatively 
low  Reynolds  numbers.  The  peak  in  the  Reynolds  normal 
stress  in  the  DNS  and  DRSM  at  Ree  =  670  is  part  of  the 
inner  layer,  but  there  already  is  a  tendency  to  develop  a 
second  peak  in  the  outer  layer,  which  indeed  has  been  es¬ 
tablished  in  the  similarity  solution  with  the  DRSM.  New 
DNS  at  larger  B-,  which  will  show  an  even  stronger  peak  in 
the  outer  layer  for  the  turbulent  kinetic  energy,  are  under¬ 
way. 

CONCLUSIONS 

The  numerical  solution  of  the  boundary-layer  equations 
up  to  Ree  =  10®  shows  that  four  classes  of  turbulence 
models  converge  to  the  same  classical  scalings  in  the  inner 
and  outer  layer  for  turbulent  equilibrium  boundary  layers 
under  an  adverse  pressure  gradient.  The  solution  in  the 
outer  layer  converges  to  the  defect  law  described  by  the 
defect-layer  equation  of  Tennekes  ik  Lumley.  and  not  to 
the  defect-layer  equation  of  Wilcox  (only  for  J  =  0,  both 
formulations  are  equal).  Convergence  to  the  similarity  so¬ 
lution  becomes  slower  for  increasing  B  value.  There  is  a 
nonunique  relation  between  the  m  power  in  the  outer-edge 
velocity  and  the  equilibrium  parameter  3  for  all  four  turbu¬ 
lence  models,  which  is  in  agreement  with  the  experimental 
findings  of  Clauser. 

Comparison  with  experiments,  pariicularly  the  recent 
experiments  by  Skare  and  Krogstad  at  B  —  20,  shows 
that  among  the  tested  turbulence  models,  the  Differential 
Reynolds  Stress  Model  is  superior.  But  also  the  algebraic 
model  and  the  ^  —  w  model  are  reasonably  accurate.  The 
fc  —  e  model  gives  rather  large  deviations  for  strong  ad- 


33-17 


Figure  01  Comparison  for  0  0.65;  —  DNS  at  =  670;  —  DRSM  at  Rqq  —  670;  -o-  similarity  solution  for  the  DRSM. 

Streamwise  velocity  in  (a)  inner-layer  scalings,  and  (b)  outer-layer  scalings. 

Streamwise  normal  stress  in  (c)  inner-layer  scalings  and  (d)  outer-layer  scalings. 


verse  pressure  gradients,  where  it  considerably  overpredicts 
the  wall-shear  stress.  The  DRSM  was  also  compared  with 
our  new  DNS  for  ^  0.25  and  0.65  at  the  relatively  low 

Reynolds  number  Ree  =  670.  It  turns  out  that  the  DRSM 
correctly  predicts  the  low-Reynolds-number  effects  for  the 
evolution  of  the  boundary  layer  to  its  high-i2e  similarity 
solution. 
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INTRODUCTION 

The  wall  blocking  effect  limits  the  maximum  turbulence 
kinetic  energy  production  in  the  wall  layer  of  fully  devel¬ 
oped  channel  or  pipe  flow  to  levels  much  lower  than  those 
in  free  shear  layers  with  comparable  main  shear.  This  is 
concluded  from  sudden  pipe  expansion  flow  [5].  In  order  to 
analyse  the  mechanisms  of  wall  blocking  in  more  detail,  we 
performed  direct  numerical  simulations  of  fully  developed 
flow  in  a  perfectly  permeable  pipe  with  no-slip  boundary 
conditions  and  compared  the  flow  with  that  in  a  smooth 
solid  pipe  for  a  Reynolds  number  of  360  based  on  diame¬ 
ter  D  and  friction  velocity  Ur.  Since  the  Reynolds  shear 
stress  vanishes  at  the  wall  in  both  cases,  Ur  and  thus  the 
mean  axial  pressure  gradient  have  the  same  values  in  both 
flows.  The  DNS  results  show  that  a  wall  which  is  permeable 
to  the  wall-normal  velocity  fluctuations  generates  higher 
Reynolds  shear  stress,  but  smaller  mean  shear  rate  and 
thus  has  a  considerably  reduced  mass  flux.  The  increase 
in  pressure  fluctuations  everywhere  in  the  flow  field  has 
an  impact  on  pressure-strain  and  pressure-velocity  correla¬ 
tions.  Besides  this  the  intermittent  behaviour  of  the  wall 
normal  velocity  fluctuations  close  to  the  wzdl  is  eliminated, 
leading  to  low  values  in  the  flatness.  Instead,  the  flatness 
of  the  other  two  components  is  markedly  increased.  The 
dramatic  change  in  turbulence  structure  in  the  wall  layer  is 
evident  from  contour  lines  of  instantaneous  flow  quantities. 


MEAN  MOMENTUM  TRANSPORT 

The  axial  momentum  transport  of  statistically  steady, 
fuUy  developed,  non-swirling  and  incompressible  flow  in  a 
straight  circular  pipe  is  governed  by  the  following  equation: 


r  I  g(p)  i{u,) 

2p  dz  dr 


n  n 

-  (^r^r)  =  0 


(1) 


It  describes  the  balance  between  the  mean  pressure  gradi¬ 
ent,  the  viscous  and  the  Reynolds  shear  stress.  The  angular 
brackets  indicate  statistical  averages.  Only  the  mean  pres¬ 
sure  depends  on  the  axial  and  radial  coordinates  s,r.  The 
axial  pressure  gradient,  however,  is  independent  of  r.  This 
is  a  consequence  of  the  mean  momentum  balance  in  radial 
direction.  Equation  (1)  is  vadid  for  impermeable  as  well  as 
permeable  walls. 


Motivated  by  the  investigations  of  [3],  we  define  a  per¬ 
fectly  permeable  wall  by  the  following  boundary  condi¬ 
tions: 

Uz  —  u^^  0.  ~  ^  T  =  R.  (2) 

R  is  the  pipe  radius.  Obviously  such  a  boundary  allows 
the  fluctuating  flow  to  move  unimpeded  through  the  wall, 
but  inhibits  any  tangential  motion.  Thus,  there  is  no  wall 
blocking  effect.  In  contrast  to  (2)  the  solid  wall  satifies 
the  boundary  conditions: 

Uz  =  U(p  =  Ur  =  0,  at  r  =  R.  (3) 

In  both  cases,  the  Reynolds  shear  stress  vanishes  at  the 
wall,  i.e. 


(ti,  Kr  )  =  0,  at  r  =z  R, 


(4) 


If  the  same  mean  pressure  gradient 


dz 


(5) 


is  applied  to  drive  the  flow  through  the  solid  pipe  (Case  A) 
and  the  permeable  pipe  (Case  B),  the  Reynolds  numbers 
Rcr,  based  on  pipe  diameter  D  and  friction  velocity  Ur  oi 
both  cases  coincide.  This  is  the  situation  studied  in  this 
paper  for  a  low  Reynolds  number  of  Rtr  =  360.  Equation 
(1)  already  reflects  the  linearity  of  the  total  shear  stress. 
It  can  be  cast  in  the  following  non-dimensional  form: 


1  d[{Uz)/Ur)  julur)  ^ 

Rtr  d{ylD)  ul  D 


The  y-coordinate  is  defined  by  y  =  R  —  r.  Again,  eq.  (6) 
holds  for  cases  A  and  B  and  allows  to  derive  the  universal 
linear  law 


_  yur 

Ur  P 


(7) 


for  the  viscous  sublayer,  where  the  Reynolds  shear  stress 
and  2y/D  are  both  small.  As  (u^Ur)  grows  with  the  dis¬ 
tance  from  the  wall,  the  differences  between  both  flow  cases 
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arise.  Since  {ulu”)  is  larger  in  case  B  (permeable  pipe), 
the  viscous  stress  must  be  smaller  than  in  czise  A,  leading 
to  a  strongly  reduced  mass  flux  through  the  pipe. 

DIRECT  NUMERICAL  SIMULATION 

The  incompressible  Navier-Stokes  equations  written  in 
cylindrical  r)-coordinates  are  integrated  using  second 

order  central  differences  in  space  and  a  semi-implicit  time 
integration  scheme.  Only  convective  and  diffusive  terms 
involving  derivatives  in  the  circumferential  direction  are 
treated  implicitly  in  order  to  avoid  unnecessary  time  step 
restrictions  near  the  centerline.  The  second-order  accu¬ 
rate  leap-frog  scheme  is  used  to  advance  the  other  con¬ 
vection  terms  in  time,  while  the  Euler-backward  scheme 
is  applied  to  the  remaining  diffusion  terms.  The  pressure 
gradient  is  split  into  a  constant  mean  value  and  a  fluctu¬ 
ating  part.  The  use  of  a  projection  approach  leads  to  a 
Poisson  equation  for  the  fluctuating  pressure.  FFT  in  jj- 
and  in  ^-directions  reduces  the  Poisson  problem  to  a  set 
of  ID  Helmholtz  problems,  each  of  which  is  treated  with  a 
standard  tridiagoncd  matrix  algorithm. 

The  computational  domain,  a  pipe  section  of  length  5Z), 
is  resolved  by  256  x  128  equidistant  grid  points  in  z,(p~ 
directions  and  70  points  on  the  radius  which  are  clustered 
close  to  the  wall.  The  viscous  sublayer  (case  A)  contains  6 
points.  In  terms  of  wall  units  the  grid  spacing  is: 

7.031,  Ar+  =  0.468, ...,  3.963, 

(rAc^)"^  =  8.813,  ...,0.0972.  (8) 

The  Reynolds  number  based  on  Ur  is  Rtr  =  360  in  both 

cases.  Based  on  bulk  velocity  Ub  it  is  Reh  =  5300  for 

the  solid  pipe  and  Reh  =  1931  for  the  permeable  pipe. 
This  value  is  considerably  lower  than  the  classical  critical 
Reynolds  number  for  pipe  flow,  namely  2300.  Obviously, 
the  removal  of  the  wall  blocking  effect  makes  the  flow  more 
unstable.  In  the  computation  the  flow  was  observed  over 
more  than  40  problem  times,  with  the  results  that  the  bulk 
velocity  remained  stable. 

The  computation  were  started  in  both  cases  from  instan¬ 
taneous  flow  fields  computed  by  F.  Unger  in  [3]  using  linear 
interpolation. 

RESULTS 

Statistics 

Figures  1  and  2  show  the  mean  velocity  normalized  with 
tir  ns  a  function  of  rjD  and  .  The  strong  influence 
of  wall  permeability  which  extracts  energy  from  the  mean 
flow  and  converts  it  into  turbulent  kinetic  energy  and  dissi¬ 
pation  rate,  is  apparent.  The  computed  mean  velocities  in 
the  solid  pipe  coincide  with  LDA  measurements  of  Wester- 
weel  et  al.  [6]  and  with  those  presented  in  [2]  (not  shown). 
Recently,  AkselvoH  and  Moin  [l]  have  confirmed  the  results 
in  [2],  performing  a  DNS  with  second-order  central  dis¬ 
cretizations  in  space  and  decomposing  the  computational 
domain  into  two  regions  in  which  different  semi-implicit 
time-integration  schemes  are  used  allowing  for  significant 
savings  in  CPU  time.  Figures  3-6  contain  profiles  of  the 
three  rms-velocity  fluctuations  and  the  turbulent  kinetic 
energy.  The  axial  velocity  fluctuations  in  the  solid  pipe 
again  agree  with  LDA  data.  The  radial  gradients  of  rms- 
velocity  fluctuations  in  axial  and  circumferential  directions 
are  steepened  close  to  the  permeable  wall,  and  the  turbu¬ 
lent  kinetic  energy  is  non-zero  at  this  wall  due  to  the  finite 
level  of  radial  fluctuations.  The  profile  of  Ur,nns  in  the 
near  wall  region  suggests  that  energy  is  transferred  out  of 
{ur^).  The  contents  of  equations  (1)  or  (6)  is  illustrated  in 
figure  7.  It  shows  the  linearity  of  the  total  shear  stress  in 
both  cases  and  higher  Reynolds  stress  for  the  flow  through 


Figure  1:  Mean  velocity  profiles  for  solid  ( - ) 

and  permeable  pipe  (  —  ). 


Figure  2:  Mean  velocity  profiles  in  wall  units  for  solid 

(  -  )  and  permeable  wall  ( - ).  The 

symbol  □  denotes  LDA  measurements  of 
[61- 


Figure  3:  Rms-velocity  fluctuations  in  axial  direction: 

-  solid, - permeable  wall.  □  LDA 

measurements  of  [6] . 
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Figure  5:  Rms- velocity  fluctuations  in  radial  direc¬ 
tion:  - solid,  —  permeable  wall. 


Figure  6:  Profiles  of  turbulent  kinetic  energy:  - 

solid,  —  permeable  wall. 

a  permeable  pipe.  The  increase  in  Reynolds  stress  en¬ 
trains  a  decrease  in  viscous  stress  and  thus  in  mean  veloc¬ 
ity. 

A  remarkable  change  in  the  rms-pressure  fluctuations  is 
observed,  when  the  wall  is  made  permeable,  see  figure  8. 
In  the  whole  cross  section  ’prms  increases.  The  most  im¬ 
portant  differences  between  cases  A  and  B  are  observed 
in  the  wall  layer,  where  the  high  level  of  radial  velocity 
fluctuations  in  case  B  leads  to  a  permanent  increase  in 
Vrms  cis  r  H-+  i2.  The  modification  in  flow  structure  due 
to  the  lack  of  wall-blocking  is  also  apparent  from  the  rms- 
vorticity  fluctuations  in  figure  9.  The  values  are  normalized 
by  While  in  the  solid  wcdl  case,  the  rms  fluctuations 

it  it  n 

of  attain  values  of  0.36,0.15  and  0.0  at  the  wall, 

the  rms  values  of  and  are  strongly  enhanced  in  the 
wall  layer  and  their  profiles  have  very  similiar  shapes  (in 
contrast  to  the  classical  case).  On  the  other  hand  Wr.rms 
keeps  its  constant  value  till  very  close  to  the  wall.  It  is  zero 
at  the  wail  in  both  cases,  but  has  higher  values  very  close 
to  the  permeable  wall.  From  figure  10  we  conclude  that  a 
perfectly  permeable  wall  brings  the  flatness  of  down  to 
the  level  of  a  random  process  everywhere,  namely  3.  Close 
to  a  solid  wall  it  reaches  values  of  18  and  more,  due  to  in- 
termittency  effects.  This  role  seems  now  to  be  occupied  by 

//  n 

the  Uj^-component.  The  flatness  of  near  the  permeable 
wall  also  exceeds  the  value  close  to  the  solid  wall.  These 
findings  indicate  remarkable  changes  in  the  near  wall  tur¬ 
bulence  structure  due  to  the  removal  of  the  wall  blocking 

effect.  Fig.  11  contains  contour  plots  of  two-point  auto- 

//////// 

correlation  functions  in  the  porous  pipe  for  p 
of  the  type: 

^vv-kv  (s,<p,  =  4)p  (2-f-A;s,<p+A<p,  p"*"  =  4)).(9) 

A  comparison  with  corresponding  results  for  the  imper¬ 
meable  pipe  (not  presented  here)  shows  the  increase  in 


Figure  7:  Total  shear  stress  and  Reynolds  shear  stress: 
- solid,  —  permeable  wall. 


Figure  8:  Rms-pressure  fluctuations:  - solid,  — 

permeable  wall. 


Figure  9;  Rms-vorticity  fluctuations.  ( - ): 

(--')•  ( - ):  Wr,rm5.  Curves  with 

symbols  represent  the  permeable  case. 


Figure  10:  Flatness  of  velocity  fluctuations.  (  -  ): 

y>z,flat}  (  “  “  )•  (  )• 

Curves  with  symbols  represent  the  perme¬ 
able  ccLse. 
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streak  spacing  in  the  wall  layer  of  the  permeable  pipe. 
Generally  speaKing,  all  integral  length  scales  based  on 
these  correlation  functions  increase. 


500 


•500 


-500  0  500 

'  '  y'^ 

Figure  11:  Contour  plots  of  two-point  correlation 
functions  at  =  4  in  the  permeable  pipe 
for  (from  top  to  bottom). 


Snapshots  of  the  flow  field 
Solid  walL 

Figures  12-13  contain  contour  lines  of  axial  and  radial 
velocity  fluctuations  in  a  cross  section  perpendicular  to 
the  pipe  axis.  Sweeps  (u,  >  0,  itT-  >  0)  and  ejections 
(“U-  <  0,  Uj.  <  0)  can  easily  be  identified.  In  a  sweep,  fluid 
approaches  the  wall  and  carries  axial  momentum  which 
is  higher  than  the  mean.  Such  an  event  occurs  e.g.  near 
ip  =  -7r/3.  Close  to  the  wall,  part  of  the  fluid  is  diverted  to 
the  right  side,  part  to  the  left,  enhancing  an  ejection  event 
around  p  =  —t  12,  The  downward  motion  {p  =  —  tt/S)  and 
the  upward  motion  {p  =  — 7r/2)  give  rise  to  thin  shear  lay¬ 
ers  in  between  in  which  the  local  dissipation  rate  is  maxi¬ 
mum.  Streaky  structures  are  made  visible  via  contour  lines 
of  tt-  in  a  {z,p)  surface  at  y'^  =  4,  see  figure  14. 


Figure  12:  Contour  lines  of  axial  velocity  fluctuations 
in  an  impermeable  pipe.  (• - ,  >  0;  - 


Figure  13:  Contour  lines  of  radial  velocity  fluctuations 
in  an  impermeable  pipe.  ( - ,  >  0;  - 

-  ,‘Ur  <  0). 


// 


Figure  14:  Axial  velocity  fluctuations  near  the  solid 
wall  =  4). 
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Permeable  wall. 

The  examination  of  contour  lines  of  in  a  cross 

section  z  =  const  in  figures  15  to  17  immediately  reveals 
the  higher  degree  of  freedom  this  flow  experiences,  which 
is  two- fold  because:  1)  the  impermeability  constraint  is  re¬ 
laxed  and  2)  the  local  mean  shear  rate  is  reduced  while  the 
level  of  velocity  fluctuations  is  in  general  increased.  Pres¬ 
sure  fluctuations  are  presented  in  figure  18.  A  comparison 
of  figures  14  with  19  which  contain  contours  of  velocity 
fluctuations  in  a  {z,  ^)-surface  at  =  4  is  of  great  inter¬ 
est  since  it  underlines  the  differences  in  turbulence  struc¬ 
ture  of  both  flows.  ’Streaky  structures’  meander  around 
and  broaden  due  to  the  reduced  shear  rates.  The  pres¬ 
sure  fluctuations  in  figure  20  seem  to  reflect  an  increase 
in  circumferential  correlation  length  compared  to  the  solid 
wall  situation.  The  whole  flow  bears  some  similarity  with 
that  in  the  reattachment  region  of  sudden  pipe  expansion 
flow  where  the  mean  shear  is  also  considerably  reduced  and 
contours  of  two-point  pressure  correlations  shows  a  char¬ 
acteristic  elongation  in  circumferential  direction  [4]. 


n 


Figure  15:  Contour  lines  of  axial  velocity  fluctuations 
in  the  perfectly  permeable  pipe.  (  -  , 

u'  >0;  “  -  ,  u'  <  0). 


Figure  16:  Contour  lines  of  radial  velocity  fluctuations 
in  the  perfectly  permeable  pipe.  (  -  , 

u”  >0;  -  -  ,  u'  <  0). 


Figure  17:  Contour  lines  of  circumferential  velocity 
fluctuations  in  the  perfectly  permeable 
pipe.  (  -  ,  clockwise,  —  ,  counter¬ 

clockwise). 


//  _ 1 
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Figure  18:  Contour  lines  of  pressure  fluctuations  in  the 
perfectly  permeable  pipe.  ( - ,  p  >  0; 


Figure  19:  Axial  velocity  fluctuations  near  the  per¬ 
fectly  permeable  wall  =  4). 
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Figure  20:  Pressure  fluctuations  near  the  perfectly 
permeable  wall  (y'^  =  4). 


REYNOLDS  STRESS  TRANSPORT 
An  increase  in  Reynolds  shear  stress  results  in  higher 
maximum  production  rates  of  the  turbulent  kinetic  energy 
and  of  the  variance  of  axial  velocity  fluctuations  in  the  near 
wall  region.  The  balance  of  {uz^)  has  the  form: 


+2(y-^) 

1  d{T{UrUz^}) 


(10) 


—2v 


dr 

,dUz  >.2\ 


■  + 


1  d  ,d{uz^)x 
r  dr  ^  dr 


The  production  term  Pp  (the  index  p  denotes  the  porous 
case)  can  be  obtained  by  multiplication  of  eq.  1  with 

a  {uz  Ur  )'■ 


a  maximum  production  which  is  located  closer  to  the  wall, 
where,  according  to  eq.  12,  an  increased  production  rate  is 
obtained.  This  is  confirmed  in  figure  21  comparing  profiles 
of  production  rates  evaluated  from  DNS  data  of  solid  and 
perfectly  permeable  pipe  flow.  Close  to  the  permeable  wall 
the  maximum  production  of  axizJ  velocity  fluctuations  ex¬ 
ceeds  the  maximum  value  further  away  from  solid  wall  by 

12%. 

CONCLUDING  REMARKS 

Turbulent  flow  through  pipe  with  permeable  and  with 
solid  wall  driven  by  the  same  pressure  gradient  is  studied 
in  this  paper  by  means  of  direct  numerical  simulation,  in 
order  to  improve  the  understanding  of  the  wall  blocking 
effect.  A  perfectly  permeable  wall  which  satisfies  no-slip 
conditions  is  a  hypothetical  case  which  cannot  strictly  be 
realized  experimentally.  Nevertheless  it  gives  very  useful 
insight  into  its  physical  properties  and  forms  a  test  case 
for  the  evaluation  of  statistical  turbulence  models  and  of 
subgrid  scale  models. 

Some  of  the  key  observations  are: 

-  The  wall  permeability  increases  the  Reynolds  shear 
stress  and  the  maximum  TKE  production  and  in  turn 
reduces  the  mass  flux  through  the  pipe. 

-  The  position  of  the  maximum  TKE  production  is 
much  closer  to  the  wall  than  in  the  solid  wall  case, 
increasing  the  gradients  of  turbulence  quantities  nor¬ 
mal  to  the  wall. 

-  Considerable  changes  in  the  turbulence  structure  oc¬ 
cur  in  the  wall  layer  which  are  reflected  in  the  rms- 
vorticity  fluctuations  and  the  flatness  factors  of  the 
velocity  fluctuations. 

A  DNS  at  a  higher  Reynolds  number  is  envisaged  in  order 
to  investigate  Reynolds  number  effects.  A  DNS  of  turbu¬ 
lent  flow  through  a  partly  permeable  pipe  is  under  way,  a 
flow  case  which  is  more  likely  to  be  realized  in  a  physical 
experiment. 


=  (11) 

I  /r  ”  r 

where  we  introduced  the  ratio  a  =  {UzUr  )pl\UzUr  )s  or 

Reynolds  stresses  in  the  case  A  and  B  (the  index  s  denotes 

the  solid  case).  For  a  =  1  the  production  term  for  the  solid 

pipe  flow  is  retained.  Evaluating  the  maximum  production 

rate  by  varying  eq.l2  with  respect  to  {u2Ur)s  leads  to: 


=  ±(14)^  for  (12) 


Figure  21:  Production  rates  of  axial  velocity  fluctua¬ 
tions:  ( - )  solid,  (  —  )  permeable  wall. 

In  solid  pipe  flow  (a  =  1)  the  balance  between  Reynolds 
shear  stress  and  viscous  stress  (right  expression  of  eq.  12) 
determines  the  position  of  maximum  production.  Increas¬ 
ing  the  Reynolds  shear  stress  (a  >  1),  as  in  case  B,  leads  to 
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INTRODUCTION 

Several  studies  have  been  devoted  to  outer  boundary 
layer  manipulators  (see  Coustols  euid  Savill,  1992,  Ham- 
douni  and  Bonnet,  1993,  Lemay  et  aJ.,  1995).  The  effects 
of  various  types  of  manipulators,  such  as  thin  ribbons,  air¬ 
foils  and  cylinders,  have  been  quantified.  It  has  been  shown 
that  the  considerable  reduction  in  local  skin  friction  (of  the 
order  of  10%)  that  can  be  obtained  by  using  such  devices  is 
at  best  equivalent  to  the  form  drag  of  the  manipulator  it¬ 
self,  leading  to  no  net  reduction  in  drag.  However,  since  in 
most  cases  these  outer  layer  manipialators  have  been  shown 
to  reduce  the  wall  heat  transfer  as  well,  there  is  continued 
interest  in  their  thermal  applications.  Further,  although 
various  hypotheses  have  been  put  forward  by  a  number  of 
researchers,  there  is  as  yet  no  consensus  on  the  exact  mech¬ 
anisms  of  skin  friction  and  heat  transfer  modification. 

The  present  study  deals  with  a  particular  configuration 
of  outer  layer  manipulation  in  which  significant  skin  fric¬ 
tion  reduction  (more  than  30%  locally)  is  accompanied  by 
an  increase  in  heat  trcinsfer,  in  apparent  violation  of  the 
Reynolds  analogy.  This  flow  has  been  quantified  previously 
by  Marumo  et  (1978,  1985)  and  Suzuki  et  (1989), 
Single-point  statistics  have  been  obtained  by  Kawaguchi  et 
al.  (1984),  Suzuki  et  al.  (1988)  and  de  Souza  et  ai.  (1997), 
with  the  gOcJ  of  elucidating  the  physical  processes  respon¬ 
sible  for  this  apparent  dissimilarity  between  heat  cind  mo¬ 
mentum  transfer.  However,  in  addition  to  knowledge  of 
mean  flow  characteristics,  a  full  explanation  necessitates 
an  investigation  of  the  instantaneous,  large  scale  organiza¬ 
tion.  This  is  accomplished  by  applying  a  number  of  coher¬ 
ent  structure  identification  techniques  to  multi-point  mea¬ 
surements  obtained  in  the  near  wake  of  the  circular  cylinder 
manipulator.  Three  techniques  are  described  and  assessed: 
conditional  averaging  baised  on  WAG  (Window  Average 
Gradient)  detection,  and  two  filtering  techniques,  based 
respectively  on  the  spectral  and  on  the  time-frequency  (us¬ 
ing  wavelets  einalysis)  decomposition  of  the  instantcineous 
velocity  signals.  Information  on  the  flow  structure  cind  dy¬ 
namics  gleaned  from  the  application  of  these  techniques  is 
analyzed  and  related  to  the  observed  dissimilarity  between 
heat  and  momentum  transfer.  In  addition,  the  present 
study  sheds  some  light  on  the  role  of  outer  layer  manipula¬ 


tors  whilst  providing  insight  into  the  interaction  between 
two  fundamental  and  well  documented  flows:  the  cylinder 
W2ike  and  the  turbulent  boundary  layer. 

EXPERIMENTAL  DETAILS 

Experimental  Configuration 

Experiments  were  performed  in  a  closed  circuit,  subsonic 
wind  tunnel  with  a  square  test  section  of  cross-sectional  di¬ 
mensions  300  mm  x  300  mm  and  length  2  m.  The  bound¬ 
ary  layer  developed  on  a  flat  plate  placed  horizontally  at 
about  100  mm  above  the  test  section  floor.  A  circular 
cylinder  of  diameter  d  =  8  mm  was  placed  within  the  fully 
turbulent,  zero-pressure  gradient  boundary  layer  of  thick¬ 
ness  6  =  25.5  mm  and  Reynolds  number  (based  on  mo¬ 
mentum  thickness)  Ree  =  4500.  The  cylinder  weis  oriented 
normal  to  the  free  stream  direction  and  parallel  to  the  wall, 
such  that  the  gap  between  the  cylinder  and  the  wall  was 
c  =  8  mm  (figure  1).  The  free  stream  velocity  was  set  at 
Ucxt  =  25  m/s,  and  the  corresponding  turbulence  intensity 
was  less  than  0.25%. 

Flow  qualification  measurements 

Flow  qualification  involved  skin  friction  measurements 
using  the  Preston  tube  technique  and  velocity  measure¬ 
ments  using  pitot  tubes,  single  and  x-type  hot-wire  probes. 
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Figure  2:  Schematic  distribution  of  the  modification  of 
local  skin  friction  {Cf  jCfo)  and  heat  transfer  {hxjhx^)  co¬ 
efficients  due  to  the  cylindiical  manipulator. 


Figure  3:  Profiles  of  mean  velocity,  U  (top),  smd  mean- 
squared  fluctuations,  (bottom),  measured  in  the  ma¬ 
nipulated  (MBL)  and  natural  (NBL)  boundary  layer. 

These  measurements  were  consistent  with  those  reported 
in  the  literature  (Marumo  et  aJ.,  1978,  1985,  Suzuki  et  ai. 
1989).  Some  of  the  important  features  of  the  flow  are  de¬ 
scribed  briefly  here. 

Figure  2  provides  a  schematic  description,  obtained  from 
the  compilation  of  our  experimental  results  (de  Souza, 
1996)  and  those  obtained  by  Suzuki  et  ai.  (1989),  of  the 
streamwise  evolution  of  the  IoceiI  skin  friction  and  heat 
transfer  coefficients,  represented  respectively  in  the  forms 
C//C/^  and  hx/hx^  (where  the  index  ^  corresponds  to  \m- 
manipulated  flow  conditions).  The  maximum  reduction  in 
Cf  is  of  the  order  of  30%  and  is  located  at  x  ~20  diam¬ 
eters  from  cylinder,  whereas  the  maximum  heat  transfer 
increase  is  of  the  order  of  60%  and  occurs  very  close  to  the 
manipulator  {x  The  downstream  evolution  of  the 

mean  and  fluctuating  velocity  profiles  (figure  3)  indicate 
the  significance  of  the  disturbance  produced  in  the  bound¬ 
ary  layer  by  the  cylinder.  In  particular,  the  considerable 
mean  velocity  deficit  has  not  yet  disappeared  at  over  70  di¬ 
ameters  downstream  of  the  cylinder,  and  the  two  maxima, 
typical  of  profiles  of  fluctuating  velocity  in  a  wake,  are  only 
evident  in  the  very  near  wake  (r/d  <  5). 

Multi-point  measurements 

Multi-point  measurements  were  obtained  via  hot-wire 
anemometry,  using  a  rake  of  12  x- wires  oriented  vertically 
in  the  (x,  y)  plane.  The  vertical  spacing  between  the  probes 
was  4  ram,  and  the  rake  was  positioned  in  the  mampulated 
boundary  layer  so  that  the  probe  closest  to  the  wall  was  at  a 


distance  of  y  =  1  mm  (corresponding  to  y"**  values  roughly 
between  50  and  60).  For  comparison,  rake  meaisurements 
were  repeated  in  the  isolated  cylinder  wake  configuration. 

The  hot-wire  probes,  fabricated  in  our  laboratory,  have 
platinum-coated  tungsten  wires  of  length  0.5  mm  and  di¬ 
ameter  2.5  /im,  and  gold-plated  Cu-Be  prongs.  24  T.S.I. 
model  1750  constant  temperature  anemometers  were  used. 
AD  24  hot-wire  signals  were  acquired  simtiltaneously  at  a 
sampling  rate  of  20  kHz.  Further  details  are  provided  by 
de  Souza  (1996). 

EXTRACTION  OF  LARGE  SCALE  STRUCTURES 

Energy  spectra  and  space-time  correlations  deduced 
from  the  rake  measurements  reveal  that  flow  in  the  very 
near  wake  (x/d  =  4,25)  is  highly  organized  and  periodic. 
These  characteristics  graducJly  disappear  with  downstream 
development  (de  Souza,  1996).  In  order  to  “visuaDze”  the 
instantaneous  flow  structure,  plots  of  sectional  streamDnes 
were  constructed  from  the  hot-wire  rake  measurements  us¬ 
ing  the  procedure  outDned  by  Bisset  et  ai.  (1990).  This 
procedure  requires  the  appDcation  of  Taylor’s  hypothesis 
in  order  to  transform  temporal  information  into  spatial  in¬ 
formation  (in  the  streamwise  direction)  using  a  global  con¬ 
vection  velocity  The  sectional  streamDnes,  exactly 

tangent  to  the  local  velocity  vectors,  are  obtained  by  inter¬ 
polation.  By  this  procedure,  large  scale  vortical  structures 
are  indicated  by  spiraUing  streamlines. 

The  sectional  streamDne  plots  generally  seemed  to  in¬ 
dicate  that  the  large  scale,  spanwise  vortices  shed  from 
above  the  cyDnder  are  larger  than  the  lower  vortices  (fig¬ 
ure  6a),  and  remain  coherent  at  up  to  greater  downstream 
distances.  The  coherent  structure  identification  techniques 
described  below  permit  closer  examination  of  the  charac¬ 
teristics  of  the  dominant  structmes.  Three  techniques  are 
described  here:  one  leading  to  an  average  description  of  the 
large  scale  organization,  and  two  filtering  techniques  which 
permit  the  extraction  of  instantaneous  flow  structures. 

Conditional  Averages  Based  on  the  WAG  Method 

The  simplest  of  the  three  techniques  is  the  construction 
of  conditional  averages  b2ised  on  the  WAG  (Window  Av¬ 
erage  Gradient)  detection  method  described  by  Bisset  et 
aJ.  (1990).  This  method  is  based  on  the  principle  that  the 
structures  of  interest  are  associated  with  sudden  variations 
in  the  transverse  instantaneous  velocity  signal  v'.  Such  is 
the  case  for  the  large  scale  spanwise  vortices  typical  of  a 
cyDnder  wake. 

Briefly,  the  WAG  function  is  defined  as  the  difference 
between  the  mean  values  of  two  successive  short  lengths 
of  signal  within  a  “window”  of  a  given  number  of  samples. 
The  window  is  moved  point  by  point  through  the  digitized 
signal  of  a  single  probe  which  is  selected  for  detection  pur¬ 
poses.  A  detection  begins  when  the  WAG  function  exceeds 
a  predefined  threshold,  and  ends  when  the  function  changes 
sign.  The  size  of  the  window  is  not  critical,  but  is  adjusted 
to  correspond  to  approximately  half  the  period  of  the  struc¬ 
tures  of  interest.  The  threshold  is  typicaDy  set  at  half  the 
rms  value  of  u',  such  that  the  average  detection  frequency 
is  approximately  equal  to  the  average  structure  frequency 
(Strouhal  frequency).  The  coherent  field  is  then  calculated 
(using  the  signals  obtained  from  ciU  probes)  as  the  ensemble 
average  of  all  detection  regions,  centered  about  the  point 
where  the  WAG  function  is  a  maximum. 

The  WAG  method  appears  to  extract  successfuUy  the 
“coherent”  large  scale  structures  from  the  “random” ,  back¬ 
ground  turbulence  (figure  6a, b,  where  “D”  indicates  the 
location  of  the  detection  probe).  Using  this  method,  the 
average  structure  size,  position,  relative  strength  and  con- 

^The  convection  velocity  is  estimated  to  be  I/c  —  0,8  X  Ucxt 
(de  Souza,  1996). 
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vection  velocity  were  estimated.  However,  information  per¬ 
taining  to  the  dynamics  of  individual  structures  is  inacces¬ 
sible,  cis  this  would  require  decomposition  of  the  instanta¬ 
neous  velocity  field  into  coherent  and  ramdorn  components. 
Furthermore,  the  location  and  type  of  detected  structures 
may  be  influenced  by  the  choice  of  the  detection  probe  (al¬ 
though  the  results  were  fairly  insensitive  to  this  criteria)  as 
well  as  by  the  very  nature  of  the  WAG  detection  function. 

These  issues  were  resolved  through  the  use  of  the  two 
instantaneous  filtering  techniques  described  below,  which 
can  be  considered  to  be  more  objective  than  the  WAG 
method.  These  filtering  methods  can  permit  verification  of 
the  conditional  averages,  and  in  pcirticular,  of  the  influence 
of  the  local  detection  criteria  associated  with  the  WAG 
method. 

Spectral  Filtering  Method 

The  spectral  filtering  method  requires  no  prior  knowl¬ 
edge  of  the  position  or  type  of  structures  to  be  detected, 
although  it  assumes  that  the  dominant  structures  are  con¬ 
siderably  localized  in  the  spectral  domain.  It  permits  the 
instantaneous  velocity  fluctuations  u*  and  i;'  to  be  decom¬ 
posed  each  into  coherent  (uc  and  Vc)  and  random  (tir  and 
Vr)  components. 

The  spectral  filtering  method  is  based  on  the  assump¬ 
tion  that  the  well-defined,  narrow  bandwidth  peaks  in  the 
energy  spectral  density  of  the  studied  flow  (figure  4)  are 
associated  with  the  coherent  structures  of  interest.  We 
further  assume  that  most  of  the  energy  of  the  coherent 
flow  field  is  contained  within  these  peaks.  By  eliminating 
these  peaks  from  the  energy  spectra,  therefore,  we  hope 
to  obtain  a  reasonable  approximation  of  the  energy  spec¬ 
tral  density  of  the  incoherent  flow  field,  and  by  extension, 
the  contribution  of  the  coherent  flow  field.  It  should  be 
noted  that  the  elimination  process  does  not  involve  com¬ 
plete  rejection  of  the  bandwidth  occupied  by  the  peaks. 
Both  coherent  and  incoherent  flow  energy  Ccin  thus  coexist 
at  a  given  frequency. 

The  above  filter  is  similar  to  one  proposed  by  Brereton 
and  Kodal  (1992,  1994),  which  also  permits  decomposition 
of  the  turbulent  field  into  organized  and  ramdom  compo¬ 
nents.  However,  these  authors  employ  an  adaptive  filter, 
which  is  not  the  case  in  the  present  study. 

Procedure. 

The  following  procedure  is  used  to  decompose  the  flow 
field  into  coherent  and  incoherent  components  (where  it  is 
important  to  note  that  each  component  of  each  probe  is 
treated  individually): 

1.  The  energy  spectral  densities  Eu  and  Ev  are  calcu¬ 
lated  for  each  probe  of  the  rake. 

2.  The  peaks  (principal  and  harmonics)  associated  with 
the  passage  of  coherent  structures  are  removed  from 
the  spectra  of  the  complete  flow  field.  In  order  to  do 
this  we  must: 

-  identify  the  positions  fmax  of  local  maxima  of  the 
energy  spectral  density; 

-  define  a  frequency  bcind  A/,  centered  around  each 
maximum:  (A/  ~  300  Hz); 

-  interpolate  the  spectral  density  within  this  defined 
band  using  the  values  of  the  smoothed  spectral  density 
of  the  complete  flow  field; 

We  thus  obtain  monotonic  spectra  without  “coher¬ 
ent”  peaks,  Eu.  and  Evri  which  we  associate  with  the 
energy  of  the  incoherent  flow  field  (figure  4). 

3.  The  incoherent  energy  transfer  functions  can  then  be 
calculated  for  the  u  and  v  components  individually 


E^ 


Figure  4:  Example  of  smoothing  the  energy  spectra  of 
the  complete  flow  field  (solid  line)  to  obtain  the  energy 
spectra  of  the  incoherent  field  Eur  (dashed  line),  for  the 
probe  located  at  y  =  5  mm  and  xfd  =  4.25. 


Figure  5:  Example  of  the  transfer  function  Hu  obtained 
for  the  signal  measured  at  y  =  5  mm  and  x/d  =  4.25. 


for  each  probe  of  the  rake  (cf  figure  5): 


Hu{f)  = 


i 


EuAf) 

E4f) 


Huif)  = 


It  should  be  remarked  that  although  the  data  is  filtered 
locally,  in  that  each  velocity  component  of  each  probe  is 
dealt  with  individually  (without  taking  into  account  the 
neighboring  probes),  this  method  is  nonetheless  globed  in 
that  the  information  obtained  from  each  probe  is  treated  in 
the  same  manner  (without  preference  for  any  given  probe). 

To  apply  the  spectral  filter  to  a  given  instantaneous  data 
sample  «(t),i;(t),  it  is  required  thus  to: 


-  Calculate  the  Foxirier  tremsforms  u{f)  and  v{f)  of  the 
velocity  signals  by  the  Fast  Fourier  Transform  (FFT) 
method; 

-  Apply  the  transfer  functions  Hu{f)  and  //»,(/)  to  the 
Fourier  trcinsforms  of  the  respective  velocity  signals; 

-  Calculate  the  inverse  Fourier  tranforms  to  obtain  the 
incoherent  velocity  components; 

-  Obtain  the  coherent  velocity  components  by  subtraction 

as  follows:  _ 

tic(0  =  u{t)  -  w(t)  --  Ur{t) 

Vc{t)  =  v{t)  -  i;(t)  “  t;r(i) 

By  definition,  the  incoherent  and  coherent  velocity  fields 
should  be  uncorrelated.  However,  this  requirement  is  sat¬ 
isfied  automatically  only  if  the  incoherent  field  is  obtained 
by  rejecting  an  entire  frequency  band;  that  is,  if  a  given 
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Figure  6:  Sectional  streamlines  of  the  velocity  field  mea¬ 
sured  Bi  x/d  =  4.25.  a)  Original  field,  b)  Conditionally- 
averaged  field  obtained  via  the  WAG  method,  c)  Spectral- 
filtered  coherent  field,  d)  Wavelet-filtered  coherent  field. 


frequency  band  cannot  simultaneously  represent  the  con¬ 
tributions  of  both  the  coherent  and  incoherent  fields.  Since 
this  is  not  the  case  of  the  present  method,  we  must  ensure 
that  the  obtained  coherent  and  random  velocity  fields  are 
uncorrelated  by  applying  the  complementciry  orthogonal- 
ization  procedure  described  below: 


tic. 


ttci  +  Ucj  X 


Comments. 

The  effectiveness  of  the  spectral  filtering  method  is  indi¬ 
cated  by  the  results  obtained  in  the  mcinipulated  boimd- 
ary  layer  (figure  6),  and  in  the  isolated  cylinder  wake  (fig¬ 
ure  7).  The  regularity  of  the  corresponding  coherent  ve¬ 
locity  fields  is  striking.  In  fact,  the  instantaneous  coherent 
field  of  the  data  measured  in  the  manipulated  boundary 
layer  is  comparable  to  the  conditioncdly  averaged  field  (fig¬ 
ure  6b),  which  was  obtained  from  a  very  large  number  of 
events.  It  appears  therefore  that  the  lau'ge  scale  coherent 
structures  can  be  isolated  successfully  by  using  the  spectral 
filter.  Furthermore,  it  can  be  concluded  that  the  detection 
criteria  cissociated  with  the  WAG  method  have  relatively 
little  influence  on  the  conditional  averages  thus  obtained. 


Wavelets-based  Time- Frequency  Filter 

The  second  instantaneous  filter  is  based  on  the  time- 


frequency  decomposition  of  the  velocity  signals  using 
wavelet  ancdysis.  This  “intermittent”  filtering  technique 


is  based  solely  on  the  principle  that  the  coherent  struc¬ 
tures  are  those  which  account  for  most  of  the  turbulent 
energy  in  the  spatial  region  of  interest,  and  requires  no 
prior  knowledge  of  the  exact  location  of  these  structures 
in  the  physical  or  spectral  domains.  This  technique,  devel¬ 
oped  by  J.  Lewalle  (see  Lewalle  et  ai.,  1996,  Bonnet  et  ai., 
1996),  can  thus  be  considered  to  be  the  most  objective  of 
the  three  techniques  employed. 

The  wavelet  analysis  is  performed  using  one-dimensional, 
continuous  wavelets.  The  “Mexican  Hat”  wavelet,  repre¬ 
sented  analytically  by  the  second  derivative  of  the  Gaus¬ 
sian  function,  was  chosen  arbitrarily  for  this  purpose.  This 
psu-ticular  wavelet  is  particularly  useful  for  temporal  local¬ 
ization  of  the  local  extrema  of  the  signal  to  be  analyzed. 

Procedure. 

We  begin  by  specifying  that  for  the  given  flow  configura¬ 
tion,  the  vertical  velocity  component  (normal  to  the  wall) 
is  that  which  is  the  most  indicative  of  the  passage  of  Icirge 
scale  structures  produced  by  the  cylinder  (de  Souza,  1996). 
With  this  in  mind,  the  filtering  procedure  is  outlined  as  fol¬ 
lows: 

•  1.  Calculate  the  wavelet  transform  of  the  vertical 
velocity  component  for  each  probe  of  the  rake. 

•  2.  Calculate  for  each  probe  the  energy  distribu¬ 
tion  in  the  time-frequency  domain  (calculated  as  the 
squcire  of  the  wavelet  transform)  associated  with  this 
velocity  component. 

•  3.  Construct  the  “average  energy  map”  (which  is  a 
spatial  average  in  the  y  direction  of  the  energy  distri¬ 
bution  of  each  of  the  probes  considered  “energetically 
significant”  (9  of  the  12  probes  in  the  present  case). 

•  4.  Determine  an  “energy  threshold”  which  is  sur¬ 
passed  by  a  given  proportion  of  the  surface  (in  the 
time-frequency  domain)  of  the  “average  energy  map” 

•  5.  Retain  the  regions  of  the  time-frequency  domain 
where  this  threshold  is  exceeded.  This  defines  a  mask 
in  the  time  frequency  domain  which  is  subsequently 
applied  in  the  same  manner  to  each  velocity  compo¬ 
nent  of  each  probe. 

•  6.  Calculate  the  inverse  wavelet  transform  of  the 
“masked”  velocity  signcds. 

•  7.  Orthogonalize  the  coherent  and  non-coherent 
pciirs  of  velocity  traces  (with  fixed  sum  at  each  in¬ 
stant),  so  that  their  respective  energies  are  additive. 


As  opposed  to  classiccd  conditionad  methods  (i.e.  en¬ 
semble  averages  based  on  a  detection  method  such  as 
WAG)  the  time-frequency  approach,  like  the  spectral  fil¬ 
ter,  presents  the  advantage  of  reveaJing  the  instantaneous 
contribution  of  the  coherent  part  of  the  signal,  and  thus 
provides  a  tool  to  cuicilyze  particular  coherent  events.  Fig¬ 
ure  6d  indicates  that  the  time-frequency  filter  is  partic¬ 
ularly  successful  in  this  respect,  as  it  appears  to  extract 
the  instcintaneous  coherent  field  while  permitting  a  greater 
distinction  to  be  made  between  individual  structures  than 
does  the  spectral  filtering  technique.  The  irregularity  of 
these  structures  most  likely  indicates  the  presence  of  co¬ 
herent  events  not  necesscirily  associated  with  the  vortices 
shed  from  the  cylinder,  such  as  wall  coherence.  It  is  clear 
that  such  events  cannot  be  detected  by  the  two  previously 
described  structure  identification  techniques. 

Finally,  although  the  WAG  method  may  be  the  least 
objective  of  the  three  methods,  it  has  proven  to  be  valu¬ 
able  due  to  its  ability,  with  relative  eaise  of  implementation, 
to  lead  to  fairly  accurate  estimations  of  average  structure 
characteristics  such  as  size,  position,  convection  velocity 
and  relative  strength. 
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Figure  7:  Sectional  streamlines  of  the  velocity  field  mea¬ 
sured  in  the  isolated  wake  at  37/d  =  4.25.  a)  Original  field, 
b)  Spectrally  filtered  coherent  field. 


ANALYSIS  OF  THE  FLOW  DYNAMICS 

Figures  6  and  8  portray  examples  of  particular  events 
which  are  characteristic  of  the  flow  phenomena  that  inter¬ 
vene  in  the  dissimilarity  process. 

Consider  specifically  the  near  wake  of  the  cylinder 
(x/d  4),  where  in  the  manipulated  boundary  layer  con¬ 
figuration,  the  turbulent  intensity  profiles  have  two  max¬ 
ima  and  the  local  heat  transfer  attains  its  maximum  value. 
A  significant  diff'erence  in  flow  behaviour  can  be  noted  be¬ 
tween  the  manipulated  boundary  layer  (figure  6)  and  the 
isolated  wake  (figure  7)  configurations.  For  each  of  these 
configurations  the  flow  organization  is  very  distinct.  In  the 
isolated  wake,  two  rows  of  alternating,  spanwise  vortices 
of  opposite  sign  vorticity,  typical  of  a  von  Karman  vor¬ 
tex  street,  are  distributed  symmetrically  about  the  cylin¬ 
der/wake  axis.  The  two  rows  are  visible  in  the  manipu¬ 
lated  boimdciry  layer  as  well.  However,  the  vortex  street 
is  highly  asymmetrical.  The  clockwise  (negative  vortic¬ 
ity)  vortices  shed  from  above  the  cylinder  are  very  large 
and  occupy  almost  the  entire  width  of  the  boundary  layer, 
while  the  vortices  shed  from  below  the  cylinder  are  much 
smaller  and  remain  below  the  cylinder/wake  axis.  Mea¬ 
surements  obtained  further  downstream  and  filtered  using 
the  wavelets  technique  reveal  that  in  the  region  of  maxi¬ 
mum  skin  friction  reduction  {x/d  24)  and  beyond,  only 
the  large,  clockwise  vortices  persist  (figure  8). 

The  identified  flow  behaviour  reveals  that  the  asymme¬ 
try  of  the  vortex  street  produced  by  the  cylindrical  ma¬ 
nipulator  results  in  preferential  movements  corresponding 
to  backwards  sweeps  of  fliiid  towards  the  wall  (caused  by 
the  large,  spanwise  vortices  of  negative  vorticity).  These 
sweeps  contribute  to  reducing  the  average  wall  shear  stress, 
while  due  to  their  considerable  size,  they  entrain  fluid  from 
the  outer  region  towards  the  wall,  contributing  simultane¬ 
ously  to  an  increase  in  heat  trainsfer  (figure  9).  The  ap¬ 
parent  importance  of  these  backward  sweeps  is  consistent 
with  the  quadrant  euialyses  performed  by  Kawaguchi  et  ai. 
(1984)  and  Suzuki  et  ai.  (1988),  which  revealed  that  tur¬ 
bulent  fluid  motion  corresponding  to  the  third  quadrant  of 
the  (^i^  v')  plane  (u  <  0,  u'  <  0)  contributes  most  signif¬ 
icantly  to  the  dissimilarity  between  heat  and  momentum 
transjfer  at  the  wall. 

It  could  be  further  suggested  that  the  backwards  sweeps 
induced  by  the  clockwise  vortices  complement  the  skin 
friction  reduction  which  is  due  to  the  effects  of  disconnec¬ 
tion  and  decorrelation  of  the  inner  and  outer  regions  of  the 
boundary  layer  by  the  wake  turbulence.  This  latter  mecha¬ 
nism  has  been  associated  with  thin  ribbon  and  airfoil- type 
outer  layer  manipulators  (Lemay,  1989),  and  may  well  be 
active  in  the  case  of  the  circular  cylinder  also.  Some  sup¬ 
port  for  this  hypothesis  has  been  provided  by  an  analysis  of 


Figure  8:  Example  of  the  downs trecim  evolution  of  the 
coherent  structures  in  the  turbulent  boundary  layer  dis¬ 
turbed  by  a  cylinder,  a)  x/d  =  24.25.  b)  x/d  =  49.25. 
The  wavelet-filtered  field  appears  below  the  original  field. 


the  kinetic  energy  budget  by  de  Souza  et  ai.  (1997).  This 
would  imply  then  that  the  large  scale  vortical  structure  of 
the  cylinder  wake  enhances,  without  modifying,  the  fun¬ 
damental  mechanism  by  which  outer  layer  manipulators  in 
general  reduce  boundary  layer  skin  friction. 

CONCLUDING  REMARKS 

The  three  conditional  ancdysis  techniques,  applied  to 
mxilti-point  measurements  obtained  with  a  rake  of  x-wires, 
have  provided  valuable  insight  into  the  large  scale  organiza¬ 
tion  of  the  txirbulent  boimdary  layer  distiirbed  by  a  cylin¬ 
der.  The  WAG  approach  is  the  most  eaisily  implemented, 
although  the  least  objective,  of  the  three  techniques.  Nev¬ 
ertheless,  it  led  to  fairly  accurate  estimations  of  average 
structure  characteristics.  Information  on  the  instantaneous 
dynamics  of  the  organized  flow  was  made  available  by  the 


heated  wall  Tw  >  Te 

Figure  9:  Schematic  representation  of  the  mechanism  of 
dissimilarity  between  heat  and  momentum  transfer  in  the 
manipulated  boundary  layer  (large,  spanwise  vortices  of 
negative  vorticity). 
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two  filtering  techniques  (spectral  and  wavelets  techniques). 
In  particular,  the  time-frequency  filter  based  on  wavelets 
analysis  permitted  to  extract  and  ainalyze  particular  coher¬ 
ent  events  most  objectively. 

We  conclude  from  these  analyses  that  the  domination  of 
the  upper  vortices  shed  from  the  cylinder  is  the  key  to  the 
observed  dissimilarity  between  momentum  and  heat  trans¬ 
fer  in  the  disturbed  boundary  layer.  The  present  results 
are  compatible  with  those  obtained  from  the  balance  of  the 
turbulent  kinetic  energy  and  Reynolds  stress  budgets  (de 
Souza  et  ai.,  1997),  and  have  been  supported,  to  a  certain 
extent,  by  a  potential  vortex  model  of  the  flow  structure 
(de  Souza,  1996).  The  use  of  the  studied  geometry  opens 
new  roads  towards  the  differential  control  of  skin  friction 
and  heat  transfer  in  turbulent  boundary  layers. 

Acknowledgements  :  SpeciaJ  thanks  are  due  to  H.  Garem 
for  his  help  with  the  experimental  arrangement. 

REFERENCES 

Bisset,  D.K.,  Antonia,  R.A.  and  Brown,  L.W.B.,  1990, 
“Spatial  Organization  of  large  structures  in  the  turbulent 
far  wake  of  a  cylinder”.  Journal  of  Fluid  Mechanics,  Vol. 
218,  pp.  439-461. 

Bonnet,  J.P.,  Lewalle,  J.  and  Glauser,  M.N.,  1996,  “Co¬ 
herent  structures:  past,  present  and  future”,  in  Advances 
in  Turbulence  YI  (S.  Gavrilakis,  L.  Machiels  and  P.A. 
Monkewitz,  Eds,),  Kluwer  Ac.  Pub. 

Brereton,  G.J.  and  Kodal,  A.,  1992,  “A  frequency- 
domain  filtering  technique  for  triple  decomposition  of  un¬ 
steady  turbulent  flow”,  J.  Fluids  Engineering,  Vol.  114, 
pp.  45-51. 

Brereton,  G.J.  and  Kodal,  A.,  1994,  “An  adaptive  filter 
for  decomposition  of  organized  turbulent  flows”.  Physics  of 
Fluids,  Vol.  6,  no.  5,  pp.  1775-1786. 

Coustols,  E.  and  Savill,  A.M.,  1992,  “Turbulent  skin  fric¬ 
tion  drag  reduction  by  active  and  passive  means”,  AGARD 
FDP/VKI  Special  Course  on  Skin  Friction  Drag  Reduc¬ 
tion,  March  2-6,  Von  Kairman  Institute,  Brussels,  Belgium. 

de  Souza,  F.,  1996,  “Experimental  study  of  the 

wake/ wall  interaction  in  a  turbiilent  boundary  layer  ma¬ 
nipulated  by  a  circulcir  cylinder”,  Ph.  D.  Thesis,  Universite 
de  Poitiers,  France  (in  French). 

de  Souza,  F.,  Delville,  J.  and  Bonnet,  J.P.,  1997,  “Ki¬ 
netic  energy  balance  in  a  turbulent  boundary  layer  dis¬ 
turbed  by  a  circular  cylinder:  classical  and  conditional  ap¬ 
proach”,  Eleventh  Symposium  on  Turbulent  Shear  Flows, 
Grenoble,  France. 

Hamdouni,  A.  and  Bonnet,  J.P.,  1993,  “Effect  of  external 
mamipulators  on  the  heat  transfer  on  a  flat  plate  turbulent 
boundau'y  layer”,  Applied  Scientific  Research,  Vol.  50,  pp. 
369-385. 

Kawaguchi,  Y.,  Matsumori,  Y.  and  Suzuki,  K.,  1984, 
“Structural  study  of  momentum  and  heat  transport  in  the 
neair  wall  region  of  a  disturbed  turbulent  boundary  layer”, 
Proc.  9th  Biennial  Symp.  on  Turbulence,  pp.  28.1-28.10. 

Lemay,  J.,  1989,  “Etude  experimental  du  comportement 
de  la  turbulence  dans  une  couche  hmite  incompressible  en 
presence  d’lm  manipulateur  externe”,  Ph.D.  Thesis,  Laval 
University,  Quebec. 

Lemay,  J.,  Bonnet,  J.P.  and  Delville,  J.,  1995,  “Experi- 
mentaJ  Testing  of  Diffusion  Models  in  a  Manipulated  Tur¬ 
bulent  Boundary  Layer”,  AIAA  J.,  Vol.  33,  no.  9,  pp. 
1597-1603. 

LewaUe,  J.,  Bonnet,  J.P.  and  Delville,  J.,  1996,  “Educ¬ 
tion  of  coherent  structures  in  a  turbulent  mixing  layer  , 
49th  meeting  of  the  Division  of  Fluid  Dynamics  of  the 
American  Physical  Society,  Syracuse,  New  York,  November 
24-26. 

Marumo,  E.,  Suzuki,  K.  and  Sato,  T.,  1978,  “A  turbulent 
boundary  layer  disturbed  by  a  cylinder  ,  J-  Fluid  Mech., 


Vol.  87,  pp.  121-141. 

Mairumo,  E.,  Suzuki,  K.  and  Sato,  T.,  1985,  “Turbulent 
heat  transfer  in  a  fiat  plate  boundary  layer  disturbed  by  a 
cylinder”,  Int.  J.  Heat  &  Fluid  Flow,  VoL  6,  no.  4,  pp. 
241-248. 

Suzuki,  K.,  Suzuki,  H.,  Kikkawa,  Y.  and  Kigawa,  H., 
1989,  “Study  on  a  turbulent  boimdary  layer  disturbed  by 
a  cylinder  -  effect  of  cylinder  size  and  position”,  Seventh 
Symposium  on  Turbulent  Shear  Flows,  Stanford  University, 
pp.  8.5.1  -  8.5.6. 

Suzuki,.  H.,  Suzuki,  K.  and  Sato,  T.,  1988,  “Dissimilar¬ 
ity  between  heat  and  momentum  transfer  in  a  turbulent 
boundary  layer  disturbed  by  a  cylinder”,  Int.  J.  Heat  Mass 
Transfer,  Vol.  31,  no.  2,  pp.  259-265. 


33-30 


SESSION  34  -  ROTATION  AND  CURVATURE 


PERFORMANCE  OF  THE  SUBGRID-SCALE  ALGEBRAIC 
STRESS  MODEL  FOR  TURBULENT  FLOWS  IN  A 
ROTATING  FRAME 


Y.  Shimomura 

Department  of  Physics,  Keio  University 
Hiyoshi,  Kohoku-ku,  Yokohama  223 
Japan 


ABSTRACT 

The  subgrid-scale  algebraic  stress  model  (SGSASM)  of 
turbulence  is  tested  in  large  eddy  simulation  with  a  few 
grid  points  in  comparison  with  the  Smagorinsky  model 
(SMGM)  and  with  the  direct  numerical  simulation  (DNS). 
Two  types  of  the  SGSASM  are  investigated  in  the  present 
paper:  zero-equation  type  (SGSAMSO)  and  one-equation 
type  (SGSASMl).  We  try  to  simulate  two  kinds  of  turbu¬ 
lent  flows  in  a  rotating  frame:  one  is  homogeneous  decaying 
turbulence  (Flow  A),  and  the  other  is  periodic  turbulent 
shear  flow  (Flow  B).  By  referring  to  the  DNS  data,  we 
conclude  that  both  the  SGSASMO  and  the  SGSASMl  re¬ 
produces  Flow  A,  but  the  SMGM  gets  poor  imder  a  large 
system  rotation.  In  Flow  B,  the  crucial  differences  be¬ 
tween  three  models  are  detected,  and  the  SGSASMl  of 
one-equation  type  agrees  best  with  the  DNS. 

INTRODUCTION 

Large  eddy  simulation  (LES)  is  still  a  useful  method  to 
numerically  reproduce  turbulent  flows  at  high  Reynolds 
number  in  the  real  world,  since  the  direct  numerical  simu¬ 
lation  (DNS)  requires  huge  memory  and  much  CPU  time 
even  in  the  the  recent  ’supercomputers’.  In  LES,  we  use 
spatial  filters  to  decompose  the  flow  fields  into  two  parts, 
or,  the  grid-scale  (GS)  and  subgrid-scale  (SGS)  ones: 

Ui-ui^u”,  p  =  p  +  (1) 

(l)j_the  overline  —  means  the  filtering  operation.  There¬ 
fore,  Ui  and  p  are  called  the  GS  parts  of  the  velocity  and 
pressure  field,  respectively,  while  u"  and  p”  are  the  SGS 
ones. 

In  LES,  we  need  the  SGS  models  of  the  Leonard  term 


Lij,  cross  terms  Cij,  and  the  SGS  Reynolds  stress  Rij, 
which  are  defined  as 

Lij  =  -  (u*Uj  “  UiUj)  , 

(2) 

Cij  =  -  +  Uj-u")  , 

(3) 

Rij  = 

(4) 

The  standard  SGS  model,  which  is  called  the  Smagorin¬ 
sky  model  (SMGM)  (see  Smagorinsky,  1963)  has  the  fol¬ 
lowing  form: 

Lij  4-  Cij  -  0,  (5) 

Rij  —  2/3kSij  -j-  2i/sSij^  (6) 

where  Sij  is  the  Kronecker  delta  symbol,  and  the  SGS  tur¬ 
bulent  energy  k  and  the  GS  rate  of  strain  tensor  Sij  are 
respectively  defined  as 


In  (7)  and  hereafter,  the  repeated  subscripts  are  summed 
from  1  to  3.  The  term  1/5  seen  in  (6)  is  the  SGS  eddy  viscos¬ 
ity,  and  it  is  modeled  by  using  the  representative  filtering 
scale  A  as  _ 

1/5  =  (CsA)*  (9) 

In  (9),  Os  is  called  the  Smagorinsky  constant,  which  was 
expected  to  be  universal  in  various  turbulent  flows. 

However,  it  is  confirmed  in  recent  years  that  we  should 
choose  different  values  for  Cs  depending  on  the  turbulent 
flows  simulated.  For  example,  Cs  ^  0.20  are  optimized 
(see  Antonopoulos-Domis,  1981)  in  homogeneous  isotropic 
decaying  turbulence,  Cs  —  0.16  in  mixing  layers  (see  Man- 
sour  et  ai.,  1978),  and  Cs  —  0.10  in  channel  flows  (see 
Piomelh  et  aJ.,  1988).  As  the  shear  rate  increases,  the  Cs 
seems  to  be  smaller. 

In  order  to  overcome  this  deficiency  of  SMGM,  such  mod¬ 
els  as  the  dynamic  SGS  model  (see  Germano  et  ai.,  1991) 
and  filtered-Bairdina  model  (see  Horiuti,  1994)  are  pro¬ 
posed.  Both  methods  are  based  on  the  assumption  that 
the  SGS  turbulences  have  the  property  of  scale  similarity. 
They  work  better  than  the  SMGM  in  the  simulation  with 
many  gnd  points.  However,  if  the  number  of  grid  points 
are  small,  they  will  not  always  reproduce  turbulence  since 
the  concept  of  scetle  similarity  does  not  hold  well. 

The  author  proposed  a  new  SGS  model  named  the  SGS 
algebraic  stress  model  (SGSASM)  (see  Shimomura,  1994), 
which  may  also  overcome  the  deficiency  of  the  SMGM 
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mentioned  above.  The  SGSASM  is  constructed  based  on 
the  scale  separarion  concept  as  in  the  ensembly  averaged 
model.  So,  it  can  simulate  turbulences  with  corse  mesh  of 
calculation.  Furthermore,  the  representation  of  the  SGS 
Reynolds  stress  in  the  SGSASM  is  nonlinear  so  that  it 
shows  the  anisotropy  of  SGS  turbulent  energy,  and  we  can 
easily  incorporate  into  the  model  such  various  effect  of  ex¬ 
ternal  forces  as  the  Coriolis  force  in  a  rotating  frame  or  the 
buoyant  force  in  thermally-driven  flows. 

In  the  real  LES  of  homogeneous  decaying  turbulence 
in  a  rotating  frame,  the  SGSASM  of  zero-equation  type 
(SGSASMO)  well  reproduces  the  flow  while  the  Smagorin- 
sky  model  gets  fateilly  poor  under  a  large  system  rotation 
(see  Shimomura,  1995). 

In  the  present  paper,  we  propose  the  SGSASM  of  one- 
equation  type  (SGSASM  1)  and  investigate  the  perfor¬ 
mance  of  the  SGSASMO  and  SGS  ASMl  in  comparison  with 
the  DNS  and  the  SMGM  for  periodic  turbulent  shear  flows 
in  a  rotating  frame. 

FORMULATION  OF  SGSASMl 

The  SGSASMl  is  the  SGSASMl  of  one-equation  type, 
and  is  constructed  on  the  analogy  of  usual  algebraic  stress 
model  (ASM)  (see  Rodi,  1975)  in  the  model  of  ensemble 
average  type  by  replacing  the  ensemble  average  in  the  ASM 
with  the  filter  average.  Accordingly  the  sum  of  the  Leonard 
term  Lij  and  cross  term  Cii  is  neglected  as  in  the  SMGM. 
However,  there  is  a  different  point  between  the  ASM  and 
the  SGSASMl  that  the  transport  equation  of  the  energy 
dissipation  rate  c  is  not  used  in  the  SGSASMl.  Instead,  we 
make  one  more  assumptions  in  the  SGSASMl;  c  is  scaled 
by  the  turbulent  kinetic  energy  k  and  A.  In  constituting 
the  SGSASMl,  the  modeling  of  the  pressure-strain  tensor 
Uij  is  essential.  Here,  we  choose  the  LRR  model  (see  Laun¬ 
der  et  aJ.,  1975)  as  the  simplest.  In  the  LRR  model,  Iltj 
defined  as 


=  I^Ci  -h  2  ^  j 

t^G2  (SikSji  -f  SjkSii  —  2/3SkiSij)  -h  Gzx 
ik^jl  G4f2m  “b  CjfcTn^ti)^  j  (1^) 

(17) 

P  =  -2kbab’Sab,  (18) 

6  =  (19) 

(20) 

Gi  =  (4/3  -  C2)  =  0.53, 

G2  =  (2  -  C3)  =  1.2, 

G3  =  (2  -  C4)  =  1.2, 

G4  =  (4  -  C4)  =  2.8.  (21) 

In  the  SGSASMl,  we  numerically  solve  at  each  grid  poin 
the  coupled  linear  equations  (15)  and  (17)  with  (16),  (18)- 
(21)  to  get  the  SGS  Reynolds  stress  Rij  with  the  aid  of 
(12).  The  model  constants  Ct  and  Ckk  are  chosen  (see 
Yoshizawa  and  Horiuti,  1985)  in  the  present  paper  as 

C,  =  1.53,  Ckk  =  0.1.  (22) 

The  SGSASM  of  zero-equation  type  (SGSASMO)  previ¬ 
ously  proposed  by  Shimomura  (1994)  is  obtained  by  as¬ 
suming  the  balance  between  the  production  and  the  dissi¬ 
pation  of  A  (P  =  e),  and  adopt  into  r  the  time  scale  of  the 
Smagorinsky  type 


dxj 


dxi ) 


+  (L»o  +  Ci 


du'f 


+(Ljo  +  Cja  +  Rja)  (1®) 

is  given  by 


Dij  ~  -}-  C2kSij  +  C^kx 

^ia^ja  ^jaSia  2/3babSab^ij'^  "1“  C^kX 

^biaW ja  “I"  —  G4A  (^ta^jab  bja€iab)  fib*  (U) 

Here,  we  should  note  that  (11)  is  the  expression  in  a  frame 
rotating  at  a  constant  angular  velocity  Dt-  In  (11),  the 
SGS  anisotropoic  tensor  bi^  and  the  GS  vorticity  tensor 
Wij  are  respectively  defined  as 


and  €ijki3  the  alternating  tensor.  The  model  constants 
CiiC2yCz^  and  C4  are  optimized  as  follows: 


Cl  =  3.6,  C2  =  0.80,  C3  =  1.2,  C4  =  1.2,  (14) 

For  obtaining  the  SGSASMl,  we  assume  that  the  SGS 
anisotropic  tensor  is  steady  in  time.  If  we  use  the  model 
(11),  we  construct  the  SGSASMl  coupled  with  the  trans¬ 
port  equation  of  the  SGS  turbulent  kinetic  energy  A:,  in  the 
following  form: 


^ijabbab  —  GiTSij^ 


(15) 


T  =  (2GlSabSab)  (23) 

instead  of  solving  (17)  and  of  using  (20).  In  the  SGSASMO, 
k  is  determined  by 


k={GsA/rf,  (24) 

where  the  model  constant  Gs  is  chosen  in  the  present  study 
as 

Gs  =  0.65.  (25) 

We  easily  notice  that  the  SMGM  is  a  trivial  case  of  the 
SGSASMO.  If  we  set  G2  =  G3  =  0.0,  or  G3  =  G4  =  2.0 
in  (21),  and  define  Gs  as  Gs  =  G^G^^^^,  we  find  that  the 
SGSASMO  (15),  (23),  (24)  is  reduced  to  the  SMGM  (6)  and 
(9)  for  fli  —  0.  In  case  of  a  general  rotating  frame  (D*  ^  0), 
however,  even  the  above  model  constants  G2  =  G3  =  0.0 
do  not  derive  the  SMGM  because  of  the  presence  of  terms 
with  G4.  In  other  words,  the  effect  of  frame  rotation  can 
be  incorporated  into  the  SGSASMO  and  SGSASMl,  while 
it  can  not  be  in  the  SMGM. 

PERFORMANCE  OF  MODELS 

In  this  section,  we  compare  the  performances  of 
SGSASMO,  SMGASMl,  SMGM,  and  DNS.  The  target 
flows  are  homogeneous  decaying  turbulences  (Flow  A),  and 
periodic  turbulent  shear  flows  (Flow  B),  both  in  a  rotat¬ 
ing  frame.  These  two  kinds  of  flows  are  studied  and  the 
performances  of  SGSASM,  SMGM,  and  DNS  in  them  are 
reported  in  the  following  subsections,  respectively. 

The  numerical  scheme  used  both  in  the  DNS  and  in 
the  LES  with  the  SGSASM  or  the  SMGM  is  the  pseudo- 
spectral  method,  but  the  DNS  is  de-aliased  by  using  2/3 
rule.  The  forth-order  Runge-Kutta  method  is  used  in  ail 
simulations  as  the  time-marching  sheme.  The  calculated 
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Figure  1:  The  GS  turbulent  energy  2k  versus  time  for  (1  =  0. 
DNS  —  ;  Smagorinsky  model  •;  SGSASMO  o;  SGSASMl  Q. 


Figure  2:  The  GS  turbulent  energy  2k  versus  time  for  (1  =  3. 
DNS  —  ;  Smagorinsky  model  •;  SGSASMO  o;  SGSASMl  []. 


flow  region  is  the  cube  of  (27r)^  dimensionless  size  in  all 
cases.  The  numerical  calucuiations  of  LES  are  done  with 
16^  or  8^  grid  points,  while  those  of  DNS  with  64^  or  128^. 
The  resluts  of  DNS  shown  in  this  section  are  obtained  from 
the  16  or  8  data  which  are  sharp-cut-filtered  from  the 
ori^al  [64  X  2/3]^  =  42^  or  [128  x  2/3]^  =  84^  data.  The 
imti^  conditions  of  LES  are  also  given  by  the  reduced  16^ 
or  8  data  of  DNS,  processed  by  this  way. 

Flow  A 

In  this  subsection,  we  simulate  homogeneous  decaying 
turbulences  in  a  rotating  frame  of  a  constant  angular  ve¬ 
locity  O.  We  test  two  cases  of  different  Reynolds  Re\  and 
Rossby  numbers  Rox  based  on  the  Taylor’s  micro-scale  A. 
These  dimensionless  numbers  are  defined  in  the  DNS  as 

where  i/  is  the  kinematic  viscosity,  K  the  turbulent  energy, 
and  Q  the  turbulent  enstrophy.  The  Reynolds  numbers 
^x  and  the  Rossby  numbers  Rox  used  at  time  t  =  10.02 
in  two  cases  are  as  foUows. 

Cl  =  0,Rex  =  22.9,  Rox  =  oo,  (28) 

n  =  3.  Rex  =  122.7,  Rox  =  0.204.  (29) 

The  flows  in  both  cases  reach  its  fully  developed  states  in 
a  rotating  frame  before  t  =  10.02. 

Figures  1  and  2  show  the  decay  of  GS  turbulent  energy 
2k  for  n  =  0  and  3,  respectively.  In  them,  the  symbol  o 
plots  the  results  of  SGSASMO,  []  does  that  of  SGSASMl,  • 
shows  that  of  SMGM,  and  the  solid  line  —  depicts  that  of 
DNS.  In  an  inertial  frame,  we  can  find  from  figure  1  no  ma- 
between  the  SGSASMO,  SMGASMl  and  the 
SMGM,  and  all  agree  weU  with  the  DNS.  However,  figure  2 
tells  that  the  agreement  of  SGSASMO  and  the  SGSASMl 
with  the  DNS  is  much  better  than  the  SMGM  in  a  rotating 
frame. 


Flow  B 


Figure  3:  The  Reynolds  stress  R33  versus  z  for  H  =  0.  DNS 
—  ;  Smagorinsky  model  •;  SGSASMO  o;  SGSASMl  Q. 


Figure  4:  The  Reynolds  stress  R33  versus  z  for  n  =  0.1. 
Smagorinsky  model  •;  SGSASMO  o;  SGSASMl  Q. 
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Here,  we  simulate  periodic  turbulent  shear  flows  in  a 
rotating  frame,  whose  motions  are  governed  by  the  Navier- 
Stokes  equation  with  the  inhomogeneous  forcing 


Figure  5:  The  mean  time  scale  <  r  >  versus  2;  for  0  =  0. 
Smagorinsky  model  •;  SGSASMO  o;  SGSASMl  []. 


fi  -  -  {cos  z)6i\.  (30) 

This  flow  has  a  statistically  stationary  state,  and  in  the 
following  the  parenthesis  <  >  means  the  average  on  the 

homogeneous  x  —  y  plane  diiring  the  time  period  T  —  500, 
except  the  DNS.  In  this  flow,  the  Reynolds  number  is  the 
only  dimensionless  parameter  given  in  the  DNS  by 


Re  = 


(umax)  (27r)  2.5  X  (27r) 

1/  '"1.0x10-2"'-^^^^ 


(31) 


Now,  let  us  compare  the  results  of  SGSASMO,  SM** 
GASMl,  SMGM,  and  DNS.  In  the  ail  subsequent  figmes 
3-6,  the  sjrmbol  o  shows  the  results  of  SGSASMO,  []  means 
those  of  SGSASMl,  •  plots  those  of  SMGM,  and  the  solid 
line  draws  those  of  DNS,  as  in  figures  1  and  2. 

Figure  3  and  4  describe  a  Reynolds  stress  in  an  in¬ 
ertial  frame  (fl  =  0)  and  in  an  rotating  frame  (H  =  0.1), 
respectively.  Here,  Rjj  is  defined  as 

^3  =  .  (32) 

where 

u<  =  ui-{ui).  (33) 

In  figure  3,  we  find  that  the  SGSASMl  well  agrees  with 
the  DNS,  while  the  SMGS  and  SGSASMO  produces  much 
larger  value  of  ^33.  In  the  case  of  f2  =  0.1,  the  DNS 
has  not  yet  been  calculated.  However,  we  notice  the  big 
difference  between  the  SGSASMl  and  the  SMGM,  and  the 
SGSASMO  shows  the  tendency  supporting  the  SGSASMl. 

Figure  5  and  6  shows  the  mean  time  scale  <  r  >  for 
n  =  0  and  O  =  0.1,  respectively.  Prom  figure  5  we  find 
that  the  mean  time  scale  gets  small  at  the  large  mean  shear 
rate,  and  it  is  estimated  smaller  in  the  SGSASMl  com¬ 
pared  with  the  SGSASMO  and  SMGM.  In  figure  6  with  the 
system  rotation,  the  mean  timescale  of  SGSASMl  shows 
the  qualitatively  different  profile  from  the  other  two  mod¬ 
els:  it  is  large  at  the  region  where  the  backgroimd  vorticity 
has  the  same  sign  as  the  shear  vorticity,  and  vice  versa. 


CONCLUSIONS 

FVom  the  results  shown  in  the  previous  section,  we  get 
the  following  conclusions. 

1.  For  homogeneous  turbulences  in  a  rotating  frame, 
the  SGSASMO  and  the  SGSASMl  even  with  reatively  few 
grid  points  (16^)  agree  weU  with  the  DNS,  and  they  show 
much  better  performances  than  the  SMGM  since  they  can 
incorporate  the  effect  of  frame  rotation  into  the  model. 

2.  For  periodic  turbulent  shear  flows  in  an  inertial  frame, 
the  SGSASMl  agrees  best  with  the  DNS  among  three  mod¬ 
els. 

3.  For  periodic  turbulent  shear  flows  in  a  rotating  frame, 
three  models  predicts  different  results.  By  executing  the 
DNS,  we  will  determine  which  is  the  best  model. 
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Figure  6:  The  mean  time  scale  <  r  >  versus  z  for  Cl  =  0.1. 
Smagorinsky  model  •;  SGSASMO  o;  SGSASMl  Q. 
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ABSTRACT 

Turbulence  statistics,  including  complete  budget  data  for  the 
individual  components  of  the  Reynolds  stress  tensor,  have  been 
compiled  from  direct  numerical  simulations  of  plane  Couette 
flow  subjected  to  strong  system  rotation.  The  anticyclonic 
rotation  rate  is  sufficiently  high  for  the  flow  to  be  beyond  the 
regime  in  which  rotational-induced  counter-rotating  stream  wise 
roll-cells  are  present.  Tlie  flow  exhibited  a  number  of  anomalous 
characteristics,  including  a  reversal  of  the  conventional  Reynolds 
stress  and  dissipation  rate  anisotropies.The  one-componentality 
and  the  one-dimensionality  of  the  flow  field  makes  it  particularly 
attractive  as  a  physically  challenging  reference  case  for  the 
assessment  of  turbulence  closure  models. 

INTRODUCTION 

Rotating  channel  flows  are  of  obvious  engineering  relevance, 
notably  within  the  turbomachinery  industry.  Pressure-driven 
turbulent  flows  in  rotating  plane  channels  have  been  studied 
experimentally  by  Johnston,  Halleen  &  Lezius  (1972)  and  more 
recently  by  Nakabayashi  &  Kitoh  (1996).  The  laboratory 
investigations  have  been  supplemented  with  large-eddy 
simulations  (LES)  by  Kim  (1983),  Miyake  &  Kajishima  (1986), 
Tafti  &  Vanka  (1991)  and  Piomelli  &  Liu  (1995)  and  with  direct 
numerical  simulations  (DNS)  by  Kristoffersen  &  Andersson 
(1993)  and  Lamballais,  Lesieur  &  Metais  (1996a,b).  Due  to  the 
presence  of  a  local  maximum  in  the  mean  velocity  distribution, 
rotating  plane  Poiseuille  flow  exhibits  at  the  same  time  a 
cyclonic  (suction)  side  and  an  anticyclonic  (pressure)  side. 
System  rotation  was  found  to  significantly  affect  the  mean  flow 
field  which  exhibited  an  appreciable  region  with  mean  flow 
vorticity  practically  counterbalancing  the  imposed  background 
vonicity.  Moreover,  irrespective  of  the  sense  of  rotation,  an 
imbalance  between  the  Coriolis  force  and  the  pressure  gradient 
in  the  wall-normal  direction  was  responsible  for  the  occurrence 
of  pairs  of  Taylor-Gortler-like  counter-rotating  streamwise 
vortices  or  roll-cells.  It  is  finally  noteworthy  that  the  system 
rotation  did  not  only  change  the  mean  flow  pattern  but  the 
presence  of  a  Coriolis  force  tended  to  damp  the  turbulence  level 
near  the  cyclonic  side  and  enhance  the  turbulent  agitation  along 
the  anticyclonic  side,  at  least  at  relatively  low  rotation  rates. 

Like  the  pressure-driven  plane  Poiseuille  flow,  the  shear- 


driven  plane  Couette  flow  is  also  among  the  prototype  flows  in 
classical  fluid  mechanics.  However,  turbulent  plane  Couette  flow 
responds  differently  to  system  rotation  since  the  mean  velocity 
increases  monotonically  from  one  wall  to  the  other.  Thus,  the 
mean  shear  vorticity  attains  the  same  sign  throughout  the  flow 
and,  depending  on  the  sense  of  rotation,  the  entire  Couette 
channel  is  exposed  either  to  cyclonic  or  anticyclonic  rotation. 
This  attractive  feature  of  the  Couette  flow  facilitates  the  further 
exploration  of  the  intricate  and  fascinating  effects  of  the  Coriolis 
force,  which  arises  from  the  imposed  system  rotation. 

Reliable  experimental  data  for  plane  Couette  flow  are  scarce 
even  in  the  non-rotating  case  and  rotating  plane  Couette  flow  has 
so  far  only  been  studied  by  Till  mark  &  Alfredsson  (1996). 
Turbulent  flow  in  an  infinitely  long  Couette  channel  in  spanwise 
(orthogonal-mode)  rotation  is  on  the  other  hand  particularly 
amenable  to  explorations  by  means  of  direct  numerical 
simulations.  To  this  end  a  series  of  DNSs  has  been  performed  by 
Bech  &  Andersson  (1996a,  1996b,  1997)  over  a  wide  range  of 
rotation  rates.  The  focus  of  the  present  paper  is  on  turbulence 
statistics  which  are  believed  to  be  useful  in  the  development  and 
validation  of  second-moment  turbulence  closure  models  for 
rapidly  rotating  shear  flows.  Since  the  Couette  flow  laminarizes 
when  subjected  to  even  moderate  cyclonic  rotation,  cf.  Bech  & 
Andersson  (1996a),  Komminaho,  Lundbladh  &  Johansson  (1996) 
and  Tillmark  &  Alfredsson  (1996),  only  the  influence  of 
substantia!  anticyclonic  rotation  will  be  of  any  relevance. 

PROBLEM  FORMULATION  AND  GOVERNING 
EQUATIONS 

Let  us  consider  the  shear-driven  turbulent  motion  of  an 
incompressible  fluid  between  two  infinite  parallel  planes 
separated  a  distance  2h,  as  shown  schematically  in  Figure  I.  The 
constant-pressure  flow  is  induced  solely  by  the  constant  velocity 
difference  2U^  between  the  two  planes.  The  Couette  channel 
rotates  with  constant  angular  velocity  Q  about  the  spanwise  z-axis 
of  a  Cartesian  coordinate  system  and  the  flow  is  fully  developed 
in  the  streamwise  x-direction.  This  flow  problem  is  characterized 
by  two  independent  dimensionless  parameters,  namely  the 
Reynolds  number  Re  =  U^h/v  and  the  rotation  number 
Ro  =  2Qh/U^.  Notice  that  Ro  is  inversely  proportional  to  the 
Rossby  number  used  in  geophysical  contexts. 
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FIGURE  1.  Schematic  of  rotating  plane  Couette  flow.  The  broken  n  ^  / - \ 

and  solid  lines  identify  laminar  and  turbulent  mean  velocity  profiles,  (6) 

respectively.  ^ 


Although  the  instantaneous  velocity  u'j  is  truly  varying  with 
time,  only  results  for  statistically  steady  flow  situations  will  be 
reported  in  this  paper.  The  non-rotating  Couette  flow,  which  is 
assumed  to  be  homogeneous  in  xz-pianes,  is  one-componental 
in  X.  Moreover,  the  single  mean  velocity  component  U  varies 
only  in  the  y-direction,  i.e.  the  mean  flow  is  1C- ID  according  to 
the  Reynolds-Kassinos  classification  sheme.  Notice  that  the 
notion  of  componentality,  as  suggested  by  Reynolds  &  Kassinos 
(1995),  corresponds  to  the  definition  of  directionality  adopted  by 
Gerhart,  Gross  &  Hochstein  (1992).  Anyhow,  when  system 
rotation  is  imposed,  persistent  counter-rotating  roll  cells  develop 
due  to  the  Coriolis  instability  mechanism,  which  is  present  even 
in  laminar  plane  Couette  flow.  The  mean  flow  is  thereby 
rendered  three-componental  and  two-dimensional  (3C-2D)  since 
the  flow  pattern  now  varies  over  the  cross-section,  i.e.  in  the  y- 
and  z-directions.  The  obvious  consequence  is  that  the  originally 
one-dimensional  turbulence  statistics  also  become  two- 
dimensional.  However,  at  the  high  rotation  number  Ro  =  0.5, 
Bech  &  Andersson  (1997)  reported  that  the  flow  restabilized  in 
the  sense  that  the  persistent  roll  cell  pattern  observed  at  low  (Ro 
=  0.01)  and  moderate  (Ro  =  0.10  and  0.20)  rotation  vanished  and 
the  mean  flow  reverted  to  a  practically  1C- ID  state. 

The  presence  of  roll  cells  complicates  the  analysis  of  the 
statistics  of  the  true  turbulence  since  i)  any  statistical  moment 
will  vary  over  the  cross-sectional  yz-plane,  and  ii)  otherwise 
vanishing  terms  in  the  second-moment  equations  must  be 
retained.  In  this  paper  we  therefore  consider  only  the  case  Ro  = 
0.5  in  which  the  roll-cell  restabilization  has  set  in  and  only 
reminiscences  are  left  of  the  persistent  counter-rotating 
streamwise  vortices. 

Now,  with  the  assumption  of  one-componental  and  one¬ 
dimensional  mean  flow,  the  instantaneous  flow  variables 
(u’j,  p')  are  decomposed  into  mean  (Uj,  P)  and  turbulent 
(Uj,  p)  parts,  and  the  Reynolds-averaged  Navier-Siokes  equation 
reduces  to  an  ordinary  differential  equation  in  y.  The  streamwise 
balance  of  mean  momentum  is  integrated  once  to  give  the 
constancy  of  the  total  (i.e.  viscous  and  turbulent)  shear  stress  t 

|idU/dy  -  puv  =  0) 

where  the  wall  shear  stress  is  an  a  priori  unknown  constant. 
The  overbar  denotes  averages  over  an  xz-plane  and  in  time.  It  is 
noteworthy  that  the  angular  velocity  Q  does  not  appear  explicitly 
in  equation  (1). 

The  transport  equation  for  the  individual  components  of  the 
Reynolds  stress  tensor  pun^  can  be  expressed  in  Cartesian 
tensor  notation  as: 


Dl 


IJ  ^IJ  ^IJ  ^JJ 


in  a  rotating  frame-of- reference.  Here, 


(2) 


The  different  mechanisms  tending  to  change  UjU.  are  production 
due  to  mean  shear  (Pjp  and  rotation  (Gp,  viscous  diffusion 
(DjJ)  and  turbulent  diffusion  associated  with  velocity  (D-J)  and 
pressure  (D^j)  fluctuations,  pressure-strain  processes  (0p,and 
viscous  dissipation  (ep. 

The  present  assumption  of  1C- ID  mean  flow  and  the 
corresponding  one-dimensionality  of  the  turbulence  statistics 
makes  equation  (2)  for  the  second-moments  reduce  to  a  coupled 
set  of  4  ordinary  differential  equations  for  the  unknowns 
u%  v^,  w^  and  uv.  In  cases  where  roll  cells  are  present, 
however,  even  the  secondary  shear  stresses  uw  and  vw  are  non¬ 
zero  and  eq.  (2)  becomes  a  set  of  6  PDEs  in  y  and  z. 

NUMERICALLY  GENERATED  ROTATING  COUETTE 
FLOW 

The  complete  time-dependent  three-dimensional  Navier- 
Stokes  equations  were  integrated  numerically  in  time  and  space 
on  a  discrete  256  x  70  x  256  grid  system  sufficiently  fine  to 
resolve  all  essential  scales  of  the  turbulence  motion.  The 
computational  domain  was  lOrch  x  2h  x  4Tch,  i.e.  the  cross- 
sectional  aspect  ratio  27:  leaved  room  for  3  pairs  of  counter¬ 
rotating  roll  cells. 

The  computer  program  used  for  this  purpose  was  an  adapted 
version  of  the  finite-difference  code  ECCLES  developed  by 
Gavrilakis  et  al.  (1986)  with  second-order  central-difference 
approximations  in  space  and  a  second-order  explicit  Adams- 
Bashforth  scheme  in  time.  System  rotation  was  accounted  for  by 
implementation  of  extra  body  force  (Coriolis)  terms  in  the 
momentum  equations.  The  applicability  of  the  code  to  DNS  of 
rotating  Poiseuille  flow  was  demonstrated  by  Kristoffersen  and 
Andersson  (1993)  and  Andersson  &  Kristoffersen  (1995).  The 
physical  realism  of  a  numerically  simulated  Couette  flow  (without 
rotation)  was  assessed  by  comparisons  with  new  experimental 
data,  cf.  Bech  et  al.  (1995). 

The  only  rotation  number  considered  here  is  Ro  =  0.5,  while 
the  Reynolds  number  Re  was  kept  constant  and  equal  to  1 300  (as 
for  the  other  rotation  numbers).  The  various  statistical 
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FIGURE  2.  Mean  velocity  profiles  for  Ro  =  0  (solid  line)  and  Ro  = 
0.50  (broken  line). 


FIGURE  3.  Distribution  of  mean  turbulent  kinetic  energy  k  for  Ro 
=  0.50  (scaled  by  U^^  for  Ro  =  0). 


correlations  to  be  presented  were  obtained  by  averaging  over  xz- 
planes  and  sampling  in  time.  The  sampling  period  over  which 
statistics  were  computed  was  6.6h/U^,  as  compared  to 
16.4hAJ^  for  Ro  =  0,  where  denotes  the  friction  velocity 
The  presence  of  unusuily  long  streamwise  structures 
in  the  non-rotating  Couette  flow  made  the  relatively  long 
sampling  period  necessary,  see  Bech  et  al.  (1995).  This 
compares,  for  instance,  with  6h/U^over  which  Moser  &  Moin 
(1987)  sampled  statistics  in  their  curved  channel  simulation. 

RESULTS  AND  DISCUSSION 

Numerically  generated  results  for  plane  Couette  flow 
subjected  to  weak  (Ro  =  0.01)  and  moderate  (Ro  =  0.10  and 
0.20)  anti  cyclonic  system  rotation  have  been  published 
elsewhere;  Bech  &  Andersson  (1996a,  1996b,  1997).  Here  we 
focus  on  the  high  rotation  number  Ro  =  0.50  at  which  the  flow 
field  is  again  practically  free  of  persistent  roll  cell  structures,  i.e. 
one-componental  and  one-dimensional.  This  fairly  high  Ro  is 
unfortunately  far  beyond  the  rotation  number  which  can  be 
reached  in  the  Couette  flow  apparatus  of 'Hllmark  &  Alfredsson 
(1996)  at  Re  =1300. 

It  is  first  of  all  noteworthy  that  the  variation  of  Re^  =  U^h/v 
with  Ro  reflects  the  variation  of  the  wall  friction  velocity  with 
rotation.  The  monotonous  increase  of  Re^  from  82.2  in  the  non¬ 
rotating  case  up  to  Re^=  107.2  for  Ro  =  0.20  was  ascribed  to  the 
presence  of  gradually  more  energetic  roll  cells,  cf.  Bech  & 
Andersson  (1996b).  It  could  therefore  be  anticipated  that  Re, 
would  decrease  when  the  rotation  number  was  further  increased 
and  the  roll-cell  breakdown  set  in.  The  result  Re^=  91.0  for  Ro 
=  0.50  is  indeed  lower  than  at  Ro  =  0.20,  but  nevertheless 
exceeds  Re^  in  the  non-rotating  case  by  10  per  cent.  Notice  that 
the  local  skin-friction  coefficient 


TABLE  1.  Centreline  characteristics  and  Re.  h  u,h/v. 
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also  depends  on  the  system  rotation  since  Re^  varies  with  Ro. 

Away  from  the  walls,  the  mean  velocity  profile  U(y)  in  Figure 
2  exhibits  a  substantial  linear  region  which  extends  over  80  per 
cent  of  the  Couette  channel.  The  constancy  of  dU/dy  for  Ro  = 
0.50  is  at  variance  with  the  observation  by  Bech  &  Andersson 
(1996c)  who  found  that  dU/dy  varied  in  accordance  with  the 
inverse  cosine  law  deduced  by  von  Karman  (1937)  in  the  non- 
rotating  case.  The  slope  of  the  linear  portion  of  the  mean  velocity 
distribution  was  dU/dy  =  0.47,  i.e.  significantly  steeper  than  the 
centreline  value  0.22  reported  by  Bech  &  Andersson  (1996c)  for 
Ro  =  0.  Here,  the  dimensionless  variables  U  =  U/U^  and 
y  =  y/h  have  been  introduced.  Although  the  cross-sectional 
average  of  dU/dy  (i.e.  U^/h)  is  unaffected,  it  is  remarkable  that 
the  local  slope  of  the  mean  velocity  profile  is  greater  at  Ro  =  0.5 
than  for  Ro  =  0  both  at  the  walls  and  in  the  central  core  region. 

In  the  present  one-componental  flow,  the  mean  shear  rate 
dU/dy  equals  the  magnitude  of  the  mean  flow  vorticity  -  dU/dy  in 
the  rotating  frame  of  reference.  The  local  vorticity  ratio 

S  =  20 

-dU/dy  (II) 

i.e.  the  ratio  of  the  imposed  background  vorticity  20  to  the  mean 
flow  vorticity,  has  turned  out  to  be  an  essential  parameter  in  the 
analysis  of  the  local  influence  of  system  rotation.  Notice  that  the 
dimensionless  mean  shear  rate  now  can  be  expressed  as 

dU  Ro 

^  ^  ‘T  (12) 


For  Ro  =  0.50  it  was  observed  that  the  variation  of  S  across  the 
channel  exhibited  a  plateau  with  S  ~  -1  in  the  central  part  of  the 
flow,  i.e.  the  mean  vorticity  20  -  dU/dy  in  an  inertial  frame  is 
practically  driven  to  zero,  the  centreline  value  at  y  =  0  being  S  = 
- 1 .07.  The  observed  tendency  of  the  rapidly  rotating  Couette  flow 
to  develop  an  appreciable  region  with  S  »  -  1  (or  dU/dy  =  20)  is 
also  shared  by  pressure-driven  Poiseuille  flow  subjected  to 
system  rotation. 

The  distribution  of  the  mean  turbulent  kinetic  energy  k,  scaled 
by  for  the  non-rotating  case,  in  Figure  3  shows  that  turbulence 
peaks  in  the  middle  of  the  channel  rather  than  near  the  walls.  The 
actual  maximum  level  close  to  6.0  (for  Ro  =  0.50)  is  also 
substantially  higher  than  that  of  the  conventional  near- wall  peaks 
(about  4.2)  in  the  non-rotating  case.  Since  the  stress  generation 
due  to  rotation  has  no  direct  influence  on  k,  i.e.G^  =  0,  the  total 
production  of  turbulence  energy  is  associated  ^h  mean  shear. 
The  energy  production  P  =  ?.J2  =  Pj/2  =  -  uvdU/dy,  scaled 
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by  U^h,  can  be  expressed  as 

dy 


P  = 


^  T> 

5fi  -R.-'U 

Re  dy 


(13) 


where  equation  (1)  has  been  used  to  eliminate  uv.  From  (13)  the 
uniform  production  Pin  the  linear  core  region  for  Ro  =  0.50  is 
found  to  exceed  the  centreline  production  in  the  non-rotating 
case  by  a  factor  2.5;  see  Table  1 . 

The  significant  energy  production  in  the  central  part  of  the 
rotating  Couette  flow  is  likely  to  explain  the  unusually  high 
energy  level  observed.  In  rotating  Poiseuille  flow,  on  the  other 
hand,  the  turbulence  energy  k  in  the  core  region  never  exceeded 
the  near-wall  peak  level  of  the  non-rotating  flow,  cf  Andersson 
&  Kristoffersen  (1995)  and  Lamballais  et  ai.  (1996a).  In  the 
latter  flow,  however,  the  energy  production  P  inevitably  goes  to 
zero  at  the  point  of  maximum  mean  velocity.  The  findings  of 
Andersson  &  Kristoffersen  (1995)  moreover  revealed  localized 
regions  with  negative  energy  production. 

It  is  interesting  to  recall  that  the  relatively  high  energy 
production  in  the  central  part  of  the  non-rotating  Couette  flow  is 
more  than  outweighed  by  the  viscous  energy  dissipation 
G  =  672  and  the  energy  balance  is  achived  by  some  turbulent 
diffusion  from  the  near-wall  peaks  to  the  centre  (Andersson  et  al. 
1992).  These  findings  have  been  confirmed  by  more  refined 
simulations  by  Andersson  &  Bech  (1995)  and  Komminaho  et  al. 
(1996),  the  latter  at  Re  =  750.  The  data  for  the  dissipation  rate  e, 
scaled  by  U^,  reported  in  Table  1  show  that  the  dissipation 
also  increases  with  Ro  so  that  a  state  in  which 

0  =  P  -  6  (14) 

is  nearly  retained  in  the  centre.  In  fact,  P/e  =  0.9 1  for  Ro  =  0.5 
as  compared  to  0.85  in  the  non-rotating  Couette  channel. 

It  is  now  timely  to  examine  the  complete  budgets  for  the  four 
non-zero  components  of  the  second-moment  tensor  tijU-  in 
Figures  4  and  5  for  rotation  numbers  0  and  0.5,  respectively,  ^e 
rate-of-changeDUjUyDt  becomes  identically  zero  in  the  present 
flow,  and  the  molecular  (D-)  and  turbulent  (DjpDjj^)  diffusion 
become  significantly  smaller  near  y  =  0  than  the  leading  terms  in 
each  of  the  budgets.  Thus,  the  complete  equation  (2)  can  be 
simplified  in  the  central  core  region  to 

0  P  .  +  a.  +  a>-.  «  €..  (15) 

ij  y  y  y 

Furthermore,  since  the  traces  of  and  are  identically  zero, 
the  local  equilibrium  condition  (14)  is  recovered  upon 
contraction  of  the  indices  in  equation  (15). 

At  first  sigth  we  were  inclined  to  associate  the  excess  energy 
level  in  the  centre  with  the  high  mean  shear  rate  dU/dy  for  Ro  = 
0.5.  However,  the  mean  shear  production  P  contributes  only  to 
streamwise  velocity  flu cmations  (since  P22  =  P33  =  0)  and  the 
total  production  of  u  is 

P„  +  G„  =  (1+S)P„  (16) 

Since  S  tends  to  -1  in  the  central  region  of  the  rapidly  rotatmg 
Couette  flow,  the  rotational  stress  generation  =  4Quv 
outweighs  the  mean  shear  production  P,j  =  -2uvdU/dy,  cf. 
Figure  5a,  and  the  reason  for  the  high  level  of  k  must  therefore 
be  sought  elsewhere. 

Inspection  of  the  individual  terms  in  the  transport  equation 
for  v^,  i.e.  Figure  5b,  shows  that  the  rotation^  production 
G22  =  -4uvQ  plays  an  essential  role  since  -  0.  It  should 
be  noticed  that  G22  =  ”Gjj  ~  Pjj  =  2P  since  S  =  -1.  The 
amplification  of  the  turbulence  level  in  the  rapidly  rotating 
Couette  flow  is  therefore  caused  by  interactions  between  the 


TABLE  2.  Centreline  values  of  the  Reynolds  stress  anisotropies  ajj 
and  the  dissipation  rate  anisotropies  e^j.  The  data  for  the  non¬ 
rotating  case  are  from  Andersson  &  Bech  (1995). 


fluctuating  Coriolis  force  -  2pQu  in  the  wall-normal  direction 
and  velocity  fluctuations  v  in  that  direction.  This  is  indeed 
confirmed  _by  th^  observation  that  the  conventional  stress 
anisotropy  u  *  >  v  ^  h^  been  reversed  for  Ro  =  0.5;  see  Table  1 . 
In  fact,  exceeds  ui  by  a  f^or  closejP  5.  While  energy  is 
normally  fed  from  u^  into  v^  (and  w^)  by  pressure-strain 
interactions,  as  for  Ro  =  0  in  Figure  4b,  the  role  of  the  pressure- 
strain  interactions  has  been  reversed  for  Rfi  =  O.^since  turbulence 
energy  is  now  being  transferred  from  v^  to  u“  (<E>jj  >  0  and 
^>22  <  0  inFigure5).  SincePjj  +  Gjj  ~  0  in  the  budget  for  the 
streamwise  velocity  fluctuations,  we  are  left  with  the  balance 
0  ~  -  Gjj.  Thus,  while  the  essential  production  mechanism 

has  been  changed  from  that  of  mean  shear  (at  Ro  =  0)  to 
background  rotation  (at  Ro  =  0.50),  the  roles  of  the  streamwise 
and  wall-normal  velocity  fluctuations  have  been  interchanged. 

The  only  off-diagonal  component  -uv  of  the  Reynolds  stress 
tensor  was  examined  in  some  detail  for  Ro  =  0  by  Bech  and 
Andersson  (1996c).  In  plane  Couette  flow  -Pj2  =  v^dU/dy 
remains  positive  throughout  the  flow,  whereas  P^j  inevitably 
changes  its  sign  at  the  position  of  vanishing  mean  shear  in  plane 
Poiseuille  flow.  In  the  slowly  rotating  counterparts  where  the 
conventional  anisotropy  u^  >  v^  is  retained,  the  Coriolis 
production  ^  2Q(u^-v^)  remains  positive  for  both  flows 
when  Q  >  0.  Thus  Gj2  is  adding  to  Pjj  all  over  the  Couette 
channel,  while  Gjj  only  supports  Pj^  on  the  anticyclonic 
(pressure)  side  of  the  rotating  Poiseuille  flow  and  opposes  the 
mean  shear  production  on  the  cyclonic  (suction)  side. 

In  the  rapidly  rotating  Couette  flow-Pj2  is  substantially 
increased  not  only  because  of  the  increased  mean  shear  rate  dU/dy 
but  also  due  to  the  enhancement  of  v^,  see  Figure  5d.  However, 
the  reversal  of  the  normal  stress  anisotropy  makes  the  rotational 
generation  term  change  sign  and  -Gjj  is  now  becoming  a  sink 
term  which  prevents  -uv  to  raise  below  the  upper  bound 
imposed  by  equation  (1).  It  is  interesting  to  observe  that  the  total 
production  of-uv  can  be  expressed  as 

-P„  -  G.J  =  2Q 

where  the  impact  of  the  wall-normal  fluctuations  becomes 
vanishingly  small  in  the  core  region  where  S  «  -1  and  the  right 
hand  side  of  (17)  reduces  to  2Qu^.  Thusihe  total  production  in 
equation  (17)  amounts  to  a  fraction  -Su  Vv^  (or  about  0.2)  of  the 

mean  shear  production  -Pj2  alone.  _ 

_ So  far  we  have  focussed  on  the  relative  magnitude  of  u  ^  and 

V  ^ ,  which  turned  out  to  have  a  crucial  effect  on  the  role  played  by 
the  various  production  terms  in  equation  (2).  Let  us  now  consider 
the  non-dimensional  Reynolds  stress  anisotropy  tensor 


UjUj  1 

liT  3’^“ 


(18) 


and  the  analogously  defined  dissipation  rate  anisotropy  tensor: 
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FIGURE  4.  Reynolds  stress  budget  data  for  Ro  =  0  scaled  by 
U//v  =  Re^  •  U//h.  From  Andersson  &  Bech  (1995), 

a)  u^:  b)  v^;  c)  w^;  d)  -uv. 

Production  Pjj 
Viscous  diffusion  D^'’ 

Turbulent  diffusion  D,/ 

Turbulent  diffusion 
Pressure-strain  <I),j 
Dissipation  -Cy 


FIGURE  5.  Reynolds  stress  bu^et  data  for  Ro  =  (^0  scaled  by 
U//v  =  Re^  •  U^^/h.  a)  u^/2;  b)  v^/2;  c)  w^/2;  d)  -uv. 

Legend  as  in  Rg.  4,  except:  — • —  Rotational  production  Gy. 


(19) 

The  centreline  values  of  ajj  and  e^  are  reported  in  Table  2.  As  far 
as  the  normal  components  are  concerned,  the  anisotropies  are 
completely  reversed  when  Ro  is  raised  from  0  to  0.5,  whereas  the 
magnitude  of  the  off-diagonal  components  is  increased. 
Moreover,  e^  responds  broadly  in  the  same  way  as  a.,  to  the 
strong  rotation.  An  anisotropy  invariant  map  (AIM)  for  a^j 
showed  that  the  near-wall  turbulence,  which  is  fairly  close  to  the 
one-component  limit  for  Ro  =  0,  approaches  an  axisymmetric 
state  in  which  u  ‘  =  w“  for  Ro  =  0.50.  The  corresponding  AIM 
for  Cij  revealed  that  the  dissipation  rate  tensor  was  almost 
isotropic  over  a  greater  part  of  the  cross-section  than  in  the  non¬ 
rotating  case. 

CONCLUDING  REMARKS 

The  anomalies  of  turbulence  characteristics,  like  the  Reynolds 
stress  and  dissipation  rate  anisotropies,  make  the  rapidly  rotating 
Couette  flow  a  physically  challenging  test  for  turbulence  closure 
models  aimed  at  shear  flows  in  noninertial  frames-of-reference. 
The  homogeneity  of  the  flow  in  planes  parallel  with  the  moving 
plates  makes  any  set  of  differential  model  equations  reduce  to  a 
set  of  ODEs.  This  particularly  attractive  feature  of  the  rapidly 
rotating  Couette  flow  is  not  shared  by  its  weakly  and  moderately 
rotating  counterparts, 
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ABSTRACT 

The  ability  to  faithfully  reproduce  the  effect  of  axial  rotation 
on  fully  developed  pipe  flow  is  investigated  using  a  second 
moment  closure  model.  In  particular,  the  impact  of  the  pressure- 
strain  model  is  scrutinized  by  adopting  both  linear  and 
nonlinear  models.  Near-wall  effects  are  accounted  for  by 
elliptic  relaxation  and  model  predictions  are  verified  against 
direct  numerical  simulations  and  experimental  results.  The 
results  suggest  that  pressure-strain  models  cubic  in  the 
Reynolds-stress  tensor  seem  unsuitable  for  this  case  whereas 
best  overall  performance  is  obtained  with  a  model  which  retain 
terms  quadratic  in  the  Reynolds  stresses.  The  importance  of  the 
stress  anisotropy  in  the  logarithmic  region  is  also  addressed. 

INTRODUCTION 

Turbulent  flows  affected  by  centrifugal  and  Coriolis  forces 
are  frequently  encountered  in  engineering  applications  as  well 
as  in  nature.  These  body  forces  are  known  to  considerably  alter 
the  mean  flow  field  and  the  intensity  and  structure  of  the 
turbulence.  Since  the  engineering  approach  to  fluid  flow 
calculations  is  based  on  the  Reynolds-averaged  Navier-Stokes 
equations  (RANS),  the  success  of  any  CFD  analysis  relies 
heavily  upon  the  turbulence  model  embodied  in  the  actual 
computer  code.  It  is  therefore  unfortunate  that  the  widely  used 
k-z  model,  like  any  other  turbulence  model  which  utilizes 
Boussinesq’s  linear  stress-strain  relationship,  is  unable  to 
naturally  account  for  these  effects.  The  effects  of  centrifugal 
and  Coriolis  forces  are,  on  the  other  hand,  automatically 
accounted  for  within  the  framework  of  second-moment  closure 
(SMC)  modelling  which  is  based  on  the  exact  transport 
equations  governing  the  individual  Reynolds-stress 
components. 

Turbulent  flow  inside  an  axially  rotating  pipe  is  not  only  of 
theoretical  interest  but  has  also  some  direct  practical 
applications;  e.g.  the  internal  cooling  in  turbomachinery. 
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Kikuyama  et  al.  {1983a)  studied  experimentally  the  flow  in  the 
entry  region  of  a  rotating  pipe  and  Yoo  et  a/.  (1991)  predicted 
this  flow  with  a  number  of  different  closure  models,  including 
two  near-wall  SMC  models.  Yoo  et  al.  (1991)  concluded  that 
closures  which  take  into  account  the  anisotropy  of  the 
turbulence  are  required  in  order  to  faithfully  predict  this 
particular  flow  and,  moreover,  that  the  turbulence  near  the  wall 
is  not  in  equilibrium.  The  latter  observation  consequently  imply 
that  the  commonly  used  wall-function  approach  should  be 
abandoned.  In  spite  of  the  simple  geometry  the  developing  flow 
is  three  dimensional  and  rather  complex  and  thus  provides  a 
severe  test  for  any  turbulence  closure. 

Murakami  &  Kikuyama  (1980),  Kikuyama  et  al.  (1983b), 
Reich  &  Beer  (1989)  and  Imao  et  al.  (1996)  studied 
experimentally  the  effect  of  axial  rotation  on  fully  developed 
turbulent  pipe  flow,  Hirai  et  al.  (1988)  employed  three  different 
turbulence  models;  two  based  on  the  eddy-viscosity  hypothesis 
and  one  full  SMC  model.  Although  their  numerical 
computations  used  the  wall-function  approach,  they  reached  the 
same  conclusion  as  Yoo  et  al.  (1991),  namley  that  an 
anisotropic  closure  model  is  required. 

An  outstanding  feature  of  the  fully  developed  case  as 
compared  to  the  entry  flow  is  that  the  mean  flow  field  can  be 
considered  as  one-dimensional  and  two-componential.  The  set 
of  governing  equations  thus  reduce  to  a  set  of  ODEs  which  can 
be  solved  numerically  to  practically  any  degree  of  accuracy  and 
the  true  performance  of  the  closure  model  is  revealed.  The 
centrifugal  force  caused  by  the  superimposed  circumferential 
velocity  acts  stabilising  on  the  turbulence  across  the  entire  pipe 
and  the  turbulent  momentum  transfer  is  strongly  suppressed. 
The  present  study  focuses  on  the  assessment  of  a  near-wall 
SMC  model  developed  by  Durbin  (1993).  The  performance  of 
this  state-of-the-art  model  is  explored  in  fully  developed 
turbulent  pipe  flow  subjected  to  constant  axial  rotation. 

Substantial  advances  in  SMC  modelling  have  been  made  in 
recent  years,  notably  the  evolution  of  closure  models  free  of 
wall  distances  and  wall  normals.  This  particular  feature  makes 
these  models  applicable  to  flows  with  geometrically  complex 
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FIGURE  1.  Schematic  of  flow  configuration. 


boundaries.  The  very  important  pressure-strain  interaction  term 
is  in  the  focus  of  much  of  the  research  efforts  at  this  closure 
level,  especially  its  mean-strain  contribution.  The  objective  of 
the  present  study  is  to  investigate  whether  non-linear  pressure- 
strain  models,  used  in  conjunction  with  the  relaxation  approach 
(Durbin  1993)  to  model  near-wall  effects,  can  improve  the 
predictions  as  compared  to  a  pressure-strain  model  which  is 
linear  in  the  Reynolds  stresses.  Model  predictions  will  be 
verified  against  recent  experimental  results  reported  by  Imao  et 
qL  (1996)  and  Direct  Numerical  Simulation  (DNS)  data  (Eggels 
et  al.  1994,  Nieuwstadt  et  al.  1996). 


MATHEMATICAL  MODEL 

Consider  fully  developed  turbulent  pipe  flow  subjected  to 
axial  rotation,  see  Figure  1.  The  mean  flow  field  is  assumed  to 
be  one-dimensional  and  two-componential  so  that  the  two  non¬ 
zero  mean  velocity  components  U  =  {o,C/o(r),U,(r)]  are 

homogeneous  in  the  axial  (z)  and  circumferential  (0)  directions. 
The  equations  governing  the  mean  momentum  can  be  written  as 


^  f  1  dU, 

0=p  + 

I  dr  r  dr 


\  d  (  - X 


( cf-U.  1  </C/e  1  /  2  - 'i 


for  a  constant  property  fluid  in  a  cylindrical  coordinate  system. 
The  a  priori  unknown  Reynolds  shear  stresses,  -pu^u,  and 
,  can  be  obtained  from  the  transport  equation  governing 
the  kinematic  Reynolds-stress  tensor  -u^uj  which  can  be 


duju,- 


- dUj  - dUi 


«/"/'*  +■ 


UjU, 


_  p  dUj 

p^ax^Tax; 


U^llj 


are  the  convective  transport  of  second  moments  ( Q ), 
production  due  to  mean  shear  ( ),  viscous,  turbulent  and 
pressure  diffusion  )  and,  finally,  the  ‘relaxed' 

pressure-strain  tensor  (p,y).  The  more  conventional  pressure- 
strain  interactions  are  denoted  . 

Turbulent  diffusion  is  modelled  by  gradient  diffusion  as 


In  order  to  allow  for  counter-gradient  diffusion  only  outside  the 
near-wall  layer  the  coefficient  C^.  =  0AACj^  is  made  a  function 
of  the  stress  anisotropy  parameter  A  =  Ay) .  The 

objective  for  adopting  Eq.(6)  is  to  decrease  the  turbulent  time 
scale  kjz  in  order  to  reduce  the  turbulent  energy  level  in  the 
pipe  core  which  otherwise  is  substantially  overpredicted  by 

most  models.  The  lime  scale  is  taken  as  r=  max[A:/E ,  6^^) . 
The  dissipation-rate  tensor  ( z^j )  is  assumed  to  be  isotropic,  i.c. 
Zij-^zhij,  in  the  limit  of  homogeneous  turbulence  where  the 
relaxed  pressure-strain  tensor  takes  its  homogeneous  form 
The  Reynolds-stress  anisotropy  tensor  is 

Non-local  effects  on  associated  with  the 

proximity  of  a  solid  boundary,  are  modelled  by  elliptic 
relaxation  (Durbin  1993) 

where  =  p^jjk .  The  present  study  adopts  a  somewhat 
modified  form  of  the  lenght  scale 
=  Q  max^A^^^/e,  Q,(vYe)’^^),  cf.  Pettersson  &  Andersson 
(1997),  where  the  coefficients  and 

C,  =  exp[-((l  +  '<3)/(0->  +  ^2))^]  have  been  made  functions 
of  the  second  and  third  Reynolds-stress  invariants  Aj^a^jOj-, 
and  Ay=^anMtjaj!,  respectively.  The  dissipation-rate  (e)  in 

Kolmogorov’s  length  scale  was  replaced  by  £  =  (e^+0^)  , 
where  O  =  2v5^-5y.  is  the  mean  viscous  dissipation  function,  in 

order  to  prevent  excessive  values  of  L  if  the  flow  is 
relaminarized  close  to  a  solid  boundary  (cf.  Pettersson  & 
Andersson  1997).  The  mean  rate-of-strain  tensor 

S,  =  i{dU,/dxj+dUjl3x,). 

The  present  study  adopts  four  different  pressure-strain 
models  (<t),y):  (i)  the  linear  ‘Isotropization-of-Production’ 
model  in  which  the  convective  transport  ( Q )  is  included  in 

order  to  attain  a  frame  indifferent  formulation  (see  c.g. 
Pettersson  et  al  1996);  (ii)  the  model  by  Speziale  et  al.  (1991) 
which  is  quadratic  in  the  Reynolds-stress  tensor  and,  finally,  the 
two  cubic  models  by  (iii)  Ristorcelli  et  al.  (1995)  and  (iv)  Fu  et 
al.  (1989).  These  are  hereafter  denoted  IP,  SSG,  RLA  and  FLT, 
respectively.  The  RLA  model  has  the  same  tensorial  basis  as  the 
FLT  model  but  employ  variable  coefficients  which  are 
functions  of  the  Reynolds-stress  invariants.  A  particularly 
interesting  feature  of  the  RLA  model  is  that  it  is  consistent  with 
the  principle  of  material  frame  indifference  in  the  limit  of  two 
dimensional  turbulence  and  thus  represents  a  more  general  class 
of  pressure-strain  models.  The  SSG  model  has  proven  to 
outperform  the  linear  IP  model  for  a  varity  of  flows  and 
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TABLE  I.  Model  constants. 


c.. 

Q 

Q 

C, 

IP 

1.44 

1.90 

0.14 

0.19 

0.20 

80.0 

SSG 

1.40 

1.83 

0.19 

0.21 

0.21 

424 

RLA 

1.45 

1.85 

0.14 

0.19 

0.18 

647 

FLT 

1.44 

1.85 

0.19 

0.21 

0.33 

700 

performs  equivalently  to  the  RLA  model,  at  least  for  simple 
planar  flows  (Ristorcelli  et  al  1995). 

The  dissipation-rate  (s)  of  turbulent  kinetic  energy  is 
obtained  from  its  own  modelled  transport  equation 


£L 

Dt 


(8) 


which  is  solved  coupled  with  the  model  equation  governing  the 
turbulent  kinetic  energy 


Dt 


(9) 


It  should  be  noted  that  pressure  diffusion  is  not  accounted  for  in 
the  dissipation-rate  model  equation  (8).  Model  constants  are 
listed  in  Table  I. 


NUMERICAL  APPROACH 

A  particularly  interesting  feature  of  this  model  problem  is 
that,  within  the  framework  of  transport  modelling,  the  set  of 
governing  model  equations  reduce  to  a  set  of  ODEs  which  can 
be  solved  numerically  to  practically  any  degree  of  accuracy. 
The  governing  set  of  equations  consists  of  two  equations  for  the 
mean  flow,  five  equations  for  the  Reynolds  stresses 

{u],  u],  )  together  with  the  corresponding 

relaxation  equations  and  the  turbulent  kinetic  energy  and 
dissipation  rate  equations.  The  circumferential  stress  component 

is  subsequently  derived  from  the  relation  -Ik-u^-u]  .  The 
resulting  difference  equations  are  solved  semi-imp] icitely  as 
coupled  k-z  and  systems  by  a  pseudo-time-marching 

scheme  until  a  steady  stale  solution  is  reached.  Spatial 
derivatives  are  replaced  by  second-order  accurate  central- 
difference  approximations.  No-sIip  boundaiy  conditions  were 
used  at  the  solid  walls  together  with  k  =  dkjdy  =  0  for  the  k-z 

system  and  if  i  and/or  j  is  in  the  wall- 

normal  direction,  /y=0  else,  y,  is  the  wall-distance  for  the 
wall-adjacent  computational  node.  The  boundary  conditions  for 
fj  are  derived  from  the  local  solution  of  the  model  equation 

governing  the  wall-normal  stress  component  { u)  )  at  the  wall, 
see  Durbin  (1993)  for  further  details.  Typically  100  grid  points 
were  non-uniformly  distributed  from  the  wall  to  the  axis  of  the 
pipe  such  that  the  first  computational  node  was  situated  at 
y*^05.  The  solution  was  assumed  to  have  reached  a  steady 
state  when  the  sum  of  absolute  normalized  residuals  across  the 
channel  normalized  with  the  time  step,  fell  below  10'^ 

RESULTS 

Model  predictions  are  compared  with  DNS  data  (Eggels  et  al. 
1994  and  Nieuwstadt  et  al.  1996)  at  Re.  =  2/.D/v  =  360,  which 
corresponds  to  Re  =  t/^D/v  a:5300 ,  and  rotation  numbers 
^  ^  0-32  and  0.61.  Here,  and  lu  denote  the 


FIGURE  2.  Mean  axial  velocity.  Symbols:  O:  DNS;  •:  EXP; 

Lines: - IP; - :  SSG; - :  FLT; - RLA. 

mean  bulk  velocity  and  wall  friction  velocity,  respectively.  In 
order  to  examine  the  effect  of  the  Reynolds  number, 
comparisons  are  also  made  with  the  experimental  results 
recently  reported  by  Imao  et  al.  (1996)  at  Re  -  20000  and  A^=  0 
and  0.5. 

Mean  Flow  Quantities 

The  predicted  mean-velocity  distributions  are  compared 
against  DNS  data  and  experimental  results  in  Figures  2  and  3, 
respectively.  The  mean  axial  velocity  (U.)  profile  is  deformed 
to  become  more  ‘laminar-like’  due  to  the  axial  rotation.  The 
centerline  velocity  f/.(r  =  0)  in  Figure  2  increases  with  rotation 
number  whereas  a  reduction  can  be  observed  near  the  wall. 
Figure  3  displays  the  mean  circumferential  velocity  and  both 
the  DNS  data  and  experimental  results  indicate  a  nearly 
parabolic  distribution,  i.e.  ocr"  where  ,  except  close  to 
the  wall  where  the  DNS  results  indicate  an  almost  linear 
variation  («« 1 ).  The  best  overall  performance  is  achieved  by 
the  SSG  model,  especially  concerning  the  Uq  -component.  It  is 
noteworthy  that  both  cubic  models  (RLA  and  FLT)  fail  severely 
at  the  highest  Re  and  the  former  even  at  the  lowest  Re.  The 
worst  results  are  therefore  not  presented  in  the  figures.  This 
surprising  failure  can  be  illustrated  by  the  RLA-results  in 
Figure  3z  oi  N  -  0.32  where  the  predicted  Uq  -distribution 
displays  the  opposite  trend  as  compared  to  the  DNS  data. 
Although  the  FLT  model  produces  the  best  predictions  of  the 
axial  mean  velocity  component,  the  circumferential  component 
exhibits  a  nearly  linear  distribution  similar  to  that  obtained  with 
the  simple  IP  model.  It  should  be  recalled  that  a  linear  Uq  - 
profile  corresponds  to  solid  body  rotation,  i.e.  the  laminar 
solution  and  the  solution  obtained  with  closure  models  based  on 
Boussinesq’s  linear  stress-strain  relationship  (see  e.g.  Hirai  et 
al.  1988). 
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TABLE  2.  Friction  factor  ratio  V^.v-o  • 


N 

DNS 

EXP 

IP 

SSG 

FLT 

RLA 

0.32 

1.11 

— 

1.16 

1.18 

1.04 

1.05 

0.61 

1.22 

— — 

1.58 

1.64 

1.20 

— - 

0.50 

— - 

1.20 

1.30 

1.33 

— 

FIGURE  3.  Mean  circumferential  velocity.  Legends  as  in  fig.  2. 

The  centrifugal  force  caused  by  the  imposed  rotation  of  the 
pipe  acts  stabilising  on  the  turbulence.  Since  the  friction 
velocity  is  kept  constant  in  the  computations  at  Re.  =  360,  it  is 
expected  that  the  mean  bulk  velocity  should  change  with  the 
rate  of  rotation.  At  Re  =  20000,  however,  the  mean  bulk 
velocity  is  held  constant  in  the  computations  and  this  implies 
that  the  friction  velocity  is  expected  to  vary.  The  stabilising 
effect  of  axial  rotation  on  fully  developed  turbulent  pipe  flow  is 

summarized  in  Table  2  where  the  friction  factor  X  = 

(cf.  Imao  et  al.  1996)  is  presented  for  the  different  rotation 
numbers.  All  models,  except  RLA,  are  able  to  capture  the 
reduction  of  the  friction  factor  with  increasing  pipe  rotation. 
Both  the  IP  and  SSG  models,  however,  overpredict  this 
stabilising  effect.  Attempts  were  made  to  compute  the  case  Re  - 
20000  and  N  -  1.0,  which  was  also  considered  by  Imao  et  al. 
(1996).  In  the  predictions,  however,  the  stabilising  influence  of 
the  rotation  completely  quenched  the  turbulence  and  the 
laminar  solution  was  returned.  The  cubic  FLT  model  seems  to 
be  capable  of  faithfully  reproducing  the  reduced  friction  factor 
only  at  low  Re  flow  and  moderate  rotation  numbers. 

Turbulence  Quantities 

In  the  present  study  all  components  of  the  Reynolds-strcss 
tensor  are  nonzero  due  to  the  imposed  pipe  rotation,  whereas 

the  and  components  are  zero  in  a  fixed  pipe.  The 
mean  flow  field  is  strongly  coupled  with  the  shear-stress 
components  and  ,  cf.  eqs.  (1-2).  The  predicted  shear- 
stress  components  are  compared  with  the  DNS  data  in  Figure  4 
and  the  results  are  fully  consistent  with  the  accompanying 

results  presented  in  Figure  2.  The  -component  is  best 
predicted  by  the  SSG  model  in  Figure  4a  whereas  the  IP  and 
FLT  models  underpredict  the  peak  close  to  the  wall  and 
consequently  also  the  gradient  in  the  pipe  core.  It  should  be 


noted  that  the  level  of  u,Uq  is  roughly  a  decade  below  that  of 

the  two  other  shear  stress  components,  but  is  nevertheless 
essential  in  the  determination  of  Vq  .  The  anomalous  prediction 
of  C4  obtained  with  the  RLA  model  can  be  understood  by  the 
results  in  Figure  4a  at  -  0.32.  Since  the  model  returns  a 
negative  -component,  the  opposite  effect  of  the  turbulence 
on  the  circumferential  mean-velocity  component  is  to  be 
expected,  i.e.  the  turbulence  tends  to  increase  the  mean  velocity 
as  compared  to  the  laminar  solution  instead  of  reducing  it.  It 

should  be  noted  that  -d{pit^u,)ldr  is  the  dominating  turbulent 
contribution  in  equation  (2).  A  possible  explanation  of  this 
erronous  behaviour  will  be  given  later.  The  same  line  of 
arguments  can  be  used  to  explain  the  almost  linear  distribution 
of  Uq  in  the  near-wall  region  (see  Figure  3a)  obtained  by  the 
models  (apart  from  RLA).  The  turbulence  in  the  near-wall 
region  tends  to  increase  since  the  gradient  of  takes  a 
large  negative  value  close  to  the  wall,  i.e.  the  dominating  term 
-d{pitQV^)ldr  in  (2)  then  becomes  a  source. 

In  consistence  with  the  predicted  U. -profiles  (Figure  2a)  is 

the  predicted  distribution  of  obtained  by  the  FLT  model 
(Figure  4b)  in  closest  correspondence  with  the  DNS  data.  The 
presence  of  the  term  22^w.  C/o/r  in  the  it^u.  transport  equation 
causes  a  reduction  of  the  u^u.  -component  since  all  models 
predict  h,w.  <  0  and  consequently  a  subsequent 
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FIGURE  5.  Axial  and  radial  rms-distribution.  Legends  as  in 
figure  2. 


‘laminarization’  of  the  mean  axial  velocity  profile.  However, 
since  the  FLT  model  returns  the  lowest  level  of  the  UqU^  - 

component,  less  reduction  of  the  u^u,  stress  can  be  expected.  A 
similar  trend  is  also  observed  at  the  highest  rotation  number 
(not  shown  here).  It  is  noteworthy  that  all  models  predict  a 

negative  uqu.  stress,  in  correspondence  with  experimental 
results  reported  by  Imao  et  al.  (1996)  ,  whereas  the  DNS  data 
indicate  a  positive  value.  It  is,  however,  not  possible  to  draw 
any  firm  conclusion  about  these  contradictory  findings  at 
present. 

The  rms-distributions  of  the  axial  and  radial  normal  stress- 
components  are  shown  in  Figure  5.  The  model  predictions 
compare  reasonably  well  with  the  DNS  data  in  the  non-rotating 
case,  whereas  the  turbulent  energy  level  is  significantly 
overpredicted  at  A''  -  0.32.  This  tendency  is  even  more 
pronounced  at  higher  rotation  rates.  Figure  6  display  the 
turbulent  kinetic  energy  distribution  at  Re  =  20000  and  //  =  0 
and  0.5.  In  contrast  to  the  experimental  results,  both  the  SSG 
and  IP  model  predict  an  enhanced  turbulence  level  with 
increased  rotation. 

DISCUSSION  AND  CONCLUDING  REMARKS 

It  is  noteworthy  that  both  cubic  models  (RLA  and  FLT)  in 
combination  with  Durbin’s  elliptic  relaxation  approach  fail 
completely  in  the  present  study  at  the  high  Re  and,  furthermore, 
that  the  RLA  model  is  unable  to  predict  rotating  pipe  flow  even 
at  low  Re,  This  suggests  that  the  reason  for  this  failure  should 
be  sought  in  the  pressure-strain  models.  Figures  7a-b  display 

the  main  contributions  to  the  budget  of  the  important  - 
component  zt  N  -  0.32  for  the  SSG  and  FLT  model, 
respectively.  The  magnitude  of  the  relaxed  pressure-strain 
tensor  (p^)  is  significantly  overpredicted  by  FLT  in  the 
logarithmic  layer  whereas  good  agreement  is  obtained  with  the 
SSG  model.  Closer  examination  of  the  individual  contributions 
in  the  FLT  model  reveals  that  the  major  negative  contribution 


FIGURE  6.  Turbulent  kinetic  energy  at  Re  =  20000.  Symbols: 
EXP;  O:  //=  0.0,  •:  A'  =  0.5;  lines: - :  IP; - :  SSG. 


FIGURE  7.  Leading  terms  in  the  u^Uq  budget  at  Re.  =  360.  (a) 
SSG,  (b)  FLT.  x:  -C^  ;  0:  ;  O:  ,  scaled  by  ui  !2R . 

Symbols:  DNS;  lines:  model  predictions. 


comes  from  the  quadratic  term  + 

which  has  no  counterpart  in  the  SSG  model.  The  cubic  term,  on 
the  other  hand,  makes  a  positive  contribution.  This  suggests 
that  the  coefficient  associated  with  this  term  could  be  altered  to 
make  the  model  applicable  to  higher  rotation  numbers.  The 
importance  of  the  cubic  term  for  flows  affected  by  centrifugal 
or  Coriolis  forces  has  been  pointed  out  by  Fu  et  al,  (1987). 

It  seems,  however,  somewhat  puzzling  that  the  RLA  model 
completely  fails  whereas  the  FLT  model  produces  resonable 
results  in  the  low-/?e  case  although  both  models  have  the  same 
tensorial  basis.  The  only  difference  between  the  rapid  pressure- 
strain  models  is  that  the  RLA  model  employ  variable 
coefficients  whereas  the  FLT  model  uses  constants.  It  is, 
however,  very  difficult  to  analyse  the  direct  effect  of  this 
difference  due  to  the  complexity  of  the  models.  Consider 

instead  the  equilibrium  solution  of  the  transport  equation 
which  can  be  written  as 

20-11 

k  z  dr  _  n  _ 

where  the  IP  model  is  used  for  simplicity.  It  is  furthermore 
assumed  that  u^Juj-a  and  i/„  (a,/7>0).  The  model 

constants  in  (10)  take  their  standard  values  C,  =  1.22  and 
Cj  =  0.6  .  Since  both  DNS  data  and  experimental  results  indicate 
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FIGURE  8.  Structural  parameter  at  Re  =  20000.  Legends  as  in 
figure  6. 

that  >  0  only  if  a  >3/2.  Hence,  the  separation 

between  the  tangential  and  radial  normal  stress  components 
seems  crucial  in  order  to  reproduce  the  observed  - 

distribution  since  it  depends  directly  on  the  sign  of  .  It  is 
now  interesting  to  note  that  the  predicted  separation  between 
and  u]  with  the  FLT  model  in  the  non-rotating  case  is 
significantly  larger  than  with  the  RLA  model.  This  is  an 
indirect  consequence  of  the  variable  coefficients  in  the  RLA 
model  and  provides  a  possible  explanation  of  why  the  FLT 
model  performs  better  than  the  RLA  model  in  the  present  study. 
It  should,  however,  be  noted  that  the  results  obtained  with  the 
RLA  model  in  the  non-rotating  case  are  in  better  agreement 
with  the  DNS  data  than  the  predictions  of  any  other  model  used 
in  this  study. 

The  substantial  reduction  of  the  structural  parameter  u;uj2k 
in  Figure  7  with  increased  rotation  is  well  captured,  especially 
by  the  SSG  model.  These  results  confirm  the  findings  of  Yoo  et 
ai  (1991),  namley  the  existence  of  non-equilibrium  turbulence 
in  the  logarithmic  region.  This  indicates  that  the  commonly 
used  wall-function  approach  should  not  be  adopted  in 
calculations  of  axially  rotating  pipe  flow. 

The  present  study  has  shown  that  the  relaxation  model 
(Durbin  1993  and  Pettersson  &  Andersson  1997)  used  in 
conjunction  with  both  linear  and  non-linear  pressure-strain 
models  seems  capable  of  capturing  the  influence  on  the 
turbulence  by  the  proximity  of  a  solid  boundary.  The  quadratic 
SSG  model  significantly  improved  the  predictions  as  compared 
to  the  other  models.  It  is  also  revealed  that  pressure-strain 
models  which  include  cubic  terms  in  the  Reynolds-stress  tensor 
seem  unsuitable  for  the  case  considered  in  this  study.  However, 
this  failure  can  most  likely  be  ascribed  to  the  combination  of 
the  pressure-strain  model  and  the  model  for  the  dissipation-rate 
tensor  rather  than  to  the  pressure-strain  model  itself  It  is  finally 
noteworthy  that  the  particular  gradient-diffusion  model  adopted 
in  the  closure  model  seems  to  have  only  minor  influence  on  the 
results. 
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ABSTRACT 

A  PIV  system  was  especially  developed  for  the  large 
LEGI-Coriolis  rotating  tank  and  used  for  experimental 
studies  of  a  turbulent  wake  in  a  rotating  reference  fiame.  The 
wake  was  generated  by  moving  a  vertical  cylinder  and  has 
Reynolds  number  Re=10'^  or  5.10^  To  gauge  the  effects  of 
rotation  we  use  a  local  Rossby  number  Roi  computed  with 
the  time-averaged  local  vertical  vorticity  over  two  times  the 
background  rotation  of  the  turntable.  The  measurements 
show  that  two  mechanisms  seem  to  act  in  the  destabilization 
of  an  anticyclonic  shear  layer:  one  is  associated  with 
turbulent  enhancement  and  the  other  with  presence  of  strong 
vertical  movements.  Characteristics  of  the  transverse 
structure  of  the  mean  longitudinal  velocity,  the  mean  vertical 
vorticity,  and  the  horizontal  turbulent  energy  imply  that  the 
shear  layer  is  destabilized  when  Roi<-0.5  and  most  strongly 
destabilized  at  Roi=-l.  We  observe  for  the  first  time  in  an 
experimental  wake,  as  predicted  in  previous  works,  that  the 
profiles  of  longitudinal  velocity  tend  to  be  linear  when  Roi 
is  close  to  -1,  and  the  vorticity  of  the  shear  is  transversally 
constant  and  opposed  to  the  vorticity  induced  by  the 
background  rotation. 

INTRODUCTION 

The  13  m  diameter  rotating  platform  is  devoted  to  the 
study  of  geophysical  fluid  dynamics.  It  allows  for  (i)  high 
Reynolds  numbers  with  low  velocities  and  (ii)  a  very  large 
range  of  Rossby  numbers  with  low  rotation  rate,  thus 
avoiding  centrifugal  effects.  The  phenomena  studied  on  the 
platform  often  have  a  characteristic  size  of  0(1  m).  In  this 
context  some  authors  showed  that  the  rotation  acts  via  the 
Coriolis  force  on  the  tridimensional  stability  of  the  flow. 

An  asymmetric  effect  on  counter-rotating  shear  layers  is 
observed  experimentally  when  rotation  is  applied  to  channel 
flows  (Johnston  et  al.,  1972)  and  to  wakes  (Witt  and  Joubert, 
1985).  This  phenomenon  was  first  explained  by  the 
"displaced  particle"  mechanism  (Johnston  et  al,  1972;  Tritton 


and  Davies,  1981)  that  associates  a  destabilized  (stabilized) 
shear  layer  with  an  increased  (decreased)  turbulence  activity 
(Bidokhti  and  Tritton,  1992;  Tritton,  1992).  This 
phenomenological  mechanism  is  in  good  agreement  with  the 
Bradshaw  criterion  (Bradshaw,  1969)  which  is  based  on  an 
analogy  between  curvature  and  buoyancy  effects  and  with 
the  "Simplified  Reynolds  Stress  Equations"  scheme  proposed 
by  Johnston  et  al.  (1972).  The  anticyclonic  shear  layer 
(which  produces  vorticity  of  the  opposite  sign  of  the 
background  rotation)  is  destabilized  when  it  is  submitted  to 
weak  rotation  but  it  is  restabilized  when  the  rotation 
becomes  strong,  i.  e.  the  turbulent  activity  decreases  so  as  to 
reach  level  of  the  cyclonic  ones.  This  behaviour  is  also 
shown  by  the  numerical  computations  ofMetais  et  al.  (1992), 
Andersson  and  Kristoffersen  (1993)  and  Lamballais  (1996). 

The  measurements  of  Watmuff  et  al.  (1985)  and  some 
numerical  simulations  (Kim,  1983;  Yang  and  Kim,  1990; 
Kristoffersen  and  Andersson,  1993)  highlighted  that  the 
destabilization  is  accompanied  by  longitudinal  structures 
which  could  become  stronger  than  the  eddies  of  the  main 
Kelvin-Helmholtz  instability  (Metais  et  al.,  1995).  Lesieur 
et  al.  (1991)  propose  a  non  linear  "mechanism  of  weak- 
absolute  vorticity  stretching"  to  explain  the  presence  of 
these  strong  longitudinal  vortices.  Their  numerical 
simulations  shown  that  these  structures  destroy  the  two- 
dimensional  anticyclonic  Kelvin-Helmholtz  eddies,  which 
is  confirmed  by  the  experimental  visualisations  of  Boyer  et 
al.  (1984),  Tritton  (1985)  and  Chabert  d’Hieres  et  al.  (1989). 
For  strong  rotation,  the  longitudinal  vortices  disappear  and 
the  two-dimensional  eddies  are  restabilized  as  illustrated  by 
these  numerical  simulations.  This  phenomenon  is  confirmed 
experimentally  by  the  visualizations  of  Bidokhti  and  Tritton 
(1992)  and  Tarbouriech  (1996). 

It  is  clear  that  a  bulk  Rossby  number  based  on  the 
background  rotation,  the  initial  width  of  the  wake  (e.  g.  the 
diameter  of  the  cylinder)  and  the  mean  flow  velocity  can  not 
be  an  efficient  parameter  for  the  effects  of  the  rotation  on  the 
turbulent  shear  layers.  In  the  quoted  literature,  authors  used 
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the  maximum  local  mean  shear  compared  with  the  background 
rotation.  Our  measurements  show  some  variations  in  the 
beha\nour  with  the  transversal  direction  of  the  wake  which 
are  not  taken  account  by  this  number.  After  a  description  of 
the  experimental  set-up  and  the  PIV  (Particle  Image 
VelocimetryO  method  of  measurement  we  used,  we  highlight 
some  beha\aour  and  why  a  local  Rossby  number  computed 
with  the  time  averaged  vertical  vorticity  over  the  Coriolis 
parameter  (i.  e.  two  time  the  background  rotation)  seems  to  be 
a  good  parameter  to  describe  the  effects  of  rotation  on  plane 
turbulent  shear  layer. 

EXPERIMENTAL  SET  UP 

The  wake  is  generated  by  moving  a  vertical  cylinder  in  the 
fluid  at  rest  in  the  tank,  as  shown  by  the  sketches  of  figure  1 . 
The  13  m  diameter,  1.2  m  high  tank  is  placed  on  the  LEGI- 
Coriolis  rotating  platform  and  it  is  filled  with  H=90  cm  high 
fresh,  homogeneous  water.  The  rotation  rate  of  the  tank  i  s 
parametrised  with  the  normalized  Coriolis  parameter 
f=2Q.d/U  (Qis  the  angular  velocity  of  the  tank  and  d  and  U 
are  defined  below),  which  is  called  also  the  number  of 
rotation.  The  10  cm  diameter  (d),  1  m  high  cylinder  is  pulled 
at  a  constant  speed  U=5  cm/s  or  U==10cm/s  on  a  circular 
trajectory,  thus  the  distance  between  the  cylinder  and  the 
vertical  wall  of  the  tank  remains  constant.  Consequently  the 
experiments  are  performed  for  two  Reynolds  numbers 
Re=Ud/v=5.10^  and  lO"*;  v=10’^m^s'^  being  the  kinematic 
viscosity  of  the  fresh  water. 

In  practice  all  measurements  take  place  along  a  half  circle, 
starting  well  after  the  cylinder  begins  to  move  and  ending 
well  before  it  makes  a  complete  circle.  A  360°  laser  sheet 
lights  particles  which  are  seeded  in  the  volume  of  water.  The 
plane  which  is  illuminated  is  chosen  at  mid-depth  in  order  to 
avoid  possible  bottom  and  free  surface  effects.  A  camera  is 
fixed  at  4  m  above  the  free  surface,  centred  on  the  axis  of  the 
wake  with  a  1  cm  precision.  We  measure  a  1 .8  m  by  2.8  m  area 
at  a  fixed  distance  from  the  cylinder.  In  order  to  avoid  optical 
defects  at  the  crossing  of  the  free  surface  over  the  measuring 
area,  we  place  a  17  mm  thick,  2  m  by  3  m  glass  sheet  over  it. 
The  glass  panel  at  the  free  surface,  the  laser  sheet,  and  the 
bottom  of  the  tank  are  set  parallel  to  i3mm  over  3  m.  The 
camera,  the  glass  sheet  at  the  surfece,  the  laser  sheet  generator 
and  the  vertical  cylinder  are  linked  together  so  that  the 
distance  L  between  the  cylinder  and  the  center  of  the 
measuring  area  remain  constant  during  the  acquisition  of  a 
time-series  of  pictures.  This  distance  can  be  set  between 
L=20  d  and  140  d. 


PIV  SYSTEM 

The  measuring  system  we  develop  was  especially  adapted 
for  the  case  of  our  large  area  devise  of  experiments  as 
explained  in  detail  in  several  publications  (Tarbouriech  and 
Diddle,  1995;  Tarbouriech,  1996;  Tarbouriech  et  al.,  1997). 
However  we  will  develop  here  the  basic  technique  to 
facilitate  an  understanding  of  the  following  results  and 
discussion. 

The  fluid  is  seeded  at  all  depths  with  quasi-neutrally 
buoyant,  1 50  pm  mean-diameter  particles.  A  horizontal  light 
sheet  is  produced  at  mid-depth  by  the  scan  of  a  continuous 
4  W  Argon  laser  beam  and  illuminates  them  (side  view  of 
figure  1).  Through  synchronization  with  a  photodetector, 
250  sequential  photographs,  each  being  recorded  with  the 


camera,  are  acquired  at  a  rate  of  4  Hz.  The  time-series 
acquisition  corresponds  to  12  (6)  wake  wavelengths  in  the 
case  of  Re=10^  (5.10^),  and  requires  10m  of  film  that  is 
developed  at  3200  ASA  sensitivity.  An  8-bit  scanner 
digitizes  the  24  mm  by  36  mm  images  to  1282  by  1944 
pixels,  achieving  about  1.5  mm  per  pixel  resolution  thanks  to 
the  film  technique.  Crosses  marked  permanently  on  the  glass 
panel  positioned  at  the  water  surface  are  used  to  precisely 
calibrate  the  position  of  the  images  relative  to  each  other 
after  film  development  and  digitization.  By  both  translating 
and  rotating  each  image,  the  centroids  of  the  digitized  images 
of  the  crosses  are  aligned  with  subpixel  accuracy. 

By  means  of  the  standard  cross-correlation  between 
consecutive  pairs  of  digitized  photographs,  a  velocity  vector 
field  is  calculated.  Each  vector  is  two-components  on  the 
plane  of  the  laser  sheet:  u  and  v  are  measured  in  the 
longitudinal  (x)  and  the  transversal  (y)  directions  of  the 
wake,  respectively.  With  a  250  sequential  photographs  it  i  s 
possible  to  obtain  249  fields  defined  by  432  (1995)  vectors 
in  the  case  Re^lO"*  (Re=5.10^),  so  as  to  reach  a  spatial 
definition  of  the  order  of  1  d  (0.5  d).  We  verify  that  the 
accuracy  of  this  PIV  system  applied  to  the  case  of  the 
turbulent  wake  is  within  7  %  and  15  %  of  the  mean  velocity 
when  the  Re=5.10^and  Iff* respectively. 

From  these  time-series  of  velocity  fields  it  is  possible  to 
compute  fields  of  time  averaged  velocity,  vertical  vorticity 
and  turbulent  intensities.  To  enhance  the  convergence  of 
these  measurements  the  7  (14)  central,  transversal  profiles 
were  averaged  together  so  as  to  produce  mean  profile  with 
1750  (3500)  ”time*'-series  elements  when  Re=10^  (Re=5.10^). 
The  following  results  will  present  transversal  evolutions  of 
the  time  average  of  each  data  computed  as  explained  above. 

RESULTS 

Figure  2  shows  the  mean  velocity  profiles  at  L=40  d 
behind  the  cylinder  when  Re=10^  On  the  cyclonic  side  (C, 
y<0)  we  see  an  increase  of  the  gradient  when  the  rotation 
number  f  increases.  The  profiles  of  the  mean  vertical  vorticity 
(<a)2>=<^/^y-^v/^>),  figure  3,  demonstrate  this  trend  by  the 
growth  of  the  maximum  of  <od2>  and  show  a  narrowing  of  the 
cyclonic  region  when  f  increases.  This  behaviour  i  s 
associated  with  the  stabilization,  i.  e.  the  blocking  of  the 
energy  cascade,  by  rotation.  On  the  anticyclonic  side  (AC, 
y>0),  for  weak  rotation,  f=0.02,  0.03  and  0.05,  the  velocity 
profiles  are  wider  than  without  rotation.  This  is  also 
observable  with  the  vorticity.  This  can  be  related  to  the 
destabilization  generated  by  the  subsequent  turbulence 
enhancement.  When  rotation  is  strong,  f=0.13  and  0.16,  the 
velocity  profiles  become  closer  to  the  nonrotating  case,  at 
least  for  y<5.3  d  and  3.4  d  respectively,  and  this  could  be 
interpreted  as  restabilization.  But  the  two  profiles  show  a 
minimum  for  y>3.4  d  and  5.3  d  which  are  artefacts.  They  are 
due  to  excessive  vertical  velocities,  as  was  shown  by  the 
horizontal  divergence  and  direct  vertical  velocity 
measurements  with  an  acoustic  Doppler  profiler.  These 
strong  vertical  movements  take  the  particles  out  the  laser 
sheet  between  photographs  so  as  to  produce  bad 
measurements. 

These  different  behaviours  evolving  in  the  transversal 
direction  show  that  a  parameter  based  on  the  maximum  shear 
of  the  layer  related  to  the  background  rotation  is  not 
sufficient  to  parametrise  the  effects  of  rotation.  As  suggested 
by  Lesieur  et  al.  (1991)  we  use  a  truly  local  Rossby  number 
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Roi=<(Oz>/2Q  of  which  the  transversal  profiles  are 
represented  figure  4.  For  weak  rotation  we  observe  Ro]<-l  on 
the  anticyclonic  side  of  the  wake,  and  for  strong  rotation  the 
trend  is  'l<Ro]<-0.5;  weak  and  strong  rotations 
corresponding  to  the  two  behaviours  exposed  in  the 
previous  paragraph.  This  implies  that  two  distinct 
mechanisms  act  in  the  destabilization  process.  The  first 
associated  with  Roi<-l,  manifests  itself  by  the  enhancement 
of  the  turbulent  activity,  so  that  the  profiles  become  wider. 
The  second  produces  strong  vertical  movements  when 
-]<Roi<-0.5  and  it  could  be  induced  by  the  presence  of 
strong  longitudinal  vortices  generated  by  the  "mechanism  of 
weak  absolute  vorticity  stretching". 

Moreover,  figure  5  shows  that  the  anticyclonic  velocity 
profiles  arc  linear  when  the  vorticity  of  the  mean  shear  is 
such  that  <co2>^fand  this  corresponds  to  zones  where  Roi  is 
close  to-1.  This  conclusion  was  found  by  Johnston  et  al. 
(1972),  Metais  et  al.  (1995),  and  Lamballais  (1996)  but,  to 
our  knowledge,  this  is  the  first  time  that  it  has  been  observed 
experimentally  in  a  rotating  wake. 

The  cases  with  Re=5.10^  reaches  greater  values  of  |Roi|. 
Figure  6  shows  this  at  L=20  d  behind  the  cylinder,  and  the 
minima  outside  the  wake  where  y<-3  d  are  artefacts  due  to 
bad  lighting  of  the  particles.  The  profiles  of  the  wake  show 
the  same  behaviour  as  the  cases  Re=10^:  the  cyclonic  side  is 
narrowed  and  the  anticyclonic  is  widened  when  the  number 
of  rotation  increases  until  f=0.17;this  displaces  the  center  of 
the  wake  towards  the  cyclonic  side.  When  rotation  becomes 
very  strong  (f=0.55)  the  profile  is  again  symmetric  and 
centered  on  the  profile  of  the  nonrotating  case.  The  profiles  of 
the  local  Rossby  number  corresponding  to  these  case 
(figure  7)  show  that  forf=0.09and  0.17  Roi  is  close  to  -1  on 
the  anticyclonic  sides,  so  they  are  destabilized  and  they  are 
linear  with  a  slope  such  that  <o)2>^f.  On  the  other  hand  Roi 
is  always  greater  than  -0.5  when  f=0.55  and  there  is  a  total 
restabilization  oftheKarman  street.  In  this  latter  case  there  is 
not  a  linear  profile  of  mean  velocity.  At  this  low  Reynolds 
number  the  vertical  velocities  remain  everytime  small  and 
thus  the  particles  stay  in  the  laser  sheet  between  the  images 
so  that  the  measurements  do  not  show  artefacts  and  there  are 
ofbetter  quality. 

The  relevance  of  Roi  to  estimate  the  turbulence  level  i  s 
further  illuminated  by  figure  8  which  shows  the  variations  of 
the  horizontal  turbulent  energy  E“<u'^+v’^>  for  Re=5.10^ 
and  1 0^;  u'  and  v’  are  the  velocity  fluctuations.  The  E  values 
are  computed  at  the  same  locations  as  the  Roi  values  and  we 
plot  all  the  Roi-E  pairs.  The  nonrotating  cases  which 
correspond  to  Ro]=oo  have  their  profiles  reconstituted  in  a 
separate  graph.  First  we  note  that  the  trends  are  the  same  for 
the  two  Reynolds  numbers,  the  high  Reynolds  number  case 
is  only  two  times  more  energetic  than  the  low  Re  case. 
Second  we  see  that  the  maximum  of  destabilization  which 
occurs  for  Roi—1  corresponds  to  a  maximum  of  E,  and  the 
maximum  of  stabilization  to  a  minimum  of  E,  when  Roi  tends 
to  zero  (very  strong  rotation  or  anti-rotation).  The  transition 
between  destabilization  and  restabilization  is  apparently  at 
Roi—0.5  which  could  appear  as  the  neutral  value  of  rotation. 
When  rotation  decreases  E  tends  to  the  value  corresponding 
to  that  of  the  no-rotation  profile  center.  The  evolution  of 
<u‘V,  <v'V  and  the  standard  deviation  of  both  the  vertical 
vorticity  and  the  horizontal  divergence  are  exactly  similar  to 
the  E-evolution. 


CONCLUSION 

These  measurements  show  that  there  are  at  least  two 
mechanisms  destabilizing  a  free  shear  layer  submitted  to 
rotation.  The  first  manifests  itself  by  the  widening  of  the 
shear  and  it  is  identified  as  the  result  of  the  mixing  produced 
by  the  turbulence  enhancement.  It  is  thus  in  good  agreement 
with  the  so-called  "displaced  particle  theory".  An  other 
mechanism  is  accompanied  with  strong  vertical  movements 
that  could  be  the  sign  of  the  presence  of  longitudinal 
vortices  and  occurs  when  -l<Roi<-0.5.  Both  mechanisms  act 
to  create  destabilization  when  Roi<-0.5,  with  a  maximum  of 
intensity  (i.  e.  maximum  of  turbulent  energy)  at  Roj— 1.  In 
relation  to  previous  works  our  local  Rossby  number  Roj 
takes  into  account  the  evolutions  of  the  effects  in  both  the 
longitudinal  and  the  transversal  directions,  because  it  is 
computed  with  the  mean,  vertical,  local  vorticity  over  two 
times  the  background  rotation.  So  this  number  seems  to  be 
better  able  to  describe  the  effect  of  rotation  on  turbulent 
shear  layers  than  a  number  computed  with  the  maximum  mean 
vorticity  produced  at  the  inflexional  point  of  the  shear. 
Moreover  these  experiments  show  clearly  that  when  Roj— 1 
the  profiles  tend  to  become  linear  so  that  the  mean  vertical 
vorticity  is  constant  in  the  transversal  direction  and  has 
sign  opposite  to  the  rotation  number.  It  is  the  first  work  to 
our  knowledge  showing  this  trend  in  an  experimental  wake. 
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Tod  view: 


Figure  1  :  Sketch  of  the  experimental  arrangements. 
H=1  m  and  L=40  d  and  20  d. 
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Figure  2  :  Transverse  profiles  of  the  mean  longitudinal 
velocity.  Re=10^  and  L=40  d.  □:  f=0;  x:  f=0.02: 
*:f=0.03:  b:f=0.05;  O:  f=0.13;  A:  f=0.16. 
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Figure  6  :  Transverse  profiles  of  the  mean  longitudinal 
velocity.  Re=5.10®  and  L=20  d.  D;  f=0;  0:  f=0.09: 
x:  f=o.i7:  A;  f=0.55. 
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Figure  7 :  Profiles  of  FIO),  the  dashed  line  represents  the 
level  Rop-0.5.  Re=5.10®  and  L=20  d.  □:  f=0;  0:  f=0.09; 
x:f=0.17:  A:  f=0.55. 


-10  •«  -C  -4  >2  0  2  4  6 


Figure  8  :  Evolution  of  the  horizontal  turbulent  energy  E 
with  Roj  for  Re=5.10^  (O  and  x)  and  Re=10^  (A  and  +).  The 
no-rotating  cases  are  in  the  separate  graph. 
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ABSTRACT 

The  unsteady  three-dimensional  incompressible  Navier- 
Stokes  equations  are  solved  numerically  to  simulate  vortex 
breakdown  in  a  closed  cylinder  with  a  rotating  endwall.  The 
governing  equations  are  integrated  in  time  using  a  second- 
order  accurate  finite-volume  numerical  method.  Calculations 
are  carried  out  to  study  the  transition  to  three-dimensional 
flow  occurring  when  the  Reynolds  number  is  increased 
impulsively  from  Re=2200,  where  the  flow  is  steady  and 
axisymmetric  with  two  distinct  breakdown  bubbles,  to 
Re=3750.  The  computed  results  show  that  the  transition 
process  is  characterized  by  the  growth  of  spiral  vortices 
inside  the  outer-wall  boundary  layer  and  the  initial 
formation  of  a  single  breakdown  bubble  along  the  cylinder 
axis.  Subsequently,  three-dimensional  disturbances  de¬ 
stabilize  this  bubble  leading  to  its  collapse  and  the 
formation  of  a  non-axisymmetric  ring  of  reversed 
instantaneous  flow  centered  around  a  columnar  vortex  core. 
The  results  of  this  study  are  in  general  qualitative  agreement 
with  available  laboratory  observations. 


INTRODUCTION 

The  term  vortex-breakdown  or  vortex  bursting  denotes  the 
rapid  disorganization  of  a  slender  longitudinal  vortex 
occurring  when  a  characteristic  ratio  of  azimuthal  to  axial 
velocity  components  is  varied  (Leibovich  (1978),  Esqudier 
(1988),  Delery  (1994),  It  was  first  observed  to  occur  over 
delta  wings  and  has  been  subsequently  identified  in  other 
areas  of  practical  interest,  including  atmospheric  flows 
(tornadoes),  furnaces  and  gas-turbine  combustion  chambers, 
and  hydraulic  turbine  draft-tubes  (Liebovich,  1978).  Despite 
an  impressive  amount  of  experimental,  theoretical,  and 
numerical  work,  however,  there  is  still  neither  a  general 
theory  of  vortex  breakdown  nor  general  consensus  as  to  its 
fundamental  nature  (Esqudier,  1988). 

Sarpkaya  (1971)  was  the  first  to  establish  a  classification  of 
various  types  of  breakdown  occurring  when  the  swirl 
parameter— generally  defined  as  the  ratio  of  azimuthal  to  axial 
characteristic  velocity  scales— is  varied.  His  experiments,  for 
swirling  flow  through  a  circular  diffuser,  revealed  three 
distinct  types  of  breakdown,  namely  the  double  helix,  spiral, 


and  bubble  type,  each  appearing  with  increasing  swirl 
intensity.  A  more  detailed  classification  was  reported  by 
Faler  and  Leibovich  (1977)  who  identified  a  total  of  seven 
distinct  breakdown  types  for  a  similar  diffuser  geometiy. 
Esqudier  (1984)  carried  out  a  detailed  experimental  study  of 
flow  in  a  closed  cylindrical  container  with  a  rotating 
endwall  over  a  range  of  rotation  speeds  and  cylinder  aspect 
ratios.  In  this  idealized  geometry,  Esqudier  was  able  to 
produce  and  sustain  highly  axisymmetric  flows  containing 
one  or  more,  depending  on  the  rotational  speed  and  cylinder 
aspect  ratio,  breakdown  bubbles.  In  a  more  recent  study, 
Sorensen  (1992)  conducted  visualization  studies  for  a 
similar  geometry,  over  a  broader  range  of  rotational  speeds, 
and  reported  that  above  a  critical  rotational  speed  the  flow 
became  three-dimensional.  The  transition  process  he 
identified  was  characterized  by  the  disappearance  of  the 
axisymmetric  breakdown  bubbles  and  the  formation  of  a 
slender  spiral  vortex  core  rotating  around  the  cylinder  axis 
(Sorensen,  1992). 

There  have  been  numerous  computational  studies  of  flows 
with  vortex  breakdown  using  the  steady  and  unsteady 
axisymmetric  Navier- Stokes  equations  (Lopez  (1990),  Beran 
and  Culick  (1992),  Sorensen  and  Christensen  (1995),  etc.). 
Three-dimensional  numerical  simulations  have  been 
reported,  among  others,  by  Menne  (1988),  Breuer  and  Hanel 
(1990),  Spall  et  al.  (1990),  and  Tromp  and  Beran  (1997). 
Most  of  these  studies  have  primarily  focused  on  time- 
asymptotic  breakdown  structures  and  have  successfully 
reproduced  both  bubble  and  spiral  modes.  Tromp  and  Beran 
(1997)  were  the  first  to  investigate  the  transition  fiom 
axisymmetric  bubble  breakdown  to  the  spiral  mode  for  flow 
through  a  straight  pipe  with  an  axisymmetric  throat.  Their 
work  demonstrated  that  vortex  strengths  which  result  in 
non-unique  solutions  of  the  axisymmetric  Navier-Stokes 
equations  (Beran  and  Culick  (1992))  are  also  associated 
with  loss  of  stability  to  three-dimensional  disturbances,  a 
process  which  eventually  leads  to  transition  fix)m  bubble  to 
spiral  breakdown. 

The  objective  of  the  present  work  is  to  investigate 
computationally  the  transition  to  three-dimensional  flow  in 
a  closed  cylinder  driven  by  a  rotating  endwall  (Escudier 
(1988),  Sorensen  (1992)).  This  geometry  is  computationally 
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very  convenient  since,  unlike  pipe  configurations,  it 
eliminates  numerical  uncertainties  due  to  inflow  and  outflow 
boundary  conditions.  Yet,  as  discussed  above,  previous 
experiments  (Esqudier  (1984),  Sorensen  (1992))  have  shown 
that  by  appropriately  varying  the  Reynolds  number  (=QRVv 
where  Q.  is  the  endwall  angular  velocity,  R  is  the  cylinder 
radius,  and  v  is  the  kinematic  viscosity),  the  flow  inside  the 
cylinder  can  exhibit  most  of  the  fundamental  physics 
associated  with  the  various  regimes  of  vortex  breakdown.  A 
cylinder  aspect  ratio  of  H/R=2  (H  is  the  cylinder  length)  is 
selected  herein  which  corresponds  to  the  geometry  studied 
experimentally  by  both  Esqudier  (1984)  and  Sorensen 
(1992).  The  numerical  approach  is  based  on  the  finite- 
volume  artificial  compressibility  method  of  Sotiropoulos  and 
Ventikos  (1997)  which  solves  the  unsteady,  three- 
dimensional  Navier-Stokes  equations  in  generalized 
curvilinear  coordinates. 


THE  NUMERICAL  METHOD 

The  present  method  solves  the  unsteady,  three- 
dimensional,  incompressible  Navier-Stokes  equations  using 
a  dual  time-stepping  artificial  compressibility  approach 
(Sotiropoulos  and  Ventikos,  1997).  The  governing 
equations  are  formulated  in  generalized,  non-orthogonal, 
curvilinear  coordinates  and  discretized  on  a  non-staggered 
mesh  via  a  conservative  finite-volume  scheme.  The 
convective  and  viscous  terms  are  approximated  using  three- 
point,  second-order  accurate  central-differencing.  Fourth- 
difference,  third-order  matrix-valued  artificial  dissipation 
(Lin  and  Sotiropoulos  (1997a))  terms  are  explicitly 
introduced  into  the  discrete  governing  equation  for 
stability.  The  spatial  resolution  of  the  matrix  valued 
dissipation  scheme  has  been  analyzed  in  detail  by  Lin  and 
Sotiropoulos  (1997a,  b)  on  both  uniform  and  highly- 
stretched,  large  aspect  ratio  meshes. 

The  physical  time  derivative  in  the  momentum  equations  is 
discretized  using  a  backward  second-order  accurate  formula. 
A  pseudo-temporal  derivative  is  introduced  in  the  unsteady 
Navier-Stokes  equations  in  order  to  facilitate  the  satisfaction 
of  the  continuity  equation.  At  eveiy  physical  time  step,  this 
dual-time  derivative  is  driven  to  a  prescribed  small  tolerance, 
via  a  pointwise  implicit,  Runge-Kutta  algorithm  enhanced 
with  local  (dual)  time-stepping,  implicit  residual  smoothing 
and  multig-id  acceleration.  For  further  details  the  reader  is 
referred  to  Lin  and  Sotiropoulos  (1997a,  b)  and 
Sotiropoulos  and  Ventikos  (1997). 


are  first  carried  out  for  Re=2200  and  the  computed  steady- 
state  solution  is  used  to  initialize  the  calculation  at 
Re=3750.  The  computed  results  discussed  below  focus 
exclusively  on  elucidating  the  early  stages  of  the  transition 
process.  The  time  asymptotic  solution  at  Re=3750  will  be 
the  subject  of  a  future  investigation. 


Figure  1.  The  Esqudier  (1984)  cylinder. 


The  computational  mesh  consists  of  100x53x53  nodes  in 
the  X-,  y-,  and  z-directions  respectively  (see  Fig.  1).  The 
mesh  nodes  are  spaced  uniformly  in  the  axial  direction  while 
a  stretched  mesh  is  used  in  the  transverse  plane  (the  grid 
nodes  are  clustered  near  the  solid  walls  and  the  cylinder  axis 
using  hyperbolic  tangent  stretching).  It  is  important  to 
point  out  that  the  non-axisymmetric  topology  of  the 
computational  mesh  ensures  that  numerically  induced  three- 
dimensional  disturbances  are  always  present  during  the 
computation.  A  physical  time  step  of  At=0.02  is  employed  to 
integrate  the  flowfield  in  time.  That  is,  approximately  3 1 4 
time  steps  are  required  for  the  moving  endwall  to  complete 
one  revolution  (271  non-dimensional  time  units  are  required 
for  one  revolution).  For  each  physical  time-step  the  pseudo¬ 
time  iterative  procedure  is  declared  converged  when  the 
residuals  for  all  primitive  variables  have  been  reduced  below 
10'®.  This  convergence  level  is  typically  achieved  within  2 
to  20  multigrid  cycles. 

In  all  subsequently  presented  figures,  time  is  measured  from 
the  moment  when  the  Reynolds  number  is  increased 
impulsively  to  3,750. 


FLOW  CASE  AND  COMPUTATIONAL  DETAILS 

The  test  case  studied  herein  is  flow  inside  a  closed 
cylindrical  container,  of  aspect  ratio  H/R=2,  driven  by  a 
rotating  endwall  (see  Fig.  1).  The  visualization  experiments 
of  Esqudier  (1984)  and  Sorensen  (1992)  have  shown  that  the 
flow  remains  steady  and  axisymmetric  with  one 
(1500<Re<1800),  two  (1800<Re<2400),  and  again  one 
(2400<Re<2600)  breakdown  bubbles  for  Reynolds  numbers 
less  than  2600.  At  higher  Reynolds  numbers 
(2600<Re<3000)  the  flow  becomes  unsteady  with  a  single 
axisymmetric  breakdown  bubble  oscillating  periodically 
along  the  cylinder  axis.  Further  increase  of  the  Reynolds 
number  (Re>3000)  causes  the  flow  to  undergo  a  dramatic 
transition  resulting  to  the  collapse  of  the  oscillating  bubble 
structure  and  the  formation  of  a  slender  vortex  core  subject  to 
moving  wave  trains  (Sorensen,  1992).  At  even  higher  Re 
(=3500),  Sorensen  (1992)  reported  that  this  vortex  starts 
processing  around  the  axis  in  a  spiral  fashion. 

The  present  study  seeks  to  investigate  the  transition  fom 
bubble  breakdown  to  a  columnar  vortex  state.  Calculations 


RESULTS  AND  DISCUSSION 

The  collapse  of  the  axisymmetric  breakdown  bubbles  and 
the  g'owth  of  three-dimensional  disturbances  are  depicted  in 
Fig.  2,  which  shows  a  sequence  of  instantaneous  views  of 
the  computed  flowfield  in  terms  of:  i)  velocity  vectors  on  the 
y=0  plane;  and  ii)  the  u=0  iso-surface  (where  u  is  the  axial 
velocity  component).  The  vector  plots  also  include  the  u-0 
contour  which  in  conjunction  with  the  corresponding  iso¬ 
surface  serves  to  clarify  the  three-dimensional  structure  of  the 
reversed  flow  region.  For  clarity,  however,  the  piece  of  the 
u=0  iso-surface  that  demarcates  the  interface  between  the 
outer- wall  flow,  directed  from  the  rotating  to  the  stationary 
wall,  and  the  core  has  been  omitted  from  the  three- 
dimensional  plots. 

In  agreement  with  the  experimental  observations  (Esqudier 
(1984))  the  flow  at  Re=2200  was  found  to  be  steady  with 
two  distinct  axisymmetric  breakdown  bubbles  forming  along 
the  axis  of  the  cylinder  (t=0  in  Fig.  2).  During  the  early 
stages  of  the  impulsive  acceleration  to  Re=3750,  the  core 
flow  remains  axisymmetric  but  the  rear  bubble  grows 
significantly  in  size  and  collides  with  the  front  bubble  to 
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Figure  2.  For  caption  see  previous  page 
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form  a  single  structure  of  reversed  instantaneous  flow  (t=12 
in  Fig.  2).  A  remarkable  feature  in  the  vector  plot  of  Fig.  2  b 
is  the  appearance  of  very  intense  vortical  cells  at  the  interface 
between  the  outer  flow  and  the  core.  Three-dimensional 
visualizations  of  the  flow  field  clearly  show  that  these  cells 
are  actually  the  footprints,  on  the  y=0  plane,  of  spiral 
vortical  structures  that  develop  inside  the  cylindrical  wall 
boundary  layer.  This  is  shown  in  Fig.  3  which  depicts  an 
instantaneous  iso-surface  of  constant  radial  velocity 
component  (Ur=-0.004)  at  t=40.  Note  that  this  later  time, 
which  corresponds  to  Fig.  2e  discussed  below,  is  selected 
because  these  vortical  structures  originate  as  ring-like 
vortices  and  evolve  into  well  defined  spirals  after  several 
revolutions  of  the  rotating  wall  (the  evolution  of  these 
structures  will  be  presented  and  discussed  in  detail  in  a 
future  publication  currently  in  preparation).  Similar  cells 
have  been  observed  in  the  spin-down  experiments  of 
Weidman  (1976)  and  the  more  recent  vortex-tube  experiment 
of  Escudier  et  al.  (1982).  Both  studies  attributed  the  origin 
of  such  spiral  vortices  to  centrifugal  instability  of  the 
boundaiy  layer  at  the  outer  wall. 

At  approximately  t=20,  non-axisymmetric  disturbances 
begin  to  distort  the  front  (as  viewed  from  the  stationary  wall) 
part  of  the  u=0  iso-surface.  These  disturbances  grow  rapidly 
with  time  and,  as  seen  in  Fig.  2c  (t=33),  render  the  flow  in 
the  vicinity  of  the  stationary  w^l  three-dimensional  (as 
suggested  by  the  shape  of  the  velocity  iso-surface,  the  flow 


is  still  axisymmetric  in  the  rear  part  of  the  reversed  flow 
region).  There  are  several  important  features  that  are  clearly 
evident  in  Fig.  2c.  Although  the  distorted  shape  of  the  iso¬ 
surface  indicates  three-dimensional  flow,  the  vector  plot 
reveals  that  the  flow  is  symmetric  with  respect  to  the  axis  on 
0=constant  planes  (where  6  is  the  azimuthal  angle).  This 
feature,  which  is  observed  throughout  the  present 
simulation,  suggests  that  the  initially  axisymmetric  flow  was 
de-stabilized  by  disturbances  of  even  azimuthal  wave 
numbers.  The  mechanism  that  triggers  the  growth  of  such 
disturbances  is  not  entirely  clear  at  the  moment.  Detailed 
examination  of  the  computed  solutions,  however,  appears  to 
suggest  that  their  emergence  is  closely  linked  to  the 
formation  of  the  spiral  vortices  in  the  outer  wall  boundary 
layer.  Furthermore,  the  breakdown  bubble  undergoes 
impressive  structural  changes,  as  a  region  of  negative  axial 
velocity  develops  within  its  interior,  its  length  grows  to 
approximately  70  percent  of  the  cylinder  height,  and  moves 
closer  to  the  stationary  wall.  Yet  another  significant  change 
of  the  flow  structure,  is  the  reduction  of  the  axial  velocity 
component  observed  near  the  axis  just  upstream  of  the 
breakdown  bubble.  As  shown  in  Figs.  2a  and  2b,  the  axial 
flow  in  this  region  initially  exhibits  a  very  pronounced  jet- 
like  profile.  This  shape  can  be  readily  explained  by 
continuity  arguments  and  the  very  strong  radial  convergence 
of  the  stationary- wall  Ekman  layer  toward  the  center.  Fig. 
2c,  however,  suggests  a  more  uniform  axial  flow  profile 


Figure  3.  Surface  of  constant  radial  velocity  (Ur=-0.004)  at  t=40. 
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which  could  be  attributed  to  enhanced  radial  mixing  at  the 
interface  with  the  outer  flow  induced  by  the  spiral  vortices. 

The  reversed  flow  bubble  breaks  down  very  rapidly  in 
three  pieces,  two  bubble-like  structures  and  a  ring,  as  shown 
in  Fig.  2d  which  depicts  the  calculated  flowfield  at  t=36. 
Shortly  thereafter,  the  two  bubbles  disappear  and  only  the 
ring  of  recirculating  flow  remains  (see  Fig.  2e).  No 
stagnation  point  is  present  along  the  cylinder  axis  where  the 
flow  exhibits  a  columnar  vortex  structure.  Note  that  most  of 
the  axial  flow  is  deflected  radially  away  fiom  the  axis  but, 
unlike  earlier  times  (see  Figs.  2a  to  d),  this  deflection  is  not 
sufficiently  strong  to  cause  a  stagnation  point  to  fonn  on  the 
axis.  In  fact,  the  deflected  flow  starts  converging  sharply 
toward  the  axis  almost  immediately  downstream. 

As  suggested  by  Fig.  2f,  t=48,  the  size  of  the  reversed  flow 
ring  is  oscillating  in  time  but  the  general  quantitative  flow 
features  remain  the  same.  Of  particular  interest  is  the 
waviness  of  the  flow  around  the  axis  which  suggests  the 
propagation  of  wave-trains  along  the  vortex  core. 

The  present  computations  are  in  general  agreement  with  the 
experimental  observations  of  Sorensen  (1992)  who  also 
reported  a  similar  collapse  of  the  breakdown  bubble  and  the 
formation  of  a  slender  vortex  core  subject  to  moving  wave 
trains.  One  apparent  qualitative  discrepancy  between  the 
calculations  and  Sorensen’s  work  is  with  regard  to  the 
Reynolds  number  at  which  these  phenomena  emerge.  As 
already  discussed  above,  Sorensen  reported  that  the 
columnar  vortex  structure  forms  at  approximately  Re=3,000 
followed  by  the  formation  of  a  spiral  core  at  Re=3,500.  The 
present  calculations  were  carried  out  at  Re=3,750  and  no 
tendency  toward  a  spiral  formation  was  detected.  Since  the 
temporal  integration  of  the  flo'svfield  has  not  been  carried  out 
long  enough  to  reach  a  time  asymptotic  state,  however,  no 
definite  conclusions  can  be  drawn  at  this  point.  This  will  be 
the  subject  of  a  future  more  comprehensive  investigation. 


CONCLUSIONS 

The  rotating  flow  of  incompressible  fluid  inside  a  circular 
cylinder  with  a  moving  endwall  was  studied  numerically  by 
solving  the  unsteady,  three-dimensional  Navi er- Stokes 
equations.  Calculations  were  carried  out  at  a  Reynolds 
number  for  which  previous  experiments  suggest  the 
emergence  of  three-dimensional  flow.  TTie  computed  results 
reveal  a  number  of  complex  flow  phenomena  and  interactions 
which  dominate  the  transition  process.  These  include, 
among  others,:  i)  the  formation  of  spiral  vortices  inside  the 
cylindrical  wall  boundary  layer,  presumably  driven  by 
centrifugal  instability;  ii)  the  growth  of  three-dimensional 
disturbances  of  even  azimuthal  wave  numbers  which  result 
in  symmetric,  about  the  axis,  flow  at  0=const.  planes;  and  iii) 
the  rapid  growth  and  subsequent  collapse  of  a  very  large 
breakdown  bubble  leading  to  the  formation  of  a  columnar 
vortex  subject  to  moving  wave-trains. 

The  present  study  revealed  a  number  of  previously 
unexplored  phenomena  but  also  raised  several  questions  that 
require  further  investigation.  Future  work  will  focus  on:  i) 
establishing  time  asymptotic  solutions;  ii)  clarifying  the 
origin  and  structure  of  the  helical  outer  flow  vortices  and 
their  role  in  the  emergence  of  three-dimensional  flow;  and  iii) 
elucidating  the  mechanisms  that  lead  to  the  evolution  of  the 
columnar  vortex  flow  into  of  a  processing  spiral  as  suggested 
by  the  experiments. 
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ABSTRACT 

The  heat  and  mass  transfer  in  turbulent  boundary  layer 
submitted  to  injection  is  studied  in  order  to  protect  walls 
subject  to  high  thermal  stresses.  The  main  flow  is  gas  (air)  and 
the  coolant  fluid  can  be  either  air  or  water  vapor.  The 
equations  of  the  problem  are  modeled  using  a  RNG  k-e  model 
and  the  blowing  through  a  porous  plate  seen  as  a  micro- 
injection,  the  porous  plate  considered  seen  as  a  succession  of 
walls  and  pores.  Results  on  the  velocity  and  temperature 
profiles,  friction  factors  and  Stanton  numbers  for  different 
injection  rates  are  obtained  for  air  and  vapor  injection. 
Furthermore,  they  are  compared  with  the  literature  results 
showing  a  good  agreement. 


I -INTRODUCTION 

The  effect  of  injection  in  a  turbulent  boundary  layer  has  a  lot 
of  applications,  nevertheless,  the  most  important  is  the  cooling 
of  porous  solid  materials  A^iiich  are  exposed  to  high 
temperature  such  as  nozzle  surfaces  of  rocket  motor  and  need 
to  be  protected. 

Many  authors  studied  the  problem  of  boundary  layer  linked 
with  incoming  coolant  flow.  To  take  into  account  the  blowing, 
different  ways  were  used  as  modified  law  of  wall  of  Stevenson 
(1968)  or  Simpson  (1970),  modified  mixing  length  models 
(Kays  1972,  Landis  and  Mills  1972)  or  modified  low  Reynolds 
models  of  So  and  Yoo  (1987),  Campolina  Franca  et  al.  (1995). 
Our  approach  is  different  and  consists  to  directly  model  the 
injection  (by  considering  the  porous  plate  like  a  succession  of 
walls  and  pores)  and  to  use  a  classic^  model  of  turbulence  for 
the  main  flow  (for  more  details,  see  Bellettre  et  al.  1997a). 
This  method  has  the  advantage  of  not  using  different 
mathematical  modifications  due  to  the  blowing  (which  have  to 
be  adapted  to  each  case)  but  of  treating  directly  the  problem. 

In  this  paper,  we  first  present  the  case  of  injection  with  air 
(the  coolant  fluid  is  the  same  than  the  main  flow);  secondly,  we 
focus  on  injection  with  water  vapor.  In  both  cases,  we  are 
interested  in  the  behavior  of  the  fluid  dynamic  (velocity  profile, 
friction  factor)  and  in  the  thermal  aspect  (wall  temperature, 
temperature  profile,  Stanton  number).  Tlie  objective  is  to  adapt 


our  approach  of  injection  to  a  different  specie  and  to  compare 
the  results  with  other  studies  (Romance  and  Kharchenko 
(1963)  or  Landis  et  Mills  (1972)) 


n  -  PRESENTATION  OF  THE  STUDY 

This  paper  is  concerned  with  the  study  of  a  turbulent 
boundary  layer  submitted  to  injection  throu^  a  porous  plate. 
The  configuration  of  the  problem  is  illustrated  in  figure  1,  Air 
flows  within  a  0.2  meter  high  channel  at  a  steady  state.  The 
floor  is  first  constituted  of  an  impermeable  wall  (1.30  m),  then 
of  a  porous  plate  (30  cm)  where  the  cold  air  is  injected.  The 
main  flow  has  a  longitudinal  velocity,  Uj,  equal  to  10  m/s  and 

the  longitudinal  turbulent  intensity,  L,  is  1  %.  The  Reynolds 
number  is  high  enough  so  that  the  boundary  layer  is  turbulent 
before  the  porous  plate.  Furthermore,  the  boundary  layer  of  the 
developing  turbulent  flow  is  two-dimensional.  We  note  xi  the 
longitudinal  coordinate  and  X2  the  vertical  one  (the  origin  being 
in  the  bottom  left  comer  of  the  channel).  This  configuration 
corresponds  to  the  test  channel  of  our  laboratory. 
Consequently,  for  air  injection,  the  numerical  results,  for  the 
dynamic  and  the  thermal  aspects,  can  be  compared  and 
validated  by  experimental  measurements  (Rodet  et  al.,  1997). 
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figure  1.  Configuration  of  the  problem. 
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The  equations  are  the  continuity,  momentum  and  en^gy  ones 
A^iiere  the  Reynolds  decomposition  is  applied  (equations  (1)- 
(3)).  Furthermore,  when  the  case  of  injection  with  different 
species  (air-water  vapor)  is  treated,  vapor  mass  budget  (4)  and 
diffusion  law  (5)  are  added. 


_  pVf ,  5  C 
J  =  -(pD+P^)— 


(5) 


wiiere  U,  H  and  P  are  the  mean  values  of  velocity,  enthalpy 
and  pressure,  u'  and  h’  the  velocity  and  enthalpy  fluctuations,  p 
the  fluid  density,  p  the  dynamic  viscosity,  kc  fte  th^al 
conductivity  for  the  mixture.  For  the  vapor  specie,  J  is  the 
difiusion  flux,  Hv  is  the  mean  value  of  enthalpy,  C  the  local 
mass  fraction,  D  the  diffusive  coefficient  in  air  and  the 
turbulent  Schmidt  number  (On,  =  1).  In  these  equations  p,  p 
and  kc  are  temperature  and  concentration  dependent  and  D  is 
temperature  d^>endent  according  to  tabulated  values. 

The  turbulent  Reynolds  stresses  (equations  (6)  and  (7))  are 
modeled  using  a  RNG  k-s  model  (Yakhot  and  Orszag,  1 986). 
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with  ojj  =  0.7  (turbulent  Prandtl  number)  and  Cp  the  mixture 

specific  heat,  vt  is  determined  by  k,  the  turbulent  kinetic 
energy  and  e,  the  dissipation  rate  of  k,  according  the  relation 


(8). 


n  =  vmol 


(8) 


where  Vmoi  is  the  molecular  kinetic  viscosity  and  Cji  =  0.0845. 

Furthermore,  k  and  e  are  obtained  from  the  solution  of  their 
respective  model  transport  equations  (9)  and  (10). 
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algebraic  relation). 


The  near  wall  effects  are  taken  into  account  by  the  Launder 
and  Spalding  (1974)  logarithmic-law  of  the  wall  (11),  used 
imder  condition  of  equilibrium.  This  law  is  iised  only  for  the 
grid  point  the  nearest  from  the  wall. 


U  1  + 

- =:-ln(Ey  )  (11) 

K 


for  1 1<  y^  <  100  and  where  U*  =  . 

Tw  is  the  wall  shear  stress,  k  is  the  von-Karman's  constant,  E  is 
an  empirical  constant  set  equal  to  9.8  (smooth  wall)  and 

y+  =  ^^1^  wall  value  of  k, 

p  p 

is  determinate  by  solving  the  complete  transport  equation  for  k 
with  a  zero  normal  gradient  assumed  at  the  wall.  The  boundary 
condition  for  z  (Cp)  is  given  by  the  equilibrium  assumption 

implying  (12). 
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(X2p  being  the  nearest  wall  point  in  vertical  coordinate). 


(12) 


For  the  thermal  boundary  conditions  on  the  wall,  the  Launder 
and  Spalding  (1974)  logarithmic-law  of  the  wall  (13)  is  used 
for  the  nearest  grid  point. 


(13) 


where  q  is  heat  transfer  at  the  wall,  AT  =  Tw  -  Tp  (Tw  is  the 
wall  temperature  and  Tp  is  the  near  wall  temperature),  Pr  the 
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fluid  Prandtl  number,  the  turbulent  Prandtl  number  (1.2 
near  the  wall)  and  A  the  van  Driest  constant  (A  =  26).  Tw  can 
be  either  fixed  or  calculated  according  external  heat  transfer 
boundary  conditions. 

These  equations  permit  to  solve  the  motion  and  the  heat 
transfer  of  the  turbulent  boimdaiy  layer  (numerical  method  can 
be  seen  in  Bellettre  et  al.,  1997a).  In  other  hand,  we  model  the 
blowing  by  seeing  the  porous  plate  as  a  succession  of  walls  and 
pores.  Consequently,  the  injection  is  modeled  as  a  succession 
of  shear  stress  and  fluid  source  (^\ilere  the  coming  fluid  is 
laminar)  and  the  boundary  layer  is  submitted  to  these  two 
phenomena  (Bellettre  et  al.,  1997a). 


In  this  study,  we  are  although  interested  in  the  friction  factor 
when  blowing  occurs.  The  friction  factor  (defined  by  the 
equation  14),  is  calculated  according  to  Simpson  et  al.  (1969) 
correlation  (15)  where  the  fiiction  factor  without  blowing,  Cfo, 
is  determined  by  Andersen  et  al.  (1975)  relation  (16). 
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m  -  RESULTS  WITH  AIR 

In  a  first  time,  we  considered  injection  with  air,  that  is  to  say 
that  the  main  flow  and  the  injected  flow  are  same  species. 

In  figure  2,  we  plotted  the  longitudinal  velocity  profile  with 
and  without  injection.  These  results  correspond  to  different 
injection  rate  (F  =  (pU2)waii  /  (pUijmam  flow)  varying  from  0  to 
2%.  We  can  observe  that  the  flow  is  affected  by  the  injection 
and  leads  to  an  important  increase  of  the  boundary  layer  when 
the  injection  rate  increases. 


■^  =  O.O12Re0"®-^^  (16) 

where  Bf  =  2  F  /  Cf  ,  0.2  <  1  +  Bf  <  65  and 

0  =  — - — EH] -  1 - Hi - dx2  (calculated  by 

(P  ^l)mainflowv  ^Imainflowj 

numerical  data  integration). 


Uj  (m/s) 


X2  (mm) 


figure  2.  Velocity  profiles  for  0  ^  F  ^  2  %. 


The  Stanton  number  (defined  by  relation  (17))  permits  to 
calculate  the  heat  transfers  coefficient,  h,  between  main  flow 
and  the  wall. 


St  = 


h 

(pCpUi)jjj3jjjfjQ^ 


(17) 


By  the  following,  we  although  calculated  the  Stanton  number 
for  different  injection  rate  using  the  correlation  of  Whitten  et 
al.  (1970)  (equation  18). 


(18) 


In  figure  3,  we  plotted  the  temperature  profile  for  different 
injection  rates  in  the  case  where  the  main  flow  temperature  is 
200®C  and  the  temperature  of  the  injected  fluid  is  100®C.  We 
can  see  that  the  temperature  closed  to  the  wall  decreases  a  lot, 
particularly  at  high  injection  rate.  Consequently,  with  injection, 
the  heat  transfer  is  reduced  and  the  plate  is,  then,  protected. 


with  Sto  =0.0128ReA“°-^^Pr“®-^,  B  =  F  /  St  and 

A  foo  pUi 

^  =  /o  ...  .  - := - = - dx2  (calculated  by 

^P^Dmainflow  ^w  %ainflow 

numerical  data  integration). 
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figure  3.  Temperature  profiles  for  0  <  F  ^  2  %, 

It  has  to  be  noticed  that  these  results,  on  the  velocity  and  on 
the  temperature,  using  our  model  of  the  porous  plate  submitted 
to  injection,  has  been  validated  with  experimental  works  in 
Bellettre  et  al.  (1997a). 
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figure  4.  Heat  transfer  coefficient  (0  <  F  <  1.6  %). 

The  results  for  friction  factors  and  Stanton  numbers  without 
and  with  injection  of  gas  has  been  showed  in  Bellettre  et  al. 


(1997b)  :  a  classical  decrease  of  friction  factor  or  Stanton 
number  is  find.  An  example  of  heat  transfert  reduction  is 
showed  on  the  figure  4. 

IV  -  RESULTS  WITH  WATER  VAPOR 
In  this  part,  the  main  flow  is  air  and  the  injected  fluid  is 
water  vapor.  The  temperature  of  the  air  (main  flow)  is  200®C 
and  the  injected  fluid  temperature  is  100®C,  In  figure  5,  the 
velocity  profile  is  plotted  for  an  injection  of  air  and  for  an 
injection  of  water  vapor  (the  injection  rate  being  equal  to 
0.5%).  We  can  see  that  there  is  not  notable  difference  and  that 
the  two  profiles  collapse. 


Uj  (m/s) 


figure  5.  Velocity  profiles  for  air  or  vapor  injection. 


In  the  same  conditions,  the  temperature  profile  is  plotted  in 
figure  6.  We  can  observe  that  the  temperature  is  lower  in  the 
case  of  water  injection  but  the  difference  is  relatively  weak. 
Consequently,  the  injection  of  gas  or  water  has  little  influence 
on  the  velocity  and  temperature  profile. 


figure  6.  Temperature  profiles  for  air  or  vapor  injection. 


By  the  following,  we  calculated  the  fiiction  factor  and  Stanton 
number  for  injections  of  gas  and  water  at  different  injection 
rate.  The  results  are  compared  of  numerical  work  of  Landis 
and  Mills  (1972)  in  figures  7  and  8.  Landis  and  Mills  (1972) 
studies  have  been  validated  with  experimental  work  of 
Romanenko  and  Kharchenko  (1963).  For  both  cases,  we  used 
the  correlations  given  in  paragraph  HI  (equations  (15)  and 
(18)). 

In  figure  7,  the  ratio  of  Stanton  number  for  water  vapor  on 
Stanton  number  for  air  is  plotted.  We  can  see  that  the  Stanton 
number  with  water  injection  is  lower  than  the  Stanton  number 
with  air  injection,  particularly  when  the  injection  rate 
increases.  Furthermore,  we  can  observe  that  the  present  results 
are  in  good  agreement  with  Landis  and  Mills  (1972)  values. 
This  result  permit  to  validate  the  using  of  Whitten  et  al.  (1970) 


correlation  which  was,  initially,  established  only  with  air. 
Nevertheless,  as,  between  100  ®C  and  2(X)  ®C,  the  thermal 
conductivity  of  water  is  almost  about  equal  to  the  air  one,  we 
could  suppose  that  this  correlation  stays  valid  for  air  and  water 
vapor. 


S^;apor  ^ 


figure  7.  Ratio  of  Stanton  number. 

In  figure  8,  the  ratio  of  the  friction  factor  for  water  vapor  on 
the  friction  fketor  for  air  is  plotted.  We  can  see  that  the  results 
using  Simpson  and  al,  (1969)  correlation  are  not  satisfactory 
when  comparing  with  Landis  and  Mills  (1972)  values.  It  seems 
that,  in  the  case  of  water  vapor,  it  is  not  possible  to  use  the 
Simpson  et  al.  (1969)  correlation  established,  although,  for  air. 
An  explanation  could  be  that  difference  of  dynamic  viscosity 
(the  dynamic  viscosity  of  water  is  about  half  the  air  one  (at 
100®C))  is  not  taking  into  account  in  the  correlation,  leading  to 
an  overestimation  of  the  friction  factor. 


figure  8.  Ratio  of  friction  factor  coefiQcients. 


figure  9.  Ratio  of  fnction  factor  coefficients. 
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Nevertheless,  to  check  our  numerical  results,  we  calculated 
the  friction  factor  using  the  friction  velocity,  U*,  of  the  law  of 
the  wall  (11),  ^\hich  is  calculated  on  each  solid  element  of  the 
porous  plate.  We  again  compared  with  Landis  and  Mills  (1972) 
data.  In  figure  9,  we  can  see  that  a  rather  good  agreement  is 
obtained  and  that  the  friction  factor  of  the  water  vapor  is  lower 
than  for  the  air. 


V  -  CONCLUSION 

In  this  paper,  we  investigated  the  dynamic  and  thermal  aspect 
of  a  turbulent  boundary  layer  submitted  to  injection  of  air  or 
water  vapor  for  different  injection  rates.  Only  weak 
discrepancies  between  air  and  water  profiles  have  been 
observed.  Nevertheless,  the  friction  factors  and  Stanton 
numbers  are  modified  when  the  injected  fluid  is  not  of  the 
same  specie  and  are  lower  in  the  case  of  water  injection, 
specially  when  the  injection  rate  increases.  Using  numerical 
results  of  our  blowing  model,  it  is  possible  to  calculate  these 
dimensionless  numbers  using  a  correlation  or  law  of  the  wall. 
By  the  following,  a  more  complete  study  with  water  injection 
including  phase  change  in  the  porous  media  would  permit  to 
precisely  evaluate  the  interest  of  using  water  instead  of  air. 
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ABSTRACT 

A  numerical  study  of  bubble  and  particle  motion  in  the 
near-wall  region  of  a  turbulent  boundau’y  layer  has  been 
performed  using  Proper  Orthogonal  Decomposition.  It  has 
been  noted  that  bubbles  and  particles  tend  to  preferentially 
concentrate  in  different  regions  of  the  flow.  For  the  con¬ 
ditions  which  have  been  investigated,  the  lift  and  pressure 
gradient  forces  play  an  important  role  in  bubble  motion 
but  not  in  particle  motion. 

INTRODUCTION 

The  imderstanding  amd  prediction  of  particle  and  bubble 
motion  in  turbulent  flows  is  of  utmost  importance  in  many 
engineering  applications.  It  has  been  observed  both  ex¬ 
perimentally  and  computationally  that  particles  and  bub¬ 
bles  tend  to  accumulate  preferentially  in  certain  regions 
of  turbulent  flows  (see  Eaton  &  Fessler  1994  for  a  recent 
review),  such  regions  of  high  particle  concentrations  may 
strongly  affect  the  flow  itself  and  the  efficiency  of  various 
processes.  It  has  been  noted  (see  eg.  Pan  &  Banerjee  1996) 
that  particles  tend  to  accumulate  in  low  speed  streaks  of 
the  boundary  layer,  the  accumulation  of  particles  in  this 
region  will  act  to  increase  heat  and  mass  transfer  rates 
in  precisely  the  regions  where  these  rates  would  otherwise 
be  low,  such  particles  will  distribute  themselves  ‘preferen¬ 
tially*  so  as  to  enhance  the  transfer  rates  between  the  wall 
and  the  fluid.  It  has  €Jso  been  noted  (eg.  Moursali  ei  al 
1995)  that  in  bubbly  flows  one  may  have  void  fraction  peak¬ 
ing  close  to  the  wall,  such  a  void  fraction  distribution  may 
adversely  affect  transfer  rates  between  the  fluid  and  the 
wall.  In  unbounded  turbulent  flows,  coherent  structures 
are  also  present  and  their  influence  on  bubble  amd  particle 
motion  may  play  an  important  role,  for  example,  one  may 
have  reduced  combustion  efficiency  in  fuel  rich  zones  which 
have  resulted  from  preferential  fuel  droplet  accumulation 
in  certain  turbulent  structures. 

In  order  to  be  able  to  enhance  ainy  benifitial  effects  of 
the  presence  of  a  second  phase  and  reduce  possible  unde¬ 
sirable  effects,  it  is  necessary  to  further  our  understanding 
of  the  interaction  between  the  dispersed  phase  and  turbu¬ 
lent  structures. 


PROPER  ORTHOGONAL  DECOMPOSI¬ 
TION 

We  have  simulated  the  turbulent  structure  (and  its  evo¬ 
lution)  in  the  near-wall  region  of  a  boundary  layer  using 
Proper  Orthogonal  Decomposition  (POD)  (see  Joia  ei  al 
1997a,  Aubry  et  al  1988,  Sanghi  &  Aubry  1993).  POD  is  a 
low-dimensional  model  (for  this  reason  it  is  computation¬ 
ally  cheaper  to  run  than  LES)  which  not  only  accurately 
reproduces  the  coherent  structures  in  the  boundary  layer 
but  also  their  temporal  evolution.  Reproduction  of  the 
correct  dynamical  behaviour  of  the  coherent  structures  is 
essential  for  the  study  of  particle  interaction  with  these 
structures. 

The  velocity  field  is  defined  in  a  coordinate  system  in 
which  the  mean  flow  is  in  the  aj-direction,  the  wall-normal 
is  the  y-direction  and  z  denotes  the  spanwise  direction. 
The  wall  is  located  at  t;  =  0.  The  computational  domain 
has  dimensions  otLx"^  =  666,  Lz’^  =  333  and  0  <  i/"*"  <  40. 
Periodic  boundary  conditions  are  used  in  the  two  homoge¬ 
neous  directions  {x  k  z). 

A  dynamical  POD  is  in  essence  a  spectral  simulation,  in 
which  the  velocity  field  is  given  by  the  sum  over  a  limited 
number  of  modes,  each  weighted  by  an  appropriate,  time- 
varying,  coefficient: 

iV 

j>=i 

In  order  to  obtain  the  time  dependence  of  the  coefficients 
ap(t),  the  standard  Galerkin  projection  of  the  Navier- 
Stokes  equations  onto  the  space  spanned  by  the  modes  is 
performed.  This  results  in  a  set  of  ODE’s  which  determine 
the  time  evolution  of  the  coefficients  an(f),  see  Joia  et  al 
(1997a). 

The  advantages  of  using  POD  in  dynamical  simulations 
lie  in  the  special  properties  of  the  orthogonnal  modes, 
which  are  used  in  the  simulation.  These  modes  are 
chosen  so  as  to  be  optimal  at  capturing  the  energy  in  the 
turbulent  velocity  fluctuation.  The  consequence  is  that, 
fewer  modes  axe  required  to  represent  the  velocity  field  to 
a  given  ‘accuracy*.  The  modes  are  therefore  specific  to  the 
particular  flow  being  investigated.  In  order  to  determine 
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^p(x),  data  (in  the  form  of  the  two-point  velocity  corre¬ 
lation  tensor)  concerning  the  turbulent  structures  present 
in  the  flow  is  required.  We  have  used  modes  which  were 
determined  from  the  experiments  of  Herzog  (1986). 


BUBBLE  AND  PARTICLE  MOTION 

The  equation  of  motion  which  is  used  to  determine  bub¬ 
ble  and  particle  motion  through  the  fluctuating  velocity 
field  is: 


dv 

It 


7  —  1  1  ZCd 

7  -f  Cm  ^  7  -(-  Cm 


v|(u- v) 


1  +  Cm  Du 
■^7  +  C3f  Dt 


Cl 

7  +  Cm 


(u  -  v)  X  ti), 


(2) 


where  v  is  the  particle  velocity  u  is  the  fluid  velocity  at 
the  particle  location  and  in  its  absence,  7  is  the  relative 
density  of  the  particle  to  the  carrier  fluid,  ^  is  the  particle 
diameter,  g  is  the  gravitational  vector  and  Cp,  Cm  and 
Cl  are  respectively  the  drag,  added-mass  and  the  lift  co¬ 
efficients.  A  value  of  1/2  is  used  for  both  the  lift  and  the 
added-mass  coefficients,  the  value  of  Cp  depends  on  the 
particle  Reynolds  number,  Rcp  =  <^|u  —  vl/i/: 

Cd  =  ^  (l-O  +  .  (3) 

Equation  2  is  appropriate  for  particles  on  whose  surface 
the  no- slip  boundary  condition  is  satisfied.  The  appro¬ 
priate  boundary  condition  for  bubbles  in  pure  water  is  a 
shear-free  boundary  condition,  however,  small  quantities  of 
impurities  (siirfactants)  in  the  water  will  impose  the  no-slip 
boundary  conditions,  which  is  the  reason  for  which  eq.  2  is 
used  for  bubbles  as  well  as  for  particles. 

We  have  studied  the  effects  of  the  different  terms  in  the 
equation  of  motion  on  the  motion  of  both  bubbles  and 
on  heavy  particles.  As  expected,  for  heavy  particles  the 
dominant  forces  are  the  gravitational  and  drag  forces.  For 
the  light  bubbles,  the  other  terms  in  the  equation  also  play 
an  important  role,  it  is  found  that  non-lineax  interactions 
between  the  lift  and  the  pressure  gradient  forces  play  an 
important  role  in  bubble  motion.  In  addition,  it  is  seen  that 
light  bubbles  and  heavy  particles  accumulate  in  different 
flow  structures. 


RESULTS 

A  representation  of  the  instantaneous  flow  field  produced 
by  POD  is  shown  in  fig  2d.  Fig  1  shows  the  mean  and  rms 
velocity  profiles  predicted  by  POD,  they  are  in  reasonable 
agreement  with  experimental  vaJues. 

Bubbles  and  particles  are  released  rcindomly  in  the  corn- 
put  ationad  domain  and  tracked  during  several  Lagrangiain 
timescales  of  the  flow.  Figure  2  shows  the  positions  of 
bubbles  and  particles  (in  a  zero  gravity  environment)  once 
they  have  been  allowed  the  time  needed  to  adjust  to  the 
local  flow  field.  Figures  2a-c  show  bubbles  positions,  in  b 
the  lift  force  is  omitted  whereas  in  c  the  pressure  gradient 
force  is  omitted.  Ftom  these  figures  we  see  that  neither 
the  lift  nor  the  pressure  gradient  force  are  solely  respon¬ 
sible  for  the  bubble  distribution  observed  in  2a,  rather,  it 
is  a  non-linear  (we  cannot  simply  superpose  the  two  re¬ 
sults)  interaction  between  these  two  forces  which  gives  rise 
to  the  observed  bubble  distribution.  Figures  2  e  and  f 
show  the  positions  of  heavy  particles,  it  is  noted  that  the 
drag  force  by  itself  faithfully  reproduces  the  particle  dis¬ 
tribution.  There  is  a  striking  contrast  between  the  bubble 
positions  and  the  particle  positions,  since  the  light  bubbles 
accumulate  in  different  flow  structures  to  the  heavy  par¬ 
ticles.  Figure  2d  shows  a  vector  plot  of  the  velocity  field, 
one  notes  from  this  plot  that  bubbles  tend  to  accumulate 
in  eddying  regions  of  the  flow  whereas  the  heavy  particles 


Figure  1:  a)  The  mean  velocity  profile,  Uju^y  on  a 
log-linear  graph,  included  is  the  linear  velocity  profile 
valid  for  y'^  <  5  and  the  logarithmic  profile  valid  for 
>  30.  b)  Turbulence  intensities  in  the  boundary 
layer,  from  top  downwards,  {u^ ju^)^  (tuVu*), 
{u'v'ful). 


tend  to  be  flung  out  of  these  regions.  These  results  are 
further  commented  on  by  Joia  et  al  (1997a). 

Bubble  motion  in  an  upwards  flowing  boundary  layer 
(gravity  acts  in  the  —x  direction)  has  also  been  studied. 
In  this  configuration,  bubbles  are  drawn  towards  the  wall 
by  the  lift  force  resulting  from  the  mean  relative  velocity 
between  the  bubble  and  the  surrounding  fluid  and  the  mean 
velocity  gradient  in  the  boundary  layer.  Bubbles  accximu- 
late  in  a  thin  layer  close  to  the  wall  (they  are  prevented 
from  approaching  the  wall  any  closer  due  to  their  finite  ra¬ 
dius).  It  is  noted  that  this  ‘mean’  attraction  of  the  bubbles 
towards  the  wall  has  the  effect  of  diminishing  bubble  segre¬ 
gation  due  to  the  instantaneous  turbulent  structure.  From 
the  results  obtained  (see  fig  3e  and  fig  2d)  one  notes,  that 
under  certain  conditions,  bubbles  may  be  ‘ripped’  off  the 
wall.  The  results  for  bubbles  of  various  terminal  velocities 
and  sizes  are  shown  in  fig  3.  These  results  are  further 
commented  on  by  Joia  ei  al  (1997a), 

ONGOING  DEVELOPMENTS 

One  of  the  main  limitations  of  the  above  described  re- 
seau'ch  is  that  the  computational  domain  is  limited  to 
=  40.  A  POD  using  the  proper  orthogonal  modes  de¬ 
termined  from  a  DNS  of  channel  flow  (Kim  et  al  1987)  has 
been  developed  (Joia  et  al  1997b),  as  this  flow  is  bounded 
by  two  walls,  the  problem  of  bubbles  and  particles  escaping 
from  the  simulation  domain  which  were  previously  encoun¬ 
tered  does  not  present  itself.  At  the  conference,  results  con¬ 
cerning  the  single  phase  properties  of  this  flow  and  those 
of  bubble  and  particle  motion  in  a  POD  simulation  of  tur- 
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a)  Drag,  pressure  gradient  and  lift  forces 


b)  Drag  and  pressure  gradient  forces 


e)  Drag,  pressure  gradient  and  lift  forces 


0  wall  2+  333 


Figure  2:  Particle  positions  and  velocity  vectors,  (a)  7  =  0.001,  (j)'^  =  7.6,  all  terms  in  equation  of  motion, 
(b)  7  =  0.001,  =  7.6,  neglecting  lift  force,  (c)  7  =  0.001,  =  7.6,  neglecting  pressure  gradient  force,  (d) 

Velocity  vectors  (mean  flow  direction  into  page),  (e)  7  =  2000,  =  0.38,  all  terms  in  equation  of  motion,  (f) 

7  =  2000,  4>^  =  0.38,  neglecting  lift  and  pressure  gradient  forces. 


bulent  channel  flow  will  be  presented.  Herzog,  S.  (1986)  The  large  scale  structure  in  the  near- 
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ABSTRACT 

The  subject  of  this  paper  is  to  present  a  new  modeling  for  the 
numerical  simulation  of  the  three  dimensional  evolution  of 
dispersed  bubbly  flows  in  vertical  ducts.  We  use  the  time- 
averaged  two-fluid  model  completed  by  a  two-phase  K-e  model 
to  characterise  the  statistical  effects  of  the  turbulence  in  the 
liquid  phase,  and  an  additional  transport  equation  to  calculate 
the  interfacial  area  density.  The  complete  model  has  been 
implemented  in  the  three  dimensional  module  of  the  CATHARE 
code.  The  capabilities  of  this  model  will  be  tested  by 
comparison  of  the  numerical  results  with  experimental  data. 

1. INTRODUCTION 

The  subject  of  two-phase  or  multiphase  flows  has  become 
increasingly  important  during  the  last  thirty  years,  in  a  wide 
variety  of  engineering  systems  and  practical  applications.  For 
example,  we  can  quote  boiling  water  and  pressurised  water 
reactors  in  nuclear  industry,  direct  contact  heat  exchangers  in 
heat  transfer  systems,  chemical  reactors,  air  lift  pumps  and  so 
on... 

The  CATHARE  code  has  been  developed  at  the  Commissariat 
k  I’Energie  Atomique  (France)  in  order  to  simulate  the 
thermohydraulic  aspects  in  nuclear  power  plants  in  normal  and 
accidental  situations.  This  code  is  based  on  a  two-fluid  six- 
equation  model.  Recently,  a  three  dimensional  module  has  been 
developed  in  order  to  simulate  three  dimensional  components 
like  the  vessel  or  the  containment. 

In  the  three  dimensional  approach  of  two-phase  flows,  the 
main  difficulties  are  to  model  the  statistical  effects  of  the 
turbulence  (there  appears  one  Reynolds  stress  tensor  for  each 
phase)  and  the  interfacial  transfer  terms  of  mass,  momentum 
and  energy. 


We  have  adopted  an  eddy  viscosity  model  and  a  K-e  model  to 
calculate  the  turbulent  diffusion  in  the  continuous  liquid  phase 
of  dispersed  bubbly  flows.  The  turbulence  of  the  dispersed 
gaseous  phase  is  neglected. 

The  interfacial  interaction  terms  of  mass,  momentum  and 
energy  are  generally  related  to  the  interfacial  area  density^ 
namely  the  contact  area  between  phases  per  unit  volume  of 
mixture.  One  can  write  (Ishii,  1990  ;  Delhaye  &  Bricard,  1994) : 

inierfacial  transfers  =  interfacial  area  density  x  driving  force 

and  so  the  interfacial  area  density  is  a  very  important  quantity 
in  two-phase  flow  studies.  In  our  approach,  we  use  a  transport 
equation  to  calculate  the  interfacial  area  density.  This  equation 
is  based  on  a  statistical  formulation. 

In  what  follows,  we  will  restrict  ourselves  to  the  case  of 
isothermal  dispersed  bubbly  flows  without  phase  change.  The 
flows  studied  are  assumed  to  be  dispersed  but  not  dilute.  We 
recall  that  a  dilute  bubbly  flow  is  a  particular  case  of  a  dispersed 
bubbly  flow  with  a  very  low  void  fraction. 

2.MATHEMATICAL  MODEL 

The  time-averaged  equations  of  the  two- fluid  model  (Ishii, 
1975  ;  Delhaye  &  Achard,  1976,  1977)  are  recalled.  As  one 
deals  with  isothermal  flows  without  phase  change,  only  the  mass 
and  momentum  equations  are  presented  : 

..  — 

— ^j^+div(akPk  Vj.  )  =  0  (1) 
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+div(ai,P),‘‘v,.  )  =  -Z(^akPk'']  + 

«k[l’*'+2l)  ■^“kPk''g+Mk  (2) 

In  what  follows,  the  closure  relations  used  to  express  the 
Reynolds  stress  tensor  in  the  liquid  phase  and  the  interfacial 
transfer  of  momentum  are  presented. 

2.1  .fnterfaclal  transfer  of  momentum 

It  is  assumed  here  that  the  interfacial  transfer  of  momentum  is 
the  sum  of  four  forces  : 

Mk  =Mk ® 

where  the  four  terms  in  the  right  hand  side  of  Eq.  (3)  designate 
the  drag  force,  the  added  mass  force,  the  lift  force  and  the 
turbulent  dispersion  force  respectively.  The  drag  force  is  given 
by  (Grossetete,  I995  ;  Lopez  de  Bertodano  el  al.,  1994): 

“2  _ T  r  l=G  =L /^=c  —l'\ 

=  =  'V,  I^Vc  -V,  J(4) 

where  Cd  is  the  drag  coefficient  for  which  some  correlations 
exist  in  the  litterature  (Ishii,  1 977  ;  Ishii  &  Zuber,  1 979)  and  d  is 
the  mean  diameter  of  the  bubbles.  For  nearly  monodispersed 
spherical  bubbles,  it  is  related  to  the  void  fraction  a  and  the 
interfacial  area  density  aj  by  the  definition  of  the  Sauter  mean 
diameter  (Delhaye  &  Bricard,  1994) : 

d  =  6a/aj  (5) 

The  added  mass  force  is  given  by  (Voinov,  1973  ;  Auton  et  al., 
1988  ;  Magnaudet  el  al.,  1995)  : 


Mr=-Mr=-Cm.E(a)apL' 


3v  =G  =G 

— +Vp  .VVf, 

9t  =-° 


=L  =L 
.Vy, 


three  other  forces.  We  use  here  a  simple  form  for  the  turbulent 
dispersion  force  (Anglart  et  al.,  1993  ;  Lance  &  Lopez  de 
Bertodano,  1992  ;  Lahey,  1991  ;  Lahey  &  Lopez  de  Bertodano, 
1991): 

Mr=-MG^  =  -CDTpr‘'KL^  (8) 

where  Cdt  is  the  turbulent  dispersion  coefficient  and  Kl  is  the 
turbulent  kinetic  energy  of  the  liquid  phase. 

2.2.lnterfacial  area  density  transport  equation 

The  knowledge  of  the  interfacial  area  density  is  very  important 
in  order  to  correctly  predict  the  interfacial  transfers  (see  for 
example  Eqs  4  &  5)  and  to  characterise  locally  the  structure  of 
the  flow.  A  transport  equation  is  derived,  it  is  based  on  a 
statistical  formulation  for  this  quantity  (Kalkach-Navarro  et  al., 
1994  ;  Navarro-Valenti  et  al.,  1990,  Guido-Lavalle  et  al,  1994, 
Kocamustafaogullari  &  Ishii,  1995). 

For  our  applications  on  bubbly  flows  in  vertical  ducts  with  a 
possible  transition  between  bubbly  and  slug  flows,  we  use  the 
following  equation  for  the  interfacial  area  density  : 


2  aj  f  3p  ==G  ^ 

3  pUt 


where  it  is  assumed  that  the  interfacial  area  density  is 
convected  by  the  mean  gas  velocity  because  bubbly  flow 
regimes  are  considered.  The  first  term  in  the  rhs  of  Eq.  (9)  is  a 
source  term  by  gas  expansion  associated  with  the  pressure 
gradient  (p  designates  the  mean  pressure  in  the  flow),  and  the 
second  term  is  a  sink  term  by  coalescence  of  the  bubbles.  This 
second  term  is  modeled  according  to  Guido-Lavalle  et  al. 
(1994),  C()  is  a  coalescence  parameter,  H  is  the  Heaviside  step 
function  and  1g  and  1^  are  the  Taylor  bubble  length  and  the 
stable  Taylor  bubble  length  respectively.  According  to  Taitel  et 
al.  (1980),  the  stable  Taylor  bubble  length  is  attained  when  the 
length  of  the  liquid  slugs  between  the  Taylor  bubbles  is 
approximately  equal  to  eight  times  the  diameter  of  the  tube, 
thus: 


where  is  the  added  mass  coefficient  and  the  coefficient 
E(a)  is  a  correction  factor  in  order  to  take  into  account  the 
presence  of  the  other  bubbles  (Zuber,  1964,  Lamb,  1932). 

The  lift  force  is  given  by  (Auton,  1987  ;  Auton  et  al,  1988)  : 

_  —Lf=o  =L\  ^  =L 


Mg  =-M'L=-C|OtpL  Vq  -y^  AVAy 


where  D  is  the  tube  internal  diameter. 

2.3.Turbulence  modeling 

In  order  to  express  the  Reynolds  stress  tensor  in  the  liquid 
phase,  we  have  adopted  an  eddy  viscosity  model  and  a  K-£ 
model,  thus  the  Reynolds  stress  tensor  in  the  liquid  phase  is 
given  by : 


where  C]  is  the  lift  coefficient. 

The  last  force,  namely  the  turbulent  dispersion  force,  results 
from  the  statistical  effects  of  fluctuations  when  averaging  the 


h-fpL  KL+vIdivy^  ^ 
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and  the  eddy  viscosity  is  given  by  : 


where  is  an  empirical  constant  equal  to  0.09. 

It  must  be  noted  that  the  relations  (11)  and  (12)  are  single¬ 
phase  relations  and  that  their  validity  in  the  case  of  two-phase 
flows  should  be  carefully  examined  (Kataoka  &  Serizawa, 
1989). 


(16) 


where  C.^  is  a  numerical  coefficient  of  order  I. 

Elgobashi  and  Abou-Arab  (1983)  expressed  the  characteristic 
lime  T  as  the  decaying  time  of  the  single-phase  turbulence  : 

T  =  KL/eL  (17) 


The  turbulent  kinetic  energy  Kl  and  its  dissipation  rate  are 
calculated  by  their  balance  equations.  The  equations  of  the  two- 
phase  K-£  model  have  been  derived  by  many  authors  (Kataoka 
&  Serizawa,  1988,  1989  ;  Simonin,  1991  ;  Lance  et  al.,  1984). 
These  equations  are  very  complicated,  they  contain  many 
inierfacial  interaction  terms  and  are  not  usable  for  practical 
calculations.  Thus  we  have  performed  an  order  of  magnitude 
analysis  of  the  two-phase  K-e  model  in  order  to  simplify  the 
original  equations.  This  analysis  was  inspired  by  that  one  of 
Lumley  done  for  the  case  of  single-phase  flows  (Tennekes  & 
Lumley,  1987 ;  Schiestel,  1993)  and  is  presented  in  another 
paper  (Morel,  1996).  We  simply  here  give  the  K  and  £  equations 
used  in  this  work. 


a(l^a)p^ 


9t 

=  div| 


+  diy\ 


0-«)PL''KLiL 


-(l-a)T;^;Vv^  (13) 


-0-«KV  +  Pk 


where  Gk  is  a  Schmidt  number  taken  equal  to  1 . 


90-«)Pl  El 


at 

=  div| 


■divj^(l-a)pi,‘'eLVL''  = 


(l-a)pL‘'-^V£L 


-Ce,-j^(l-a)T^:VvL  (14) 


-  Ce2  0  -  a)PL -  “)Pl  vvl 


where  0^  is  a  Schmidt  number  taken  equal  to  1.3.  C^]  and 
are  the  single-phase  constants  equal  to  1 .44  and  1 .92 
respectively. 

The  two  terms  and  P^'  in  Eqs  (13)  and  (14)  represent  the 
inierfacial  source  terms  of  turbulent  kinetic  energy  and 
dissipation  rate.  For  bubbly  flow  regimes,  it  is  assumed  that  the 
wakes  of  bubbles  add  some  turbulent  kinetic  energy  to  the  liquid 
and  the  first  term  is  expressed  according  to  Lance  et  al.  (1984) 
as : 

PK=-(MS+M“)p-^‘']  (15) 


As  the  wake  turbulence  is  created  at  the  characteristic  length 
scale  of  the  bubbles,  the  decaying  time  of  the  wake  turbulence 
was  built  with  the  mean  diameter  of  the  bubbles  d  instead  of  the 
total  turbulent  kinetic  energy  Kl.  Dimensional  analysis  gives  : 

T  =  (d-/ei.)‘^'’  (18) 

3.NUMERICAL  RESULTS 

The  complete  model  described  in  the  preceding  paragraph  has 
been  implemented  in  the  three  dimensional  module  of  the 
CATHARE  code.  In  order  to  illustrate  its  capacities,  the 
numerical  results  are  compared  with  experimental  data  found  in 
the  litterature. 

The  results  of  two  simulations  of  one  bubbly  flow  studied 
experimentally  by  Liu  &  Bankoff  (1990)  are  first  presented.  The 
test  section  is  a  vertical  duct  with  an  internal  diameter  equal  to 
38.1mm.  The  superficial  liquid  and  gas  velocities  of  the  flow 
simulated  are  equal  to  1.087m/s  and  0.067m/s  respectively. 
These  conditions  correspond  to  a  bubbly  flow  with  a  nearly 
constant  bubble  diameter  equal  to  2,5mm.  Thus,  for  these  two 
simulations,  the  interfacial  area  density  transport  equation  (9) 
was  not  used,  and  the  bubble  diameter  was  imposed  equal  to 
2.5mm.  The  two  simulations  were  conducted  with  the  same 
values  of  the  force’s  coefficients,  given  by : 

^ma  =  Cj  =  0.5  Cfjj  =  0.065 

In  the  first  simulation,  the  characteristic  time  (17)  originally 
proposed  by  Elgobashi  &  Abou-Arab  (1983)  was  used  in  the 
model  (16),  with  a  value  of  the  parameter  C£3  equal  to  1.5.  The 
second  simulation  was  conducted  with  the  characteristic  time 
(18)  and  with  a  value  of  the  parameter  to  f 

The  comparisons  of  the  two  simulations  and  the  experimental 
profiles  in  the  measuring  section  (situated  at  a  distance  from  the 
inlet  equal  to  36D)  are  presented  on  figure  1. 

The  compared  profiles  are  those  of  the  void  fraction,  the  mean 
liquid  and  gas  velocities,  and  of  two  component  of  the  Reynolds 

stress  tensor  u’=Ul"  and  u’v’=UlVl  where  u  and  v 

denote  the  components  of  the  velocity  in  the  axial  and  the  radial 
direction  respectively. 


where  the  drag  force  and  the  added  mass  force  have  been  given 
in  Eqs  (4)  and  (6). 

The  second  term  is  modeled  according  to  Elgobashi  and  Abou- 
Arab  (1983): 
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FIG.  2B:  DEDALE  1101 

The  parameters  for  the  simulation  of  DEDALE  1101  are  : 
=C,=0.5  Cct  =  0.15  C,3  =  1  •c  =  (d=/£)'^’  c„=25 


FIG.1  :  COMPARISON  TO  LIU  &  BANKOFF  (1990) 

The  second  experimental  study  we  have  simulated  is  the 
DEDALE  experiment  (Grossetete,  1995).  The  author  studied 
experimentally  the  evolution  of  two-phase  bubbly  flows  in  a 
vertical  duct,  with  a  possible  transition  between  bubbly  flow  and 
slug  flow.  The  tube  is  6m  long  and  38.1  of  LD.  There  are  three 
measuring  sections  situated  at  8  diameters,  55  diameters  and  155 
diameters  respectively.  The  author  measured  the  profiles  of  the 
void  fraction,  the  interfacial  area  density,  the  liquid  and  gas 
mean  velocities,  the  bubble  frequency,  the  mean  bubble 
equivalent  diameter,  and  the  axial  turbulent  intensity. 

As  the  measurements  at  the  first  measuring  section  (Z/D=8)  are 
used  to  determine  the  entrance  conditions  at  the  inlet  of  the 
calculation  domain,  our  numerical  results  are  compared  only  at 
the  two  other  measuring  sections  (ZyD=55  and  155). 

The  results  for  four  different  flows  are  presented, 
corresponding  to  one  value  of  the  liquid  superficial  velocity  and 
four  different  values  of  the  gas  superficial  velocity  : 

DEDALE  1101  JL=0.877m/s  JG=0.0588m/s 
DEDALE  1103  JL=0.877m/s  Jg=0.  1851  m/s 
DEDALE  11 04  JL=0.877m/s  JG=0.322m/s 
DEDALE  1105  JL=0.877m/s  JG=0.436m/s 


FIG.2A:  DEDALE  1101 
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FIG.  3A  :  DEDALE  1103 


FIG.  3B:  DEDALE  1103 

The  parameters  for  the  simulation  of  DEDALE  1 1 03  are  : 

C,,=C,=0i  Cdt  =  0.01  C,3  =  1  T  =  (d=/ef’  c„=4 

and  the  lift  coefficient  was  set  to  zero  when  the  mean  bubble 
diameter  calculated  by  the  code  was  greater  than  5mm.  This  last 
modification  was  inspired  by  a  paper  of  Zun  and  Moze  (1990), 
which  observed  that  the  bubbles  having  a  diameter  greater  than 
approximately  5mm  don’t  go  towards  the  wall. 
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FIG.  4A:  DEDALE  1104 


FIG.  4B:  DEDALE  11 04 


FIG.  SB:  DEDALE  1105 

The  parameters  for  the  simulation  of  DEDALE  1 105  are  : 

C„,=C,=0i  Cdt  =  0.1  Ce.,  =  li  T  =  (d-/£)'^"  c„  =  5 

with  the  modification  on  the  lift  coefficient  inspired  by  Zun  & 
Mo2e(1990). 

4.COMMENTS  AND  CONCLUSIONS 

The  simulations  of  the  flow  studied  experimentally  by  Liu  and 
Bankoff  (1990)  allowed  to  test  the  modification  of  the  Elgobashi 
and  Abou-Arab's  model  (Eqs.  (16)  to  (18)).  The  use  of  the 
model  originally  proposed  by  Elgobashi  and  Abou-Arab  (Eq. 
(16)  and  (17))  with  a  value  of  the  parameter  C£3  equal  to  1.5 
gives  a  better  agreement  for  the  quantity  u’v’  (fig.  1),  but  the  use 
of  the  modified  model  (Eq.  (16)  and  (18))  with  a  value  of  the 
parameter  equal  to  1  gives  a  better  agreement  for  the 

quantity  u’  (we  can  see  that  the  aspect  of  the  u’  curve  is  better  in 
this  last  case). 


The  parameters  for  the  simulation  of  DEDALE 
1 1 04  are  : 

C^=C,=0i  Cdt=0.1  C,3=li  X  =  (d-/e)‘'’  Co=5 

with  the  modification  on  the  lift  coefficient  inspired  by  Zun  & 
Moze  (1990). 


The  simulations  of  the  different  flows  DEDALE  1101  to  1105 
(Grossetete,  1995)  show  that  the  present  model  is  able  to 
qualitatively  reproduce  the  transition  between  bubbly  to  slug 
flow.  Upward  bubbly  flows  are  characterised  by  a  void  peaking 
near  the  wall,  and  slug  flows  are  characterised  by  a  void  coring. 
We  can  see  that  our  model  reproduces  qualitatively  the  void 
peaking  phenomenon  for  bubbly  flows  (1101  and  1 103  at 
Z=55D),  and  the  void  coring  phenomenon  for  slug  flows  (1103 
at  Z=155D,  1104  and  1105). 
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The  predictions  of  the  interfacial  area  density  in  the  cases  of 
bubbly  flows  (1101)  and  slug  flows  (1 104  at  Z=155D  and  1 105) 
are  qualitatetively  good.  These  predictions  show  that  the 
coalescence  model  proposed  by  Guido- Lavalle  et  al.  (1994)  for 
one  dimensional  simulations  can  be  successfully  applied  to 
multidimensional  simulations.  The  modification  of  the  lift  force 
inspired  by  Zun  and  Moze  (1990)  is  also  very  important. 

The  comparisons  of  the  Sauter  mean  diameter  of  the  bubbles, 
calculated  by  (5),  with  the  mean  equivalent  bubble  diameter 
measured  by  the  author  in  the  different  cases  clearly  show  the 
limitation  of  the  relation  (5)  to  bubbly  flow  regimes. 
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ABSTRACT 

The  dispersion  of  air  bubbles  in  a  turbulent  boundary 
layer  along  a  fiat  plate,  is  investigated  experimentally. 
Bubble  trajectories  are  obtained  from  films  taken  with  a 
high  speed  video  camera,  and  are  then  analysed  using  im¬ 
age  processing  techniques.  It  is  shown  that  bubble  motion 
depends  on  the  mean  equivalent  diameter.  Bubbles  mi¬ 
grate  towar<^  the  plate  (come  in  contact  with  the  rigid 
surface  and  are  trapped)  or  escape  into  the  free-stream. 
In  all  cases,  the  motion  has  a  non-deterministic  character, 
suggesting  that  the  turbulence  plays  an  important  role. 

INTRODUCTION 

The  void  fraction  distribution  close  to  the  wall  in  a  tur¬ 
bulent  boimdary  layer  is  important  in  many  physical  pro¬ 
cesses,  including  drag  and  heat  transfer,  but  its  prediction 
remains  a  challenging  problem  for  many  engineering  appli¬ 
cations.  It  requires  a  deep  iinderstanding  of  the  physical 
phenomena  which  govern  bubble  motion  in  a  flow. 

Several  experimental  studies  of  vertical  upward  flow  in 
pipes  (Serizawa  et  al,  1975;  Liu,  1993;  Z\m  et  al,  1992)  have 
shown  that  the  void  fraction  profile  can  peak  either  at  the 
wall  or  at  the  centre,  depending  on  the  bubble  size.  This 
was  confirmed  recently  in  the  case  of  a  turbulent  boimdary 
layer  developing  along  a  flat  plate  (Moursali  et  al,  1995a). 
By  taking  high  speed  video  films  close  to  the  surface,  these 
authors  provided  direct  evidence  that  it  is  mainly  the  small 
bubbles  {db  3mm)  which  migrate  towards  the  plate, 
are  captured  there,  and  generate  the  wall-peaking,  whereas 
the  large  ones  concentrate  in  the  free-stream,  leading  to  a 
void-coring  distribution.  Moreover,  they  foimd  that  these 
migrations  are  random  and  characterized  by  a  short  time 
scale.  The  latter  characteristics  together  with  a  suitable 
scaling  analysis  (Moursali  et  al,  1995b)  suggest  that  the 
motion  of  migrating  bubbles  might  be  the  result  of  their 
interaction  with  coherent  structures  in  the  boundary  layer. 
The  objective  of  the  present  work  is  to  complete  the  pre¬ 
vious  investigation  by  providing  a  more  detciiled  experi¬ 
mental  description  of  these  phenomena  and  a  better  un¬ 
derstanding  of  the  underlying  mechanisms. 


EXPERIMENTAL  FACILITY  AND  INSTRU¬ 
MENTATION 

A  detailed  description  of  the  facility  is  given  in  previous 
publications  (Lance  &  Bataille,  199;  Moursali  et  al,  1995a). 
The  sketch  of  the  experiment  is  shown  in  figure  1.  The  flat 
plate  is  located  at  the  center  of  the  test  section  of  a  vertical 
water  timnel.  The  latter  is  operated  in  the  upward  direc¬ 
tion  at  atmospheric  pressure,  ambient  temperature  and  at 
liquid  velocities  which  do  not  exceed  1.5m/s,  The  water 
was  filtered  and  decalcified,  but  no  other  precaution  was 
taken  to  remove  impurities,  in  view  of  the  dimensions  of 
the  facility.  Under  such  conditions,  the  water  is  probably 
contaminated.  The  plate,  which  is  15mm  thick,  400mm 
wide  (z-direction),  and  2m  long  (x-direction)  is  made  of 
plexiglass.  The  leading  edge  is  ogive-shaped,  and  is  lo¬ 
cated  0.5m  downstream  of  the  entrance.  Boundary  layer 
transition  is  triggered  by  a  rough  abrasive  ribbon,  3cm 
wide,  stuck  on  the  surface  immediately  downstream  of  the 
leading  edge.  L.D.A.  measurements  made  in  the  absence 
of  bubbles  showed  that  the  tiurbiilent  boundary  layer  had 
a  standard  structure  (Schlichting,  1968).  Most  of  the  mea¬ 
surements  described  in  this  paper  were  made  at  a  distance 
of  Im  downstream  of  the  leading  edge,  and  a  liquid  free- 
stream  velocity  of  Im.s”^.  So,  the  thickness  of  the  bound¬ 
ary  layer  (J)  is  approximately  22mm,  and  the  associated 
Reynolds  number  is  of  the  order  of  22000. 

Bubbles  are  injected  at  a  constant  gas  flow  rate,  through 
one  needle  located  in  the  test  section.  This  produced  a  line 
of  bubbles,  with  the  same  equivalent  diameter,  and  a  reg¬ 
ular  injection  frequency.  The  range  of  the  equivalent  bub¬ 
ble  diameters  studied  lies  between  1mm  and  6mm.  The 
injection  was  performed  at  two  different  positions  in  the 
X-direction  {X  —  0.3m  and  X  =  0.8m),  and  at  different 
distances  Y  from  the  wall,  between  0  and  30mm.  Three 
types  of  measurements  have  been  performed  : 

1.  To  investigate  bubble  dispersion  in  the  flow,  bubbles 
were  released  at  the  lower  position  (injection  at  X  = 
0-3m),  outside  of  the  boundary  layer.  The  bubble  tra¬ 
jectories  were  filmed  using  a  high-speed  video  camera 
shown  in  figure  2,  and  were  processed  automatically, 
using  image  analysis  techniques  (Perkins  &  Himt,  1989; 
Lunde  &  Perkins,  1995)  to  yield  a  statistical  analysis 
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Figure  3:  Method  for  counting  the  bubble  deflection 
rate  at  the  wall. 


Figure  1:  Sketch  of  the  experiment. 


Test  section 


Flat  plate  Frosted  glass 


Figure  2:  View  of  the  camera  and  light  set-up. 

of  the  trajectories  in  the  wadi  region,  and  to  study  the 
interface  deformations. 

2.  To  quantify  the  number  of  bubbles  which  migrate  as 
a  function  of  the  injection  distance  Y  from  the  wall, 
the  bubbles  were  released  at  different  positions  in  the 
boimdary  layer  (  0  <  Y  <  2277im),  at  the  downstream 
position  (X  =  0.8m)  to  reduce  the  dispersion.  At  the 
section  X  =  Im,  the  bubble  frequency  at  the  wall  was 
measxired  using  a  laser  beam  aind  a  photomultiplier  to 
detect  the  presence  of  the  bubble  at  the  wall  (see  fig- 
in*e  3).  This  value  has  been  divided  by  the  total  number 
of  bubbles  injected  into  the  flow  during  the  same  time, 
measured  with  an  optical  probe,  to  obtain  the  deflec¬ 
tion  rate  R  presented  here.  The  deflection  rate  has  been 
measured  for  different  bubble  diameters. 

3.  With  the  same  arrangement,  the  time  interval  between 
two  bubbles  at  the  wall  (two  consecutive  laser  detec¬ 
tions)  has  been  measured. 

RESULTS 

Representative  trajectories  of  bubbles  with  different  di¬ 
ameters  are  shown  in  figure  4.  The  number  of  frames 
processed  varies  between  50  and  70  ;  this  corresponds 
to  an  average  acquisition  time  of  the  order  of  0.1s.  The 
trends  which  have  been  previously  identified  (Moursali  et 
al,  1995a),  and  summarized  in  the  introduction,  are  re¬ 
produced  here.  We  see  that  small  and  large  bubbles  be¬ 
have  in  opposite  ways,  and  the  transition  between  the  two 


behaviours  occurs  at  a  diameter  of  about  4mm.  Below 
this  value  (figures  4-a  4-b),  many  bubbles  are  deflected 

towards  the  wall  and  come  into  contact  with  the  surface 
where  they  remain  captured.  These  so  called  “migrations” 
are  rapid  relative  to  the  time  scale  of  the  flow,  take  place 
only  when  bubbles  rise  inside  the  boundary  layer  and  are 
far  too  random  to  be  systematic.  In  this  sense,  it  is  not 
a  deterministic  process.  Even  if  they  do  not  migrate,  the 
trajectories  of  the  bubbles  in  this  layer  are  strongly  af¬ 
fected  (broad  oscillations),  compared  with  those  in  the  free- 
strezim.  For  bubble  diameters  greater  than  4mm  (figures  4- 
c  h  4-d),  there  are  still  a  few  bubbles  which  approach  close 
to  the  plate.  However,  none  of  these  is  captured  at  the  wall. 
In  order  to  quantify  these  trends,  a  large  number  of  real¬ 
izations  were  performed.  For  each  diameter  investigated, 
aU  the  trajectories  of  the  bubbles  which  migrated  to  the 
plate  were  superposed  on  the  same  plot,  shifting  the  im¬ 
pingement  points  to  the  same  origin,  X  =  0.  In  this  form 
(figure  5),  the  motion  of  the  bubbles  can  be  analysed  us¬ 
ing  statistical  methods.  An  analysis  of  these  trajectories 
is  in  progress,  so  a  detailed  discussion  is  not  yet  possible. 
However,  a  number  of  results  concerning  the  average  be¬ 
haviour  can  be  already  inferred  from  the  figures.  Bubbles 
of  all  sizes  are  deflected  towards  the  plate,  and  the  smaller 
bubbles  are  then  trapped  at  the  sxirface  (figures  5-a,  5-b  & 
5-c).  However  larger  bubbles  are  not  trapped,  and  return 
to  the  free  stream  (figure  5-d). 

The  distances  from  the  surface  where  the  deflections  start, 
are  presented  figure  6.  It  varies  between  half  the  bound¬ 
ary  layer  thickness  (<5/2)  for  the  1mm  and  6mm  diameter 
bubbles  and  S  for  the  intermediate  range  2  —  4mm.  In  the 
boimdary  layer,  significant  differences  in  the  trajectories 
according  to  the  bubble  size  aure  visible.  For  the  smallest 
bubbles  (1mm  -  figure  5-a),  we  note  that  fluctuations  in  di¬ 
rection  exist  and  are  quite  sudden,  similar  to  the  behaviour 
of  light  particles.  As  the  diameter  increases,  the  fluctua¬ 
tions  persist,  but  their  time  scale  increases  (figures  5-b  k 
5-c)  suggesting  that  the  “apparent  inertia”  associated  with 
the  added  mass  effect  becomes  important.  This  idea  is  re¬ 
inforced  by  the  fact  that  the  deflections,  which  are  quite 
direct  for  2mm  diameter  bubbles  (figure  5-b)  are  much  less 
sudden  for  3.5mm  (figure  5-c).  These  different  behaviours 
in  the  wall-region  can  be  seen  from  the  measurements  of 
the  angle  between  the  wall  and  the  bubble  trajectories  as 
the  bubbles  approach  the  wall  (see  figure  7).  Close  to  the 
wall,  the  big  bubbles  approach  the  surface  more  slowly, 
compared  with  the  2mm  case  (see  figures  7-d  7-b).  This 
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4-a  :  1mm  diameter  bubbles.  61  images  processed. 


4-c  :  4mm  diameter  bubbles.  60  images  processed. 
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4-b  :  3.5mm  diameter  bubbles.  59  images  processed 
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4-d  :  6mm  diameter  bubbles.  70  images  processed. 


Figure  4:  Typical  trajectories  for  different  bubble  diameters. 
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Figure  6:  Distances  of  incipient  deflections  towards  the 
wall. 


Figure  7:  Impact  angles  between  the  bubble  trajecto¬ 
ries  and  the  wall. 


is  certainly  du  to  the  “inertia”  effects. 

The  rate  of  bubble  deflection  at  the  wall,  normalized  by 
the  rate  of  bubble  injection,  (R),  is  plotted  in  figure  8,  as  a 
function  of  the  distance  Y  of  the  injector  from  the  surface 
for  different  bubble  diameters.  For  each  diameter,  we  see 
that  the  deflection  starts  for  distances  which  are  in  agree¬ 
ment  with  those  deduced  from  the  trajectories.  Moreover, 
R  is  small  for  1mm  and  6mm,  while  it  increases  for  2mm 
and  reaches  a  maximum  for  3.5mm.  This  remarkable  re¬ 
sult  is  consistent  with  the  findings  of  others  (Zun,  1980). 
Also,  the  behaviour  exhibited  in  the  limit  as  Y  =  (the 
mean  bubble  radius)  is  worth  pointing  out.  Indeed,  since 
in  this  case  the  bubbles  are  released  at  the  surface,  the 
phenomenon  which  is  investigated  is  purely  the  capture 
ability  of  the  plate.  Up  to  3.5mm  diameter,  the  deflection 
rate  is  equal  to  unity,  which  means  that  all  the  bubbles  re¬ 
leased  remain  at  the  wall  in  a  stable  motion.  Above  4mm, 
R  decreases  indicating  that  the  large  bubbles  escape  from 
the  plate  and  progressively  return  to  the  free-stream.  We 
deduce  that  db  =  4mm  is  a  critical  value  for  the  capture 
process.  At  moment,  it  is  still  difficult  to  scale  this  in 
terms  of  a  critical  non-dimensional  number.  According  to 
numeric2d  work  on  laminar  shear  flow  (Ervin  Sz  Tryggva- 
son,  1994),  the  change  of  behaviour  for  large  bubbles  would 
be  caused  by  the  interface  deformation  and  could  therefore 
be  scaled  in  the  form  of  a  critical  capillary  number.  This 
has  yet  be  confirmed  here.  It  turns  out  that  in  our  case 
4mm  is  also  the  thickness  of  the  logarithmic  layer. 

FinaJly,  typical  histograms  of  the  time  interval  between  two 
consecutive  laser  detections  are  shown  in  figure  9.  These 
results  are  for  bubbles  with  a  diameter  of  3.5mm,  and  two 
injection  distances  Y  rt,  and  Y  Close  to  the  wall, 
the  distribution  is  strongly  peaked,  with  a  highest  probable 
time  of  the  order  of  the  inverse  bubble  injection  rate.  Much 
further  away,  the  distribution  has  a  very  long  tail,  with  a 
peeik  at  short  times  (0.01s)  characteristic  of  the  injection 
frequency,  and  a  taiil  corresponding  to  detection  intervals 
of  1.5  —  2s.  This  suggests  that  the  bubbles  are  deflected 
and  deposed  on  the  plate  in  small  groups,  the  interval  be¬ 


tween  these  groups  being  related  to  the  time  scale  of  the 
mechanism  which  causes  the  migration.  A  more  detailed 
analysis  of  this  question  is  planned. 

CONCLUSIONS  AND  FUTURE  WORK 

It  is  shown  that'  the  bubbles,  with  diameters  between 
1mm  and  6mm,  are  deflected  towards  the  wall  in  a  non- 
deterministic  process.  The  deflections  are  rare  for  1mm 
and  6mm  bubbles,  but  they  increase  significantly  for  the 
intermediate  size  range  2  —  4mm.  Bubble  deformation  al¬ 
most  certainly  plays  an  important  role  in  this  ;  the  1mm 
bubbles  are  roughly  spherical  and  undeformable  ;  bubbles 
in  the  range  2  —  4mm  are  ellipsoidal  and  the  6mm  bubbles 
experience  strong  deformations.  Moreover,  below  4mm  the 
bubbles  which  impinge  on  the  plate  remain  captured  at  the 


Figure  8:  Bubble  deposition  rate  at  the  wall,  for  dif¬ 
ferent  diameters.  Estimation  over  120  seconds. 
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Figure  9:  Histogram  of  time  interval  between  two  con¬ 
secutive  bubble  laser  detections,  db  =  3.5mm. 
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surface,  while  the  bubbles  with  a  size  above  this  value  es¬ 
cape  and  return  to  the  free-stream. 

In  the  future,  this  work  will  continue  in  two  main  direc¬ 
tions.  Since  the  migrations  towards  the  plate  have  a  non- 
deterministic  character,  we  may  reasonably  expect  that 
they  are  due  to  the  interaction  between  the  bubbles  and 
the  turbulence.  A  possible  way  to  examine  this  question 
is  to  try  to  visualize  both  the  bubbles  and  the  large  scale 
turbulent  structures  in  the  boundary  layer.  This  work  is 
in  progress.  A  preliminary  experiment  of  this  type  has 
already  been  performed,  in  which  rhodamine  dye  was  in¬ 
jected  directly  into  the  boundary  layer,  through  a  hole  in 
the  plate.  Photographic  recordings  appeared  to  show  a 
correlation  between  the  instantaneous  unsteady  structure 
of  the  boundary  layer  and  the  motion  of  bubbles  towards 
the  wall,  but  the  photographic  quality  was  no  sufficient  to 
permit  a  more  detailed  aniysis.  We  are  currently  improv¬ 
ing  the  techniques  needed  for  this  approach.  In  parallel, 
we  also  intend  to  calculate  the  bubble  trajectories  placed 
in  a  Burgers  vortex  ne«ir  a  flat  plate  (simulated  using  a 
vortex  aoid  its  image).  This  work  will  be  completed  with 
an  investigation  of  the  role  of  interface  deformation  in  the 
deflection  and  subsequent  capture  or  escape  of  the  bubble. 
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ABSTRACT 

The  mechanism  of  turbulence  modification  induced  by 
the  motion  of  solid  particles  within  a  flow  are  exam¬ 
ined  and  anadyzed  by  performing  calculations  with  the 
Euler/Lagrange  method.  In  this  study  the  experimental 
investigations  of  Kulick  et  al.  (1994)  were  taken  as  a  basis 
in  order  to  validate  the  applied  models.  There,  a  channel 
flow  with  a  length  of  L  =  5m  and  a  half  width  of  h  =  20mm 
was  investigated,  where  air  was  flowing  vertically  down¬ 
ward.  Based  on  the  channel  half  width  a  Reynolds  number 
of  Rth  =  13800  was  obtained.  Copper  and  glass  particles 
of  different  mean  diameters  -  dp  =  70fjbm  for  the  copper 
particles  and  dp  =  bOfim  and  dp  =  90fim  for  the  glass 
pcLTticles  respectively  -  were  added  to  the  flow.  The  mass 
loading  varied  between  2  —  40%. 


INTRODUCTION 

For  gas  -  solid  two-phase  flows  as  well  as  for  gas  -  liq¬ 
uid  systems  the  influence  of  the  dispersed  phase  on  the 
continuous  phase  is  very  important  with  respect  to  the 
objective  of  the  whole  process  under  consideration.  The 
mechanism  of  turbulence  modification  induced  by  the  mo¬ 
tion  of  solid,  liquid  or  gaseous  particles  within  a  flow  are 
not  very  well  understood  in  most  situations.  Due  to  the 
variety  of  parameters  involved  with  this  issue  it  is  very  dif¬ 
ficult  to  extract  a  reasonable  amount  of  information  from  a 
single  experiment.  Moreover,  the  quality  (or  the  accuracy) 
of  the  results  obtained  by  experimental  investigations  has 
a  tremendous  impact  on  the  expected  success  of  any  model 
used  to  predict  turbulence  modification  in  such  two-phase 
flow  systems. 

Basically,  there  are  two  classes  of  reviews  available  in  the 
literature,  where  an  attempt  was  made  to  classify  turbulent 
two  -  phase  flows.  One  of  them  is  due  to  Gore  Sz  Crowe 
(1989),  where  the  most  relevant  experimental  investiga¬ 
tions  are  analysed  according  to  the  change  in  turbulence 
intensity  depending  on  a  length  scale  ratio  Dp/Ls^  where 
Dp  represents  the  particle  diameter  and  Le  the  integral 
length  scale  of  the  flow,  respectively.  This  analysis  resulted 
in  a  criterion  for  DpjhB  in  order  to  decide,  if  the  parti¬ 


cles  attenuate  the  single  phase  turbulence  (values  below 
DpJLe  ~  0-1)  or  augment  it  (values  above  Dp/Ls  «  0.1). 
Hetsroni  (1989)  in  his  review  argued,  that  such  a  crite¬ 
rion  for  determining  turbulence  attenuation/augmentation 
could  be  found  solely  in  the  particle  Reynolds  number  Rtp 
in  such  a  way,  that  for  Rtp  >  400  wake  effects  become  pre¬ 
dominant  leading  to  an  enhanced  turbulence  production 
and  hence  to  turbulence  augmentation.  Besides,  differ¬ 
ent  results  are  obtained  for  wall  -  bounded  turbulent  shear 
flows  and  free  shear  flows.  Nevertheless,  the  number  of 
parameters,  which  can  be  identified  to  be  relevant  for  the 
influence  on  the  change  of  turbulence  intensities  in  a  qual¬ 
itative  manner  due  to  the  presence  of  a  dispersed  phase, 
are  similar  to  those  of  Gore  k,  Crowe  (1991): 

•  Stokes  number  St  =  Tp  jrj 

•  local  volume  fraction 

•  flow  Reynolds  number  Re 

•  particle  Reynolds  number  Rcp 

•  Length  scale  ratio  DpJLe 

•  relative  turbulence  intensity  \Uf  —  Up  \ 

In  the  intermediate  time  both  the  criterion  due  to  Gore 
and  Crowe  (1989)  as  well  the  one  due  to  Hetsroni  (1989) 
are  regarded  as  doubtful.  Recent  Direct  Numerical  Simula¬ 
tions  (DNS)  performed  by  Squires  k  Eaton  (1990)  and  El- 
ghobashi  k  Truesdell  (1993)  showed  the  whole  complexity 
of  the  problem  leading  to.  the  conclusion,  that  a  rather  sim¬ 
ple  model  will  merely  be  able  to  describe  the  physics  behind 
such  turbulent  two  -  phase  flows.  Moreover,  the  results 
emenating  from  those  DNS  are  restricted  to  length  scale 
ratios  Dp/??  <  1,  where  rj  is  the  Kolmogorov  time  scale  in 
order  to  satisfy  the  applicability  of  the  particle  equation  of 
motion.  Since  turbulence  augmentation  was  observed  even 
in  this  case  under  certain  conditions,  the  general  applica¬ 
bility  of  the  criteria  mentioned  above  are  proved  not  to  be 
realistic.  Those  Direct  Numerical  Simulations  revealed  the 
importance  of  viewing  the  changes  in  the  transfer  function 
due  to  particle  presence.  The  close  connection  of  those 
Direct  Numerical  Simulations  and  the  experimental  inves¬ 
tigations  performed  by  Kulick  et  cil.  (1994)  served  as  a 
motivation  to  study  the  applicability  of  current  turbulence 
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models  for  both  phases  and  to  look  for  improvements  of 
such  turbulence  models. 

NUMERICAL  METHOD 
The  numerical  calculations  of  particle  dispersion  in  a  tur¬ 
bulent  flow  were  based  on  the  Eulerian/Lagrangian  ap¬ 
proach  for  the  continuous  and  dispersed  phase,  respec¬ 
tively.  The  continuous  phase  was  computed  by  solving  the 
time-averaged  Navier-Stokes  equations  in  connection  with 
three  different  turbulence  models.  First,  the  standard  k-e 
turbulence  model  (Launder  &  Spalding  (1974))  served  as 
a  reference  turbulence  model.  Moreover,  a  Reynolds  stress 
turbulence  model  and  a  two-time  scale  model  was  used. 
The  general  form  of  the  elliptic  differential  equations  using 
a  cartesian  coordinate  system  is  given  for  each  conserved 
quantity  by: 

A(rg)-|-(rg)  =  5,+5*,(l) 

Here,  represents  the  source  terms  of  the  continuous 
phase,  S4>p  those  of  the  dispersed  phase,  and  F  the  effective 
viscosity.  The  resulting  set  of  equations  axe  solved  by  using 
a  finite  volume  discretization  scheme  and  applying  an  iter¬ 
ative  solution  procedure  based  on  the  SIMPLE  algorithm. 
The  convective  terms  are  discretized  by  using  a  deferred 
correction  scheme.  The  diffusive  terms  axe  generally  dis¬ 
cretized  by  using  the  central  differencing  scheme.  In  order 
to  solve  the  system  of  equations  a  procedure  according  to 
Stone  (1968)  was  applied,  which  is  based  on  an  incomplete 
LU  -  decomposition  technique. 

Turbulence  modelling  of  the  gaseous  phase 
In  order  to  estimate  the  importance  of  the  turbulence 
model  used  to  represent  the  turbulent  character  of  the  con¬ 
tinuous  phase  within  the  turbulent  two  -  phase  flow,  differ¬ 
ent  turbulence  models  were  applied  and  compared  among 
each  other.  The  standard  k  -  e  turbulence  model  served 
as  a  reference  model.  Based  on  the  general  form  of  the 
conservation  equation  outlined  in  eq.  1  this  model  is  char¬ 
acterized  by  the  source  terms  and  effective  viscosities  as 
well.  Since  this  is  a  classical  formulation,  the  reader  is 
referred  to  Kohnen  et  al.  (1994)  for  details. 

The  k-s  model  as  a  representative  of  the  two  -  equation 
eddy  -  viscosity  model  is  widely  used  due  to  its  easy  han¬ 
dling.  For  a  number  of  flow  problems  the  application  of 
this  model  leads  to  satisfactory  agreement  when  compared 
with  experimental  results.  Nevertheless,  for  complex  flow 
situations  this  situation  changes.  Two  major  drawbacks 
can  be  identified  at  least  in  connection  with  the  calcula¬ 
tion  of  turbulent  two  -  phase  flow  systems: 

•  The  prescription  of  the  linear  stress  -  strain  relation¬ 
ship  results  in  a  reduced  range  of  use.  Shortcomings 
cire  apparent  for  flows  which  deviate  from  spectral 
equilibrium. 

•  A  more  pronounced  insensitiveness  to  the  orientation 
of  turbulence  structures,  i.e.  to  the  anisotropy  of  the 
normal  stresses  is  realized.  The  presence  of  a  dis¬ 
persed  phase  is  basically  designated  by  a  change  of 
the  anisotropy  of  the  normal  stresses. 

As  a  consequence  of  this  the  closure  adopted  herein  is  a 
high  Reynolds  -  stress  variant  of  Gibson  Sz  Launder  (1978). 
In  terms  of  Cartesian  tensor  notation  this  model  may  be 
written  for  plane  flows  as  follows: 

d[Qf{U,ui^)\  ^  ^  ^ ^  ^ ^  5^^  (2) 

OXk 

Dij  is  the  tensor  of  turbulent  diffusion,  Pij  the  production 
tensor,  ^ij  the  tensor  to  characterize  the  redistribution 
process,  £ij  the  dissipation  rate  tensor,  and  the  particle 


Figure  1:  Schematic  of  the  multiscale  turbulence  model 


source  term.  The  equation  for  the  dissipation  rate  e  is 
characterized  by  the  following  equation: 


diQfiUie)] 

dxi 


=  Cel^Pk-^  QfC£2^ 

d  f  k - ^  ,  c 


(3) 


A  special  treatment  concerning  the  stability  of  this  system 
of  differential  equations  is  similar  to  the  work  of  Lien  k, 
Leschziner  (1991). 

In  order  to  assess  the  relevance  of  the  departure  from  the 
equilibrium  stage  a  two  -  time  -  scale  model  was  taJken  as 
well.  For  this  type  of  turbulence  model  the  energy  spec¬ 
trum  is  split  up  into  three  regions  as  shown  in  Fig.  1. 
This  classification  induces  two  different  characteristic  wave 
numbers.  Energy  assigned  to  the  large  turbulent  eddies  is 
produced  by  the  mean  shear  gradient.  This  region  is  des¬ 
ignated  by  the  production  range  and  covers  wave  num¬ 
bers  lower  than  the  characteristic  wave  number  /ci,  i.e. 
K  <  Ki.  Beyond  this  wave  number  energy  is  transferred 
due  to  the  energy  cascading  process  to  even  higher  wave 
numbers  until  the  smallest  turbulent  eddies,  where  dissipa¬ 
tion  occurs  (wave  numbers  n  >  /C2)-  This  part  of  the  wave 
number  spectrum  is  called  dissipation  range.  The  interme¬ 
diate  range  designated  hy  K2  <  is  called  transfer 

range.  Similar  to  the  k  —  e  -  turbulence  model  differential 
equations  for  the  production  and  the  transfer  range  will 
be  solved  each  for  a  turbulent  kinetic  energy  and  a  corre¬ 
sponding  dissipation  rate.  Hence,  the  two  -  time  scale  tur¬ 
bulence  model  is  characterized  by  four  equations.  Within 
the  present  study  the  two  -  time  scale  turbulence  model  of 
Kim  et  al.  (1987)  was  taken.  With  respect  to  eq.  1  this 
model  is  characterized  by  the  source  terms  and  effective 
viscosities  summarized  in  Table  1.  The  corresponding  set 
of  empirical  constants  can  be  found  in  Kim  et  al.  (1987). 


Treatment  of  the  dispersed  phase 
The  dispersed  phase  was  treated  by  the  Lagrangian  ap¬ 
proach,  where  a  large  number  of  parcels,  representing  a 
number  of  real  particles  with  the  same  properties,  were 
traced  through  the  flow  field.  The  representation  of  the 
pzirticles  by  parcels  was  used  in  order  to  allow  the  consid¬ 
eration  of  the  partilce  size  distribution.  The  parcels  were 
traced  through  the  flow  field  by  solving  a  set  of  ordinary 
differential  equations  for  the  particle  location  and  velocity. 
For  the  formulation  of  the  particle  equation  of  motion  it 
was  assumed  that  the  Basset  history  force  and  the  added 
mass  force  are  neglegible  since  a  large  density  ratio  Qp/g 
was  considered  (see  Hjelmfelt  k,  Mockros  (1966)).  The 
instantaneous  fluid  velocity  itself  was  determined  by  using 
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Table  1:  Source  terms  and  effective  viscosities  within 
the  two  -  time  scale  -  model 


the  Markov  -  sequenz  model  including  a  drift  correction  for 
the  transverse  direction  as  it  is  described  by  Sommerfeld  et 
al.  (1993).  This  results  in  the  following  equations  to  deter¬ 
mine  new  particle  locations  and  velocities  in  a  Cartesian 
coordinate  system: 

^  .  V,  f  =  (4) 

dUp  ZpcDp{U-Up)\U-Up\ 

dt  ippDp 

dVp  3pcr>p{V-Vp)\U-Up\ 

dt  AppDp 

dWp  ^  3pcDp  iW-Wp)\U-Up\ 

dt  AppDp 


The  drag  coefficient  was  determined  from  the  correlations: 


cz?p  =  0.44 


Rtp  <  1000 
Rep  >  1000 


(6) 


with: 

u 


Interphase  coupling 

The  particle  source  terms  were  ccilculated  using  a  modi¬ 
fied  version  of  the  Particle  Source  in  Cell  -  approximation 
of  Crowe  et  aJ.  (1977).  This  model  assumes,  that  the  dis¬ 
persed  phase  represents  a  source  of  mass  and  momentum  in 
the  equations  for  the  continuous  phase.  The  same  strategy 
is  taken  for  all  turbulence  quantities  inherent  for  the  prob¬ 
lem.  For  two  -  phase  flow  systems  without  phase  changes, 
the  source  term  in  the  continuity  equation  is  zero.  For  the 


three  components  of  the  momentum  equation  the  so  called 
particle  source  term  is  calculated  for  each  time  step  At  as 
follows: 

^  -  Sx  •  At] 

k 

=  -9y^t]  (7) 

E  -  < )- 9--  At] 

'  k 

Here  and  Nk  represent  the  mass  flow  rate  and  the  real 
number  of  particles  within  one  computational  parcel,  re¬ 
spectively.  is  the  volume  of  the  computational  cell. 
In  the  case,  that  one  particle  is  crossing  a  cell  face  of  one 
control  volume  in  order  to  enter  a  neighbouring  control 
volume,  the  particle  source  term  has  to  be  distributed  by 
interpolation. 

Two  additional  source  terms  for  the  turbulent  kinetic 
energy  and  its  dissipation  rate  have  to  be  formulated  in 
the  case  of  the  k  —  e  turbulence  model.  They  are: 


Skp  ^  tjiSuip  —  UiSuip 

(8) 

for  the  turbulent  kinetic  energy  and 

q  ^  S^ 

dxt 

(9) 

for  the  dissipation  rate.  The  values  designated  by  a  tilde 
are  instantaneous  values,  the  small  letters  are  fluctuating 
values,  and  the  capital  letters  are  averaged  values.  The  ad¬ 
ditional  constant  C^z  took  a  value  of  Ccz  =  1.1.  It  should 
be  noted,  that  for  the  control  volumes  adjacent  to  the  wall 
the  source  terms  of  the  turbulence  quantities  for  the  k  —  e 
turbulence  model  as  well  as  for  the  other  turbulence  mod¬ 
els  were  set  to  zero,  since  no  model  is  available  for  this 
region,  which  is  clearly  not  designated  by  local  isotropic 
turbulence. 

In  the  case  of  the  reynolds  -  stress  model  the  following 
particle  source  terms  for  the  individual  stresses  are  calcu¬ 
lated: 


5u«p  =  2  •  {USup  ~  USup) 

Svvp  =  2  •  i^Svp  -  VSvp) 

2  •  (WP5„p  -  WS^p) 

Suvp  —  vSup  +  iiSvp  -  {vSup  +  uSvp)  (10) 

The  corresponding  equation  to  eq.  9  for  the  dissipation 
equation  reads  as  follows: 


0.5  *  CcZ  ,  {^Suup  “f*  Svvp  ■4"  *5'iyu;p) 


(11) 


using  Cez  =  1.1  in  analogy  to  the  k  —  e  turbulence  model. 
The  particle  source  terms  for  the  two  -  time  scale  turbu¬ 
lence  model  were  formulated  in  two  different  ways.  First,  a 
proposal  of  Sato  (1996)  was  used,  where  the  total  amount 
of  turbulent  kinetic  energy  emenating  from  the  dispersed 
phase  is  distributed  to  the  production  and  transfer  range 
in  the  following  way: 


Sip, 

—  UiSuip  UiSuip  —  2  •  Acfc  ■  ^  ^  Aft  ‘ 

i 

rrik,i 

sit 

=  2.fct.yAft-^ 

1 

sip. 

”  OepZ  ~  Skp  p 

si. 

=  CetZ-j^Sktt 

(12) 
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Due  to  the  fact,  that  the  calculations  performed  by  Sato 
(1996)  were  done  for  two  -  phase  flow  systems  with  larger 
particles,  where  one  can  expect,  that  the  particles  do  have 
an  influence  with  the  larger  turbulent  eddies  of  the  pro¬ 
duction  range,  an  alternative  formulation  was  developed 
taking  into  account  the  fact,  that  the  interaction  between 
the  smaller  particles  will  take  place  more  likely  with  the 
turbulent  eddies  represented  by  the  transfer  range.  Conse¬ 
quently,  this  approach  takes  the  form; 


sIp 

=  0 

sit 

=  tjiSuip  —  DiSuip 

=  0 

^£tp 

”  GctZ'^Rkti 

(13) 

Cffp3  and  Gets  are  constants  and  took  on  the  values  defined 
by  Sato  (1996)  leading  to  Cepz  -  Caz  =  1.2.  Further 
details  of  the  two  -  way  coupling  procedure  can  be  found 
in  Kohnen  et  aJ.  (1994). 

CONSIDERED  FLOW  CONFIGURATION 

The  numerical  calculations  were  based  on  experiments 
of  Kulick  et  al.  (1994)  in  a  channel  flow  configuration.  In 
their  study  a  channel  with  a  length  of  L  =  5m  and  a  half 
width  of  h  =  20mm,  where  air  was  flowing  vertically  down¬ 
ward,  was  taken  as  test  case.  Based  on  the  channel  half 
width  a  Reynolds  number  of  Ren  =  13800  was  obtained. 
Copper  and  glass  particles  of  different  mecin  diameters  - 
dp  =  70 Atm  for  the  copper  particles  and  dp  —  SOpm  and 
dp  =  90/xm  for  the  glass  particles  respectively  -  were  added 
to  the  flow.  The  mass  loading  varied  between  2  —  40%. 

RESULTS 

The  calculations  for  this  turbulent  two  -  phase  channel 
flow  were  performed  on  a  grid  with  15000  control  volumes 
distributed  over  two  blocks.  At  the  end  of  the  channel  a 
fully  developed  single  phase  flow  was  assumed.  This  was 
taken  into  account  for  the  calculations  of  the  single  phase 
solution  by  forwarding  the  outlet  information  back  to  the 
inlet  as  long  as  a  fully  developed  flow  was  recognized.  The 
inlet  conditions  of  the  dispersed  phase  with  respect  to  the 
mean  and  fluctuating  velocities  could  be  shown  to  have  a 
negligible  effect  on  the  results  at  the  end  of  the  channel. 
Since  initial  conditions  had  to  be  specified,  the  correspond¬ 
ing  free  fall  velocity  of  each  particle  was  taken  depending 
on  the  given  size  istribution  and  the  distance  from  the 
particle  feeder  to  the  channel  entrance.  For  each  coupling 
iteration  a  total  number  of  25000  particles  were  tracked 
through  the  flow  field.  Using  an  underrelaxation  factor  of 
7  =  0.3  for  smoothing  the  particle  source  terms  15  coupling 
iteration  have  been  performed.  The  comparison  between 
the  experimental  and  numerical  results  refer  to  the  veloc¬ 
ity  information  provided  at  the  end  of  the  channel,  where 
a  fully  developed  turbulent  two  -  phase  flow  was  expected. 

First  of  all  it  should  be  mentioned,  that  the  influence 
of  the  particle  mass  loading  Z  within  the  considered  test 
runs  is  negligible  on  the  mean  velocity  profile  for  all  three 
pELTticle  charges  under  investigation.  Hence,  there  is  no 
change  in  the  gradient  of  the  mean  velocity  in  downward 
direction  due  to  particle  presence.  This  implies,  that  the 
production  term  can  only  be  altered  by  the  presence  of  the 
particles  due  to  changes  in  the  Reynolds  stresses.  Fig.  2 
shows  the  axial  rms  -  velocity  of  the  fluid  induced  by  glass 
particles  with  a  mean  diameter  of  Dp  =  SOfim  (a)  and 
Dp  =  90/xm  (b).  In  both  cases  a  reduction  in  turbulence 
intensity  can  be  observed  with  increasing  mass  loading. 
The  agreement  is  extremely  well  in  the  case  of  the  bOfim 
particles  in  the  whole  cross  section  except  close  to  the  wall, 
whereas  the  sharp  decrease  in  turbulence  intensity  cannot 


be  reproduced  by  the  numerical  calculations  for  the  higher 
mass  loadings  in  the  case  of  the  90//m  particles.  Only 
close  to  the  channel  centre  a  satisfactory  agreement  can  be 
found.  PYom  Fig.  3  it  becomes  evident,  that  the  effect  of 
particles  on  the  tangential  rms  -  velocity  is  similar  com¬ 
pared  to  the  corresponding  axial  rms  -  velocities  in  Fig.  2. 
There,  the  agreement  is  satisfactory  over  the  whole  cross 
section.  However,  due  to  the  missing  experimental  data  for 
the  higher  mass  loading  for  the  90jj.7n  particles  it  is  difficult 
to  argue,  if  the  particles  contribute  to  an  isotropization  of 
turbulence  in  the  intermediate  range  between  the  wall  and 
the  centreline. 

In  Fig.  4  the  profiles  of  the  cixial  velocity  fluctuations  of 
the  continuous  phase  are  outlined  depending  on  the  three 
tested  turbulence  models.  It  is  obvious,  that  the  Reynolds 
-  stress  model  reflects  the  experimental  observations  best, 
as  it  was  already  observed  for  the  glass  peirticles.  Even  the 
different  source  term  formulations  for  the  two  -  time  scale 
model,  inidcated  as  QTl  for  eq.  12  and  QT2  for  eq.  13 
cannot  compensate  the  drawbacks  of  this  model.  Never¬ 
theless,  the  reduction  due  to  an  increased  mass  loading 
is  heavily  underpredicted  by  all  turbulence  models.  The 
reason  for  this  may  be  found  by  focussing  on  the  possible 
reasons  responsible  for  changes  in  the  turbulence  quanti¬ 
ties  due  to  the  presence  of  the  particles.  First,  the  particle 
source  terms  in  the  equations  for  the  turbulence  quantities, 
which  are  called  the  direct  effect  of  particle  motion  on  tur¬ 
bulence  modification,  may  be  one  issue.  Moreover,  there  is 
an  indirect  effect  of  particles  on  turbulence  modification, 
which  is  associated  with  structural  changes  in  the  under¬ 
lying  turbulent  flow  field  and  cannot  be  covered  by  the 
particle  source  terms.  It  will  be  shown,  that  this  indirect 
effect  is  responsible  for  the  main  reduction  at  least  in  the 
channel  center.  A  major  improvement  could  be  achieved 
by  using  a  model  for  the  constant  Ce2  in  the  k  —  e  model 
and  the  Reynolds  -  stress  model,  where  this  constant  is 
assumed  to  depend  on  the  mass  loading  and  the  particle 
Stokes  number,  as  this  was  found  during  the  Direct  Nu¬ 
merical  Simulations  of  Squires  &  Eaton  (1994)  for  a  grid 
turbulence.  The  reason  for  this  dependence  was  found  to 
be  a  departure  from  the  balance  between  the  production 
mechanism  due  to  vortex  stretching  and  the  viscous  de¬ 
struction  depending  on  mass  loading  and  particle  Stokes 
number.  This  modified  expression  for  C£2  =  /(^i  ^p)  can 
be  expressed  as  follows: 

=  l+20.462-[4.15-1.7-  ^]-(0.75-^)-#p--(14) 
Cc2«  T/  Tf  e 

Here,  Ce2o  is  the  original  constant  of  the  k  —  e  model  and 
the  Reynolds  stress  model  in  a  single  phase  flow.  It  should 
be  stressed  here,  that  this  modelled  form  is  only  valid  in 
flow  regions,  which  are  similar  to  grid  turbulence.  For  a 
channel  flow,  this  is  most  likely  at  the  channel  centerline. 
In  Fig.  5  and  6  this  indirect  effect  is  taken  into  account  for 
the  axial  and  tangential  velocity  fluctuations.  Especially 
at  the  channel  centreline  an  improved  agreement  can  be 
found  for  the  k  —  e  and  Reynolds  stress  model.  Concerning 
the  tangential  velocity  fluctuation,  which  is  depicted  for 
the  Reynolds  stress  model  in  Fig.  6,  this  improved  reduc¬ 
tion  is  overestimated  indicating,  that  the  influence  of  the 
particles  on  the  surrounding  fluid  flow  seems  to  depend 
on  the  spatial  direction  of  the  individual  components  of 
the  velocity  fluctuation.  Moreover,  the  improvement  is  re¬ 
stricted  to  regions  close  to  the  channel  centre.  In  order  to 
get  improved  results  for  the  wall  near  region,  a  correspond¬ 
ing  relationship  for  the  constant  Cei  should  be  determined 
by  Direct  Numerical  Simulations  as  well. 

CONCLUSIONS 

It  could  be  observed,  that  for  the  investigated  two  -  phase 
flow  system  the  importance  of  the  anisotropy,  covered  by 
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the  choice  of  using  the  Reynolds  stress  model,  was  predom¬ 
inant  compared  to  the  departure  of  equilibrium  represented 
by  the  two-time  scale  model.  Moreover,  the  direct  and  in¬ 
direct  influence  could  be  identified.  In  order  to  quantify  the 
indirect  influence  a  model  was  developed,  which  resulted  in 
a  correction  of  the  constant  Ct:2  depending  on  the  loading 
and  the  particle  Stokes  number.  With  this  model  it  was 
possible  to  get  reasonably  good  results  for  the  prediction 
of  the  turbulence  attenuation  in  the  centre  of  the  channel. 
A  universal  for  of  this  model  would  require  further  studies 
using  Direct  Numericctl  simulations  in  connection  with  a 
broader  spectrum  of  the  individual  parameters. 
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Figure  2:  Fluid  axial  rms  -  velocity  induced  by  glass 
particles  with  different  mean  diameters  depending  on 
the  loading  Z  (RSM):  a)  Dp  =  50fim;  b)  Dp  =  90/im 


Figure  3:  Fluid  tangential  rms  -  velocity  induced  by 
glass  particles  with  different  mean  diameters  depend¬ 
ing  on  the  loading  Z  (RSM):  a)  Dp  =  50/im;  b) 
Dp  =  90/zm 
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Figure  4:  Axial  rms  -  velocity  (fluid)  induced  by  the 
copper  particles  depending  on  the  loading  Z  and  the 
turbulence  model  (without  indirect  effect):  a)  A:  —  e 
turbulence  model;  b)  Reynolds  stress  model;  c)  Two  - 
time  -  scale  model 
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Figure  5:  Fluid  axial  rms  -  velocity  induced  by  the  cop¬ 
per  particles  depending  on  the  loading  Z  and  the  tur¬ 
bulence  model  (considering  modelled  indirect  effect): 
a)  k  —  e  model;  b)  Reynolds  stress  model 
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Figure  6:  Fluid  tangential  rms- velocity  induced  by 
copper  particles  depending  on  the  loading  Z  (Reynolds 
stress  model):  a)  without;  b)  with  indirect  effect 
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ABSTRACT 

The  algebraic  Reynolds  stress  model  of  Gatski  and 
Speziale  is  extended  by  allowing  the  constants  within  the 
model  to  be  functions  of  the  invariants  of  the  anisotropy. 
Although  this  makes  the  model  non-linear  in  anisotropic 
flows  our  experience  is  that  convergence  is  rapid.  Advan¬ 
tages  of  this  type  of  modelling  are  that  all  components 
of  the  Reynolds  stress  tensor  are  predicted  and  thus  the 
invariants  can  be  easily  monitored  for  realisibility.  This 
paper  carries  out  the  first  stage  of  analysis  of  this  type 
of  modelling  as  part  of  any  two  equation  model.  Direct 
numerical  simulation  (DNS)  results  for  the  standard  2D 
turbulent  channel  flow  are  used  in  automatic  optimisation 
procedures  to  find  the  constants  within  the  ARSM  rela¬ 
tion.  The  results  are  then  applied  to  3D  turbulent  shear 
flows  and  a  2D  turbulent  separation  bubble  flow. 

INTRODUCTION 

The  aim  of  algebraic  Reynolds  stress  modelling  (ARSM) 
is  to  extend  the  physics  involved  within  a  turbulence  model 
calculation  without  significant  increase  in  computational 
cost  beyond  that  of  a  standard  two-equation  model.  The 
algebraic  Reynolds  stress  form  of  turbulence  modelling 
arises  by  modelling  the  convective  and  diffusive  parts  of  the 
Reynolds  stress  transport  equation  in  such  a  way  that  the 
equation  becomes  adgebraic  in  the  Reynolds  stress  tensor. 
This  means  the  model  still  contains  much  of  the  physics 
within  the  full  Reynolds  stress  transport  equations  with¬ 
out  the  cost  of  solving  extra  transport  equations.  Although 
the  algebraic  Reynolds  stress  form  of  modelling  includes 
much  more  physics  than  the  standard  two  equation  form 
it  still  h<L5  not  been  demonstrated  to  model  accurately  all 
the  components  of  the  stress  tensor  particularly  in  the  near 
wall  region.  It  is  this  aspect  of  ARSM  modelling  that  is 
addressed  in  this  paper. 

It  has  been  suggested  that  the  ARSM  form  of  modelling 
does  not  model  transport  terms  in  the  Reynolds  stress 
equation  (Girimaji,  1996)  because  the  transport  terms  are 
neglected.  As  explained  later,  this  is  not  strictly  true  in 
the  ARSM  model  formulation.  The  formulation  is  cor¬ 
rect  in  isotropic  flows  and  models  the  transport  terms  in 
anisotropic  flows.  If  improvements  to  the  model  formula¬ 


tion  are  made  based  on  the  anisotropy  of  the  flow,  then 
their  effect  will  not  interfere  with  the  behaviour  of  the 
model  in  isotropic  flows. 

The  ARSM  relation  of  Gatski  and  SpeziaJe  is  used  as 
the  basic  model  since  it  is  widely  known  and  contains  the 
main  features  of  most  ARSM  models.  The  pressure  strain 
is  represented  as  a  linear  function  of  the  anisotropy  ten¬ 
sor  and  the  algebraic  equation  for  the  anisotropy  tensor 
is  made  an  explicit  non-linear  function  of  the  strain  rate 
using  Pope’s  (1975),  methodology.  Regularisation  is  used 
to  improve  the  robustness  of  the  final  algorithm. 

Modifications  are  carried  out  based  on  DNS  values  for 
channel  flow.  The  DNS  was  carried  out  using  a  spectral 
(Fourier  -  Chebyshev)  method  details  of  which  are  given 
in  Sandham  &:  Howard  (1997),  Canuto  et  al  (1988)  and 
Kleiser  ^  Schumann  (1980).  Time  discretisation  is  carried 
out  using  a  compact  3rd  order  Runge-Kutta  method  for 
the  convective  terms  and  the  Crank- Nicolson  method  for 
the  viscous  and  pressure  terms.  The  code  has  been  writ¬ 
ten  for  use  on  massively  parallel  machines  as  discussed  in 
Sandham  Sz  Howard  (1997).  Use  of  the  invariants  of  the 
anisotropy  in  the  evaluation  of  the  constants  makes  the 
ARSM  equation  implicit.  The  DNS  profiles  for  velocity, 
turbulence  kinetic  energy  and  dissipation  are  used  in  the 
right  hand  side  of  the  ARSM  equation  to  test  whether  it 
can  produce  the  correct  stress  profiles  given  the  exact  ve¬ 
locity  and  dissipation  fields. 

Having  obtained  a  solution  for  channel  flow  the  model 
equation  is  then  applied  to  a  3-D  equilibrium  flow  field 
and  a  turbulent  separation  and  reattachment  flow  field. 

The  paper  is  divided  into  four  main  parts.  Firstly,  for¬ 
mulation  of  the  extended  algebraic  Reynolds  stress  turbu¬ 
lence  model,  secondly,  analysis  of  three  dimensional  flows, 
thirdly,  analysis  of  2D  separation  and  reattachment  prob¬ 
lem  and  finally,  discussion,  conclusions  and  further  work. 

extended  ALGEBRAIC  REYNOLDS  STRESS 
MODELLING 

The  algebraic  stress  model  is  formed  by  first  assuming 
that  the  rate  of  change  of  the  anisotropy  tensor, 

bij  =  u{u'j/2K  -  Si j/3, 
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Figure  1:  The  left  hand  side  is  dTijk/dxk  and  the  right  hand 
side  is  Tij / K(dTk ! dxk)  for  the  z  =  1,^  =  2  component  of 
the  flow. 


Figure  2:  ARSM  relation  values  for  the  norma!  stresses 
(triangles),  (crosses)  and  (diamonds).  The  lines 
show  the  DNS  values. 


with  time  is  zero 


which  can  be  written  as 

Dtxj  _  Tjj  DK 
Di  ^  K  Dt' 

The  second  major  assumption  is  that  the  transport  terms 
in  the  Tij  and  K  transport  equations  can  be  decoupled  from 
the  production,  dissipation  and  pressure  strain  terms.  This 
leads  to; 

Pi,  +  Ui,-u,=  '^(P-c),  (1) 

where  Pij  is  production,  ITij  pressure  strain  and  €ij  ‘dis¬ 
sipation’  tensor  in  the  Reynolds  stress  transport  equation 
and  P  is  production  and  c  is  dissipation  in  the  kinetic  en¬ 
ergy  transport  equation  and 

^Pxjk  _  Tij  dPmmk 


where 


Tijk  =  {ui’uj^uk'  8 jk  +  p’u^'8ik), 


corresponding  to  the  viscous,  turbulent  and  pressure  diffu¬ 
sion  respectively  in  the  Reynolds  stress  transport  equation. 
The  decoupling  is  exact  in  flows  in  which  the  transport 
terms  are  zero.  For  other  flows,  decoupling  the  equations 
in  this  manner  is  a  model  assumption.  However,  it  is  a 
very  different  assumption  than  what  is  commonly  stated 
for  ARSM  models,  which  is  that  this  type  of  modelling  as¬ 
sumes  no  transport.  Rather,  the  ARSM  models  assume 
that  the  stress  transport  balances  the  kinetic  energy  trans- 
port.  Figure  1  shows  the  left  and  right  hand  side  of  the 
diffusion  balance  equation  (2)  for  the  1,2  component  in  2- 
D  channel  flow.  This  shows  how  the  model  is  in  error  very 
close  to  the  wall. 

The  Gastki  Sz  Speziale  (1993),  relation  has  the  final  form 


2  _ 6(1  -)-  n^)aiK 

Z  3  +  +  6C2 


+  (S.^n:,  +  sjfcQ:.)  -  2{Shsi,  -  |5;,s«6o)J 


=  ^57(2  -  C3)5o.  n*,  =  \g^{2  - 


77  =  (5*  s*  )=,  c  =  (nr,fio)= 
ai  =  (C2-|)/(C3-2) 

We  make  use  of  the  suggestion  that  the  constants  within 
the  model  can  be  made  functions  of  the  invariants  of  the 
cinisotropy  tensor.  This  allows  us  to  tune  the  constants  to 
give  better  solutions  for  the  stress  tensor  as  compared  with 
DNS.  Automatic  optimisation  procedures  are  used  to  do 
this.  The  ultimate  aim  for  this  study  is  to  solve  this  equa¬ 
tion  in  conjunction  with  the  relevant  two  equation  model 
transport  equations  for  K  and  e  and  the  momentum  equa¬ 
tion,  optimising  the  constants  on  the  full  closed  modelled 
problem.  However,  this  represents  a  highly  complex  opti¬ 
misation  problem.  As  a  first  step  towards  achieving  this 
goal,  the  DNS  values  for  velocity,  turbulence  kinetic  energy 
{K)  and  dissipation  (e)  are  used  in  the  ARSM  shear  stress 
relation.  The  P/e  term  is  removed  from  the  g  equation 
bearing  in  mind  the  point  made  by  Girimaji  (1996)  about 
the  cost  and  accuracy  implications  of  iterating  the  ARSM 
relation  on  the  P/e  ratio.  The  constants  Ci,  C2,  C3,  C4 
are  made  functions  of  the  anisotropy  invariants  lit  =  hi^hji 
and  lilt  =  hijhjkhki  in  an  expression  of  the  form 

Cl  =  Cii  -h 

The  resulting  set  of  equations  are  optimised  with  refer¬ 
ence  to  2D  channel  flow  DNS.  The  convergence  rate  for 
this  non-linear  expression  was  found  to  rapid  so  we  do  not 
perceive  it  to  be  a  problem  with  regard  to  computational 
cost.  This,  in  effect,  means  that,  assuming  the  rest  of  the 
model  can  produce  the  correct  velocity,  turbulence  kinetic 
energy  and  dissipation  profiles,  it  will  produce  the  stress 
values  as  shown  in  figures  2  and  3.  The  direct  stresses  (Fig¬ 
ure  2)  are  modelled  quite  well  by  this  equation;  with  small 
errors  near  the  centre  of  the  channel  where  the  models  pre¬ 
dicts  isotropic  turbulence  due  to  the  absence  of  strain  rates. 
However  there  are  some  problems  in  the  modelling  of  the 
shear  stress  (Figure  3).  The  main  discrepancies  occur  just 
above  the  wall  and  towards  the  peak  in  the  shear  stress. 
Improvements  in  the  optimisation  method  and  more  lo¬ 
calised  weighting  with  reference  to  the  DNS  could  correct 
some  of  these  problems.  Another  possibility  for  improve¬ 
ment  is  inclusion  of  other  non-dimensional  parameters.  For 
the  purpose  of  the  present  study  we  now  investigate  the 
applicability  of  the  model  to  more  complex  near-wall  tur¬ 
bulence. 
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Figure  3:  ARSM  relation  values  for  the  shear  stress 
(triangles).  The  line  shows  the  DNS  value. 


Figure  4:  The  3D  equilibrium  flow  shear  stress  and  strain 
rate  angles,  and  ^  (degrees).  Direct  numerical  simulation 
and  two  equation  modelling  comparison.  The  solid  line  is  the 
DNS  result  for  strain  angle  and  the  dashed  line  stress  angle. 
The  other  lines  represent  the  two-equation  model  results. 


THREE  DIMENSIONAL  SKEW  FLOWS 

Simulation  and  modelling  of  time  dependent,  non- 
equilibrium  three  dimensional  skew  flows  were  investigated 
by  Howard  &  Sandham  (1996).  In  these  flows  the  ob¬ 
vious  failing  of  the  standard  two-equation  model  comes 
in  the  eddy  viscosity  relation  =  Vtdu^ldxj.  In 

the  non-equilibrium  skew  flows  investigated  it  was  found 
that  the  angle  through  which  the  shear  stress  was  skewed 
was  different  from  the  angle  through  which  the  strain  rate 
was  skewed.  As  shown  by  the  eddy  viscosity  relation 
the  models  are  not  able  to  capture  this  effect.  A  solu¬ 
tion  to  this  is  to  include  a  non-equilibrium  flow  modifica- 
tion  to  the  eddy  viscosity  relation  after  Speziale  (1987): 

(w/tXj')  =  Utdui/dxj  +  f(Sij)^  where  a  function  of  the  Ol- 
droyd  derivative, 


c.  «  ^ 

*■’  Di  dxk^  dxj'”' 


is  added  to  the  eddy  viscosity.  The  form  of  this  additional 
function  is  the  subject  of  further  work  but  it  is  clear  that 
it  will  be  zero  in  steady  equilibrium  flow. 

Not  surprisingly,  a  more  appropriate  test  for  equilibrium 
models  is  that  of  an  equilibrium  3D  flow.  The  3D  equilib¬ 
rium  flow  investigated  is  obtained  by  setting  one  wall  of  a 
channel  moving  at  a  constant  speed  in  the  spanwise  direc¬ 
tion  with  a  mean  driving  pressure  gradient  maintained  in 
the  streamwise  direction.  When  this  flow  is  allowed  to  set¬ 
tle  to  a  steady  state  it  produces  a  3D  equilibrium  flowfield 
made  up  of  a  Poisseuille  flow  in  the  streamwise  direction 
and  a  Couette  flow  in  the  spanwise  direction.  Figure  4 
shows  the  shear  stress  angle  <!>  =  arctan(u[^/u[u^)  and 
strain  rate  angle  ^  =  ^xct^,n{dui / dx2 / duz / ^^2)  angles  for 
this  flow.  From  this  figure  it  can  be  seen  that  the  angles 
through  which  the  shear  stress  and  strain  rate  have  been 
skewed  are  almost  the  same  across  the  whole  flowfield.  This 
would  tend  to  support  the  suggestion  that  the  difference 
in  the  two  angles  is  an  indication  of  how  close  the  flow  is 
to  an  equilibrium  state.  Differences  between  the  angles  are 
due  to  the  fact  that  the  DNS  was  not  run  for  sufficient  time 
for  the  flows  to  settle  down  fully  to  the  equilibrium  state. 
Also  shown  in  figure  4  are  the  two-equation  model  results 
of  the  models  discussed  in  Sandham  &:  Howard  (1996)  for 
this  flow.  They  show  that  the  models  give  a  good  repre¬ 
sentation  of  the  flow  angles. 

Figures  5  and  6  show  the  and  wjuj  stresses  as  pro¬ 
duced  by  the  DNS  compared  to  both  the  two  equation 
models  and  the  new  ARSM  relation.  The  results  show  that 


Figure  5:  The  3D  equilibrium  flow  shear  stress  component 
u[u'2  .  The  model  profiles  are  Launder  ^  Sharma  (1975) 
(dotted),  Chien  (1982)  (dashed),  Kawamura  Kawashima 
(1995)  (dash  dotted)  and  k  —  g  (Kalitzin,  Gould  ^  Benton, 
1996)  (dash  treble  dotted).  The  DNS  values  are  the  lines. 
The  crosses  are  the  extended  ARSM  results. 


F^re  6:  The  3D  equilibrium  flow  shear  stress  component 
•  The  model  profiles  are  Launder  ic  Sharma  (1975) 
(dotted),  Chien  (1982)  (dashed),  Kawamura  ^  Kawashima 
(1995)  (dash  dotted)  and  k  ^  g  (Kalitzin.  Gould  ^  Benton, 
1996)  (dash  treble  dotted).  The  DNS  values  are  the  lines. 
The  crosses  are  the  extended  ARSM  results. 
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Figure  7:  The  equilibrium  skew  flow.  ARSM  relation  values 
for  the  shear  stress  component  (crosses).  The  line  shows 
the  DIMS  values. 


y 

Figure  8:  The  equilibrium  skew  flow.  ARSM  relation  values 
for  the  normal  stresses  u[u[  (triangles),  (crosses)  and 
^3^3  (diamonds).  The  lines  show  the  DNS  values. 


the  two-equation  models  all  model  the  component 

well.  However,  the  models  of  Chien  (1982)  and  Kawamura 
h  Kawashima  (1995)  both  have  problems  in  modelling  the 
component.  Figure  7  shows  the  tigwj  component. 
Since  there  is  no  duifdxz  or  duz/dzi  straining  in  this  flow 
the  two-equation  models  are  unable  to  show  a  tiguj  com¬ 
ponent  to  the  shear  stress  so  the  DNS  result  is  compared 
with  the  ARSM  relation.  Similarly  the  direct  stresses  of 
the  DNS  and  ARSM  only  are  shown  in  figure  8.  These 
results  show  that  the  ARSM  gives  the  right  character  to 
each  of  the  individual  stress  components  but  still  has  some 
problems  modelling  important  features  such  as  the  peak 
and  the  near  wall  behaviour  of  the  component,  with 
additional  problems  in  the  centre  of  the  channel  for  almost 
all  the  components.  However,  each  of  the  two-equation 
models  required  some  near  wall  damping  function  to  fix 
their  near  wall  behaviour  whereas  the  ARSM  relation  has 
no  such  correction  added. 

In  order  for  turbulence  models  to  be  applied  for  general 
engineering  flows  such  as  those  over  swept  wings  it  is  nec¬ 
essary  for  the  models  to  be  able  to  model  non-equilibrium 
flows  also.  As  discussed  earlier,  modifications  to  the  mod¬ 
els  can  be  made  for  non-equilibrium  flow  and  one  of  the 
benefits  put  forward  about  ARSM  models  is  the  possibilty 
of  their  being  able  to  calculate  non-equilibrium  flows.  The 
next  set  of  results  show  the  performance  of  the  models 
in  a  time  dependent  skew  flow.  In  this  flow  both  of  the 


Figure  9:  The  3D  non-equilibrium  flow  shear  stress  compo¬ 
nent  u[u2  .  The  model  profiles  are  Launder  ^  Sharma  (1975) 
(dotted),  Chien  (1982)  (dashed),  Kawamura  L  Kawashima 
(1995)  (dash  dotted)  and  k  ^  g  (Kalitzin,  Gould  ^  Benton, 
1996)  (dash  treble  dotted).  The  DNS  values  are  the  lines. 
The  crosses  are  the  extended  ARSM  results. 
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Figure  10:  The  3D  non-equilibrium  flow  shear  stress  compo¬ 
nent  U3U2  •  The  mode!  profiles  are  Launder  h  Sharma  (1975) 
(dotted),  Chien  (1982)  (dashed),  Kawamura  h  Kawashima 
(1995)  (dash  dotted)  and  it  —  ^  (Kalitzin,  Gould  ^  Benton, 
1996)  (dash  treble  dotted).  The  DNS  values  are  the  lines. 
The  crosses  are  the  extended  ARSM  results. 


walls  of  the  channel  have  been  impulsively  started  in  the 
spanwise  direction  and  the  flowfieid  produced  after  the  ini- 
ticJ  disturbance  is  studied  (see  Howard  Sandham,  1996). 
Figures  9  to  12  show  the  shear  stress  components  for  the 
non-equilibrium  flow.  The  ARSM  model  is  able  to  cap¬ 
ture  quite  well  the  changes  in  the  magnitude  of  the  normal 
stresses,  (for  example  the  reduction  of  u\  u[  from  7.0  to  4.1) 
but  it  does  not  quite  manage  to  get  the  correct  magnitude 
for  the  peaks  in  the  shear  stresses  U3U3,  ujuj  and 
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Figure  11:  The  non-equilibrium  skew  flow.  ARSM  relation 
values  for  the  shear  stress  component  (crosses).  The 
line  shows  the  DNS  values. 
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Figure  12:  The  non-equilibrium  skew  flow.  ARSM  relation 
values  for  the  normal  stresses  u[u[  (triangles),  (crosses) 
and  tigzzj  (diamonds).  The  lines  show  the  DNS  values. 
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Figure  13:  Streamwise  velocity  field  in  the  turbulent  separa¬ 
tion  and  reattachment  DNS.  Lines  show  zero  or  negative  ve¬ 
locity  contours,  dashed  lines  show  positive  velocity  contours. 
The  flow  is  from  left  to  right. 


Figure  14:  The  separation  and  reattachment  flow.  A  wall- 
normal  profile  at  x  =  20.5.  The  lower  wall  is  at  y  =r  -1. 
ARSM  relation  values  for  the  shear  stress  component 
(crosses).  The  line  shows  the  DNS  values. 


turbulent  SEPARATION  AND  REATTACH¬ 
MENT 

Turbulent  separation  bubbles  can  occur  in  flows  such 
as  those  over  wings  as  they  approach  the  stall  and  high 
Reynolds  number  flows  over  uneven  surfaces.  They  are  ac¬ 
companied  by  increased  levels  of  drag  and  turbulent  fluc¬ 
tuations. 

The  separation  bubble  simulated  in  this  study  is  gener¬ 
ated  by  applying  a  distributed  body  force  within  the  do¬ 
main  of  a  turbulent  channel  flow  and  allowing  the  flow  to 
readjust  to  the  new  conditions.  The  flow  conditions  created 
to  produce  the  turbulent  separation  bubble  here  are  thus 
broadly  analogous  to  those  that  cause  a  turbulent  separa¬ 
tion  bubble  to  occur  in  the  flow  over  a  wing  with  separation 
in  regions  of  large  adverse  pressure  gradient. 

The  distributed  body  force  per  unit  area  {dp/dx)  applied 
varies  between  ±40u?.p/d  sinusoidally  in  the  streamwise  di¬ 
rection  over  half  the  streamwise  length  of  the  channel.  The 
forcing  over  the  upper  surface  of  the  channel  is  the  reverse 
of  the  forcing  over  the  lower  surface  in  order  to  satisfy  con¬ 
tinuity.  The  direct  numerical  simulation  code  used  is  a 
spectral  channel  code  and  thus  the  flow  is  required  to  be 
periodic  in  the  strezimwise  and  spanwise  directions.  Since 
the  forcing  is  applied  to  half  the  streamwise  length  of  the 
channel,  the  flow  is  allowed  to  relax  in  the  remaining  half  of 
the  channel.  So  the  inflow  to  the  forced  region  is  approx¬ 
imately  the  steady  channel  flow  already  simulated.  This 
has  the  added  benefit  that  no  fringe  region  is  required  so 
the  turbulence  is  not  distorted.  Such  simple  boundary  con¬ 
ditions  also  make  the  flow  suitable  as  a  test  of  turbulence 
models  The  velocity  field  of  the  DNS  is  shown  in  figure  13. 
Separation  can  be  observed  at  z  =  8.0  and  reattachment 
at  z  =  10  on  the  lower  surface.  There  is  also  a  region  of 
low  velocity /separated  flow  on  the  upper  surface  between 
X  =  2.0  and  z  =  7.0, 

This  flow  obviously  contains  many  features  which  are 
important  but  very  difficult  for  turbulence  models  to  cap¬ 
ture,  such  as  separation  and  reattachment.  In  order  to  test 
the  effectiveness  of  the  extended  algebraic  stress  model  in 
this  flowfield  the  DNS  velocity,  turbulence  kinetic  energy 
and  dissipation  profiles  at  different  streamwise  locations 
are  put  into  the  optimised  ARSM  relation  and  the  result¬ 
ing  turbulence  stresses  produced  are  compared  with  the 
DNS  stresses.  Figures  14  and  15  show  example  profiles  at 
X  =  13.8  for  the  2-nd  tijuj  shear  stress  components. 
The  wail  normal  direction  is  on  the  x-eixis  on  these  plots 
and  —1  represents  the  lower  wall.  From  these  plots  it  can 
be  seen  that  the  ARSM  relation  gets  the  general  flow  fea- 
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Figure  15:  The  separation  and  reattachment  flow.  A  wall- 
normal  profile  at  X  =  13.8.  ARSM  relation  values  for  the 
shear  stress  component  (crosses).  The  line  shows  the 
DNS  values. 


tures  but  misses  the  peak  values  both  near  the  wall  and 
towards  the  channel  centreline.  Calculation  of  this  flow 
has  not  been  carried  out  by  a  two-equation  model  at  this 
stage.  However,  the  separation  point  and  the  separated 
region  will  be  difficult  for  a  model  to  calculate  since  the 
turbulent  transport  in  that  region  is  significant. 

CONCLUSIONS 

The  ARSM  relation  of  Gatski  k.  Speziale  (1993),  has 
been  modified  and  optimised  using  the  invariants  of  the 
anisotropy  to  get  a  good  representation  of  the  Reynolds 
stress  tensor  for  2-D  channel  flow.  The  optimised  ARSM 
expression  (OARSM)  was  tested  by  inserting  DNS  veloc¬ 
ity,  turbulence  kinetic  energy  and  dissipation  profiles  and 
allowing  the  expression  to  converge.  The  converged  val¬ 
ues  for  the  shear  stress  tensor  were  compared  to  the  DNS 
values.  There  were  some  problems  in  the  modelling  of  the 
flow  near  the  channel  centreline  for  the  direct  stresses,  since 
isotropic  flow  results  when  no  strain  rate  is  present.  Also 
the  wall  value  and  near  wall  peak  for  the  shear  stress  were 
not  perfect.  Further  work  will  include  improvements  in 
the  optimising  methods  and  addition  of  other  parameters 
to  correct  these  deficiencies. 

The  OARSM  was  tested  in  equilibrium  and  non- 
equilibrium  3-D  flows.  This  involved  inserting  the  DNS 
velocity  and  dissipation  profiles  into  the  OARSM  expres¬ 
sion  and  evaluating  the  stress  tensor.  The  results  were  also 
compared  with  four  two-equation  models.  Plots  of  the  off 
diagonal  shear  components  and  ^3^2  unsurprisingly 

showed  the  OARSM  had  similar  errors  to  2-D  flow  calcula¬ 
tions  with  no  improvement  in  the  shear  stress  over  standard 
two-equation  models.  There  are  however  two  important 
points  involved  in  the  OARSM  approach;  firstly,  there  are 
no  wall  damping  corrections,  and  secondly  the  modelling 
of  the  remaining  stress  tensor  components  is  on  the  whole 
quite  good  compared  with  the  two-equation  models  which 
cannot  model  these  components  at  all.  Some  encourage¬ 
ment  may  be  gained  from  the  fact  that  the  model,  though 
only  tuned  to  2D  channel  flow,  was  able  to  compute  key 
features  of  the  3D  skewed  flow  case  without  further  tuning. 

The  OARSM  was  tested  in  a  flow  involving  a  turbulent 
separation  bubble.  The  OARSM  expression  again  man¬ 
aged  to  model  the  correct  features  of  the  stress  tensor  us¬ 
ing  only  velocity,  turbulence  kinetic  energy  and  dissipa¬ 
tion  profiles.  In  this  flow  the  OARSM  showed  a  larger 
discrepancy  in  the  normal  stresses  than  for  the  other  flows 
examined.  This  can  be  attributed  to  the  non-equilibrium 
nature  of  this  flow  and  the  importance  of  correct  modelling 


the  transport  terms  in  the  OARSM  formulation. 
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ABSTRACT 

Periodic  vortex  shedding  produced  by  shear  layers  in  tur¬ 
bulent  flows  is  not  correctly  predicted  by  using  classical 
turbulence  models.  A  semi-deterministic  approach  is  de¬ 
veloped  in  order  to  correctly  compute  unsteady  flows  and 
analyze  the  effects  of  turbulence  on  this  mechanism.  The 
unsteady  organized  structures  are  computed  and  turbulent 
motion  is  taken  into  account  by  a  first  order  model  based 
on  a  nonlinear  relationship  between  Reynolds  stresses  and 
phase  average  velocity  gradients.  Model  coefficients  are 
explicit  functions  of  the  phase  average  of  both  strain  and 
rotation.  This  model  first  applied  to  the  well  known  case 
of  a  backward-facing  step  flow  and  results  are  compared  to 
experimental  data.  Then  it  is  extended  to  the  computation 
of  a  simplified  configuration  of  a  rocket  booster.  In  this  last 
case,  the  natural  unsteadiness  of  the  flow  is  captured.  The 
interaction  between  the  vortex  shedding  and  the  acoustic 
is  described  and  the  turbulence  effects  are  characterized. 

INTRODUCTION 

Shear  layers  developing  behind  sharp  solid  discontinu¬ 
ities  produce  instabilities  and  vortex  shedding  able  to  in- 
terfer  with  acoustic  waves  in  confined  chamber.  Such  a  sit¬ 
uation  can  be  found  in  solid  propellant  rocket  motors.  In¬ 
deed,  the  observed  periodic  vortex  shedding  in  rocket  mo¬ 
tors  (Flandro  and  Jacobs  (1973),  Flandro  (1986),  Brown  et 
aL  (1981))  is  the  result  of  a  strong  coupling  between  the  in¬ 
stability  of  mean  shear  flow  and  organ-pipe  acoiLStic  modes 
in  the  chamber.  The  feedback  from  the  acoustic  waves 
provides  the  control  signal  for  the  aerodynamic  instabil¬ 
ity.  A  first  attempt  to  predict  this  phenomenon  was  pre¬ 
sented  in  previous  papers  by  Kourta  (1995,  1996a,  1996b) 
by  solving  the  unsteady  compressible  Navier-Stokes  equa¬ 
tions  without  introducing  turbulence  models.  Interesting 
results  have  been  found  for  the  aeroacoustic  coupling,  but 
in  view  of  full  scale  computations,  turbulence  has  to  be 
addressed  if  one  wants  realistic  predictions  of  the  instabil¬ 
ity  frequencies  and  of  the  resulting  levels  of  pressure  and 
thrust  oscillations. 

A  semi-deterministic  approach  is  developed  in  order  to 
correctly  compute  unsteady  flows  and  analyze  the  effects 
of  turbulence  on  this  mechanism.  This  approach  has  been 


developed  by  Reynolds  and  Hussain  (1972)  and  by  Haminh 
and  Kourta  (1993)  for  turbulent  flows  with  organized  struc¬ 
tures.  It  is  based  on  splitting  the  instantaneous  motion  into 
an  unsteady  ensemble  average  motion  and  an  incoherent 
and  random  motion.  The  unsteady  organized  structures 
are  computed  and  turbulent  motion  is  taken  into  account 
by  a  first  order  model  based  on  a  nonlinear  relationship  be¬ 
tween  the  phase  average  of  Reynolds  stresses  and  velocity 
gradients.  Model  coefficients  axe  explicit  functions  of  the 
phase  average  of  both  strain  and  rotation. 

The  use  of  ensemble  averaging  leads  to  a  set  of  equations 
looking  identical  to  the  one  obtained  with  time  averaging 
so  called  Reynolds  averaging,  except  that  the  Reynolds 
shear  stress  is  replaced  by  the  ensemble-averaged  shear 
stress,  which  can  be  interpreted  as  “organized  Reynolds 
stresses”.  Unknown  turbulent  correlations  are  related  to 
the  phase  averaged  flow  field  by  using  a  first  order  model. 
The  standard  first  order  models  present  two  limits.  The 
first  one  is  that  the  model  coefficients  are  constant  and  are 
determined  under  equilibrium  or  isotropic  turbulence  con¬ 
ditions.  Thus  they  are  not  universal.  The  second  point  is 
that  these  models  use  Boussinesq’s  isotropic  eddy- viscosity 
concept  which  assumes  that  the  unknown  correlations  are 
proportional  to  the  meatn  deformation  tensor.  The  concept 
fails  for  flows  where  the  normal  stresses  play  an  important 
role.  This  suggests  the  need  for  a  more  general  model  for 
complex  flows  overcoming  both  limitations  listed  before. 
For  this  reason,  in  steady  state,  more  general  closure  rela¬ 
tions  have  been  derived  by  Shih  et  ai.  (1993)  (see  also  Zhu 
and  Shih  (1994)).  They  contain  both  linear  and  nonlinear 
terms  of  the  average  velocity  gradient.  The  same  approach 
is  extended  to  a  semi-deterministic  approach  to  develop 
unsteady  calculation.  The  use  of  phase  averaging  allows 
to  compute  deterministic  coherent  structures,  while  the  ef¬ 
fects  of  incoherent  structures  are  modelled.  The  unknown 
correlations  are  expressed  in  term  of  the  phase  average  ve¬ 
locity  gradients  of  the  higher  order.  In  the  present  study 
the  quadratic  form  is  used.  An  important  behaviour  of  the 
present  model  is  that  the  coefficients  are  not  constant  but 
functions  of  the  flow  mechanisms. 

The  first  case  computed  is  the  backward  f2w:ing  step  flow. 
The  calculated  results  have  been  compared  in  detail  with 


P3-35 


experimental  data  and  with  those  obtained  using  classical 
k  -  e  model.  The  improvements  with  this  new  approach 
are  clearly  shown.  This  approach  is  then  used  to  compute 
the  flow  and  the  aeroacoustic  interactions  in  a  simplified 
configuration  of  the  booster.  In  this  configuration  vortex 
shedding  exists  and  is  coupled  to  the  second  acoustic  mode 
of  the  chamber.  The  interaction  between  the  aerodynamic 
instability  and  the  acoustic  is  analyzed  and  the  impact  of 
the  tubulence  on  this  mechanism  is  characterized. 

GOVERNING  EQUATIONS 


Decomposition 

The  starting  point  of  the  present  approach  is  the  decom¬ 
position  of  any  instantaneous  physical  variable  {<j))  into  co¬ 
herent  organized  (<^)  and  incoherent  random  (<^r)  parts: 

+  <l>r{Xk,t)  (1) 

This  decomposition  can  be  obtained  by  phase  averaging, 
which  is  averaging  over  a  large  ensemble  of  points  having 
the  same  phase.  In  particular  this  decomposition  will  be 
fully  satisfied  if  a  pseudo-periodic  component  exists  in  the 
flow  and  it  will  the  case  in  this  work. 

It  should  be  noticed  that  due  to  the  nature  of  both  parts 
in  the  decomposition,  the  cross  correlation  between  coher¬ 
ent  and  incoherent  motion  must  be  zero.  This  fea¬ 

ture  was  used  by  Brereton  and  Kodal  (1994)  to  define  a 
filtering  procedure  for  performing  such  a  decomposition. 
Under  these  assumptions,  the  resulting  phase-averaged 
Navier-Stokes  equations  look  identicaJ  to  the  Re5aiolds  av¬ 
eraged  Navier-Stokes  equations,  except  the  Reynolds  shear 
stress  is  replaced  by  the  phase-averaged  shear  stress. 

In  the  following  the  generally  admitted  mass-weighted 
averaging  procedure  is  retained  for  all  transportable  vari¬ 
ables  in  compressible  flows:  ^  the  mass- weighted 

phase  average  ^  is  time-dependent. 


Turbulence  model 

The  use  of  ensemble  averaging  leads  to  an  open  set  of 
equations.  The  time-dependent  approach  gives  identical 
equations  with  the  same  number  of  unknown  correlations 
to  be  modelled  as  for  the  classical  stationnary  approach. 
The  closure  law  of  turbulent  stresses  {uiUj)  used  is  similar 
to  the  one  obtained  by  Shih  et  ai.  (1993)  (see  also  Zhu  and 
Shih  (1994))  and  used  by  these  authors  to  compute  steady 
flows.  Using  the  same  derivation  (invariance  theory  and 
realizability  conditions),  the  closure  model  can  be  obtained 
as  follows  (see  Kourta  and  Haminh  (1995),  for  details): 

2  - 

puiUj  =  2.  fit  Si  j  -f-  Tij  —  (2) 

with 


and  by  taken  only  a  quadratic  form  of  Tij  we  finally 
obtain: 


time  scale  ratio  of  the  turbulence  to  the  phase  average  ro¬ 
tation 


with: 

^  ^  dUk  dUi 
dxi  dxk 
kS 
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It  is  worthwhile  noticing  that  both  the  linear  part  coef¬ 
ficient  Cfj.  and  the  nonlinear  part  coefficient  /  depend  on 
77  and  In  previous  work  using  the  same  kind  of  model, 
for  practical  reason  the  time  scale  ratio  of  the  turbulence 
to  the  rotation  ^  is  not  introduced  in  both  coefficients 
and  /.  In  this  approach,  the  unsteady  motion  of  coher¬ 
ent  structures  involve  the  rotation  effect  on  all  coefficients, 
thus  all  terms  in  formula  (4)  are  maintained  in  the  compu¬ 
tation  and  the  model  is  in  fact  more  complete  than  the  ones 
usually  retained  for  stationary  mean  flow  computations. 

To  acheive  the  closure  process  the  phase-averaged  tur¬ 
bulent  kinetic  energy  of  the  turblent  motion  and  its  phase- 
averaged  dissipation  (k,  e)  have  to  be  determined  by  using 
two  transport  equations  (Kourta  and  HaMinh  (1995)).  To 
account  of  near  wall  flow,  low  turbulent  Reynolds  num¬ 
ber  model  having  the  same  form  as  Jones-Launder  near 
wall  model  (Jones  and  launder  (1972),  Kourta  and  HaM- 
inh  (1995))  is  used. 

The  model  coefficients  are  given  on  table  (1). 

It  can  be  noticed  that  if  we  only  conserve  the  linear  part 
of  the  model  (Cri ,  Ct2  and  Crs  equal  to  zero)  and  C^j.  equal 
to  0.09  we  obtain  the  standard  Jones-Launder  model. 

The  most  outstanding  difference  with  a  model  used  to 
compute  steady  state  developped  by  Shih  et  al.  (1993)  is 
the  use  of  low  Reynolds  number  modelling  in  contrast  with 
the  use  of  wall  function. 


CTk 

cr^ 

1.44 

1.92 

1.0 

1.3 

Crl 

Cr2 

Cri 

>ii 

A2 

7i 

72 

-4 

13 

-2 

1.25 

1000 

0.9 

1 

Table  1:  Mode!  coefficients 

To  sum  up  we  can  say  that  the  use  of  this  approach  for 
the  unsteady  flows  with  organized  structures  is  motived  by 
the  fact  that  this  model  is  more  general  than  classical  first 
order  models  and  is  not  limited  to  Boussinesq’s  isotropic 
eddy  viscosity  concept.  This  feature  make  it  more  adequate 
for  predicting  the  unsteadiness. 


Tij  = 


dUjdUk  ^  dUjdUk 

dxk  dxj  dxk  dxi 


|n5o)+ 


dUidUj 
dxk  dxk 


in'5i,)  +  a3( 


dUk  dUk 
dxi  dxj 


|n'6,,)i  (3) 


/  and  Ctjt  are  dependent  on  the  time  scale  ratio  of  the 
turbulence  to  the  phase  average  strain  rate  77  and  on  the 


METHODOLOGY 

The  numerical  method  used  is  a  version  of  the  ex¬ 
plicit  Mac  Cormack  scheme  (MacCormack  (1985),  Kourta 
(1996a)).  It  consists  of  a  predictor-corrector  approach.  For 
each  time  step,  forwaird  or  backward  approximations  for 
the  inviscid  part  is  used  and  central  differences  for  the  vis¬ 
cous  terms. 

The  computational  domain  of  the  backward-facing  step 
is  between  0.0m  and  0.7m  in  the  horizontal  direction  and 
between  0.0m  and  0.2m  in  the  vertical  one.  The  step  of 
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height  H=0.06m  is  positioned  at  0.1m  from  the  origin  of 
this  domain.  The  mesh  used  contains  90  x  50  grid  points 
(HaMinh  and  Kourta  (1993)  ). 

The  computational  configuration  of  a  rocket  booster  is 
presented  on  Fig,  1.  The  grid  (  318  x  30)  is  the  same  as  the 
one  used  by  LupoglazofF  and  Vuillot  (1992).  The  length  of 
the  chamber  was  chosen  in  such  a  way  that  the  first  mode 
frequency  was  close  to  the  critical  frequency  of  the  shear 
layer  {fcr  =  1320  Hz)  (Luppoglazoff  and  Vuillot  (1992), 
Kourta  (1996a).  The  length  of  this  plane  motor  is  0.47  m 
with  0.2  m  length  grain. 

In  both  cases,  the  mesh  is  refined  in  the  shear  layer  in 
order  to  capture  vortex  shedding  mechanism. 

For  the  backward-facing  step,  the  upper  boundary  is 
treated  as  a  plane  of  symmetry.  The  lower  boundary  fit¬ 
ted  to  the  step  wall,  is  considered  as  a  no-slip  boundary. 
The  total  pressure  and  the  total  temperature,  the  inlet  flow 
angle  and  the  outlet  static  pressure  are  given. 

The  boundary  conditions  imposed  to  the  rocket  booster 
are  given  in  table  (2).  No  slip  condition  are  imposed  to 
inert  wall  where  the  velocity  and  normal  pressure  gradient 
are  equal  to  zero.  In  injecting  wall,  the  mass  flow  rate,  the 
temperature  and  zero  tamgential  velocity  are  specified.  For 
the  outflow  boundary,  the  supersonic  classical  first  order 
extrapolations  are  used. 

Concerning  turbulent  quantities,  k  and  e  are  set  to  zero 
at  the  wall. 

For  initial  conditions,  computations  are  started  from 
rest. 


Head  end 

no  slip 

Aft  end 

supersonic  outflow 

Internal  side 

symmetry 

External  side 

Al:injecting  wall 
A2:no  slip  condition 

A1  and  A2  are  given  on  Fig.  1. 


Table  2:  Boundary  conditions  (rocket  booster) 

For  the  backward-facing  step  the  free  stream  Mach  num¬ 
ber  of  the  flow  is  approximately  0.27  and  the  step-height 
Reynolds  number  is  about  10®. 

Table  (3)  presents  the  physical  values  used  for  the  rocket 
booster.  Where  pp  is  the  propellant  density,  14  the  propel¬ 
lant  burning  rate,  rh  the  injection  mass  flow  rate  {pv)inj, 
T /  the  flame  temperature,  a  the  speed  of  sound,  R  the  per¬ 
fect  gas  constant,  ftiam  the  dynamic  viscosity,  7  the  ratio 
of  specific  heats  and  Pr  the  Prandtl  number. 

The  time  step  used  is  equal  to  dt  =  1.623  x  10”^  seconds. 
350000  iterations  have  been  performed.  The  computation 
was  done  on  a  Convex  C220  computer  and  for  one  time 
step  1.1  CPU  seconds  are  needed. 


Pp 

rh 

T, 

a 

1633 

13  10-* 

21.201 

3387 

1075.43 

R 

P 

7 

Pr 

299.53 

36  10"“ 

1.14 

1. 

Table  3:  Physical  values  (rocket  booster)  (S.l.  units) 


COMPUTATIONAL  RESULTS 

Backward-facing  step  flow 
Experimental  investigations  have  shown  that  the 
backward-facing  step  flow  exhibits  a  low-frequency  un¬ 


steadiness  (  Eaton  and  Johnston  (1980),  Driver  and  Seeg- 
miUer  (1985),  Driver  et  al  (1985),  Pronchick  and  Kline 
(1983),  Nezu  and  Nakagawa  (1987),  Celenligil  and  Mellor 
(1985),  Kim  et  al  (1978),  Armaly  et  al  (1983),...).  In 
the  reattachment  zone,  the  flow  near  the  wall  is  seen  to 
be  intermittently  changing  dierctions  over  ±1  step  height 
from  the  mean  reattachment  point.  When  the  semi  de- 
teministic  model  is  used  the  mean  value  of  this  length  is 
^-pproximately  equal  to  7.97H  which  is  in  good  agreement 
with  experimental  results  of  Eaton  and  Jonhston  (1980). 

In  order  to  obtain  the  time-averaged  values,  the  numer¬ 
ical  simulation  results  are  averaged  over  an  integral  num¬ 
ber  of  cycles.  Mean  velocity  profiles  normalized  by  the 
free  stream  velocity  at  the  inlet  section  are  shown  on  Fig. 
2,  at  two  different  stream  wise  positions  in  the  reattach¬ 
ment  zone.  On  the  same  figures,  are  presented  experi¬ 
mental  data,  from  Eaton  and  Johnston  (1980)  as  well  as 
computed  results  obtained  with  Jones-Launder  —  e  low 
Reynolds  number  model.  The  comparison  with  experimen¬ 
tal  data  clearly  shows  the  improvement  with  the  present 
approach. 

The  spectra  analysis  of  velocity  and  pressure  signals 
attests  the  existence  of  the  organized  motion.  The  en¬ 
ergy  spectra  of  the  pressure  (Fig.  3)  present  two  distinct 
peaks,  the  dominant  one  at  frequency  fi  =  ISlffz,  and 
another  one  less  important  corresponding  to  the  frequency 
/2  =  54frz.  In  the  shear  layer  (X=2.H;  Y=0,5H),  the  en¬ 
ergy  spectra  present  one  distinct  peak  corresponding  to  the 
frequency  /i:  it  corresponds  to  the  vortex  structures  in  the 
mixing  layer;  The  second  peak  is  observed  in  this  zone  but 
with  very  low  intensity:  as  pointed  out  by  Driver  et  al. 
(1985)  ,  this  low  frequency  is  due  to  the  flapping  motion 
of  the  shear  layer. 


Strouhal 

h 

h 

0.11 

0.036 

this  study 

0.07 

Eaton  and  Johnston 

0.04-0.07 

Nezu  and  Nakagawa 

0.10 

Celenligil  and  Mellor 

St2 

0.199 

0.059 

this  study 

0.200 

0.060 

Driver  et  al. 

Table  4:  Strouhal  numbers  (backward-facing  step) 

The  nondimensional  frequencies  are  presented  in  table 
(4).  The  results  of  the  present  study  are  compared  with 
the  literature.  Strouhal  numbers  are  based  either  on  the 
free  stream  velocity  and  the  step  height:  Sn  =  fHfUo;  or 
on  the  shear  layer  velocity  {Ush  =  0.5  x  Uq)  and  the  shear 
layer  width  (b=DU/(du/dy)n,ax):  St2  =  fb/Ush^The  re¬ 
sults  obtained  by  this  numerical  simulation  are  quite  con- 
sistant  with  experimental  data. 

Vortex  shedding  in  the  simplified  rocket  motor 

The  model  validated  in  the  previous  geometry  is  applied 
to  analyse  turbulence  effects  on  the  interaction  between  the 
aerodynamic  instability  and  the  aooustic  inside  simplified 
rocket  motor  configuration.  The  goal  of  this  part  is  to 
capture  the  vortex  shedding  and  the  interaction  with  the 
acoxistic.  Special  attention  is  given  to  evaluate  effects  of 
turbulence  on  this  interaction. 

The  time  evolution  of  the  thrust  and  corresponding  spec¬ 
trum  are  presented  on  Fig.  4.  Signal  is  not  regular  com¬ 
pared  to  the  viscous  non  turbulent  case  where  the  time  evo¬ 
lutions  were  monochromatic  (Kourta  (1996a)).  Turbulence 
produces  a  superimposition  of  another  organized  motion  to 
the  vortex  shedding  one.  The  spectrum  does  not  present  a 
single  peak  as  it  was  observed  in  the  viscous  non  turbulent 
case  (Kourta  (1996a).  The  peak  at  the  frequency  close  to 
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the  second  longitudinzd  mode  is  also  detected  in  the  present 
turbulent  case.  The  difference  with  the  non  turbulent  case 
is  the  appearance  of  another  frequency  (1910Hz). 

Figures  (5)  presents  the  spectra  of  the  longitudinal  ve¬ 
locity  component  at  two  points  located  downstream  of  the 
shear  layer  origin.  One  point  is  in  the  shear  layer  (top)  and 
the  other  one  (bottom)  is  in  the  near  solid  wall.  The  spec¬ 
tra  show  peaks  at  1910  Hz  and  2600  Hz  both  in  the  near 
wall  region  and  in  the  shear  layer.  In  the  near  wall  region, 
the  peak  at  1910  Hz  is  more  intense  than  in  the  shear  layer 
and  can  be  higher  than  the  other  frequency  peaks  (Fig.  5, 
bottom).  In  the  shear  layer  region  the  second  longitudinal 
mode  is  the  predominant  frequency. 

The  time  evolution  of  the  iso-vorticity  contours  (Fig.  6) 
during  one  period  corresponding  to  the  second  longitudinal 
acoustic  mode  confirms  that  this  acoustic  mode  controls 
the  flow  and  the  vortex  shedding.  However,  the  structures 
are  less  marked  than  in  the  case  without  turbulence  and  the 
intensity  of  the  concentrated  vorticity  is  smaller.  The  ob¬ 
served  values  of  the  turbulent  viscosity  was  of  order  of  one 
hundred  molecular  viscosity  in  the  shear  layer.  The  same 
results  are  also  obtained  with  LES  by  Silvestrini  (1996). 
The  time  evolution  of  the  coherent  part  of  the  turbulent 
kinetic  energy  during  one  period  (Fig.  7)  shows  that  the 
turbulent  quantity  evolutions  are  also  controlled  by  this 
longitudinal  acoustic  mode.  So  the  longitudinal  evolution 
inside  the  chamber  is  globally  controlled  by  the  second  lon¬ 
gitudinal  acoustic  mode. 

The  other  source  of  instability  observed  in  the  chamber 
is  characterized  by  a  frequency  of  1910  Hz.  This  can  be 
interpreted  as  a  secondary  instability  which  affects  mainly 
the  near  wall  flow.  It  appears  as  a  bulk  oscillation  in  this 
region  which  affects  the  whole  chamber.  Origin  of  this  in¬ 
stability  can  be  associated  to  separation  of  the  boundary 
layer  upstream  of  the  nozzle  as  foxmd  by  Silvestriniet  ai. 
(1995)  and  Silvestrini  (1996)  using  L.E.S.  approach.  It  is 
produced  by  compression  effects  in  the  nozzle  and  proba¬ 
bly  enhanced  by  the  presence  of  the  turbulence  yielding  a 
thicker  boundary  layer  along  the  nozzle  wall.  For  this  rea¬ 
son  this  instability  was  not  detected  in  a  previous  simula¬ 
tion  performed  in  the  non  turbulent  case  (Kourta  (1996a)). 

CONCLUSIONS 

The  present  study  is  devoted  to  the  simulation  of  the 
vortex  shedding  in  turbulent  shear  flows.  The  use  of  phase 
averaging  allows  to  compute  deterministic  coherent  struc¬ 
tures,  while  the  effects  of  incoherent  structures  are  mod¬ 
elled.  The  unknown  correlations  are  expressed  in  term  of 
the  phase  average  velocity  gradients  of  the  higher  order.  In 
the  present  study  the  quadratic  form  is  used.  An  important 
behaviour  of  the  present  model  is  that  the  coefficients  are 
not  constant  but  functions  of  the  flow  mechanisms.  They 
depend  on  the  time  scale  ratio  17  and  In  the  near  wall 
region  damping  functions  compatible  with  the  model  are 
used. 

This  model  is  first  applied  to  a  backward-facing  step  for 
data  validation.  The  results  are  in  agreement  with  experi¬ 
mental  data.  Compared  to  classical  models  improvements 
are  obtained.  The  reattachment  length,  the  time-averaged 
quantities  and  the  related  Strouhal  numbers  are  well  pre¬ 
dicted. 

The  validated  model  is  then  applied  to  analyse  the  flow 
inside  a  simplified  configuration  of  rocket  motor  where  vor¬ 
tex  shedding  has  been  observed.  The  vortex  shedding  is 
correctly  predicted.  Comparatively  to  a  non-turbulent  vis¬ 
cous  simulation  the  monochromatic  state  does  not  exist  in 
the  turbulent  case.  Two  frequencies  are  detected.  1910  Hz 
and  2700Hz,  the  last  one  corresponds  to  a  second  longitu¬ 
dinal  acoustic  mode.  Apparently,  the  flow  and  the  vortex 
shedding  is  controled  by  the  second  longitudinal  acoustic 
mode  as  it  was  the  case  in  non-turbulent  simulations.  The 
1910  Hz  frequency  is  more  intense  in  the  near  wall  region 


and  associated  to  compression  effects  in  the  nozzle. 
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Figure  3:  Backward-facing  step:  spectra  of  the  pressure 
(top:  x/H=6  ,  y/H=0.5;  bottom:  x/H=8  ,  y/H=0.5) 


Figure  1:  Computational  domain  of  a  rocket  booster 
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Figure  2:  Backward-facing  step:  mean  velocity  profiles,  sym-  Figure  4:  Rocket  booster:  Time  history  and  spectrum  of  the 
bols:  experiments,  dashed  line:  Jones-Launder  k  —  e  model,  thrust 
solid  line:  semi-deterministic  model  (top:  x/H=4  ;  bottom: 
x/H=6) 
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Figure  5:  Rocket  booster:  Spectra  of  the  U  velocity  com 
ponent  (top:  x/L=0.78  ,  y/L=0.0824;  bottom:  x/L=:0.73 
y/L=0.0075) 


Figure  6;  Rocket  booster:  Iso-vorticity  during  one  period 


Figure  7:  Rocket  booster:  Iso-turbulent  kinetic  energy  dur¬ 
ing  one  period 
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ABSTRACT 

Prescribed  are  a  model  description  and  some  results  of 
mathematical  modelling  and  computer  simulation  of  swirling 
flow  in  conical  diffuser  based  on  the  Reynnolds  stresses 
closure.  The  flow  is  described  by  a  system  of  time  averaged 
conservation  equations  for  the  mean  momentum  in  axial,  radial 
and  tangential  direction.  The  equation  set  contains  also 
transport  equations  for  the  Reynolds  stresses  themselves.  The 
control  volume  approach  is  adapted  for  casting  elliptic  partial 
equations  in  to  finite  difference  form.  The  difference  equations 
are  solved  by  an  iterative  line-by-line  technique.  Under- 
relaxation  is  used  to  achieve  numerical  stability.  A  conical 
diffuser  with  20  degree  included  angle  is  described  with  small 
steps  at  the  wall  boundary.  The  intensity  of  the  swirl  is  not 
enough  to  causes  the  recirculation  zone.  The  paper  presents 
detailed  plots  of  profiles  of  velocity  components,  turbulent 
characteristics  and  comparisons  of  the  predicted  results  with 
hot-wire  measurements  available  in  literature. 


MATHEMATICAL  MODEL 

Closure  of  the  system  of  Reynolds  equations  of  momentum 
and  continuity  for  stationary  turbulent  flow  of  incompressible 
fluid: 
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has  been  carried  out  based  on  the  solution  of  equations  for 
turbulent  stress,  having  the  exact  form: 
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INTRODUCTION 

In  the  research  of  turbulent  swirling  flows  the  accent  is  placed 
mainly  at  the  analysis  of  recirculatiing  swirling  flows  due  to 
the  wider  area  of  application  for  this  type  of  rotating  flows. 
However,  swirling  flow  also  has  important  applications  in 
conical  diffusers  without  recirculation.  In  nonswirling  flow  in 
the  diffuser  there  is  often  flow  separation  near  the  wall,  usually 
having  adverse  effects.  Centrifugal  force  of  the  rotating  flow 
makes  it  possible  to  avoid  this  affect  and  for  flow  to  acquire 
characteristics  of  parabolic  flows.  At  the  same  time  the  flow 
acquires  specific  form,  different  from  the  swirling  flows  with 
strong  recirculation,  usual  in  combustors  or  swirling  free  jets. 
There  are  indications  that  models  of  turbulent  viscousity  do  not 
encompass  adequately  all  effects  of  swirling  flows,  caused 
mainly  by  centrifugal  and  Coriolis  effects.  Therefore,  in  this 
article,  we  have  chosen  the  stress  model  of  turbulence. 


Convective  transport  (Cy),  production  due  to  main  flow 
deformations  (Gy),  and  viscous  diffusion  (Ty),  may  be  used  in 
their  exact  form.  For  modeling  of  foe  other  terms, 
approximations  based  on  foe  model  described  in  (Launder  at 
al.  1975)  have  been  chosen.  Redistribution  between 
components  of  stress  (interactions  of  pressure  and  flow 
deformations)  is  given  as: 


where  are: 


k  =  Uj.Uk/2  andG  =  Gj^/2 


P3-41 


kinetic  energy  of  turbulence,  and  the  production  of  turbulent 
kinetic  energy  respectively  and  5ij  is  Kronecker  delta,  while: 


f — au,  — au,' 


and 


( - dU,  — 


ax. 


Modeling  of  the  influence  of  the  wall  on  the  redistribution  of 
stress  components  is  given  by  the  expression: 


0.125^[u,u.  -§5,^k]+0,015(Gij 


where  xi  is  the  distance  from  the  wall,  encompassing  distances 
from  all  influential  walls  at  the  cross  section.  Coefficients  a,  P 
and  Y  are  mutually  dependent  and  are  determined  by  coefficient 
C2:  a  =  (8+c,)/ll.  p  =  (8c,-2)/ll.  y  =  (30c,-2)/55-  Viscous 

destruction  is  described  by  the  dissipation  of  turbulent  kinetic 
energy  e,  (£..  =-2/3e)»  which  the  transport  equation  is 

solved: 


k 


Diffusion  transport  of  turbulent  stress  components  is  modeled 
by  the  expression: 


'ax, 


V 


k  — 
-u^u, 
e  ^  ^ 


dx^ 


Model  has  six  constants,  whose  values  have  been  proposed 
based  on  the  experimental  data  and  numerical  optimization, 
and  are  given  as: 


Cl  c,  c,  c,j  c,2  c, 

1,5  0,4  0,22  1,45  1,9  0,15 


Model  equations  have  been  developed  in  cylindrical 
coordinate  system.  Modelled  transport  equations  of  flow 
turbulent  quantities  can  be  expressed  as  follows: 


u-  •  Reynolds  stress: 
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v2  -  Reynolds  stress: 
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w2  -  Reynolds  stress: 
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vw  -  Reynolds  stress: 


uw  -  Reynolds  stress: 


The  dissipation  equation  used  with  the  Reynolds  stresses 
model  is  the  same  as  that  of  mean  closure  model,  with  the 
exception  that  the  transport  term  is  modelled  in  terms  of  the 
stresses  as: 


Production  of  turbulent  kinetic  energy  ^  =  0,5(u^  +  is 

defmed  as: 


_au  — au  --av  — w  — av  — aw  —  v 

P=uv-r-  +  u2 -5— +  vw - +  UV-5— +  VW-r— +  w2 - h 

ar  ox  ar  r  ax  ar  r 

—aw 

To  define  boundary  conditions,  the  concept  of  so  called  "two  • 
layer  wall  functions"  has  been  used. 


BOUNDARY  CONDITIONS  AND  NUMERICAL 
SCHEME 

The  computational  inflow  boundary  is  set  at  downstream  from 
the  diffuser  entrance,  which  is  shown  in  Figure  1.  Difluser 
(Clausen  at  al.  1993)  has  been  set  up  at  the  exit  of  the  channel 
with  rotating  swirl  generator  (260mm  in  diameter).  The  length 
of  the  diffuser  with  the  spreading  angle  of  20®  and  the  surface 
ratio  of  2.84  has  been  510mm.  Reynolds  number,  based  on  the 
mean  air  velocity  at  the  entrance  Uo=11.6m/s  has  been 
Re=DUo/v= 177000,  and  swirling  number  based  on  tlie  ratio  of 


FIG.  1.  SCHEMATIC  DIAGRAM  OF  SWIRL  DIFFUSER 
WITH  CALCULATED  VELOCITY  VECTORS. 


the  maximum  of  circumferential  and  mean  axial  velocity 
Wmax/Uo=0.59.  Swirl  at  the  entrance,  of  type  "solid  body 
rotation",  has  been  sufficient  to  prevent  flow  separation  near 
the  wall,  but  at  the  same  time  insufficient  to  cause 
recirculation  in  the  central  part  of  the  diffuser. 

Numerical  solution  of  the  given  system  of  equations  has  been 
obtained  using  the  control  volume  method  with  iterative 
procedure  of  convergence  to  the  solution.  Non-uniform  numeric 
grid  has  been  used  in  calculations,  with  47  control  nodes  in 
axial  and  77  nodes  in  radial  direction,  while  the  conical 
geometry  of  diffuser  has  been  simulated  with  gradually 
widening  of  the  calculation  domain,  increasing  the  number  of 
active  control  volumes  along  the  radius. 
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CALCULATION  RESULTS 

The  aim  of  this  work  is  to  analyse  feasibility  of  the  prediction 
of  swirling  flow  in  conical  diffuser,  based  on  the  comparison  of 
the  experimental  results  with  the  results  obtained  using 
mathematical  model  (Aimfield  at  al.  1990).  Radial  profiles  of 
axial  velocities  (Figure  2),  obtained  based  on  the  experiments 
and  using  numerical  simulation,  have  characteristic  shape:  due 
to  constant  volume  flow  when  cross  section  increases  the  total 
level  of  axial  velocity  gradually  decreases  along  the  diffuser, 
and  due  to  the  effects  of  centrifugal  force  velocity  maximum 
appear  near  the  wall.  Besides  the  fact  that  profiles  obtained 
using  the  model  have  the  expected  characteristic  shape  with 
maximal  near  the  wall,  they  also  follow  the  movement  of  these 
maximal  towards  the  axis.  Due  to  the  flow  spreading  and  the 
influence  of  the  walls,  tangential  velocity  decreases  (Figure  3), 
but  the  shape  of  type  "rotation  of  solid  body"  is  mostly 
preserved  along  the  greater  part  of  the  channel.  Profile  spreads 
and  maximum  moves  along  the  radius  at  downstream  locations. 
Model  illustrates  this  development  of  tangential  velocity. 

Large  gradients  of  the  main  flow  velocity  cause  the  increase 
of  kinetic  energy  along  the  diffuser  (Figure  4),  while  in  cross 
sections  close  to  the  exit  from  the  diffuser  level  of  turbulent 


(□EXPERIMENT,  —MODEL) 


kinetic  velocity  decreases  according  to  the  decrease  in  axial 
velocity  and  rotation  decay.  Calculation  yields  qualitative 
picture  of  turbulent  kinetic  energy  development  and  relatively 
good  quantitative  agreement  of  profiles  with  experimental 
data.  Certain  disagreements  of  calculated  profiles  from  the 
experimental  data  can  be  seen  in  the  descending  part  of  radial 
profiles.  Using  the  model  somewhat  lower  gradient  of  the 
decrease  in  the  turbulent  kinetic  energy  is  obtained  along  the 
diffuser  axis  than  that  obtained  experimentally. 

Similar  conclusions  can  also  be  drawn  based  on  the  anal)^s 
of  radial  profile  diagrams  of  turbulent  stress  components  u- , 
w^,  uv  and  vw  shown  on  Figures  5  through  9 
respectively.  Values  of  stress  increase  sharply  near  the  wall 
and  then  decrease  up  to  an  order  of  magnitude  at  the  distance 
from  the  wall  not  greater  than  quarter  of  the  diameter.  Besides 
those  maximum  of  radial  profiles  increase  gradually  along  the 
diffuser,  and  then  near  the  diffuser  exit  acquire  somewhat 
lower  values.  Profiles  of  turbulent  stress  components  obtained 
using  the  proposed  model  describe  adequately  turbulent 
characteristics  near  the  wall,  although  the  of  decrease  along  the 
radius  is  somewhat  lower  than  in  profiles  obtained 
experimentally. 
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FIG.  8.  RADIAL  PROFILKOF  FIG.  9.  RADIAL  PROFILES^F 

REYNOLDS  STRESS  UV.  REYNOLDS  STRESS  vw . 


CONCLUSION 

In  this  paper,  mathematical  model  of  turbulent  flow  based  on 
the  stress  model  of  turbulence  has  been  shown.  Model 
verification  against  experimental  results  has  been  earned  out 
for  the  case  of  swirling  flow  in  conical  diffuser.  Radial  profiles 
of  mean  axial  tangential  velocities  have  been  analysed,  as  well 
as  the  development  of  turbulent  stress  values  along  the  radius 
in  peripheral  area  of  the  diffuser.  General  agreement  between 
profiles  obtained  from  the  model  and  experimental  data  is 
acceptable.  Certain  differences  may  be  noted  in  the  position  of 
maximum  at  downstream  profiles  of  axial  velocities  and  in  the 
levels  of  decrease  gradients  of  turbulent  stress  radial  profiles. 
These  may  be  alleviated  by  further  optimization  of  the  model. 
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ABSTRACT 

Fine  grid  calculations  are  reported  for  the  developing 
turbulent  flow  in  a  curved  duct  of  square  cross  section 
with  a  radius  of  curvature  to  hydraulic  diameter  ratio  S 
=Rc/Dh=3.357  and  a  bend  angle  of  720  deg.  A  sequence 
of  modeling  refinements  is  introduced;  the  replacement 
of  wall  function  by  a  fine  mesh  across  the  sublayer  and 
a  low  Reynolds  number  algebraic  second  moment  closure 
up  to  the  near  wall  sublayer  in  which  the  non-linear 
return  to  isotropy  model  and  the  cubic-quasi -isotropy 
model  for  the  pressure  strain  are  adopted;  and  the 
intrc^uction  of  a  multiple  source  model  for  the  exact 
dissipation  rate  equation.  Each  refinement  is  shown  to 
lead  to  an  appreciable  improvement  in  the  agreement 
between  measurement  and  computation. 

INTRODUCTION 

Over  the  last  twenty  years,  turbulent  flows  in  a  curved 
duct  of  square  cross  section  with  a  bend  angle  of  180  deg 
have  been  a  matter  of  primary  concern  as  benchmark  test 
flows,  because  they  provide  a  three  dimensional  flow  field 
with  strong  secondary  motions  in  a  simple  flow  passage. 
The  mean  cross- stream  flow  in  the  curved  duct 
configuration  is  driven  by  a  centrifugal  force-radial  pre¬ 
ssure  gradient  force  imbalance.  The  pair  of  counter¬ 
rotating  vortices  so  engendered,  appearing  as  a  pair  of 
recirculating  cells  in  the  cross -stream  plane,  break  down 
into  a  complex  multi-cellular  pattern  as  the  flow  pro¬ 
gresses  along  the  curved  duct. 

Chang  et  al.(1983)  and  Choi  et  al.{1990)  have  provided 
detailed  experimental  data  on  the  development  of  a 
turbulent  flow  around  a  square  sectioned  180  deg  bend 
with  a  bend  radius  equal  to  3.357  times  the  hydraulic 
diameter  of  the  duct.  The  Reynolds  number  of  the  flow 
was  56,690  based  on  bulk  average  velocity  Wb  and  the 
fluid  kinematic  viscosity  i/.  Chang  et  ai.(1983)  and 
Johnson(1984)  attempted  to  predict  the  flowfield  by 
employing  the  standard  k-  e  eddy-viscosity  model 
(EVM)  of  turbulence,  but  the  model  did  not  capture  well 
the  effect  of  streamline  curvature  on  the  Reynolds 
stresses.  However,  Choi  et  al.(1989)  obtained  the  marked 
improvements  in  the  agreement  with  the  measured 


velocity  profiles  and  the  computed  one,  by  employing  a 
fine  mesh  in  place  of  wall  function  to  resolve  the  buffer 
and  viscous  sublayer,  and  by  replacing  the  usual  k-  e 
eddy  viscosity  model  with  an  algebraic  second-moment 
closure. 

Main  purpose  of  the  present  study  is  to  examine  the 
velocity  development  of  the  statistically  stationary  flow 
in  a  passage  through  the  bend  with  a  square  cross  section 
and^  a  bend  angle  of  720  deg.  We  can  improve  the  pre¬ 
diction  of  the  streamwise  velocity  profiles  by  a  sequence 
of  refinements  in  turbulence  modeling;  the  introduction 
of  a  low  Reynolds  number  algebraic  second  moment 
closure  up  to  viscous  sublayer  in  which  the  non-linear 
return  to  isotropy  model  and  cubic-quasi-isotropy  model 
for  the  pressure  strain  are  adopted;  and  the  introduction 
of  a  multiple  source  model  developed  for  the  exact 
dissipation  rate  equation. 

MEAN  FLOW  EQUATION 

Fig.l  is  the  configuration  of  interest  and  defines  the 
coordinates  and  symbols  used.  The  duct  is  coiled  with 
a  negligible  pitch  angle  which  is  neglected  in  the  calcula¬ 
tions.  The  equation  of  mean  motion  to  the  turbulent  flow 
around  a  square-sectioned  bend  are  conveniently  expre¬ 
ssed  in  cylindrical  coordinates.  X  and  Y  map  the  cross- 
sectional  plane,  which  progress  around  the  bend,  is  ex¬ 
pressed  through  angle  the  6,  and  thus 

Continuity 

T:  {■^^f>^cU)  +  ^(pr.V)  +  ^(pW)]  =  0  (1) 

Mean  Momentum 

pC(90  +  Sc(?0  ==  iX?0  +  5z)(90 

—  pR(¥)  +  pSjii  ¥)  +  Sp{  ¥)  (2) 

where  W  refers  to  the  velocity  component  and  operators 
CC??’),  DC??*),  and  RC??")  have  the  following  significance* 
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Fig.  1.  Schematic  showing  the  720“  curved  duct  and 
tangents. 


are  obtained  from  the  following  tensor  form  of  algebraic 
second  moment(ASM)  closure  : 


T^(P-^)  -  P,-e,+  4>, 

(3) 

1 — dUi  , — dUi\ 

P-i  ^  UiUk  F  U/Uk  j 

(4) 

_  ±(  dUi  duA 

(5) 

„  du,  duj 
dXk  dXk 

(6) 

Models  for  (p  ij  adopted  here  are  basically  the  developed 
by  Shin(1995)  for  plane  channel  flows.  The  slow  part  of 
pressure  strain  is  given  as  : 

^7) 

where  aij(=  w/W;  A“2/35ii)  is  the  anisotropy  tensor  of 
UiUj  and  A2(=aijaji)  is  the  second  invariant  of  aij.  For 
the  rapid  part  of  pressure  strain,  cubic-quasi-isotropic 
model  proposed  by  Launder  and  Tselepidakis(1991)  is 
modified  by  using  model  coefficient  C2  ’ 
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The  term  RiW)  expresses  the  action  of  the  turbulent 
stresses,  <p  denoting  the  fluctuation  component  of 
velocity  in  equation  and  overbar  the  usual  Reynolds 
averaging.  Sp(W\  SdW\  SdW),  and  SdW)  are  the 
source  terms  as  indicated  in  Table  1. 


D,  = 


+  SanO/^iP ft  ~  -Dtt)]} 


(8) 


Table  1  Sp(m.  Scm, 
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TURBULENCE  MODEL 

Reynolds  stresses  UjUj  in  mean  momentum  equations 


Model  forms  for  the  coefficients  Ci,  Cr,  C2  and  r  are 
selected  carefully  for  the  Reynolds  stresses  and  the 
pressure  strains  in  plane  channel  flows  to  be  matched 
with  DNS  data[Mansour  et  al.(1987)].  The  forms  adopted 
are  : 

Cl  =  exp(-0.1P/'^)} 

C[  =  0.8 

C2  =  0.95(A42)“-^[l-exp{-(0.0055P,)''}] 
r  =  min  (0.6,  .4“®) 

Contribution  of  wall  reflection  to  the  pressure  strain 
is  usually  handled  by  a  way  of  wall  corrections  for  both 
and  ?>ij2.  For  present  proposes,  we  adopted  the 
version  of  Gibson  and  Launder(1978)  : 

-  ^  UkUjntn^  -fd/Xn)  (9) 

~  C2^<^>knaKin„dij  —  y  'i>ka'Hi,nj 

-  ^  4>kB.nkn)^  f{llx„)  (10) 
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where  nk  and  Xn  represent  a  normal  vector  and  a  dis- 
mce  from  the  wall  respectively  and  the  model  coeffi¬ 
cients  Cl""  and  C2''  are  taken  as  • 

Cl  =4.5{1  -  0.95exp(-0.954/??-^)}exp(-14^) 

C2“'=0.3A°-^ 


5  r  ^  —  dk  ,  —  ^^>11 

^  rM  ^IyH] 

p-  -J—dU  .—/  dv  .  dU\ 
dX'^  dY] 

, — l3W.dU\.—dV 

y—JdW.  dV  W\  ,—(  dW  . 

^^(dY+-p^-7:r^(T^+ 

Turbulence  Energy  Dissipation  Rate 


In  the  near  wall  flow  e  ij  departs  form  isotropy. 
Launder  and  Tseiepidakis(1991)  proposed  the  following 
near  wall  model  for  the  dissipation  rate  of  Reynolds 
stresses 

fjr=-|(  UiUj+  UiUknjTik'^  UjUkTiirtk 

+  UkUiTikninin^  /  ( 1  +  3/2  UpU^npnJk)  (11) 

We  suppose  that  the  highly  non-isotropic  limiting 
dissipation  rates  expressed  by  equation(ll)  gradually 
return  way  to  an  isotropic  behavior  as  the  Reynolds  stress 
field  becomes  more-isotropic  • 

(1  -Qet  (12) 


C(£)  =  Z)(£)  +  Sz)(£)  +/7(e) 

+p\  +  p^,+pi  +  p^,-r  (15) 

where  operator  C(  e  ),D(  e  ),Sd(  e  )  are  defined  for  the 
turbulence  energy  equation  but,  with  Ck  replaced  by  Ce, 
P£‘(i=l,2,3,4)  denotes  the  various  production  rates  and  F 
the  dissipation  rate  of  e .  A  multiple  source  model  for  the 
exact  dissipation  rate  equation  was  introduced  to  simulate 
the  complex  behaviors  of  the  dissipation  rate  in  the  near 
wall  sublayer.  In  this  modeling,  each  source  term  in  the 
exact  dissipation  rate  equation  is  modelled  individually  to 
satisfy  the  wall  limiting  condition  as  approaching  to  the 
wall. 

The  mixed  production  rate  P^Ms  derived  theoretically 
by  .substituting  the  equation(ll)  and  the  assumption  of 
e  i/®®=2/3  8  ij  e  into  equation(12). 


The  transition  ^function  ie  that  produces  the  change  over 
between  a  e  \\  and  e  may  plausibly  be  modelled  in 
terms  of  turbulence  Reynolds  number.  We  take  a  form 
of  f«  =l-exp[-(Rt  /ISO)  ].  A  nonlinear  relationship  bet¬ 
ween  eij(=  £  i/  £  -2  5  i/3)  and  aij  was  recently  proposed 
by  Hallback  ,  Groth  and  Johansson(1990)  based  on  an 
expression  of  e5j=aii[l+3/4(l/2A2'2/3)-3/4(aijaji-l/3A2<5 
ij)].  We  can  improve  the  agreement  between  the  computed 
£  ij  profiles  and  DNS  data  [Kim,  .Moin  and  Morser(1987)] 
by  taking  the  model  form  of  £  ij’"'®  from  Hallback  et  al.'s 
expression. 

4  (13) 


Turbulence  energy  and  its  dissipation  rate  in  the  above 
second  moment  closure  are  obtained  from  the  following 
transport  equations. 

Turbulence  Energy 


>£)(^)  +i7(^)  P£  (14) 

^{r,Uk)  +  ^{r,Vk)  +  -^  {Wk)] 

ni 


1 
J 


^ij  Cij 

^fejiPk-2  /  (  1  +3/2'^//^)  (16) 

The  transidon  function  fc=l-exp[-(Rt  /87)^]  is  adopted 
and  subscript  2  denotes  a  normal  direction  from  the  wall. 
The  production  rate  by  mean  velocity  Pc^  can  be  closely 
related^  by  Pk  e  A.  We  modify  the  standard  model  form 
for  P  e  by  multiplying  a  damping  function  fd2  to  satisfy 
the  wall  limiting  condition  and  an  amplification  function 
fA2  to  consider  the  amplifying  effect  of  turbulence 
anisotropy  on  the  Pe^.  The  taken  form  is 

(17) 

/,2  =  l~exp(y^/2.75);  /yi2=  exp(A3/2) 

C^  =  1.0;  Az  =  ajj  ajkaki . 

Wall  damping  functions  for  the  source  terms  can  be 
formulated  by  using  a  parameter,  y",  the  dimensionless 
distance  from  the  wall.  However,  the  use  of  y"  as  a 
parameter  of  damping  functions  is  restricted  only  to 
simple  channel  flows  due  to  the  difficulty  in  obtaining  of 
y  in  complex  flow  passages.  We  have  investigated 
alternative  dimensionless  distances  which  can  replace  y* 
in  the  complex  geometries.  Abe  et  aL(1994)  used  y'(=y(  v 
£  )  /  v))  instead  of  y*,  because  it  can  be  easily  obtained 
in  any  flow  passage.  Since  y*  is,  however,  not 
proportional  to  y"  above  y*=30,  we  introduce  a  new 
parameter  y^*  as  a  parabolic  function  of  y". 

yt  =  y\l  +  Q.Qi7My)KelY'^  (18) 

where  e  ,v  =0.226  are  adopted,  y  t  *  has  nearly  the  same 
value  as  y"  up  to  y"=2(X). 

Wall  limiting  condition  for  the  gradient  production  rate 
P  £  is  fulfilled  by  multiplying  a  damping  function  fds  to 
the  Rodi  and  Mansour's  modeI(1993). 
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u(.cUu-^'?(u.„y ) 

+  C%U^k,yU,yU,yy  (19) 

/<3=l/(l-exp(-y,^/4.0));  Ci3=0.4:  C2^=0.045. 

Turbulence  production  rate  Pr^  can  well  be  matched 
to  DNS  data  by  multiplying  a  damping  function  f£  = 
l-exp[-(  y^V  Cd4)^]  to  the  standard  model  form  6:  "A. 
The  form  is  taken  as  ‘ 

/^  =  (l-exp(-y,V5.5))',  C^=3.3. 

Damping  functions  ffi  and  fd5  and  an  amplification 
function  fA5  are  multiplied  to  the  standard  model  form 
£“A. 

r=  (21) 

4,=  1— 0.3exp(-(i?,/6)^);  /£=  tanh^Cy^ /7.5): 

=  exp(3.3(£3^3)^):  =4-78. 

Damping  function  fct  considers  the  increasing  effect  of 
turbulence  energy  decaying  rate  on  F  as  the  turbulence 
Reynolds  number  Ri  decreases,  A  hyperbolic  tangent 
function  fds  is  used  to  meet  the  wall  limiting  condition. 
Amplification  function  fAS  is  multiplied  to  F  term  with 
the  effect  of  small  and  large  scale  turbulent  anisotropies 
on  Ps^  and  Since  P/ and  Pr  are  both  affected  by 
small  and  large  scale  turbulence  anisotropies,  a  parameter 
E3A3  is  selected  to  formulate  the  amplification  function 
of  r,  where  E3=(=e,jejkeki)  is  the  third  invariant  of  dissip- 
ation  rate  anisotropy  tensor  Cij. 

The  effects  of  pressure  transport  of  k  and  e  equations 
in  the  viscous  sublayer  are  included  by  taking  the 
following  Nagano  and  Shimada's(1993)  model. 

=  exp  [  -  {yt  /9.0)^] 

NUMERICAL  ASPECTS 

These  computations  were  based  on  a  semi-elliptic 
discretization  of  the  Reynolds  equations  in  which  the 
streamwise  diffusion  was  dropp^  but  the  full  three- 
dimensional  effects  were  included  in  the  pressure  field. 
The  grid  employed  to  cover  the  half  cross-section  of  the 
duct  between  the  symmetry  planes  and  on  each  wall  the 
mesh  size  was  52  x  80  in  the  normal  and  radial  directions, 
respectively,  and  380  nodes  were  imposed  in  the  strearn- 
wise  direction.  The  inlet  plane  to  the  calculation  domain 
was  set  one  hydraulic  diameter  upstream  of  the  physical 
inlet  plane  to  the  curved  duct  located  at  zero  degr^.  At 
this  location  fits  to  the  velocity  and  turbulent  kinetic 
energy  measurements  for  fully  developed_  flow  in  a 
straight  duct,  obtained  by  Melling  and  Whitelaw(1978) 
are  prescribed.  The  exit  plane  of  the  calculation  domain 
was  set  five  hydraulic  diameters  downstream  of  the 
physical  exit  plane  of  the  curved  duct  located  at  720  deg. 
10  and  15  nodes  were  imposed  for  the  inlet  and  outlet 
tangents,  respectively.  The  nondiffusive  QUICK  approxi¬ 


mation  is  used  for  discretizing  the  convective  transport 
in  the  cross-sectional  plane  of  the  duct. 

DISCUSSION  OF  COMPUTATIONS 

Fig.2  shows  a  comparison  between  the  streamwise 
profiles  measured  by  Chang  et  aL(1983)  and  present 
computations.  In  this  figure,  IP  denotes  the  Isotropisza- 
tion  of  Production  Model,  IPC,  the  IP  model  +  cubic  term, 
and  CQI,  the  Cubic  Quasi-Isotropic  Model.  A  key  factor 
in  obtaining  the  correct  streamwise  velocity  flow  profiles 
is  the  predicdon  of  the  strong  secondary  motion.  Adding 
a  cubic  term  to  the  IP  model  induces  stronger  secondary 
motion  by  reducing  the  Reynolds  stresses  in  the  near 
wail  region.  This  leads  to  deeper  troughs  in  the 
streamwise  velocity  profiles  than  those  obtained  with  the 
IP  model. 

Fig.3  shows  that  changing  the  constant  Cr  in  the 
return  to  isotropy  model  affects  the  accuracy  of  pre¬ 
diction  of  the  streamwise  velocity.  For  all  the  cases,  CQI 
model  was  adopted  for  the  rapid  part  of  the  pressure 
strain  term.  Launder  and  Tselepidakis(1991)  proposed 
Ci=0.7,  but  Sarkar  and  Speziale(1990)  argued  that  Cr 
must  be  -2/3  for  the  model  to  satisfy  realizability. 
However,  we  have  proved  from  fifth  order  analysis  that 
Ci'  must  vaiy  from  the  limiting  value  of  -2/3  in  the  high 
Reynolds  number  region  of  the  flow  to  high  positive 
values  in  approaching  the  wall  [Shin(1995)].  Present 
predictions  show  that  a  value  of  Ci'=0.8  yields  the  best 
overall  agreement  with  the  streamwise  velocity  profiles 
of  Chang  et  al,{1983). 


Fig.  2.  Comparison  between  predicted  and  measured 
normalized  W  velocity  profile  at  135  deg.  O  ; 

Measurements,  Chang  et  al.(1983)  ‘  .  i  IP 

model(Ci'=0.0)  -  *  —  *  •  CQI  model  (Cr=0.8)  • 

J  IPC  model(C/=0.8). 
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(c)Re=1 12000 


Fig.  4.  Comparison  of  normalized  axial  velocity  W/  Wb 
distribution  for  different  three  Reynolds  numbers  at  6 


Fig.  5.  Secondary  flow  represented  by  vectors  and 
streamlines  at  the  (2n+l)  ;r/4  stations. 

The  vector  and  streamline  plots  in  Fig.4  show  the 
variation  of  the  secondary  flow  with  position  in  the  bend 
every  90  deg.  The  strong  counter-rotating  secondary 
motions  developed  in  the  entrance  region  break  up  into 
multi -cell  vortices  after  the  90  deg  location.  The  multi¬ 
cell  vortices  become  increasingly  complex  but  eventually 
decay  in  the  passage  through  the  bend.  Beyond  225  deg 
location  we  observe  the  collapse  of  the  multi-cell  vortices 


Fig.  6.  Average  shear  stresses  ^of  the  outer  and  inner 
walls  normalized  by(l/2)/p  Wb“. 


from  which  form  a  larger  new  pattern  of  vortices  in  the 
outer  radius  wall  region.  These  resemble  Gortler  vortices, 
which  are  known  to  appear  along  the  outer  wall  of  curved 
channels  and  ducts.  Several  minor  vortices  arise  and 
cease  alternatively  in  the  outer  wall  region  but  the  pattern 
does  not  grow  to  a  fully  developed  form. 

Orthographic  projections  of  the  stream  wise  velocity 
profiles  at  the  plane  of  225  deg  for  different  Reynolds 
numbers  are  compared  in  Fig.5.  As  the  Reynolds  number 
increases,  multi -cell  vortices  make  the  ripples  of  stream- 
wise  velocity  profile  more  complex  and  formate  deeper 
troughs.  At  Re= 112,000,  Gortler  type  vortices  developed 
only  in  the  outer  wall  region  make  a  deep  valley  in  the 
streamwise  velocity  profiles. _ 

Averaged  shear  stresses  t  re  for  the  outer  and  inner 
walls  are  normalized  by  1/2  p  Wef  and  compared  in  Fig.6. 
In  the  bend  entrance  region,  ire  of  the  inner  wail  is 
higher  than  that  of  the  outer  wall,  due  to  the  acceleration 
of  the  streamwise  velocity  on  the  inner  wall  side  and  the 
deceleration  on  the  opposite  side.  Beyond  180  deg,  how¬ 
ever,  the  magnitude_of  the  shear  stresses  are  reversed. 
Through  the  bend,  Zre  of  the  outer  wall  increases  ^th 
large  variations  up  to  the  exit.  On  the  other  hand,  r 
of  the  inner  wall  decreases  rather  monotonically.  This 
large  variation  of  the  shear  stress  at  the  outer  wail  may 
be  caused  by  continuous  deformations  of  the  Gortler  t^De 
vortices  in  that  region.  Approachingjo  the  bend  exit  r  re 
of  the  out  wall  jumps  abruptly,  but  r  of  the  inner  wall 
drops  on  the  contrary. 

CONCLUSIONS 

Present  paper  reported  the  calculation  of  the  developing 
turbulent  flow  in  a  curved  duct  of  square  cross  section 
with  a  radius  of  curvature  to  hydraulic  diameter  ratio 
3.357  and  a  bend  angle  of  720  deg.  The  following 
conclusions  may  be  drawn; 

1.  Improvements  of  the  prediction  of  the  streamwise 
velocity  profiles  can  be  obtained  by  replacing  the  standard 
algebraic  second  moment  (ASM)  closure  by  a  low 
Reynolds  number  ASM  and  the  introduction  of  multiple 
source  model  for  the  exact  dissipation  rate  equation. 

2.  Refined  values  for  the  model  coefficients  Ci  and  Ci' 
in  the  non-linear  model  for  the  slow  part  of  the  pressure 
strain  term  have  improved  the  prediction  of  the  troughs 
in  the  streamwise  flow  profiles  which  are  now  in  better 
agreement  with  the  experiment. 


3.  Further  improvement  of  the  prediction  of  the  stream- 
wise  velocity  profiles  is  obtained  by  modifying  Launder 
and  Tselepidakis's  cubic-quasi-isotropy  model  for  the 
rapid  part  of  the  pressure  strain  term. 

4.  The  strong  counter-rotating  secondary  motions  de¬ 
veloped  in  the  entrance  region  break  up  into  multi -ceil 
vortices  after  90  deg,  but  the  multi -cell  vortices  event¬ 
ually  decay  and  form  a  Gortler  type  vortices  in  the  outer 
radius  wall  region. 
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INTRODUCTION 

In  a  rotating  fluid,  the  Coriolis  force  strongly  affects 
coherence  and  stability  of  quasi  two-dimensional  vortices 
aligned  with  the  rotation  axis.  Experimental  evidence  of 
such  structures  is  extensive  (see  the  review  by  Hopfin- 
ger  and  van  Heijst  1993).  In  a  rotating  taink,  a  dif¬ 
fusive  turbulence  produced  by  an  oscillating  grid  leads, 
above  a  certain  distance  from  the  grid,  to  the  formation  of 
“long-lived”  coherent  vortices,  which  do  not  emerge  in  the 
non-rotating  case  (Hopfinger,  Browand  and  Gagne  1982). 
Other  laboratory  experiments  have  shown  the  existence  of 
two-dimensional  vortices  with  various  complex  topologies 
such  as  monopolar,  dipolar,  tripolar  and  triangular  vor¬ 
tices,  sometimes  observed  in  direct  numerical  simulations 
of  two-dimensional  turbulence  (Kloosterziel  1990;  Kloost- 
erziel  and  van  Heijst  1991). 

Emergence  of  columnar  vortices  from  isotropic  turbu¬ 
lence  is  outside  the  scope  of  the  present  paper  because 
it  involves  complex  mechanisms  that  cannot  be  explained 
by  the  Taylor-Proudman  theorem,  which  only  concerns 
a  linear  and  steady  regime.  Thus,  in  rotating  homoge¬ 
neous  turbulence,  Gambon,  Mansour  and  Godeferd  (1996) 
have  shown  that  the  linear  regime  which  consists  of  inertial 
waves  cannot  explain  the  transition  from  three-dimensional 
to  two-dimensional  turbulence,  which  is  ultimately  trig¬ 
gered  by  non-linear  interactions.  However,  the  long  persis¬ 
tence  of  these  structures  suggest  that  they  are  insensitive 
(or  stable)  to  perturbations  with  rapid  growth  rate. 

Are  linear  mechanisms  able  to  explain  the  “presence  of 
intense  cyclonic  vortices  and  (much)  weaker  anticyclonic 
vortices”  as  observed  experimentally  by  Hopfinger  et  al. 
(1982)  and  others  in  rotating  fluids  (Kloosterziel  1990; 
Bidokhti  and  Tritton  1992),  and  by  numerical  simulations 
(Smyth  and  Peltier  1994;  Bartello,  Metals  and  Lesieur 
1994;  Gambon  et  al.  1994;  Garnevale  et  al.  1997;  Lollini 
and  Gambon  1997)? 

Of  course  the  present  study  does  not  contain  the  answer 
to  this  question,  but  reviews  and  adds  some  elements  on 
this  complex  topic,  with  a  particular  attention  to  the  role 
of  stagnation  points,  by  investigation  of  the  effects  of  the 
Goriolis  force  on  the  two-dimensional  Taylor-Green  flow, 
which  exhibits  both  cyclones  and  anticyclones. 


LINEAR  MECHANISMS 
Tilting  vorticitv 

In  a  rotating  frame,  the  relative  motion  of  an  incompress¬ 
ible  fluid  is  governed  by  the  Navier-Stokes  and  continuity 
equations,  which  may  be  written,  in  dimensionless  form 
(Leblanc  and  Gambon  1997a): 

dtu  -h  Su  -f  X  u  =  -  Vtt  H-  V  •  zi  =  0, 

where  S  is  the  symmetric  rate-of-strain  tensor  Sij  = 
^{uij  +  Uj,i)  and 

Wf  =  a;  +  4/2 

is  the  “tilting  vorticity”  (Gambon  et  al  1994),  and  tt  the 
modified  pressure  including  the  contribution  of  the  cen¬ 
trifugal  force. 

The  relative  velocity  field  u{x,t)  has  been  non-dimen- 
sionalized  by  a  characteristic  velocity  scale  17,  the  position 
vector  a;  by  a  characteristic  length-scale  L.  Time  t  and 
angular  velocity  i?  have  been  non-dimensionalized  by  L/L/, 
such  that  |/2|  may  be  seen  as  the  inverse  of  a  global  Rossby 
number.  Finally,  u  is  the  inverse  of  the  Reynolds  number. 

Linear  problem 

In  a  Gartesian  coordinate  frame  {ex,ey,ez)  rotating 
with  angular  velocity  vector  =  i?e;,  let  U{x,y,t)  and 
describe  a  two-dimensional  basic  flow,  perturbed 
by  a  three-dimensional  infinitesimal  disturbance  u{x,t) 
and  7r(x,  t).  The  linearized  Navier-Stokes  equations  read 

Dtu  Su  \Wt  X  u  =  ~ Vtt  -h  i/V“u,  V  •  u  =  0, 

where  Dt  =  ft  -h  U  ■  V  and  now  S  =  \{VU  4-  VU^). 
Wt  =  (IF  -f  4I?)e-  is  the  tilting  vorticity  of  the  basic 
flow.  No  coefficient  of  the  linear  problem  involves  a  z- 
dependence,  therefore  it  is  possible  to  seek  perturbations 
of  the  following  form: 

(u,7r)(a;,t)  e'*~(u,  7r)(x,y,<), 
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Figure  1:  Growth  rate  s  of  short-wave  pressureless  insta¬ 
bilities  for  the  hyperbolic  (solid  lines)  and  elliptical  (dashed 
lines)  stagnation  points  in  function  of  the  dimensionless  rota¬ 
tion  rate  H.  Square  cells  (p  =  1):  the  streamlines  are  circular 
in  the  vortex  cores. 

where  the  spanwise  wave  number  k  is  real  to  ensure  homo¬ 
geneity.  The  linear  problem  reads: 

Dtv  +  Mv  =  - Vtt  H-  z/(V^  —  k^)v, 

Dtw  =  — i^TT  +  i/(V^  —  k^)w^ 

V  •  t?  +  ikw  =  0. 

v(x,y,t)  is  the  projection  of  u{x,y,t)  on  the  (x,  t/)-plane, 
whereas  u;(x,y,t)  is  its  spanwise  component.  V(  ),  V  •  (  ) 
and  V^(  )  axe  operators  in  the  (x,y)-plane.  The  2x2 
“inertial  tensor”  M  is  defined  by: 

M  =  'VU  +  C  with  C=(^2f2  )  ■ 

C  is  the  “Coriolis  tensor”,  and  in  a  curvilinear  plane  co¬ 
ordinate  frame,  M  involves  an  additional  antisymmetric 
“curvature  tensor”  (Leblanc  and  Gambon  1997a,  19976). 
The  two  eigenvalues  of  M  are  solutions  of  the  characteris¬ 
tic  equation 

A^  +  #  =  0  with  #  =  =  -itr(MM^). 

#  is  the  second  invariant  of  the  inertial  tensor  M,  and  may 
be  expressed  as: 

(1) 


Inviscid  instabilities 

For  inviscid  and  steady  basic  flows,  Leblanc  and  Ccimbon 
(1997a)  pointed  out  that  the  Pedley-Bradshaw  criterion 
(Pedley  1969),  the  generalized  Rayleigh  criterion  (Kloost- 
erziel  i990;  Kloosterziel  and  van  Heijst  1991)  and  the  sta¬ 
bility  condition  for  unbounded  quadratic  flows  (Craik  1989; 
Cambon  et  aL  1994)  may  be  reduced  to  the  following:  a 
sufficient  condition  for  instability  is  that 

^<0 

somewhere  in  the  flow  domain.  In  accordance  with  Bayly 
(1988),  they  showed  that  the  short-wave  behavior  (fc  ^  1) 
of  the  inviscid  instabilities  (z/  =  0)  is  given  at  first  order  by 
a  “pressureless”  analysis,  governed  by  the  simplified  prob¬ 
lem: 

Dtv  -f  Mv  =  0. 


Q 


Figure  2:  See  previous  caption.  Rectangular  cells  (p  =  2): 
the  streamlines  are  elliptical  in  the  vortex  cores  and  the  two 
kinds  of  instabilities  (elliptical  and  hyperbolic)  may  compete. 


Stagnation  points 

Using  the  “geometrical  optics”  stability  theory  developed 
recently  by  Lifschitz  and  coworkers  (Lifschitz  and  Hameiri 
1991;  Lifschitz  1991,  1994;  Bayly,  Holm  and  Lifschitz  1996; 
Lebovitz  and  Lifschitz  1996),  it  is  possible  to  show  that 
the  pressureless  problem  makes  sense  and  that  the  inviscid 
basic  flow  is  unstable  to  short-wave  instabilities  if 

^{xo)  <  0  (2) 

on  a  stagnation  point  C/(xo)  =  0  (if  any),  located  at 
xo  =  (xo,  yo)  (Leblanc  1997).  ^(xq)  is  given  by  (1).  This  is 
a  sufficient  condition  for  instability.  For  complex  vortical 
flows  such  as  Stuart  vortices  or  Taylor-Green  cells,  insta¬ 
bilities  from  hyperbolic  and/or  elliptical  stagnation  points 
are  deduced  easily  (Leblanc  and  Cambon  19976). 

Without  any  Coriolis  force  (/?  =  0),  the  above  condition 
says  simply  that  instability  occurs  if  the  basic  flow  exhibits 
a  hyperbolic  stagnation  point,  in  accordance  with  Lagnado, 
Phan-Thien  and  Leal  (1984)  and  with  FViedlander  and 
Vishik  (1991).  This  condition  is  then  weaker  than  Lifs¬ 
chitz  and  Hameiri’s  result  (1991)  stating  that  any  steady 
flow  with  a  stagnation  point  (elliptical,  hyperbolic  or  pure- 
shear  like)  is  unstable.  However,  in  a  rotating  frame,  the 
conclusion  is  not  as  straightforward. 

For  example,  it  is  well-known  that  the  Coriolis  force  may 
kill  three-dimensional  instabilities  so  that,  at  zero  absolute 
vorticity 

W(xo)  +  2/2  =  0,  (3) 

any  vortex  core  with  elliptical  or  circular  streamlines  lo¬ 
cated  at  Xo  is  stabilized  by  rotation  (Craik  1989;  Cambon 
et  al  1994;  Bayly  et  al  1996;  Lebovitz  and  Lifschitz  1996; 
Leblanc  1997). 

On  the  other  hand,  and  in  accordance  with  the  rapid  dis¬ 
tortion  analysis  (RDT)  for  homogeneous  turbulence  (Cam¬ 
bon  1982;  Cambon,  Teissedre  and  Jeandel  1984;  Cambon 
et  al.  1994),  any  stagnation  point  is  unstable  at  zero  tilting 
vorticity 

W(xo)  + 4/2  =  0.  (4) 


NON-LINEAR  AND  VISCOUS  EFFECTS 
Tavlor-Green  cells 

The  aim  of  the  present  work  is  to  study  the  effects  of  vis¬ 
cosity  and  non-linearity  on  short-wave  three-dimensional 
perturbations,  and  to  evaluate  the  validity  of  the  stability 
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Figure  3:  Energy  perturbation  e{t)  for  various  rotation  rates 
Square  cells  (p  =  1):  the  initial  energy  ratio  is  2.0%. 


condition  (2)  on  “realistic”  flows.  Direct  numerical  simu¬ 
lations  have  been  performed  using  a  pseudo-spectral  code. 
The  initial  conditions  are  three-dimensional  perturbations 
superimposed  to  an  initially  two-dimensional  basic  flow: 
the  Taylor-Green  cells  (in  dimensionless  form) 

y,  t)  -  f{t)  sin(x)  sin(py) 

where  f{t)  =  exp(— z/(l  +  p^)t)  represents  the  slow  viscous 
decay  of  the  basic  flow  and  p  >  1  the  shape  factor:  if  p  =  1, 
the  cells  are  square  and  the  vortex  cores  exhibit  locally  cir¬ 
cular  streamlines,  otherwise,  the  cells  are  rectangular  and 
the  vortex  cores  locally  elliptical.  The  basic  flow  always 
exhibits  hyperbolic  stagnation  points.  In  the  inviscid  case, 
the  basic  flow  is  steady. 

Note  that  without  Coriolis  force,  the  three-dimensional 
instabilities  of  Taylor-Green  rectangular  cells  have  been 
computed  numerically  by  Bayly  (1989)  and  by  Lundgren 
and  Mansour  (1996).  However,  their  boundary  conditions 
did  not  allow  the  hyperbolic  instability  to  develop. 

The  results  reported  here  correspond  to  square  (p  =  1) 
aind  rectangular  (p  =  2)  cells. 

Owing  to  the  symmetries  of  the  Taylor-Green  cells,  it  is 
sufficient  to  consider  i?  >  0.  Then  a  cell  with  positive  vor- 
ticity  will  be  called  cyclonic^  and  anticyclonic  otherwise. 

Theoretical  predictions 

Bandvddths  of  inviscid  instabilities  {u  =  0)  may  be  de¬ 
duced  easily  when  considering  the  stagnation  points.  Thus, 
it  may  be  verified  that  at  hyperbolic  stagnation  points, 
^(ajo)  =  —  p^,  so  that  exponential  instability  to  short¬ 

wave  perturbations  occurs  when 

0  <  2/2  <  p. 

In  the  anticyclonic  vortex  cores,  the  circular  or  elliptical 
stagnation  points  are  such  that  ^(aio)  =  (p^  +  2i7) (1  +  212), 
so  that  instability  occurs  when 

1  <  2/2  <p^ 

If  p  =  1  (square  cells),  the  cores  are  circular  and  stable.  If 
p  >  1  (rectangular  cells),  elliptical  anticyclones  are  desta¬ 
bilized  by  a  weak  rotation.  Cyclones  with  elliptical  cores 
are  stable  to  such  instabilities. 

These  unstable  bzindwidths  are  plotted  on  Figs.  1-2: 
s  =  ^  is  the  Lagrangian  growth  rate  of  the  pressureless 

modes  (Leblanc  1997).  It  is  clear  from  these  figures  that, 
for  some  rotation  rates,  the  instabilities  may  compete,  as 
previously  observed  for  the  Stuart  vortices  (Leblanc  and 
Cambon  19976).  It  also  clearly  shows  that  the  Coriolis 


Figure  4:  See  previous  caption.  Rectangular  cells  (p  =  2): 
the  initial  energy  ratio  is  0.8%. 


force  acts  like  a  “tuner”  for  the  different  kinds  of  insta¬ 
bilities:  owing  to  the  magnitude  of  the  rotation  rate  /2, 
hyperbolic  and/or  elliptical  instabilities  are  promoted. 

Recall  that  these  theoretical  predictions  only  concern  the 
pressureless  modes  (with  pure  spanwise  and  constant  wave 
vector),  and  the  general  case  of  time-dependent  wave  vec¬ 
tors  is  much  more  complex  stnd  generally  needs  a  compu¬ 
tational  approach  (Pierrehumbert  1986;  Bayly  1986;  Craik 
1989;  Cambon  et  al.  1994;  Bayly  et  al.  1996;  Lebovitz  and 
Lifschitz  1996). 

According  to  the  geometrical  optics  stability  theory, 
these  inviscid  results  may  be  extended  to  the  viscous  case 
(Lifschitz  1991).  Indeed,  on  any  fixed  time  interval,  the 
viscous  basic  flow  considered  here  converges  uniformly  to 
the  inviscid  flow  {u  =  0,  /(f)  =  1)  uniformly  when  i/  -4  0. 
So  that,  according  to  Lifschitz  (1991),  at  sufficiently  small 
viscosity  (high  Reynolds  number),  it  is  possible  to  con¬ 
struct  an  initial  pertxirbation  so  that  instability  will  occur 
according  to  the  inviscid  mechanisms.  At  a  given  Reynolds 
number  (l/i/),  viscosity  acts  as  a  cut-off  at  high  wave  num¬ 
bers. 

The  short-wave  perturbation  added  to  the  basic  flow  at 
the  initial  time  for  the  direct  numerical  simulations  has  a 
small  but  finite  amplitude.  However  it  may  be  verified  that 
by  construction,  pressureless  perturbations  have  a  constant 
wave  vector  (Leblanc  1997),  so  that  instabilities  of  stagna¬ 
tion  points  according  to  (2)  will  not  be  killed  by  non-linear 
effects  (Lifschitz  1991).  This  will  be  reported  in  a  further 
work. 

DIRECT  NUMERICAL  SIMULATIONS 
Pseudo-spectral  code 

The  computations  have  been  performed  with  a  pseudo- 
spectral  code  written  and  developed  initially  by  C.  Staquet 
(ENS  Lyon,  France)  for  stably  stratified  turbulence  (Sta¬ 
quet  and  Godeferd  1997).  The  time  scheme  is  third  or¬ 
der  accurate  and  viscous  terms  are  treated  implicitly.  The 
semi-conservative  formulation  allows  to  introduce  the  ro¬ 
tation  of  the  frame  as  an  additional  term  to  the  vorticity 
advection  one. 

Direct  numerical  simulations  with  Reynolds  400  (i/  = 
1/400)  and  moderate  resolution  64^  are  reported  here. 
Higher  resolution  calculations  with  higher  Reynolds  num¬ 
bers  will  be  performed  later  on. 

Results 

Instability  is  evaluated  by  the  instantaneous  kinetic  en- 
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ergy  of  the  perturbation: 

=  •^  [  \u  {x,t)  —  U{x,t)\^dx 

where  u'  is  the  perturbed  flow  and  U  is  the  analytical 
velocity  field  of  the  Tayior-'Green  cells.  The  flow  is  sta¬ 
ble  if  e{t)/e{0)  -¥  0  when  ^—>>00  and  unstable  otherwise 
(Joseph  1976).  The  initial  amplitude  of  the  perturbation 
is  evaluated  with  the  energy  ratio  e(0)/£?(0),  E(t)  being 
the  overall  kinetic  energy  of  the  unperturbed  basic  flow. 

Energy  perturbation  is  plotted  on  Figs.  3-4  for  various 
rotation  rates  f?.  For  square  cells  (Fig.  3),  the  results  are  in 
good  agreement  with  the  theoretical  predictions  plotted  on 
Fig.  1,  except  for  Q  =  0.6:  the  energy  of  the  perturbation 
keeps  a  constant  level  and  grows  ultimately  to  destabilize 
the  basic  flow.  This  is  maybe  a  consequence  of  the  fact  that 
the  initizd  ratio  is  relatively  high  (2%).  For  destabilizing 
rotation  rates,  the  initial  growth  is  close  to  exponential 
(note  the  log-scale  for  e  on  Figs.  3-4),  and  instabilities 
saturate  non-linearly. 

A  better  agreement  is  found  for  rectangular  cells  (Fig. 
4):  instability  occurs  according  to  the  stability  conditions 
plotted  on  Fig.  1.  However,  when  instability  occurs,  it 
is  difficult  to  say  whether  it  grows  on  elliptic^  or  hyper¬ 
bolic  stagnation  points  (see  the  case  f2  =  0.75  for  which 
both  should  happen).  The  case  Q  =  2.5  corresponds  at 
the  initial  time  to  a  zero  absolute  vorticity  (3)  in  the  anti- 
cyclonic  elliptical  vortex  cores  W(xo,  0)  -f  2f2  =  0:  it  leads 
to  stability,  according  to  theoretical  results. 

Comments 

Concerning  the  rectangular  case  (p  =  1),  it  is  known  that 
the  stability  of  elliptical  vortex  cores  under  the  effect  of  ro¬ 
tation  may  be  characterized  by  three  different  regimes,  well 
described  by  Bayly  ef  al.  (1996)  and  by  Lebovitz  and  Lifs- 
chitz  (1996).  The  first  one  corresponds  to  instability  with 
respect  to  perturbations  with  pure  spanwise  (and  constant 
wave  vectors):  they  correspond  to  the  pressureless  modes 
which  axe  unstable  according  to  (2),  and  the  unstable  band¬ 
width  is  centered  around  the  zero  tilting  vorticity  (4).  The 
second  regime  is  thin  stable  region  centered  around  the  zero 
absolute  vorticity  (3).  And  the  third  and  last  regime  cor¬ 
responds  to  instability  with  respect  to  oblique  (and  time- 
dependent)  wave  vectors,  needing  a  Floquet  analysis,  as 
in  the  non-rotating  case  (Pierrehumbert  1986;  Bayly  1986; 
Craik  1989;  Gambon  et  al.  1994;  Bayly  et  al.  1996;  Lebovitz 
and  Lifschitz  1996).  Concerning  the  hyperbolic  points,  the 
stability  with  respect  to  general  wave  vectors  remains  an 
open  question. 

According  to  the  present  results,  it  seems  that  the  choice 
of  our  initial  perturbation  does  not  excite  these  oblique 
unstable  modes:  for  example,  in  the  rectangular  case  for 
j7  =  2.5  (Fig,  4),  it  is  clear  that  anticyclones  are  sta¬ 
ble  because  it  corresponds  to  the  zero  absolute  vorticity 
case.  However,  simultaneously,  cyclones  could  be  unstable 
to  oblique  wave  vectors  by  their  elliptical  cores,  since  they 
do  not  belong  to  the  stable  regime.  Then,  it  seems  that 
oblique  modes  are  not  excited  non-linearly,  in  spite  of  the 
finite  (but  small)  amplitude  of  the  initial  perturbation. 

Visualizations 

Three-dimensional  visualizations  of  the  perturbed  fields 
at  the  dimensionless  time  t  =  25  are  plotted  on  Figs.  5-6 
for  various  rotation  rates.  Iso-surfaces  of  the  vorticity  mag¬ 
nitude  and  velocity  fields  in  (x,  t/)-planes  (perpendicular  to 
f2)  are  plotted. 

For  square  cells  (Fig.  5),  the  non-rotating  case  (top) 
shows  that  the  hyperbolic  instability  after  non-linear  satu¬ 
ration  does  not  destroy  completely  the  initial  Taylor-Green 
cells,  which,  even  if  perturbed,  conserve  their  columncir 


shape.  The  manifestation  of  the  hyperbolic  instability  may 
be  observed  by  the  formation  of  “digitations”  (vertical  su¬ 
perposition  of  vorticity  ribs  aligned  with  the  x-  or  the  t/- 
axis)  located  between  the  cells,  according  to  the  vortex 
line  stretching  mechanism  along  the  principal  axis  of  exten- 
sional  rate  well-known  in  RDT  analysis,  and  also  described 
by  Lagnado  et  al.  (1984).  For  moderate  rotation  (middle), 
the  destabilizing  Coriolis  force,  which  acts  initially  on  hy¬ 
perbolic  stagnation  points,  finally  contaminates  the  whole 
flow  to  break  down  the  anticyclones  and  reinforce  the  cy¬ 
clones  simultaneously,  as  soon  observed  by  large  eddy  sim¬ 
ulations  (Gambon  et  al.  1994).  A  larger  rotation  (bottom) 
kills  the  short-wave  perturbation  and  restores  the  unper¬ 
turbed  Taylor-Green  cells. 

This  picture  is  modified  for  rectangular  cells  (Fig.  6) 
because  of  the  presence  of  both  hyperbolic  and  ellipti¬ 
cal  instabilities.  The  non-rotating  case  (top)  shows  the 
three-dimensional  breakdown  of  the  plane  basic  flow.  Con¬ 
trary  to  the  square  case,  it  seems  that  elliptical  instability 
has  been  excited  non-linearly  by  the  hyperbolic  instability, 
leading  to  a  complex  three-dimensional  flow.  For  a  moi 
erate  rotation  (middle),  elliptical  anticyclones  are  desta¬ 
bilized  whereas  cyclones  and  hyperbolic  stagnation  points 
are  linearly  stable  (see  Fig.  1  for  =  1.25).  A  dramatic 
change  in  the  flow  topology  occurs:  under  the  effect  of 
rotation,  the  flow  is  reorganized  in  counter-currents  with 
weak  variability  in  the  vertical  ^-direction.  For  a  larger 
rotation  rate  (bottom)  the  elliptical  instability  is  killed  in 
anticyclones  (zero  absolute  vorticity),  and  the  whole  flow 
is  stable. 

CONCLUSION 

Direct  numerical  simulations  of  two-dimensional  viscous 
Taylor-Green  cells  perturbed  three- dimensionally  and  sub¬ 
jected  to  background  rotation  have  been  performed  us¬ 
ing  a  pseudo-spectral  code.  Comparisons  with  theoreti¬ 
cal  predictions  from  the  geometrical  optics  stability  theory 
for  short-wave  perturbations  have  been  done,  with  a  good 
agreement.  The  role  of  stagnation  points  (elliptical  and/or 
hyperbolic),  which  may  compete  under  the  tuning  effect 
of  the  Coriolis  force,  has  been  clearly  shown  through  the 
computations,  even  at  moderate  Reynolds  number. 

The  geometrical  optics  stability  theory  appears  to  be  a 
very  powerful  tool  to  study  the  coherence  of  vortices  in  a 
rotating  frame.  Instead  of  “coherence”  one  should  better 
say  “linear  stability”  of  vortices,  because,  as  mentioned  in 
Introduction,  reorganization  of  the  flow  in  columnar  struc¬ 
tures  and  trcinsition  towards  two-dimensionality  under  the 
effect  of  rotation  involve  non-linear  complex  mechanisms, 
which  may  probably  not  be  characterized  by  simple  criteria 
based  on  the  flow  topology. 
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Abstract 

The  present  study  concerns  with  simulating  turbulent 
strongly  swirling  flows  by  eddy  viscosity  model  and 
Reynolds  stress  transport  model  variants  with  linear 
and  quadratic  form  of  the  pressure-strain  models. 
Flows  with  different  inlet  swirl  numbers,  2.25  and 
0.85,  were  investigated.  Detailed  comparisons  of  the 
predicted  results  and  measurements  were  presented  to 
assess  the  merits  of  model  variants.  For  the  swirl 
number  2.25  case,  due  to  the  inherent  capability  of  the 
Reynolds  stress  models  to  capture  the  strong  swirl  and 
turbulence  interaction,  both  the  linear  and  quadratic 
form  of  the  pressure-strain  models  predict  the  flow 
adequately.  In  strong  contrast,  the  k-e  model  predicts 
an  excessive  diffusive  flow  fields.  For  the  swirl  number 
0.85  case,  both  the  k  —  e  and  Reynolds  stress  model 
with  linear  pressure-strain  process,  show  an  excessive 
diffusive  transport  of  the  flow  fields.  The  quadratic 
pressure  strain  model,  on  the  other  hand,  mimics 
the  correct  flow  development  with  recirculating  region 
being  correctly  predicted. 

Introduction 

Swirling  motion  is  often  employed  as  a  mechanism  to 
further  promote  or  control  mixing  between  the  fuel 
spray  jet  and  the  adjacent  air,  and,  in  some  occasions, 
to  stabilise  the  combustion  zone  due  to  the  presence 
of  the  swirl-induced  central  recirculation  region.  Since 
the  decay  of  swirl  induced  central  recirculation  zone 
has  profound  effects  on  flame  stabilisation  and  mixing 
in  combustion  systems,  a  prior  knowledge  of  the  flow 
characteristics  is  beneficial  during  the  design  process. 

From  a  theoretical  point  of  view,  a  two-dimensional 
swirling  flow  is  considerably  more  complicated  than 
two-dimensional  pleine  flows,  for  additional  strains 
arise  due  to  the  azimuthal  motion,  requiring  the 
solution  for  azimuthal  momentum.  Indeed,  the  strain 
field  may  be  said  to  be  virtually  as  complex  as 
any  three-dimensioned  flow.  Swirl  introduces  intense 
azimuthal  streamline  curvature  and  hence  curvature- 
turbulence  interaction  affect  all  six  independent  stress 
components. 

Due  to  its  importance,  numerous  numerical  studies 


have  been  made  by  various  researchers  to  study  the 
effects  of  swirl  in  a  variety  of  combustor  geome tries  [1]- 
[6].  The  studies  demonstrate  that  the  superiority  of 
stress  closures  over  the  k  —  e  model  in  the  prediction 
of  swirling  flows,  though  the  merits  of  various  stress 
model  variants  differ  at  different  swirl  levels  and 
swirler  type.  For  strongly  swirling  flows,  for  example, 
the  superiority  of  the  stress  models[4]  is  reflected 
primarily  by  the  lower  level  of  shear  stresses  due  to 
the  proper  representation  of  the  interaction  between 
swirl-induced  curvature  and  stresses.  Among  the 
stress  models,  due  to  the  nature  of  the  convection 
and  diffusion  transport  of  stresses  is  modelled,  it  was 
addressed [3]  that  ASM  scheme  is  not  to  be  used  in 
axi-symmetric  swirling  flows  where  significant  stress 
transport  processes  in  the  overall  Reynolds  stress 
budget  prevails.  Instead,  a  Reynolds  stress  transport 
model  should  be  adopted. 

While  cubic  and  quadratic  pressure  strain  models 
had  been  applied  to  further  explore  the  effects  of 
non-linear  pressure-strain  models  on  predicting  free 
swirling  flows,  the  majority  of  the  confined  swirling 
flow  predictions,  however,  are  still  limited  to  the  linear 
models.  The  present  research  aims  at  investigating  the 
capability  of  variants  of  Reynolds  stress  turbulence 
models,  linear  and  quadratic  pressure-strain  models, 
on  strongly  swirling  flows.  Flows  with  swirl  numbers, 
2.25  and  0.85,  form  the  basis  of  the  investigations. 

Turbulence  Models 

In  the  present  application,  turbulence  is  described 
either  by  the  high-Reynolds- 

number  k-e  eddy-viscosity  model[7]  or  by  high- 
Reynolds- number  Reynolds-stress  closures.  The  focal 
point  of  Reynolds  stress  model  is  the  pressure-strain 
term  4)ij  which  identifies  pressure/strain  interaction 
and  consists  of  three  model  components,  representing, 
respectively,  “return  to  isotropy”,  “isotropisation 
of  mean-strain  and  turbulence  correlation”  and 
’’redistributive  effects  arising  from  wall  reflection  of 
pressure  fluctuations”.  Variants  of  the  pressure-strain 
variants  were  investigated. 

The  first  stress  model  closure  variant  (IPCM) 
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adopted  here  is  that  of  Fu  et  al.[2],  which  may  be 
written  as: 

(piji  =  -1.8p^[muJ-  (1) 

<Pij2  =  — 0.6[Py  —  Cij  "^{Pkk  ~  Ckk)\  (2) 


4*ijw  —  0.5p  — 

3 _ 

3  3 

--<f>ik2'nknj  “  -ct>jk2nkni]f  (3) 


^  _ auj  _ oui 

Cij  =  dpUkuiv^fdxk 

Tii  is  the  wall-normal  unit  vector  in  the  direction  i  and 
/  =  ! {e^y)  with  y  being  the  distance  to  the 

closest  wall,  taken  along  the  co-ordinate  line  normal 
to  the  wall. 

Instead  of  the  linear  pressure-strain  model,  a  second 
variant  (SSG)  proposed  by  Speziale  et  al.[8],  employs 
quadratic  form, 
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It  should  be  pointed  out  the  SSG  model  does  not 
contain  wall  reflection  term. 


arise  from  the  finite-volume  integration  process  are 
approximated  by  the  quadratic  upstream-weighted 
interpolation  scheme  QUICK[10].  The  numerical 
meshes,  of  sizes  90x60  and  120x90,  are  non-uniform 
both  in  the  x  and  y  directions.  Initial  tests  on  the 
influences  of  the  convection  schemes  revealed  that  the 
differences  between  the  second  order  QUICK  and  the 
first  order  hybrid  scheme  were  negligible  small.  It  was 
also  found  that  the  two  grids  generate  exactly  the  same 
results.  Therefore,  the  mesh  employed  will  be  deemed 
to  be  satisfactory  and  further  refinements  of  the  mesh 
will  not  be  beneficial. 

Though  the  present  case  is  a  steady  state  solution, 
it  was  found  that  using  a  time  marching  process  will 
enhance  stability,  especially  when  stress  models  are 
employed.  The  solution  process  consists  of  a  sequential 
algorithm  in  which  each  of  the  eleven  sets  of  equations, 
in  linearised  form,  is  solved  separately  by  application 
of  an  alternate-direction  tri-  or  penta-diagonal  line- 
implicit  solver.  Convergence  was  judged  by  monitoring 
the  magnitude  of  the  absolute  residual  sources  of  mass 
and  momentum,  normalised  by  the  respective  inlet 
fluxes.  The  solution  was  taken  as  having  converged 
when  all  above  residuals  fell  below  0.01%. 


Boundary  Conditions 

At  the  wall,  the  tangential  velocity  component  U 
was  assumed  to  vary  logarithmically  between  the 
semi- viscous  sublayer,  at  =  11.2,  and  the  first 
computational  node  lying  in  the  region  30  <  <  100. 

This  treatment  yielded  boundeiry  conditions  for  the 
shear  stresses  and  also  permitted  the  volume-averaged 
near-wall  generation  rates  of  the  tangential  normal 
stresses  to  be  computed  over  the  associated  near¬ 
wall  finite  volumes  (The  generation  of  the  wall-normal 
intensity  was  assumed  negligibly  small).  The  linear 
variation  of  the  turbulent  length  scale,  L  =  KyfCfi^^, 
in  the  log-law  region,  together  with  e  =  and 

the  invariant  value  e  =  2pikv/{pyl)  in  the  viscous 
sublayer,  allowed  the  volume-averaged  dissipation  rate 
to  be  determined.  This  same  L- variation  was  also  used 
to  prescribe  explicitly  the  dissipation  rate  at  the  near¬ 
wall  computational  node,  serving  as  the  boundary 
condition  for  inner-field  cells. 


Numerical  algorithm 

This  scheme  solves  discretised  versions  of  all  equations 
on  a  staggered  finite-volume  arrangement.  A 
staggered  storage  is  adopted  not  only  for  the  velocity 
components  but  also  for  the  shear  stresses  -  an 
arrangement  which  aids  stability  by  ensuring  a  strong 
numerical  coupling  between  stresses  and  primary 
strains.  The  principle  of  mass-flux  continuity  is 
imposed  indirectly  via  the  solution  of  pressure- 
correction  equations  according  to  the  SIMPLE[9] 
algorithm.  The  flow-property  values  at  the  volume 
faces  contained  in  the  convective  fluxes  which 


Results  and  Discussions 

Sudden-expanding  pipe  flow 

Before  proceeding  to  the  discussion  of  swirling  flows, 
it  is  instructive  to  focus  first  on  the  performances  of 
variants  of  turbulence  models  on  sudden  expanding 
pipe  flows  free  from  swirling  inlet.  The  pipe  expansion 
ratio  is  1.5.  The  inlet  velocity  is  known  to  be 
19.2  m/s,  corresponding  to  a  Reynolds  number  of 
1.25x10^  based  on  the  inlet  pipe  diameter,  while  its 
mean  and  turbulence  quantities  were  taken  from  the 
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experiment  of  Ahmed  and  Nejad[ll].  Experimental 
data  are  available  from  0.38  step  heights  downstream 
the  sudden  expansion  at  which  point  the  numerical 
simulation  starts. 

The  capability  of  different  models  can  be  observed 
by  reference  to  Figure  1,  showing  comparisons  between 
predicted  and  measured  axial  velocity  along  the 
centreline,  which  indicates  the  SSG  model  returned  the 
best  axial  velocity  development,  though  the  difference 
among  the  stress  models  at  regions  X/H  <  10 
is  marginal.  The  k  -  e  model  predicted  a  more 
rapid  development  of  axial  velocity  indicating  a  more 
diffusive  fiowfield  simulated  and  this  can  be  further 
affirmed  by  reference  to  Figure  2,  which  shows  the 
predicted  mean  and  turbulence  quantities  oXX/H  =  2. 
Regarding  the  turbulence  quantities,  the  SSG  model 
also  exhibited  better  results,  a  reflection  of  the  better 
predicted  mean  flow  results,  than  the  rest  of  the 
models. 

So  et  al.’s  strongly  swirling  flow  S=2.25 

This  case  is  designed  to  examine  the  interaction 
between  swirl-induced  curvature  and  turbulence. 
Experimental  data  had  been  obtained  by  So  et  al.[12]. 
This  consists  of  a  pipe  into  which  an  cinnular  swirling 
stream  is  introduced  together  with  a  non-swirling 
central  jet.  The  latter  is  introduced  to  inhibit 
extensive  reverse  flow  (vortex  breakdown)  along  the 
centre-line.  The  swirl  number,  5, 

o  /n  “  UWr^dr 
~  rc,  So"  U^rdr 

for  this  case  is  2.25,  where  is  the  radius  of  the  pipe. 
According  to  the  rule  of  thumb  proposed  by  Squire, 
a  sub-critical  state  is  reached  when  the  maximum 
swirl  velocity  to  the  averaged  streamwise  velocity 
exceeds  unity.  It  was  found  by  Escudier  and  Keller 
that  sub-critical  state  flow  is  highly  sensitive  to  the 
perturbation  far  downstream.  In  the  present  case,  the 
velocity  ratio  is  well  above  unity  and  the  flow  is  thus 
sub-critical.  Therefore,  in  the  present  computations 
the  exit  axial  velocity  is  prescribed  from  measurements 
to  avoid  the  predictive  uncertainties. 

A  sub-critical  state  appears  to  reflect  a  strong  decay 
in  turbulent  mixing,  and  a  corresponding  dominance 
of  convective  features,  making  the  governing  equations 
nearly  hyperbolic  in  nature.  This  is  confirmed  from 
the  measured  axial  emd  tangential  velocity,  shown 
in  Figures  3  and  4.  Stress  model  predictions  and 
experimental  data  show  the  shape  of  the  mean  flow 
profiles  to  remain  similar  over  the.  whole  length  of 
domain,  and  this  implies  that  the  mixing  is  weak.  The 
k  —  e  predictions  show,  on  the  contrary,  an  excessive 
radial  diffusive  transport,  with  a  faster  decay  of  the 
centreline  axial  velocity  and  early  return  of  solid  body 
rotation  of  the  swirling  motion. 

The  superiority  of  the  stress  models  is  rooted  in 
their  ability  to  return  the  depression  of  the  shear 


stress  levels  in  response  to  the  swirl-related  strain. 
Although  the  stress  model  predictions  indicate  a  lower 
level  of  shear  stresses,  no  measured  shear  stresses 
are  available  to  support  the  simulations.  Both 
the  measurements  and  predictions  show  an  nearly 
isotropic  normal  stresses.  Among  the  predictions,  the 
stress  models  return  a  lower  level  of  normal  stresses 
and  agree  with  the  measurements,  shown  in  Figures  5 
and  6.  It  should  be  noted  that  in  the  present  case  the 
difference  between  the  linear  and  quadratic  pressure- 
strain  model  is  not  significant.  However,  SSG  model 
does  predict  a  slightly  lower  level  of  normal  stresses 
and  hence  shear  stresses.  This  issue  will  be  addressed 
in  the  section  to  follow. 


Kitoh’s  strongly  swirling  flow  S=0.85 


The  present  case  considers  swirling  flow  in  a  straight 
circular  pipe  with  a  free-vortex  type  swirling  inlet[13]. 
The  swirl  intensity,  fi, 


n  = 


UWr^dr 

Trr^U^ 

o^m 


(7) 


of  the  present  case  is  0.97,  where  [7,  W  and  Um  are  the 
axial,  tangential  and  bulk  velocity,  respectively,  r  and 
To  are  the  radial  position  and  pipe  radius.  This  swirl 
intensity  corresponds  to  a  swirl  number  of  0.85.  Due 
to  the  presence  of  the  high  swirl  intensity  at  the  inlet 
and  the  absence  of  the  central  jet  as  observed  in  the 
previous  case,  extensive  reverse  flow  is  present  in  most 
of  the  flow  domain.  Experimental  data  are  available 
from  5.7  pipe  diameter  downstream  the  test  section  at 
which  point  the  numerical  simulation  starts.  It  should 
be  pointed  out  that  the  inlet  plane  straddles  across  the 
recirculation  zone. 

The  most  dramatic  effect  of  the  model’s  performance 
can  be  referred  to  the  centreline  axial  velocity 
distributions,  shown  in  Figure  7,  and  the  axial  and 
tangential  velocity  profiles,  shown  in  Figures  8  and  9, 
It  can  be  clearly  seen  that  both  the  A:  -  e  and  IPCM 
model  predict  an  over  excessive  diffusive  profiles.  In 
strong  contrast,  both  the  measurements  and  SSG 
model  indicate  an  extended  region  of  recirculation 
zone.  The  excessive  nature  of  k  —  e  model  in  strongly 
swirling  flow  is  consistent  to  what  wais  observed 
previously.  However,  the  IPCM  model’s  performance 
needs  to  be  further  investigated. 

The  cause  of  this  behaviour  can  be  traced  back  to 
the  formulation  of  the  modelled  form  of  pressure-strain 
process.  The  pressure-strain  term  of  of  SSG  model 
can  be  expressed  in  terms  of  that  of  IPCM  and  is  as. 


{<i>uv)ssG  =  (fe-)/paM 

p 

+  e(0.2  “  1.8  )bi2  +  4.2e[(6ii  +  ^22)^12  +  513623] 
c  ^  ^ 


-*  0,65y/bkibkik— — h  A;(0.4256ii  -  0.375622)^ 
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+  jfc6i3(0.425^  +  1.575—)  (8) 

or  T 

S - ^ 

B 

where  the  wall  reflection  terms  of  IPCM  have  been 
neglected.  It  should  be  noted  that  terms  B,  C  and  the 
production  related  part  of  term  A  do  not  exist  in  the 
linear  pressure  strain  models. 

The  reduced  level  of  the  shear  stress  predicted  by 
the  SSG  model,  shown  in  Figure  10  at  X/H  =  12.3, 
can  be  traced  back  to  the  formulations  of  the  pressure- 
strain  process.  It  is  clear  that  the  major  terms  A,  D,  E 
act  as  extra  sink  terms,  relative  to  IPCM  model,  for 
predicted  w  adopting  SSG  model.  Across  the  non¬ 
equilibrium  shear  layer  where  the  production  term 
is  much  higher  than  the  turbulence  dissipation  rate  e, 
this  makes  the  effect  of  term  A  even  more  pronounced. 
This  reduced  level  of  shear  stresses  predicted  by  SSG, 
shown  in  Figures  10  to  12,  is  consistent  to  what  was 
observed  earlier  of  the  mean  velocity  profiles. 

Conclusion 

Computations  of  strongly  swirling  flows  were 
performed  hy  k  -  e  model  and  variants  of  Reynolds 
stress  transport  model  with  linear,  IPCM,  and 
quadratic,  SSG,  form  of  the  pressure-strain  models. 
Comparisons  of  the  predictions  with  measurements 
indicated  that  For  the  S=2.25  case,  due  to  the  inherent 
capability  of  the  Reynolds  stress  models  to  capture 
the  strong  swirl  and  turbulence  interaction,  both  the 
linear  and  quadratic  form  of  the  pressure-strain  models 
predict  the  flow  adequately.  In  strong  contrast,  the 
k  —  e  model  predicts  an  excessive  diffusive  flow  fields. 
For  the  Kitoh’s  case,  S=0.85,  the  correct  axial  flow 
recovery  predicted  by  SSG  was  attributed  to  the  lower 
level  of  W  predicted  by  the  models,  and  this  could  be 
traced  back  to  the  modelled  form  of  the  pressure-strain 
term,  after  examining  the  formulations  of  the  pressure- 
strain  models.  Overall,  the  SSG  model  is  found  to 
produce  lower  level  of  turbulence  in  regions  of  high 
shear  and  this  agrees  with  what  the  measurements 
show. 
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Figure  1:  Centreline  axial  velocity-sudden  expanding 
pipe 
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Figure  2:  Comparisons  of  predictions  and 

measurements  at  X/H  =  2-sudden  expanding  pipe 
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Figure  3:  Axial  velocity  distributions-So  et  al.’s  case 
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Figure  4:  Tangential  velocity  distributions-So  et  al.’s 
case 
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Figure  7:  Centreline  axial  velocity  distributions- 
Kitoh’s  case 
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INTRODUCTION 

In  this  paper,  we  study  the  energy  transfer  process  in 
the  compressible  turbulence.  A  better  understanding  of 
how  the  energy  is  been  transfered  between  the  solenoidal 
and  compressible  modes  is  needed  for  developing  practical 
engineering  models.  Despite  the  publications  of  many  pa¬ 
pers  (see  review  by  Lele  (1995)),  it  is  fair  to  say  that  the 
nature  of  the  energy  transfer  process  in  the  compressible 
turbulence  is  not  clear  yet. 

We  will  borrow  the  basic  methodology  developed  origi¬ 
nally  for  incompressible  turbulence.  We  also  need  to  intro¬ 
duce  the  appropriate  compressible  energy  transfer  terms. 
Furthermore,  we  note  that  these  type  of  studies  require 
a  substantial  spectral  scale  range  of  interactions.  Direct 
numerical  simulations  (DNS)  of  compressible  turbulence 
is  restricted  to  very  small  Reynolds  numbers.  As  a  re¬ 
sult,  it  is  very  hard  to  utilize  the  DNS  databases  since 
these  simulations  are  limited  to  very  low  Reynolds  num¬ 
bers  and  have  only  very  limited  spectral  ranges.  A  way  to 
generate  high  Reynolds  number  databases  is  by  using  two- 
point  closure  models.  The  Eddy-Damped-Quasi-Normal- 
Markovian  (EDQNM)  models  (Orszag  (1970);  Lesieur 
(1990))  is  widely  used.  Althou^  EDQNM  has  included 
closure  assumptions  (Lesieur  (1990)),  we  note  that  for  in¬ 
compressible  turbulence,  it  has  been  found  that  EDQNM 
provides  essentially  same  energy  transfer  and  triadic  trans¬ 
fer  function  as  that  of  DNS  (Domaradzld  and  Rogallo 
(1990),  Ohldtani  and  Kida  (1992)). 

In  this  paper,  we  perform  a  detailed  analysis  of  the  non¬ 
linear  transfer  terms  including  the  most  fundamental  build¬ 
ing  block  of  the  energy  transfer  process,  the  triadic  inter¬ 
actions. 

COMPRESSIBLE  EDQNM  MODEL 

The  EDQNM  governing  equations  of  weakly  compress¬ 
ible  isotropic  turbulence  are  the  following  (BataiUe  and 
Bertoglio  (1993a);  Bataihe  (1994);  Bertoglioet  al.  (1996)); 

-  an  equation  for  the  spectrum  of  the  solenoidal 
part  of  the  velocity  field: 

+T^^{K,i)  (1) 


-  an  equation  for  the  spectrum  (E^^)  of  the  “purely 
compressible”  part  of  the  velocity  field: 


+T^^iK,t)  -  2coKE^’^(K,t)  (2) 

-  an  equation  for  the  spectrum  of  the  potential  energy 
(E^^)  associated  with  the  pressure: 


^  E^^{K,t)  =  2coKE^^{K,i);  (3) 

-  an  equation  for  the  spectrum  of  the  pressure- 
velocity  correlation  (P^^): 


+coK{E^‘^{K,i)-E'^’^{K,i))  (4) 

In  the  case  of  a  Stokes  fluid: 


^  <P> 


(5) 


p  and  A,  two  dynamic  viscosities,  are  assumed  to  be  uni¬ 
form.  The  different  contributions  of  the  solenoidal  and 
compressible  transfer  (T^^  and  are  given  in  Ap¬ 

pendix. 

We  note  that  =  Tp  f  where  is  iden¬ 
tical  to  that  of  the  incompressible  turbulence  and  is 
generated  by  interacting  with  compressible  modes  (see  Ap¬ 
pendix).  We  found  that  has  the  usual  shape  observed 
in  incompressible  turbulence  studies  (Fig.  1).  Specifically, 
is  negative  in  the  large  scales  and  positive  for  small 
scales.  Physically  this  corresponds  to  the  energy  trans¬ 
fer  from  the  large  scales  to  the  smaller  ones.  Therefore, 
the  contribution,  in  front  of  T/ from  T<f  ^  is  negligible 
(Bataille  et  al.  (1995)).  In  all  the  figures,  the  transfer 
terms  T(K)  are  given  in  and  K  is  in 

For  a  low  turbulent  Mach  number,  the  compressible 
transfer  is  positive  for  all  spectral  space.  Hence,  T^^{K) 
is  responsible  for  the  production  of  compressible  energy 
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(Figure  2).  Using  the  individual  contributions  of  each 
terms  composing  the  solenoidal  and  compressible  transfers 
(Bataille  and  Bertoglio  (1 995))^  we  can  find  that  one  term, 
in  is  dominant,  noted  and  that,  after  taking  into 
account  cancellations,  one  term  is  dominant  in  ,  noted 

TCc 

When  we  plot  these  two  terms  and  we  find 

that  they  have  similar  magnitude  but  with  an  opposite  sign 
(Figure  3).  They  are  essentially  resp)onsible  of  the  energy 
exchanges  between  the  solenoidal  and  compressible  parts. 
Spedfi^y,  (K)  is  the  “input”  energy  term  on  the 
compressible  mode  whereas  Ti^{K)  is  the  “output”  term 
in  the  equation  of  the  solenoidal  mode.  For  a  careful  study 
of  each  individual  contributions  in  the  energy  transfer  func¬ 
tion,  see  Bataille  and  Bertoglio  (1993b).  Based  on  these 
results  obtained  in  spectral  space,  we  can  think  that  there 
is  a  local  transfer  of  energy  from  the  solenoidal  mode  to 
the  compressible  mode. 

The  total  solenoidal  transfer  term  is  not  influenced  by 
the  compressibility  (not  shown)  because  the  most  impor¬ 
tant  contributions  are  the  incompressible  ones  but  the  to¬ 
tal  compressible  transfer  term  {K)  is  dep)endent  on 
the  compa*essibility  (e.g.,  turbulent  Mach  number).  Fig¬ 
ure  4  demonstrates  that  as  the  turbulent  Mach  number 
increases,  a  shift  of  the  peak  spectrum  of  {K)  towards 

the  large  K  appears.  A  complete  analysis  of  eadi  contri¬ 
butions  of  T^^{K)  would  shown  (Bataille  and  Bertoglio 
(1993b))  that  the  most  important  contribution  (Tf  ^)  is 
not  responsible  of  this  peak  shift.  T wo  others  terms  (noted 
and  involving  interactions  among  the  com¬ 

pressible  mode,  become  important  contributions  at  high 
turbulent  Mach  numbers  and  lead  to  a  cascade  type  of 
compressible  energy  transfer.  This  cascade  mechanism  will 
be  investigated  in  the  next  section. 

TRIADIC  INTERACTIONS 

The  most  fundamental  building  blocks  of  the  energy 
transfer  process  are  the  triadic  interactions.  Specifi¬ 
cally,  we  would  like  to  study  the  triadic  energy  transfer 
T{K^  P,  Q)  for  a  given  mode  K  due  to  its  interactions  with 
all  the  pairs  of  modes  P  and  Q  =  K  -  P  that  form  a 
triangle.  For  this  reason,  we  introduce  the  triadic  energy 
transfer  function,  T{Kf  P,  C?),  according  to 


7^®(A')=  T^^{K,P,Q) 

(6) 

p,q=|K-P| 

T^^(K)=  ^  T'^'^{K,P,Q). 

(7) 

p,q=\K-P\ 

The  average  procedure  is  performed  over  spherical  shell 
since  the  turbulence  is  isotropic. 

An  examination  of  the  purely  incompressible  contribu¬ 
tors  reproduces  the  results  of  incompressible  turbulence 
(Domaradzld  and  Rogallo  (1990),  Yeung  et  al.  (1991, 
1995),  Ohkitani  and  Kida(  1992),  Zhou  (1993a-b)  and  Zhou 
et  al .  (1 996) )  and  again  indicates  that  the  purely  solenoidal 
triadic  energy  transfer  is  not  affected  by  compressible  ef¬ 
fects  (not  shown). 

We  have  found  from  the  previous  section  that  particu¬ 
lar  attention  should  be  paid  to  the  term  since  it  is  the 
term  that  is  resp)onsible  for  ‘output’  energy  from  solenoidal 
to  compressible  mode.  Since  this  term  represents  an  energy 
output  at  a  loccilked  spectral  region,  we  refer  to  it  as  the 
radiative  (emission)  triadic  energy  transfer.  Figure  5  illus¬ 
trates  this  type  of  interaction  from  various  Q  values  at  the 
given  value  of  P  (P  =  512)  for  Mt  =  10”^.  It  is  clear  that 
the  triadic  interaction  of  this  term  is  quite  different  from 
those  of  purely  incompressible  terms.  As  the  Mach  number 


increases,  the  magnitude  of  the  ‘output’  energy  increases 
but  the  basic  structure  remains. 

We  now  turn  our  attention  to  the  triadic  interactions 
in  compressible  energy  transfer,  P,  Q).  In  Figure 

6,  we  present  Q)  for  various  Q  values  when  P 

is  in  the  inertial  range  (P  =  512).  For  this  low  Mach 
number  {Mt  =  10“^),  we  observe  that  the  structures  of 
T^^{K,  P,  Q)  are  rather  similar  for  differing  Q  values.  All 
of  them  show  the  radiative  (absorption)  type  of  energy 
transfer. 

Figure?  shows  the  triadic  (if,  P,  Q)  contribution  for 

various  Q  (P  bemg  equal  to  512)  at  Mt  =  10”^.  Com¬ 
paring  figures  5  and  7,  we  find  that  the  absorption  type 
of  triadic  energy  transfer  functions  have  the  same  mag¬ 
nitude  but  opposite  sign  as  those  of  the  emission  type 
(T/^( iiT,  P,  Q) ) .  We  can  see  in  Figure  8  that  Tf^  {Ky  P,  Q) 
increases  when  the  turbulent  Madi  number  increases  but, 
as  for  Ts^{K,  P,  Q),  its  structure  stays  the  same.  In  fact, 
we  can  observe  (not  shown)  that  the  triadic  interactions 
Tf^{K,P,Q)  -T/^(A^,P,Q)  for  all  turbulent  Mach 
numbers.  Consequently,  we  conclude  that  all  compress¬ 
ible  energy  has  been  transferred  locally  (in  spectral  space) 
from  the  solenoidal  component. 

As  the  Mach  number  increases,  some  small  terms  (7^^^ 
and  in  the  compressible  energy  transfer  increase 

rapidly  (Bataille  et  al.,  1997).  In  fact,  at  high  Madh  num¬ 
ber,  these  terms  are  responsible  for  the  cascade  of  com¬ 
pressible  turbulence.  To  demonstrate  this  point,  we  plot 
the  total  compressible  energy  transfer  term,  T^^  {Ky  P,  Q), 
at  different  high  Mach  numbers  (Figure  9).  It  is  clear  that 
T^^{Ky  P,  Q)  changes  its  characteristic  features  from  ra¬ 
diative  to  cascade  as  the  turbulent  Mach  number  increases. 
Furthermore,  if  we  plot  {K,  P,  Q)  -f  {K,  P,  Q),  for 
different  turbulent  Mach  numbers,  we  can  observe  the  com¬ 
pressible  energy  cascade  (Figure  10).  From  this  analysis, 
we  conclude  that,  at  hi^  turbulent  Mach  numbers,  the 
cascade  of  compressible  turbulence  is  a  direct  result  of  the 
fact  P,  Q)  +  {K,  P,  Q)  >  {K,  P,  (?)  in  the 

inertial  range  of  the  spectrum. 

CONCLUSION 

We  have  investigated  the  energy  transfer  process  of  com¬ 
pressible  turbulence  using  EDQNM  closure  and  the  triadic 
ener^  transfer  functions.  We  found  that  compressible  en¬ 
ergy  is  transferred  locally  from  the  solenoidal  part  to  the 
compressible  part.  Furthermore,  we  observed  that  there 
is  an  energy  cascade  of  the  compressible  energy  transfer 
when  the  turbulent  Mach  number  increases.  In  another  pa¬ 
per  presented  at  the  conference,  a  modified  version  of  the 
EDQNM  model  for  compressible  turbulence  is  proposed 
(Fauchet  et  al.  (1997)).  The  application  of  the  present 
type  of  detained  analysis  to  the  new  model  is  planned  to 
confirm  the  observed  mechanismes. 
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Appendix 

In  equations  (l)-(4),  are  the  transfer 

terms.  As  we  are  interested  in  the  solenoidal  and  com¬ 
pressible  transfer  terms,  only  the  different  contributions  of 
these  two  transfer  terms  are  given  by  the  following.  The 
different  contributions  of  can  be  found  in  Bertoglio  et 
al.  (1996). 

The  solenoidal  and  compressible  transfer  terms  are  com¬ 
posed  of  different  contributions: 

rpss  (8) 

(9) 

Tc  ^  -f  -f  ( 1 0) 

TCc  ^  J.CC  J.CC  A-  Tf  -h  7f  ^  ( 1 1) 

TCP  _tCp  j^t^p  j^jCP  _^TfP  +T6"(12) 


Different  contributions  appearing  in  the  transfer  term 
acting  on  the  solenoidal  field  are: 
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nSS 


-L 


PQ  1  - 
B^^{P,t)E^^{Q,i)dPdQ 

E^^iK,t)B^^{Q,t)dPdQ 


KPQ 


/A 

7CC 


^KPQ 


E^^{K,i)E^^{Q,i)dPdQ 


(13) 


(14) 


(15) 


(16) 


^  ^  (^(1  -  (17) 

E^^{K,i)E^^{Q,t)dPdQ 

Different  contributions  to  the  transfer  term  in  the  E’^'^ 
equation  are: 


E^^iP,t)E^^{Q,t)dPdQ 

rrCC I  V  ^\  _  f  (^*  ~  aCC-SS-CC 

^  ^  '’~J^PQ  (l-xi)'  ™ 

E^^{P,t)E^^{Q,t)dPdQ 

E^‘^{P,t)E^^{Q,t)dPdQ 

Tf^{K,t)  =  -J^^  2z(l  - 


(18) 

(19) 

(20) 

(21) 


E‘^‘^(K,t)E^^{Q,t)dPdQ 

7f^(A',t)  =  -  J  ^{2z^-z+xy)e%%-Q'^^-^^(22) 

E^^{Q,t)E^'^{K,t)dPdQ 


T^^{K,i)  {2xy)9%%‘^^-^‘^  (23) 

E^^{K\t)E^^(Q,t)dPdQ 

The  integration  in  the  P,  Q  plane  extends  over  a  domain 
such  that  K,  P  and  Q  form  a  triangle. 

In  the  left  hand  sides  of  the  above  equations,  the  polyno¬ 
mial  expressions  in  x,  y,  z  are  coefficients  associated  with 
the  geometry  of  the  triad,  x,  y,  and  z  are  the  cosines  of  the 
angles  respectively  opposite  to  K,  P,  Q  in  the  triad  K,  P 
and  Q. 

In  above  equations,  functions  6  are  the  decorrelation 
times  involved  in  the  model.  They  are  calculated  by  in¬ 
tegration  over  time  of  a  product  of  three  response  function 
from  the  DIA  equations.  Their  expressions  can  be  found 
in  Bertoglio  et  al.  (1996). 
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ABSTRACT 

This  paper  deals  with  the  development  of  turbulence  models  for  high  speed  turbulent  flows.  Special  attention  is  devoted  to  the 
pressure-dilatation  correlation  Tld  that  represents  an  important  contribution  of  dilatational  effects  on  the  turbulent  kinetic 
energy  budget.  The  modelling  of  this  term  is  based  on  linear  acoustics.  A  simple  order-of-magnitude  analysis,  including 
isentropic  hypothesis  for  the  thermodynamic  properties  of  the  fluid  permits  to  deduce  an  algebraic  expression  for  11^.  A 
modified  turbulence  model  including  extra-compressibility  terms  is  finally  tested  on  a  supersonic  mixing  layer  with  a  convective 
Mach  number  varying  from  0,2  to  LO,  Our  numerical  results  are  in  good  agreement  with  the  experimental  data  from  other 
authors. 


1.  INTRODUCTION 

The  renewed  interest  in  high  speed  flows  highly 
correlated  with  hypersonic  aircraft  projects  has  recently 
provided  the  motivation  for  exploring  compressibility 
effects.  In  this  context  extensive  direct  numerical 
simulations  and  experiments  have  been  conducted  during 
the  last  few  years.  The  concrete  evidence  of  intrinsic 
compressibility  effects  on  turbulence  is  given  by  a  crude 
reduction  in  the  turbulent  kinetic  energy  growth  rate 
(Blaisdell  et  al,  1993).  Furthermore,  recent  studies 
concerning  supersonic  mixing  layers  have  shown  a 
significant  decrease  in  all  three  Reynolds  normal  stresses 
(Elliott  et  at.,  1990).  The  first  interpretations  of  Zeman 
(1990,1991)  and  Sarkar  et  al.  (1991,1992)  in  order  to 
explain  those  effects  were  centered  on  additional  energy 
losses  associated  with  dilatational  terms.  These  terms  are 

the  pressure-dilatation  correlation  =  p  dui  /  <9jc,-  and 
the  compressible  part  of  the  turbulent  dissipation  rate 

=  4  /  3  j  appearing  in  the  turbulent  kinetic 

energy  equation.  With  approaches  based  on  very  different 
considerations  previous  authors  have  proposed  to  represent 

but  also  pe^  as  functions  of  the  turbulent  Mach 
number.  More  recently,  the  reduced  turbulent  production 
related  to  the  anisotropy  of  the  Reynolds  stress  tensor  have 


been  recognized  to  be  an  other  important  stabilizing  effect 
of  compressibility  (Sarkar,  1995).  A  model  for  the 
integrated  pressure-strain  correlation  has  been  developed  in 
1996  by  Vreman  et  al  and  connected  to  the  mixing  layer 
growth  rate. 

In  this  paper  we  present  the  development  of  a  new 
closure  scheme  for  the  pressure-dilatation  term.  We  have 
used  not  only  the  turbulent  Mach  number  but  also  the 
density  variance  as  possible  compressibility  parameters.  In 
order  to  isolate  intrinsic  compressibility  effects,  the  flow  in 
consideration  is  supposed  to  be  nearly  isentropic  and 

P  =(^P/'^)jP  •  The  new  closure  for  0^*  developed 

under  above  asumptions,  introduces  a  new  unknown  term 
in  the  averaged  Navier-Stockes  equations.  This  term  is  the 
density  variance  and  will  be  described  through  a 
convection-diffusion  equation. 


II.  THE  TURBULENT  KINETIC  ENERGY 

Let  first  consider  the  turbulent  kinetic  energy  equation 
for  a  compressible  flow.  Using  the  mass-weighted  average 
we  have: 


Dpk 

Dt 


k-Diffk  -P£+n</-«;|^+u;42L 

C7Xj 
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(1) 


In  the  above  equation  P  =  puiujduj  f  dxj  is  the  kinetic 
energy  production. 


du  i  _  J  dp 
dxi  p  dt 


=  denotes  diffusion 

terms  resulting  from  the  turbulent  motion,  the  velocity- 
pressure  interaction  and  the  molecular  mechanisms 
respectively. 


pe  =  p{Tijdul  /  dxj)  is  the  turbulent  dissipation  rate  per 
unit  volume. 

The  last  three  terms  are  extra-compressibility 

correlations.  Tld-P  represents  the  work  of  the 

pressure  fluctuations  acting  during  the  volume  changes  of 

the  fluid  particles.  Refering  to  linear  acoustics, 
permits  readjustments  of  energy  in  order  to  ensure  the 
condition  F  - 1.  The  partition  factor  F,  defined  by 

/  (p^a^Ui^),  represents  the  ratio  of  the  kinetic  energy 

to  the  potential  energy  !  2yp  of  the  acoustic 
waves.  In  D.N.S.  of  compressible  homogeneous  shear 

flows  (Blaisdell  et  al,  1993)  is  observed  to  be 
predominantly  negative  and  to  represent  a  non  negligible 
fraction  of  the  turbulent  kinetic  energy  production 

(FI^  =  10%P  jt).  In  consequence,  Hd  requires  a  careful 
modelling  in  the  (k  -  e)  turbulence  model. 

The  last  two  terms  of  the  turbulent  kinetic  energy 
equation  are  associated  with  transfer  mechanisms  between 
the  mean  and  the  turbulent  kinetic  energies  (Huang  et  al 

1995).  The  former  UidP  I  dxi  is  a  term  of  interaction 

between  the  mass  flux  =  —p  Ui  f  p  and  the  spatial 
variation  of  the  static  pressure.  It  may  be  important  in 
configurations  involving  high  pressure  gradients  (i.e.  shock 
turbulence  interaction).  The  last  term  of  the  right  hand  side 
is  generally  neglected  in  the  modelling  procedure.  The 
simulations  of  Huang  et  al.  (1995)  have  shown  that  both 

u]  and  ^  are  significant  in  the  near  wall  viscous  region 
where  they  represent  the  major  compressibility 
contribution.  In  free  shear  flows  this  term  seems  to  be 
negligible  and  our  calculation  gives 

{u’dtij  I  dxj)/  (pdui  /  5x,-)  =0. 


Ml.  A  MODELLING  FOR  THE  PRESSURE- 
DILATATION  TERM 

Using  the  equations  of  linear  acoustics,  and  more 
particularly  the  linearized  mass  equation,  it  is  possible  to 
write  the  normalized  rate  of  change  of  the  density 
fluctuation  as  a  function  of  the  fluctuating  dilatation: 


Such  approximatition  is  acceptable  if  we  consider  the 
problem  on  the  fast  scale  that  represents  the  time 
requires  for  an  acoustic  disturbance  to  cross  an  energy 
containing  eddy.  Hence  is  the  ratio  of  the  lenght  of  a 
large  eddy  /  by  the  sound  speed  a  =  {dp/3p]^.  On  the 

acoustic  time  scale,  the  turbulent  diffusion  but  also  the 
molecular  processes  can  be  ignored.  An  order-of- 
magnitude  of  the  right  hand  side  of  equation  (1)  gives  the 
approximative  form  for  the  fluctuating  divergence  of 
velocity: 

^Po  '^a 


where  p^  and  p^  denote  an  order  of  magnitude  for  the 
mean  and  fluctuating  density  respectively. 

Using  the  main  variables  of  our  problem  and  replacing 

by  Mfk  I S  we  propose  to  model  the  density-dilatation 
correlation  as: 


»  duj  _  p^  £  1 

^  dXi  p  k  Mj 


(2) 


Owing  to  the  isentropic  hypothesis,  we  finally  obtain  the 
following  scheme  for  the  pressure-dilatation  term: 


dxi  Mf  k 


(3) 


The  previous  expression  involves  two  compressibility 
parameters:  p^  /p^  and  M^.  The  mean  static  pressure  p 

and  the  turbulent  time  scale  are  also 

encountered  in  the  closure  scheme. 


When  the  flow  becomes  an  incompressible  constant 
density  one,  expression  (3)  has  to  tend  to  zero.  We  know 

that  the  incompressible  part  of  the  fluctuating  pressure  p,- 

generally  scales  as  Qip^u  )  while  the  compressible 

component  is  Pc  =  0(pa  ).  Here  u  denotes  an  order-of- 
magnitude  for  the  fluctuating  velocity.  Hence  these  flows 

are  characterized  by  a  ratio  Pc  ~  P  ^  I P^^f  tending 

to  zero.  Since  the  turbulent  Mach  number  also  lends  to 

zero  and  since  the  acoustic  time  scale  =  kMj  !  £  and 
the  mean  static  pressure  p  have  finite  limits,  tends  to 
zero  when  the  density  becomes  constant. 
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In  high  speed  flows  the  adjustable  model  coefficient  a  is 
predominantly  negative  according  to  numerical  and 
physical  considerations  of  Sarkar  et  aL  (1992). 
Futhermore,  under  the  Boussinesq  hypothesis 

((j>Ui  «  -Vf  /  dxi)  the  propagation  speed  of  acoustic 
disturbances  is  y  f  3Mf  .  Using  the  latter 

relationship,  the  general  form  of  a  is  y!  SM^ 

where  ^  is  a  constant.  The  calibration  of  p  will  be 
discussed  in  §V. 

The  turbulent  kinetic  energy  evolution  is  coupled  with 
the  mean  calorific  energy  one  since: 


Dpf  ^  1 
Dt  Q 


'^dx^ 


+pe 


The  energy  losses  of  pk  through  the  pressure-dilatation 

are  proportional  to  the  relative  variance  amount  p^jp^  . 
In  order  to  obtain  a  good  representativity  of  the  various 
processes  involving  changes  in  the  density  variation  we 
have  used  a  complete  transport  equtation  to  describe  this 

*2 

quantity.  The  open  equation  for  p  as  given  by  Taulbee 
eta/.  (1991)  is: 


Dt 


The  rate  of  change  of  the  density  variance  is  equal  to  the 
sum  of  the  turbulent  transport  (I),  the  production  due  to  the 
mean  density  gradient  (II)  and  the  mean  compression  (III), 
the  density-dilatation  correlations  (IV+V).  The  first  term 
on  the  right  hand  side  can  be  modelled  using  a  gradient 
hypothesis  (Taulbee  et  al  1991): 


_  —duR 


.duR  ,  .  duo 

-2PP  -^-PP 

dxp  dxp 


{IV) 


(V) 


*•  *2  '•  *2  ' 


dp^  tp 

dxi 


Since  the  present  work  focuses  on  intrinsic  compressibility 
effects  let  us  consider  a  nearly  constant  mean  density  flow. 
In  this  particular  case,  contributions  of  terms  (I)  and  (II) 
are  expected  to  be  negligible.  As  a  first  approximation  we 
have  adopted  for  the  density- velocity  correlation  : 


pV 


Op  dxi 


Density  fluctuations  are  then  amplified  owing  to  the  non¬ 
linear  terms  (IV)  and  (V),  For  small  p  /  p  ,  it  is  possible 
to  neglect  (V)  behind  (IV)  which  is  represented  by  (2). 


IV.  THE  NUMERICAL  METHOD 

The  governing  equations  described  in  the  previous 
section  can  be  written  into  a  vector  form  as  follows: 
dWldt+dFldx-i-dGldy  =  H .  W  is  the  unknown 
vector: 


W  = 


p,pK,pv,p£,p^,p£,p'2 


The  equation  of  state  for  perfect  gases  p^prf  is  used 
to  achieve  the  closure. 

The  numerical  method  is  a  finite  volume  version  of  the 
explicit  Mac  Cormack  scheme  (Kourta,  1996).  It  consists 
in  a  predictor-corrector  approach.  At  each  time  step,  for 
advancing  the  numerical  solution  a  forward  or  a  backward 
approximation  is  used  for  the  inviscid  part  of  the  flux 
vector.  The  viscous  terms  are  approximated  by  central 
differences. 

Since  the  modified  governing  equations  contain 
additional  source  terms,  the  Courant-Friedricks-Lewy 
(CFL)  is  set  to  0.5. 

A  supersonic  shear  layer  is  computed  using  a  multiblock 
technique.  The  computational  domain  consits  of  two 
blocks  of  equal  dimension  0.024  x  0.500  m  with  a 
lOOx  100  uniform  grid. 

The  boundary  conditions  are  the  following:  at  the 
inflow,  the  profiles  are  specified  for  the  velocity,  the 
density,  the  temperature,  the  turbulent  kinetic  energy,  the 
dissipation  rate  and  the  density  variance.  At  the  outflow 
classical  first  order  extrapolations  suitable  for  supersonic 
outflow  are  used.  Finally,  at  the  lower  and  upper 
boundaries  farfield  conditions  are  specified. 

For  initial  conditions,  the  inflow  profiles  are  used 
throughout  the  computational  domain. 


V.  RESULTS 

The  mixing  layer  develops  between  two  parallel 
supersonic  airstreams  as  sketched  in  Fig.  1.  Temperature, 
density  and  primary  bottom  stream  values  are  deduced 
from  the  operating  conditions  of  the  experiment  led  by 
Goebel  et  al  (1990).  When  the  specific  heat  ratio  y  has 
the  same  value  for  both  streams,  the  convective  Mach 
number  is  given  by:  -{U2-U j) !  {a2  +  aj). 

However,  in  our  calculation,  the  higher  secondary 
freestream  velocity  was  changed  in  order  to  obtain  a 
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convective  Mach  number  varying  from  0.2  to  LO.  The  total 
temperature  of  the  bottom  stream  was  295  K  and  the 
pressure  distribution  through  the  layer  was  almost  uniform. 

M2,U2,p2 


M1,U1  ,pl 

Fig.  1  Schematic  of  the  flow  field 

The  main  mixing  layer  operating  conditions  for  the 
reference  case  are  given  in  table  1. 

Table  1: 


PHYSICAL  VALUES  (S.l.  units) 


409.00 

519.00 


^1,2  Pl,2 

211.00  0.809 
160.00  1.066 


Let  us  denote  U  the  normalized  velocity: 
{U —  Ui)I {U2^U\) .  According  to  self-similarity 
conditions,  the  nondimensional  mixing  layer  thickness  is 
defined  as  Tf-iy-yo)/ 8  where  is  the  location  of 

f/*  =  1  /  2 .  The  shear  layer  thickness  5  is  equal  to  “  yj 
where  yy  (respectively  y2)  is  a  ten  percent  thickness: 

U*  =  0.1  (respectively  U*  =  0.9). 

In  Fig.  2  the  computed  values  of  S  =dS/dx  are 
nondimensionalized  with  the  growth  rates  of 

incompressible  mixing  layers  5^  considered  at  the  same 
velocity  ratio  r  and  density  ratio  s.  The  incompressible 
parameter  8^  is  given  by  the  empirical  formula  (Goebel  et 
oL,  1990) 


= ——T, — r: — ’  (4) 

<Tg  ii+Hs) 


It  is  shown  that  the  effect  of  is  to  reduce  the 
normalized  growth  rate  down  to  87%  from  |^|  =  5  X 
to  |/J|=  7.  The  comparison  with  the  experimental  data  of 
the  ratio  8  I for  a  highly  compressible  mixing  layer 


with  Mf.  =0.8  (Gruber  et  aL,  1993)  suggests  a  value  of 


loglKf^l 


Fig.  2  Dependance  of  the  normalized  spreading  rate  on 
the  model  constant 

The  compressibility  effects  on  the  spreading  rate,  as  a 
function  of  the  convective  Mach  number  is  given  in  Fig.  3. 
Papamoschou  et  al.  (1988)  propose  an  empirical 
expression  of  the  form: 

8'  =8^x0(M,) 


where  is  a  function  of  the  convective  Mach  number. 


Fig.  3  Shear  layer  growth  rate  variation 


The  calculated  growth  rates  of  the  present  study  are 
compared  with  experimental  data.  The  dashed  curve  is  the 
so-called  "Langley  curve"  proposed  by  Birch  et  al.  in 
1972.  Significant  scatter  due  to  experimental  uncertainties, 
influence  of  the  dual-stream  tunnel  geometry,  lack  of 
accuracy  in  the  location  of  the  edge  of  the  layer  and  of  the 
self-preserving  region  of  the  flow  can  be  observed  and  the 
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experimental  accuracy  on  S  is  probably  no  better  than 
10%  (Smith  et  al.)-  The  numerical  results  agree  very  well 
with  those  from  other  researchers  for  Af^^0,5.  When 
computing  an  incompressible  mixing  layer  with  Af^  =  0.2, 

the  ratio  5  1 5^  is  approximatively  20%  lower  than  the 
one  given  by  the  Langley  consensus.  A  possible 
explanation  is  that  the  relation  giving  5^  from  (4)  has  been 
established  for  subsonic  incompressible  shear  layers  while 
in  our  calculation  both  streams  are  supersonic. 

The  maximum  value  of  the  turbulent  shear  stress  as  a 
function  of  is  given  in  Fig.  4.  The  computed  variations 

of  Cuy=-pu  V  are  compared  to  recent 

measurements  from  various  authors.  The  dashed  line 
represents  the  shear  stress  deduced  from  the  "Langley 
curve"  (Barre  et  aL,  1994).  At  low  Mach  numbers  some 
abnormally  high  values  are  observed  probably  due  to 
blockage  effects  in  the  experiment  of  Goebel  et  oL  (1990). 
Discarding  these  points,  it  is  clear  from  Fig.  4  that 
computations  with  Ae  compressible  model  (3)  are  in  fairly 
good  agreement  with  the  observed  trends  of  decrease  of  the 
Reynolds  shear  stress. 


Fig.  4  Maximum  value  of  the  Reynolds  shear  stress 


VI.  CONCLUSION 

In  this  paper  a  first  order  closure  model  for  compressible 
high  speed  shear  flows  has  been  presented.  The  pressure- 
dilatation  correlation  is  derived  from  a  parametric 
expression  developed  on  the  basis  of  linear  acoustics.  This 
extra-compressibility  term  is  expressed  as  a  function  of  the 
turbulent  Mach  number  and  the  density  variance.  A 
transport  equation  for  this  latter  quantity  is  used  in  addition 
to  those  of  k  and  e.  The  predictions  of  the  new  model  are 
tested  on  a  supersonic  shear  layer.  Some  imponant 


parameters  of  the  flow  have  been  compared  with  physical 
experiments  for  ^^<1.0.  The  results  indicate  that  the 
model  is  able  to  quantitatively  predict  the  reduction  of  the 
normalized  mixing  layer  growth  rate  for  high  Mach 
numbers.  However,  as  a  (k-e)  model  can  not  correctly 
estimate  the  increasing  anisotropic  structure  resulting  from 
compressibility  effects,  the  supersonic  mixing  layer  studied 
suffers  a  small  uncertainty  on  its  Reynolds  shear  stress. 
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ABSTRACT 

An  implicit  time  marching  method,  using  multigrid  tech¬ 
nique,  is  used  for  large  eddy  simulation.  The  program  is 
implemented  on  parallel  computers  using  message-passing. 
The  efficiency  and  validity  of  this  approach,  originally  de¬ 
veloped  for  Reynolds  Averaged  Navier-Stokes  equations, 
are  evaluated.  The  formulation  is  initially  based  on  a 
Smagorinsky  model,  but  it  is  general  enough  to  allow  for 
more  advanced  SGS  models.  An  effort  is  directed  towards 
the  solution  of  spatially  developing  flow,  as  a  first  step 
towards  performing  large  eddy  simulations  on  a  realistic 
geometry. 

INTRODUCTION 

Turbulent  flows  possess  a  wide  range  of  space  and  time 
scales.  Numerical  simulation  of  turbulence  requires  that 
all  the  relevant  scales  (or  frequencies)  are  properly  rep¬ 
resented  in  the  numerical  model.  Consequently,  spectral 
methods  are  the  most  common  approach  for  both  direct 
and  large  eddy  simulation  (cf.  Kim  et  ai.  1987,  Cabot  et 
al.  1993).  It  has  been  shown  that  these  methods  are  able 
to  produce  accurate  results  on  rather  coarse  mesh  (Kim  et 
al.  1987).  The  use  of  spectral  methods  is,  however,  conve¬ 
nient  only  for  flows  in  simple  domains  and  simple  boundary 
conditions.  The  objective  of  simulating  complex  flow  fields 
introduced  a  relatively  new  trend,  of  using  more  flexible 
numerical  representations,  such  as  finite  differences,  finite 
volumes  and  spectral  elements  schemes  (cf,  Rai  and  Moin 
1989,  Lund  and  Moin  1995).  Although  these  approaches 
are  much  more  suitable  for  dealing  with  irregular  geome¬ 
tries,  they  bring  with  them  larger  truncation  and  alias¬ 
ing  errors,  and  usually  some  kind  of  artificial  dissipation. 
These  errors  have  a  significant  effect  on  the  accuracy  and 
the  required  resolution  for  LES  (Lund  et  al.  1995b).  How¬ 
ever,  with  simulation  of  realistic  flows  in  mind,  it  is  impor¬ 
tant  to  verify  the  ability  and  limitations  of  these  methods. 
The  present  work  is  within  this  context  of  LES  technology 
development  for  complex  flows.  A  highly  efficient  and  well 
validated  finite  volume,  multigrid  driven  method  (Tatsumi 
et  al.  1995),  is  used  for  the  solution  of  the  LES  time  de¬ 
pendent  equations.  The  scheme  is  applied  on  distributed 
memory  parallel  computers,  using  domains  decomposition 


technique. 

As  part  of  the  validation  phase  of  the  method,  a  spatially 
developing  boundary  layer  on  a  flat  plate  is  solved.  The 
DNS  data  of  Spalart  (1988)  is  used  as  a  benchmark.  Initial 
results  were  presented  by  Arad  and  Martinelli  (1996).  The 
efficiency  of  this  scheme  on  a  parallel,  distributed  memory 
environment,  is  further  evaluated. 

MATHEMATICAL  FORMULATION 

The  present  formulation  for  large  eddy  simulation  is  ob¬ 
tained  by  applying  a  filter  on  the  compressible,  time  depen¬ 
dent  Navier-Stokes  equations.  As  Favre  filter  is  not  used, 
the  formulation  is  compressible  in  the  resolved  scales,  but 
is  incompressible  in  the  subgrid-scales.  Such  a  method  is 
suitable  only  for  moderate  Mach  numbers.  For  the  sake  of 
simplicity,  at  this  preliminary  stage,  the  Leonard  and  the 
cross  terms  are  included  in  the  residual  stress  tensor  r,j. 
Shaanan  et  al.  (1975)  have  showed  that  Lij  is  of  the  same 
order  and  magnitude  as  the  truncation  error  of  a  second  or¬ 
der  finite  difference  scheme.  Ferziger  (1993)  observed  that 
the  benefit/cost  ratio  of  separate  treatment  of  these  terms, 
may  not  be  large  enough  to  justify  this  practice.  Pursuing 
the  concept  of  simple  modeling,  the  SGS  (subgrid-scale) 
stress  tensor  is  modeled  using  Smagorinsky  model,  with 
damping  on  the  wall: 

r.,  =  -2M(5-_|Srr«.>)  ;  q,=-^p§. 

where  Pr^  is  the  so-called  turbulent  Prandtl  number,  A 
is  the  filter  size,  is  the  model  coefficient  (Cs  =  0.2  is 
used),  Sij  is  the  strain  rate  tensor,  E  is  the  total  energy 
of  the  filtered  variables  and  D  is  a  wall-induced  damping 
function  (described  below). 

When  a  uniform  mesh  is  used,  the  definition  of  the  filter 
size  is  clear-cut:  The  most  common  choice  (Ferziger  1993) 
is: 

A  =  (2) 

For  engineering  applications  at  high  Reynolds  number,  es¬ 
pecially  for  external  aerodynamics,  a  non-uniform  mesh 
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is  mandatory  to  resolve  the  thin  near  wall  (or  wing)  lay¬ 
ers  while  at' the  same  time  to  cover  a  large  flow  domain. 
Therefore,  the  filter  size  A  varies  with  the  local  mesh  spac¬ 
ing.  Jones  and  WiUe  (1995)  and  Miet  et  a/.  (1995)  showed, 
that  for  smoothly  varying  mesh,  the  error  induced  by  the 
commutation  of  ftltering  with  local  filter  size,  is  of  the  same 
order  as  the  discretization  error  of  the  numerical  scheme 
appHed.  On  a  strongly  stretched  mesh,  the  use  of  forinu- 
lation(  2)  will  cause  large  values  of  the  SGS  eddy  viscosity 
far  away  from  the  waU  (where  Aj,  is  large).  Consequently, 
small  fluctuations  in  the  velocity  field  will  be  artificially 
amplifled.  A  more  robust  formulation  for  the  filter  size 
can  be  obtained  by  replacing  Ay  by  Aj,,  which  is  the  har¬ 
monic  mean  of  Ay  and  ^  average  value  of  Ay  in  the  wail 

vicinity  (designated  by  Ay): 


That  wav,  Ay  =  Ay  near  the  wall,  and  is  equal  to  Ay 
far  away'  from  the  wall  (resulting  bounded  values  of  the 
eddy  viscosity),  with  smooth  transition  between  the  two 
values.  In  this  study  uj  was  taken  as  3,  to  allow  for  a  small 
transition  region.  The  distribution  of  Ay  in  a  boundary 
layer  mesh  is  given  in  figure  2.  .  . 

To  account  for  the  damping  influence  of  the  wall  proximity, 
an  exponential  function  is  used,  in  (  1): 


A+  =25 


(4) 


The  well  known  Van-Driest  function  is  recovered  for  1. 
Yet,  it  was  found  that  higher  values  of  0  where  required 
in  order  to  have  proper  representation  of  the  viscous  sub¬ 
layer. 


NUMERICAL  METHOD 

The  governing  equations  are  discretized  using  a  finite  vol¬ 
ume,  cell-centered  formulation,  yielding  a  set  of  ordinary 
differential  equations  which  can  be  written  as  follows: 

■|-(wijfcV„fc)+R(w,:,fc)  =  0  (5) 

at 

where  w  is  a  v<^tor  of  the  flow  variables:  w  = 
{p,pu,pt%pw,pE}  .  Vijk  is  the  ceU  volume.  The  resid¬ 
ual  R(wijjt)  is  obtained  by  evaluating  the  sum  of  integral 
fluxes  of  the  governing  equations,  to  the  second  order  of  ac¬ 
curacy.  In  order  to  obtain  a  fuUy-implicit  algorithm,  all  the 
terms  in  the  above  equation  should  be  evaluated  at  n  -h  J 
leveT^  Jameson  (1991)  suggested  to  approximate  the  ^ 
operator  by  an  implicit  backwards  difference  formula  of  the 
kill  order  of  accuracy  (in  time): 


£ 

di 


(6) 


where  A~  =  -  w”.  A  low  dispersion  scheme  is  ob¬ 

tained  by  using  a  third  order  accurate  approximation,  re¬ 
casting  equation  (5)  into  the  following  form. 


(7) 


Second  order  time  discretization  of  this  kind  are  A-stable 
when  applied  to  a  test  linear  differential  equation,  while 

where  n  is  the  time  counter,  e.g.  t  =  to  +  ^At 


the  third  order  approximation  is  stiffly  stable  (Alonso  et 
aJ.  1995).  Fourth  order  approximation  was  found  to  be 
unstable,  in  this  application. 

A  modified  residual,  R*(w)  is  defined,  as  follows: 

R*  (w”+^)  +aiVw''+ 

+a2  -h  +  R 

where  the  ak  coefficients  are  defined  in  equation  (7).  Now, 
iterations  to  a  steady-state  in  pseudo- time,  i* 


d(Kw) 

dv 


-f  R*(w)  =  0 


(9) 


can  be  carried  out.  This  is  done  using  an  explicit  (in 
pseudo-time)  multistage  time  stepping  scheme  (Jameson 
1991).  Since  the  details  of  the  pseudo-transient  evolution 
are  immaterial,  the  parameters  of  the  schemes  are  opti¬ 
mized  for  faster  convergence.  Further  more,  application 
of  various  convergence  acceleration  techniques,  like  multi- 
grid,  local  time  step  and  residual  averaging  (Martinelli  and 
Jameson  1988)  becomes  possible. 

Following  the  suggestion  of  Melson  et  al.  (1993),  the  first 
term  on  the  right  hand  of  equation  (  8)  is  treated  implicitly , 
within  the  multi-stage  scheme. 


f/o  = 

(1  +  a,X)  U^  =  U’>-  + 

fc  =  1,  2,  ..K 

(yn+1  _  IJK 


(10) 


where  {/*'  is  the  vector  of  variables  at  stage  k  of  the  K 
stages  scheme  (5  stages  were  used)  and  a*  are  the  scheme 
coefficients.  A  =  aoAf/At.  This  approach  is  equivalent  to 
rescaling  the  pseudo-time  step  for  every  cell  in  the  domain. 
Though  it  does  not  lead  to  a  noticeable  improvement  in 
convergence,  it  increases  considerably  the  robustness  of  the 
method. 

BOUNDARY  AND  INITIAL  CONDITIONS 

The  boundary  conditions  which  are  described  in  this  sec¬ 
tion  apply  for  a  flat  plate  boundary  layer  case.  No-slip 
conditions  are  imposed  on  the  solid  boundary,  and  a  zero 
pressure  gradient  normal  to  the  surface  is  specified.  With 
the  objective  of  establishing  a  technique  for  realistic  flows, 
the  more  costly  concept  of  spatially  developing  boundary 
layer  (Guo  et  al.  1996)  is  adopted  here,  specifying  inflow 
and  outflow  conditions.  Periodic  conditions  are  used  only 
in  the  spanwise  directions.  Inflow  and  external  far-field 
conditions  (in  the  direction  normal  to  the  wall)  are  set  us- 
ing  approximate  non-reflecting  boundary  conditions,  based 
on  the  linearized  characteristic  approach  (Baker  and  Jame¬ 
son  1984).  The  two  surfaces  are  located  at  a  large  distance 
from  the  plate,  so  that  an  inviscid  formulation  is  a  reason¬ 
able  approximation.  A  slip  surface  is  set  in-front  of  the 
plate.  On  the  outflow  boundary,  the  pressure  and  entropy 
are  extrapolated  downstream.  A  buffer  region,  with  cells 
that  grow  gradually  in  size,  was  added  at  the  end  of  the  so¬ 
lution  domain.  This  highly  dissipative  region  is  used  since 
specification  of  non-reflecting  boundary  conditions  for  vis¬ 
cous  flow  is  not  simple. 

The  numerical  solution  of  the  laminar  equations  is  used 
as  initial  conditions.  A  disturbance  is  applied  in  the  first 
time  step,  in  order  to  perturb  the  flow.  Assuming  that  the 
flow  is  parallel  to  the  wall,  the  most  general  form  of  3D 
disturbance  is  of  a  traveling  wave  whose  amplitude  varies 
with  y,  and  which  moves  along  the  wall  at  an  angle  9  = 
tan”^  0/a  with  respect  to  the  x  axis: 

u  =  n  +  u';  (H) 

Using  the  linear  stability  theory,  Sandham  and  Reynolds 
(1991)  established  that  the  free-flow  Mach  number  has  a 
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significant  effect  on  which  wave  is  the  most  unstable.  For 
M  <  0.6  it  appears  that  the  2D  wave  {9  =  0)  is  the  most 
unstable,  while  for  higher  Mach  number  an  oblique  wave 
is  the  most  unstable.  Based  on  that  concept,  the  following 
flow  field  was  used  as  initial  conditions: 

uiiv)  =  A.re--^^" 


where  A,  is  the  amplitude,  (Ui)^  is  the  laminar  solution 
and  r  is  a  random  number  uniformly  distributed  between 
-0.5  and  0.5,  different  for  each  spatial  location  and  for  each 
computational  variable.  The  exponential  term  guarantees 
that  the  disturbances  decay  in  the  free  stream. 

As  discussed  by  Arad  and  Martinelli  (1996),  the  rate  of 
growth  of  the  oscillations  appears  to  be  very  slow.  This  is 
the  case,  since  unlike  periodic  domains  (in  the  mean-flow 
direction),  where  there  is  a  constant  feeding  of  disturbances 
from  the  outflow  to  the  inflow  boundary,  only  initial  per¬ 
turbation  of  the  flow  was  applied.  In  order  to  accelerate  the 
appearance  of  turbulent  flow,  two  additional  mechanisms 
are  now  employed:  Low  amplitude  disturbances,  similar  to 
formulation  12,  are  introduced  both  in  the  inflow  boundary 
and  on  a  “transition”  strip,  located  a  short  distance  behind 
the  plate  leading  edge.  Though  these  perturbations  affect 
the  transitional  characteristics  of  the  flow,  they  are  not 
supposed  to  influence  the  fully  turbulent  regions. 

PARALLEL  IMPLEMENTATION 
The  computer  code  is  parallelized  for  a  distributed  mem¬ 
ory  platform  using  a  domain  decomposition  approach,  a 
SPMD  (Single  Program  Multiple  Data)  strategy  and  the 
MPI  (Message  Passing  Interface  Standard)  library  for  mes¬ 
sage  passing  (MPI  1995).  The  computational  domain  is 
decomposed  into  sub-domains,  each  attached  to  a  proces¬ 
sor  node  responsible  for  all  arithmetic  in  it.  Only  border 
data  need  to  be  transmitted  between  sub-domains.  Thus, 
the  communication  cost  is  low,  as  the  ratio  of  communica¬ 
tion  to  arithmetics  is  proportional  to  the  surface  to  volume 
ratio.  In  order  to  obtain  a  good  load  balance,  uniform  de¬ 
composition  among  the  processors  is  employed.  While  an 
ideal  sub-domain  would  have  equal  number  of  points  in 
each  direction,  the  partition  size  is  also  affected  by  avail¬ 
ability  of  computational  resources.  Another  constraint  is 
imposed  by  the  multigrid  algorithm:  At  least  16^  mesh 
points  per  domain  are  required,  if  four  level  multigrid  and 
the  related  speedup  are  to  be  preserved. 

The  convergence  acceleration  techniques,  in  particular  the 
multigrid  and  the  residual  smoothing,  are  global  in  nature, 
since  they  both  increase  the  rate  of  information  transfer 
throughout  the  computational  domain.  This  feature  im¬ 
plies  a  larger  communication  volume,  which  might  hinder 
parallel  performance.  In  order  to  address  this  problem,  the 
two  techniques  were  applied  locally  in  each  sub-domain, 
and  not  globally.  That  way  the  inter-domain  data  transfer 
is  not  increased.  As  a  result,  the  parallel  performance  is 
not  reduced.  This  approach  is  suitable  for  the  coarse-grain 
decomposition  that  is  used  in  this  study.  Applied  for  a 
massivly  parallel  paradigm,  it  would  eliminate  the  effect 
of  the  acceleration  techniques.  These  subjects  are  further 
discussed  in  the  next  section. 

APPLICATIONS 

Test  Case  Description 

A  flat  plate  boundary  layer  is  solved  to  validate  the  the 
present  method,  by  comparison  with  results  of  Direct  Nu¬ 
merical  Simulation  (Spalart  1988).  The  DNS  results  are 
for  momentum  thickness  Reynolds  number  at  the  range  of 
300  to  1410.  This  case  was  selected  because  such  a  de¬ 
tailed  data  base  allows  much  more  extensive  comparisons 


than  experimental  results.  Though  the  present  formulation 
is  compressible,  Tatsumi  et  ai.  (1995)  have  shown  that 
the  stability  and  accuracy  of  the  algorithm  is  preserved 
down  to  low  Mach  numbers,  well  within  the  incompress¬ 
ible  regime.  Hence,  the  computations  were  done  for  Mach 
number  of  0.15. 

A  long  flat  plat  (about  200  6,,  where  6*  is  the  displacement 
thickness)  is  solved.  The  inflow  boundary  is  located  about 
300  6*  in  front  of  the  plate  leading  edge.  In  the  lateral 
direction,  the  solution  domain  is  about  65  6*.  The  far  field 
boundary  is  set  at  the  distance  of  500  6^  away  from  the 
plate.  A  192  x  128  x  48  mesh  is  used,  with  nearly  uniform 
distribution  of  the  mesh  in  x  (stream- wise  direction)  and 
2  (spanwise)  direction.  Ax+  Az^.  =  35.  In  the  vertical 
direction  {y),  the  following  transformation  is  used: 


y  = 


cix)7J 

1  -h  c(x)  -  7? 


...>=  i,A'y 


(13) 


where  NY  is  the  number  of  points  in  the  y  direction.  c(x) 
changes  with  x  as  an  hyperbolic  tangent,  allowing  slow 
expansion  of  the  mesh.  The  mesh  stretching  in  the  vertical 
direction  allows  for  Ay^  <  0(1). 

In  figure  1  the  domains  boundaries,  of  a  32  domains  con¬ 
figuration  are  plotted  (in  a  2D  cut).  For  clarity,  the  correct 
aspect  ratio  between  the  axes  is  not  preserved  in  the  figure. 
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Figure  1:  Domain  boundaries  near  the  plate,  in  a 
192x128x48  mesh.  Plate  at  i  €  (24, 184);  32  domains. 

The  smooth  and  gradual  growth  of  y  can  be  seen  in  figure  2, 
where  Ay  is  plotted  (Ay  is  defined  in  equation  3). 

Verification  of  Efficiency 

The  efficiency  of  the  scheme  relies  mainly  on  two  compo¬ 
nents:  Implicit  time  stepping  algorithm  and  parallel  com¬ 
pulation.  As  described  above  ,  the  two  techniques  are  not 
separated,  and  require  special  implementation  in  order  to 
gain  the  desirable  efficiency. 

Implicit  Time  Stepping  for  LES  > 

The  first  subject  that  we  consider  here  is  the  time-accuracy 
of  the  scheme.  Jameson  (1991)  used  a  second  order  time 
dependent  algorithm,  while  other  authors  (Alonso  et  ai. 
1995)  found  it  necessary  to  use  a  third  order  scheme,  like 
the  one  given  in(  7).  Using  the  present  computer  code  for 
the  solution  of  Stokes  flow  (oscillating  plate),  the  analytical 
solution  was  recovered  using  both  order  of  accuracy.  Dif¬ 
ferent  result  are  obtained  for  the  turbulent  flow  simulation. 
The  time  histories  of  the  friction  coefficient  on  the  wall  are 
plotted  in  figure  3.  The  second  order  scheme  appears  to 
introduce  excessive  damping  on  the  oscillating  flow  field. 
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Figure  3:  Effect  of  the  accuracy  of  the  time  dependent 
algorithm.  Friction  coefficient  at  at  Rtx  =  9.8  x  10  . 


Implicit  schemes  aUeviate  the  restrictions  on  time  step  size, 
related  to  numerical  stability.  However,  for  large  eddy  sim¬ 
ulation,  their  usefulness  might  be  limited  by  two  major 
factors:  First,  the  computational  time  step  cannot  exceed 
the  characteristic  time  scales  of  the  physical  phenomenon, 
while  the  smallest  time  scales  of  turbulent  flow  are  very 
small.  Then,  the  work  required  in  each  time  step  may  be¬ 
come  excessively  large,  compared  with  the  much  simpler 
explicit  methods.  Thus,  the  implicit  approach  may  pay  off 
for  problems  where  there  is  very  large  variation  in  the  mesh 
size.  The  use  of  explicit  scheme  would  result  in  a  very  se¬ 
vere  restriction  on  the  time  step,  based  on  the  smallest  cells 
of  mesh.  This  is  very  much  the  case  in  the  present  problem 
and  in  most  of  the  problems  involving  external  flow.  The 
size  of  the  computational  cells  changes  by  four  orders  of 
magnitude  across  the  solution  domain  (see  figure  2). 

Choi  and  Moin  (1994)  pointed  out,  that  while  the  viscous 
time  scale  in  the  sub-layer  is  0(1)  (in  wall  unit),  much 
smaller  computational  time  step  is  required  for  explicit 
or  semi-implicit  scheme.  Thus,  Kim  et  aJ.  (1980  used 
=  0.0676  for  channel  simulation  using  a  semi-impiicit 
algorithm.  Arad  and  Martinelli  (1996)  found  out  that  us¬ 
ing  a  time  step  that  is  larger  than  0.2  affects  the  frequency 
and  amplitude  of  the  oscillations.  The  effect  of  the  compu- 


Moin  (1994):  They  presented  a  similar  effect  of  the  time 
step  on  the  time  histories  of  wall-shear  rate  (for  a  different 
flow  field  and  scheme).  The  last  authors,  though,  selected 
to  use  a  large  time  step  (A4  =  0.4),  as  they  showed  that 
the  averaged  turbulent  intensities  are  much  less  sensitive 
to  the  integration  step.  As  this  is  an  initial  assessment  of 
the  present  scheme  for  LES,  we  took  a  very  conservative 
approach,  and  used  At+  =  0.16o. 

The  implicit  formulation  is  obtained  using  internal  itera¬ 
tions  for  each  time  steps  (described  above).  The  attenua¬ 
tion  of  the  residual  at  one  time  step  is  plotted  in  figure  5, 
for  a  1.2  million  points  mesh  which  is  described  in  the  test 
case  definition.  Four  levels  of  multigrid  were  used,  together 
with  residual  smoothing  and  local  time  step.  As  a  result, 
the  norms  of  the  residues  are  attenuated  by  more  then 
three  orders  of  magnitude  within  20  cycles.  Application 


Figure  5:  Reduction  of  the  residual  within  one  time 
steps. 

of  the  scheme  with  these  parameters  accomplishes  a  four 
time  speedup  compared  with  explicit  algorithm.  Yet,  each 
multigrid  cycle  requires  more  operations  than  an  exphcit 
solution.  Hence,  the  true  speedup  should  be  obtained  from 
CPU  time  comparison,  it  appears  that  a  single  multigrid 
cycle  requires  1.5  the  time  of  an  explicit  step.  Hence,  using 
a  very  conservative  estimate  for  the  permissible  time  step, 
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the  present  implicit  scheme,  applied  in  large  eddy  simula¬ 
tion,  produces  a  2.5-3  speedup.  This  improvement  is  not 
as  significant  as  the  one  that  is  obtained  for  low  Reynolds 
number  flow  (Alonso  1995),  and  is  not  enough  to  allow 
for  solving  more  complicated  realistic  geometries.  Further 
refinement  of  the  scheme,  including  the  use  of  precondi¬ 
tioners,  may  improve  the  balance. 

Parallel  Speedup  . 

The  major  parameter  that  affects  the  parallel  efficiency 
(other  than  hardware  characteristics)  is  the  ratio  between 
the  inter-node  information  transfer  and  floating-point  com¬ 
putation  per-processor  (This  ratio  is  often  called  task  gran¬ 
ularity).  The  task  granularity  is  directly  related  to  the  nu¬ 
merical  techniques  that  are  used,  as  discussed  above.  It  is 
also  affected  by  two  more  basic  characteristics  of  the  task 
itself:  The  number  of  floating-point  operations  per  grid 
point  and  the  size  of  the  grid  in  each  domain  (processor). 
The  number  of  operations  per  grid  point  in  large  eddy  sim¬ 
ulation  is  larger  than  that  of  laminar  Navier-Stokes  solu¬ 
tion  (due  to  the  sub-grid  scale  computation).  Both  of  them 
require  much  more  operations  per  point  than  the  inviscid 
equations  solution.  Furthermore,  LES  requires  a  fine  reso¬ 
lution,  that  is  at  least  an  order  of  magnitude  higher  than 
sufficient  resolution  for  the  solution  of  the  Euler  equations. 
Accordingly,  the  parallel  speedup  for  large  eddy  simulation 
can  be  higher  than  laminar  Navier-Stokes  solutions  and 
simulation  of  inviscid  flow.  The  fine  resolution  contributes 
to  increase  the  optimal  number  of  processors  in  the  com¬ 
putation.  In  a  way,  these  characteristics  compensate  for 
the  tendency  of  the  convergence  acceleration  techniques 
(mainly  multigrid  and  residual  smoothing)  to  increase  the 
granularity  of  the  task.  That  tendency  is  more  dominant 
in  inviscid  simulation. 

The  speedup  that  was  obtain  by  parallel  computation  is 
presented  in  figure  6.  The  laminar  computation  was  per¬ 
formed  on  a  96  X  32  X  48  mesh  (150000  points).  The  LES 
data  is  taken  using  the  1.2  million  point  mesh  which  is  de¬ 
scribed  above.  The  computations  were  done  on  an  IBM 
SP2  machine.  The  speedup  efficiency,  defined  here  as  the 
ratio  between  the  actual  and  the  ideal  speedup,  is  also 
written  on  the  figure.  It  can  be  seen  that  while  only  77% 
speedup  is  obtained  using  16  processors  with  the  coarse 
mesh,  the  fine  mesh  calculations  are  at  91%  speedup,  and 
32  nodes  calculation  on  the  fine  mesh  is  performed  with 
85%  speedup. 

The  cache  size  of  the  processors  also  plays  a  role  in  the 
code  efficiency.  Extending  beyond  the  cache  size,  slows 
down  the  computation.  This  effect  was  felt  when  the  fine 
mesh  was  divided  into  less  the  four  sub-domains.  In  order 
to  correct  for  this  effect,  the  base  calculation  time  for  the 
ideal  speedup  was  defined  as  four  time  larger  than  that  of 
four  nodes  net. 

Results 

Accurate  evaluation  of  averaged  quantities  and  higher  mo¬ 
ments,  require  time  integration  over  a  very  large  period. 
Due  to  the  size  of  the  problem,  which  is  dictated  by 
Reynolds  number  and  the  fact  that  this  is  a  spatially  de¬ 
veloping  flow  field,  the  fulfillment  of  this  requirement  is 
only  partial.  Nevertheless,  the  results  which  are  given  be¬ 
low  already  approach  the  DNS  data,  and  have  a  certain 
indicative  value  in  assessing  the  quality  of  this  approach. 
The  contours  of  the  main  velocity  component,  on  an  hor¬ 
izontal  plane  at  yj,  =  20  is  plotted  in  figure  7.  The  lines 
that  cross  the  flow  domain  are  sub-domain  boundaries,  in  a 
six  domain  configuration.  Rtx  reaches  the  value  of  2.5  x  10^ 
at  the  end  of  the  plate. 

The  mean  velocity  is  compared  with  the  DNS  data,  at 
Rtx  =  2.  X  10^  in  figure  8.  The  averaging  was  done  for 
t+  €  (215,  640).  Although  this  is  definitely  too  short  inte¬ 


gration  period,  it  can  be  seen  that  the  logarithmic  region 
is  well  developed.  The  solution  is  in  very  good  agreement 
with  the  DNS  (Spalart  1988)  data. 

The  intensity  of  the  oscillations  in  the  main  flow  direction 
is  presented  in  figure  9.  Reasonable  agreement  with  the 
oscillations  of  the  DNS  calculation  wais  achieved.  The  sub- 
grid  eddy  viscosity  is  plotted  in  figure  10.  The  present 
results  are  compared  to  the  eddy  viscosity  which  is  cal¬ 
culated  according  to  its  definition,  out  of  the  DNS  data. 
The  good  agreement  that  is  is  displayed,  was  obtained  only 
when  the  wall-proximity  damping  power,  0  (see  equation  4) 
was  greater  then  one. 

CONCLUDING  REMARKS 

This  paper  describes  initial  assessment  of  a  parallel,  multi¬ 
grid  driven,  finite  volume  scheme  for  large  eddy  simulation. 
The  study  is  conducted  to  identify  the  advantages  and  lim¬ 
itations,  of  this  scheme  for  LES. 

The  application  of  the  multigrid  parallel  computation  was 
found  to  be  very  efficient,  while  using  coarse  grain  domain- 
decomposition.  On  the  other  hand,  the  implicit  time  step¬ 
ping  scheme,  which  was  very  effective  in  other  cases,  ap¬ 
pears  to  produce  only  moderate  speedup,  compared  with 
semi-impHcit  or  explicit  schemes.  However,  the  evalua¬ 
tion  of  the  permissible  time  step  applied  here  is  very  con¬ 
servative.  Further  refinement  of  the  scheme  and  gaining 
some  more  experience  in  the  performance  of  this  method 
for  LES,  may  improve  the  efficiency. 

Though  the  quality  of  validation  is  limited,  due  to  too  short 
time  integration,  the  averaged  values  that  were  calculated 
from  these  results  appear  to  develop  in  agreement  with 
DNS  data. 
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Figure  7:  Contours  of  the  instantaneous jt  velocity 
component,  on  an  horizontal  plane,  at  y+  —  20 
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Figure  10:  Subgrid-Scale  Eddy  Viscosity  at  Re^  = 
2.  X  10®. 
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ABSTRACT 

This  contribution  deals  with  algorithm  development  for 
direct  numerical  simulation  (DNS)  of  incompressible  tur¬ 
bulent  flow.  Significant  improvements  of  numerical  algo¬ 
rithms  (keywords:  high-order  discretization  and  efficient 
time- integration),  together  with  the  improvements  in  com¬ 
puter  performance,  have  opened  the  possibility  of  perform¬ 
ing  DNS  at  Reynolds  numbers  in  the  range  10"^  —  10^.  As 
an  example,  we  consider  a  DNS  of  a  turbulent  flow  past  a 
long,  square  cylinder  at  Re  =  22, 000.  The  computed  bulk 
quantities  (among  others  the  mean  Strouhal  number  and 
the  drag  coefficient)  of  the  flow  past  the  cylinder  as  well 
as  mean  velocity  profiles  at  various  locations  in  this  flow 
agree  well  with  the  available  experimental  data. 

INTRODUCTION 

Direct  Numerical  Simulation  (DNS)  is  the  most  accu¬ 
rate,  but  also  the  most  expensive,  way  of  computing  turbu¬ 
lent  flow.  All  dynamiccdly  significant  scales  of  motion  are 
to  be  resolved  from  the  unsteady,  incompressible  Navier- 
Stokes  equations.  In  view  of  the  computational  complexity 
of  DNS,  our  first  concern  is  to  push  the  algorithmic  effi¬ 
ciency  as  far  as  we  can  get.  In  this  way  we  are  preparing 
ourselves  for  the  arrival  of  the  coming  generations  of  pow¬ 
erful  computers  on  which  DNS  at  higher  Reynolds  numbers 
will  become  feasible. 

In  this  paper,  we  will  focus  on  a  turbulent  flow  which  lies 
just  within  the  present  reach  of  DNS:  a  three-dimensional, 
unsteady  flow  past  a  long,  square  cylinder  at  Re  =  22,  000 
(at  zero  angle  of  attack).  This  flow  has  served  as  a  test 
case  for  two  workshops.  A  summary  of  the  (RANS  and 
LES)  results  presented  at  these  workshops  can  be  found  in 
Rodi  et,  al  (1997)  and  Yoke  (1997).  Experimental  data  is 
also  available  for  comparison  (see  Lyn  et  al.  (1994,  1995), 
McLean  et  al  (1992)  and  Lee  (1975)).  The  experimental¬ 
ists  reported  both  bulk  quantities  (among  others  the  mean 
Strouhal  number  and  drag  coefficient)  and  a  number  of 
profiles  at  various  locations  in  the  flow.  Lyn  et  al.  (1995) 
measured  a  turbulence  level  of  2%  at  four  and  a  half  di¬ 
ameters  upstream  from  the  cylinder.  Since  that  is  all  that 
is  known  about  the  inflow  condition,  we  will  locate  the 
inflow  far  upstream  and  assume  that  the  flow  is  laminar 


there.  Transition  will  take  place  in  the  shear  layers  near 
the  sides  of  the  square  cylinder,  and  is  not  triggered  explic¬ 
itly.  Results  of  the  simulation  can  be  found  in  the  second 
part  of  this  paper. 

The  first  part  describes  the  numerical  methods  employed 
to  simulate  the  flow  past  the  cylinder.  We  discuss  both  the 
time  advancement  scheme  and  the  spatial  discretization 
technique. 

To  start,  we  consider  a  family  of  explicit  second-order 
one-leg  time-integration  methods,  and  look  for  the  mem¬ 
ber  of  this  family  with  the  best  linear  stability  proper¬ 
ties.  We  compare  the  numerical  efficiency  of  this  member 
with  that  of  the  frequently  applied  second-order  method  of 
Adams  and  Bashforth.  This  comparison  demonstrates  that 
Adams-Bashforth  is  not  best  choice  for  convection  domi¬ 
nated  flows.  For  such  flows,  there  are  one-leg  methods  with 
better  stability  properties:  tuned  one-leg  methods  allow  for 
a  step  size  that  is  roughly  twice  as  large  as  the  largest  step 
for  which  Adams-Bashforth  is  stable.  The  amount  of  com¬ 
putational  work  per  time  step  of  these  one-leg  methods  is 
approximately  equal  to  that  of  Adams-Bashforth.  Thus, 
a  cost  reduction  by  a  factor  of  about  two  can  be  achieved 
with  regard  to  Adams-Bashforth,  whereas  the  accuracy  is 
just  as  good.  It  may  be  noted  that  the  computational  ef¬ 
fort  of  such  tuned  one-leg  methods  is  of  about  the  same 
level  as  that  of  a  three-stage  Runge-Kutta  method  where 
the  Poisson  equation  for  the  pressure  is  solved  only  (!)  at 
the  final  stage  (like  in  Le  and  Moin  (1991)),  an  approach 
which  may  lead  to  instabilities. 

Next,  we  discuss  a  fourth-order  finite  volume  method. 
Any  grid  that  is  used  for  DNS  need  to  be  so  fine  that 
the  smallest  length  scales  in  the  flow  can  be  resolved  accu¬ 
rately.  The  number  of  grid  points  that  is  needed  per  small¬ 
est  length  scale  depends  upon  the  discretization  method 
that  is  applied.  This  number  determines  the  efficiency  of 
the  simulation  method  to  a  high  degree.  A  reduction  by 
a  factor  of  two,  for  example,  yields  a  saving  of  about  one 
order  of  magnitude  in  the  use  of  computing  time  as  well 
as  memory  (in  three  spatial  dimensions).  For  this  reason 
higher-order  accurate  DNS  methods  have  been  developed. 

There  are  several  ways  of  making  higher-order  methods. 
We  construct  a  fourth-order  method  as  the  Richardson  ex- 
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trapolate  of  a  classical  second-order  finite  volume  method. 
The  results  of  this  fourth-order  finite  volume  method  and 
the  underlying  second-order  method  axe  compared  for  a 
direct  numerical  simulation  of  turbulent  flow  in  a  cubical 
lid-driven  cavity  at  Re  -  10, 000  and  also  with  experimen¬ 
tal  data.  The  fourth-order  results  are  clearly  superior  to 
the  second-order  results,  even  if  the  number  of  grid  points 
per  spatial  dimension  is  half  that  of  the  second-order  simu¬ 
lation.  Hence,  the  fourth-order  finite  volume  method  yields 
a  saving  of  about  one  order  of  magnitude  in  both  comput¬ 
ing  time  and  memory. 

TIME  ADVANCEMENT 

The  time  step  of  explicit  time  integration  methods  for 
DNS  is  not  limited  by  accuracy  requirements,  but  by 
those  of  convective  stability  (see  Verstappen  and  Veld- 
man  (1993)).  Thus,  there  is  room  for  improvement.  This 
holds  in  particular  for  the  second-order  accurate  method  of 
Adams  and  Bashforth,  which  is  often  applied  to  integrate 
(the  convective  terms  of)  the  Navier-Stokes  equations  in 
time. 

We  consider  a  family  of  second-order,  explicit,  one-leg 
time-integration  methods  and  look  for  the  method  with 
the  best  linear  stability  properties.  Here  it  may  be  re¬ 
marked  that,  as  a  further  improvement,  a  multi- time  step¬ 
ping  strategy  can  be  added  to  the  most  stable  one-leg 
method.  In  a  multi-time  stepping  approach,  each  clus¬ 
ter  of  grid  points  uses  its  own  local  time  step,  whereas  the 
simulation  as  a  whole  remains  time  accurate.  More  details 
on  multi-time  stepping  can  be  found  in  Van  der  Ven  et  al 
(1995,  1996),  e.g. 

The  ‘one’  in  one-leg  refers  to  the  fact  that  these  methods 
evaluate  the  right-hand  side  of  the  differential  equation 

u  =  f{u)  (1) 

at  one  point  only.  Here,  the  prime  denotes  a  differentiation 
with  respect  to  the  time  t. 

In  this  section,  we  focus  on  the  model  problem  (1),  where 
the  right-hand  side  f  contains  both  the  diffusive  and  con¬ 
vective  terms  of  the  Navier-Stokes  equations;  u  denotes  the 
velocity.  The  pressure  and  the  incompressibility  constraint 
are  not  considered  here,  since  they  are  treated  implicitly  in 
time  and  consequently  do  not  yield  a  stability  restriction. 

We  construct  a  family  -  parameterized  by  a  -  of  second- 
order  one-leg  methods  for  solving  Equation  (1)  numerically. 
Our  aim  is  to  determine  a  such  that  the  corresponding 
method  allows  for  the  largest  possible  time  step  for  con¬ 
vection  dominated  flows.  That  is,  possesses  the  largest 
region  of  convective  stability. 

We  denote  the  velocity  at  time  t  =  nSt  by  .  At  time 
t  =  (n  -i-  a  -  ^)6t,  we  apply  the  midpoint  rule  to  integrate 
the  differential  equation  (1)  over  one  time  step  5t: 

^n+a-hl/2  __  ^n+o-1/2  ^  (2) 

The  time-discrete  velocity  is  defined  at  integer  levels 
only.  We  assume  that  the  velocity  has  been  computed^up  to 
and  including  an  integer  level  n.  Then,  the  velocity  at 
the  next  integer  time  level  can  be  solved  from  Equation  (2) 
if  the  velocities  at  non-integer  time  levels  are  approximated 
in  terms  of  velocities  at  integer  levels.  We  approximate  the 
off-step  velocity  by  a  linear  extrapolation  of  u”  and 

=  (1 a)u^  - 

The  off-step  velocity  jg  approximated  by  a  lin¬ 

ear  interpolation  between  and  .  Substituting  these 
off-step  approximations  in  Equation  (2)  gives  the  following 
family  of  one-leg  schemes 

(a  +  _  2au"  +  (a  -  =  Stf(u”^n  (3) 


This  family  is  second-order  accurate  for  all  a  ^  —1/3,  and 
is  third-order  accurate  for  o:  =  —1/3.  Its  error  constant  is 
given  by  C3  =  (1  +  3a)/6. 

Taking  a  =  1/2,  we  have  a  one-leg  method  which  is  the 
twin  of  Adams-Bashforth.  According  to  Adams-Bashforth 
we  ought  to  take  |/(u'‘)  -  7/(w”“M  instead  of  /(tt”"^^/^). 
One-  and  two-leg  methods  are  identical  if  /  is  linear,  and 
thus  have  the  same  region  of  linear  stability.  They  dif¬ 
fer  when  the  right-hand  side  /  is  nonlinear.  For  instance, 
for  f{u)  =  X{t)u  with  X{t)  <  0  and  u”  >  0  the  solu¬ 
tion  of  Equation  (3)  is  smaller  than  (for  any  time 
step)  as  it  should  be,  while  the  solution  obtained  with  the 
associated  multi-step  method  does  not  satisfy  the  inequal¬ 
ity  <  u”  unconditionally.  In  addition,  it  is  empha¬ 

sized  by  Nevanlinna  and  Liniger  (1978)  that  (some)  one-leg 
methods  are  more  reliable  than  their  corresponding  multi- 
step  methods  when  used  with  variable  time  steps. 

For  a  =  0  the  leapfrog  method  is  obtained.  This  method 
cannot  be  used  to  integrate  a  diffusive  flux  in  time,  since  it 
is  not  stable:  the  lineaLr  stability  region  of  leapfrog  consists 
of  all  purely  imaginary  numbers  with  modulus  smaller  than 
or  equal  to  one. 

We  search  for  the  one-leg  method  with  the  best  convec¬ 
tive  stability  properties.  Figure  1  shows  the  linear  sta¬ 
bility  domain  of  the  one-leg  method  for  a  =  0.05  and 
a  =  0.5  (Adams-Bashforth).  The  stability  domain  is 
pressed  against  the  imaginary  axis  when  a  goes  to  zero. 
In  the  limit  a  =  0,  the  stability  domain  becomes  equal  to 
that  of  the  leapfrog  method. 


Figure  1:  The  upper  picture  shows  the  stability  domain  of 
the  one-leg  method  (3)  for  a  =  0.05  and  a  =  0.5.  The 
lower  picture  shows  a  blow  up  of  the  stability  domains  near 
the  positive  imaginary  axis. 
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Since  convective  stability  puts  the  most  severe  restric¬ 
tion  on  the  time  step,  we  look  for  stability  domains  which 
include  eigenvalues  \  =  x  +  iy,  where  the  real  part  x  is 
negative  and  the  absolute  value  of  the  imaginary  part  y  is 
much  larger  than  the  absolute  value  of  the  real  part.  Here, 
‘much'  can  range  from  one  to  two  orders  of  magnitude. 
For  a  DNS  of  a  flow  past  a  square  cylinder  at  ile  =  22, 000 
with  a  smallest  grid  size  of  5x  =  5  10”^  and  a  maximum 
velocity  L/max  =  1,  for  example,  |a:|  :  |2/|  is  of  the  order  of 
Redx^  :  6x/Unia.x  ~  1  :  100. 

Under  these  conditions,  the  one-leg  method  with  a  = 
0.05  outperforms  Adams-Bashforth.  The  lower  picture  in 
Figure  1  shows  a  blow  up  of  the  stability  domains  of  both 
methods  near  the  positive  imaginary  axis.  The  points  de¬ 
noted  by  A  and  B  lie  on  the  line  |a:|  :  |y|  =  1  :  20.  The 
point  -4  lies  close  to  the  boundary  of  the  stability  domain 
for  a  —  0.05;  B  lies  near  to  the  boundary  of  the  stability 
domain  for  a  =  0.5.  A  lies  approximately  two  times  as  far 
from  the  origin  as  B.  Thus,  the  time  step  of  the  one-leg 
method  with  a  =  0.05  can  be  enlarged  by  a  factor  of  two 
compared  to  Adams-Bashforth.  For  |x|  :  |y|  =  1  :  10  this 
factor  is  about  1.5;  for  |x|  :  |y|  =  1  :  100  it  is  approximately 
2.5.  We  have  carried  out  a  number  of  numerical  test  calcu¬ 
lations.  The  results  demonstrate  that  the  one-leg  method 
with  a  =  0.05  requires  indeed  about  two  times  less  com¬ 
putational  effort  than  the  second-order  method  of  Adams 
and  Bashforth,  whereas  its  accuracy  is  just  as  good. 

To  implement  the  one-leg  scheme  (3)  using  minimal  stor¬ 
age,  we  write  Equation  (3)  in  terms  of 
and  It”.  In  this  form,  we  need  to  store  just  two  quan¬ 
tities,  namely  a  =  and  6  =  u”.  Indeed,  the 

computation  of  one  step  can  be  implemented  as  follows: 
(q;  -h  |)a  :=  (a  -  ^)a  -h  Stf  {b  +  aa)  and  6  ;=  a  -{-  5. 

SPATIAL  DISCRETIZATION 

The  flow  domain  is  covered  by  an  orthogonal,  weakly 
stretched,  grid.  The  velocity  and  pressure  are  defined  on 
the  grid  as  proposed  by  Harlow  and  Welsh  (1965).  The 
time-discrete  momentum  equations  are  applied  to  control 
volumes.  All  spatial  integrations  (over  the  control  volumes 
as  well  as  over  their  surfaces)  axe  approximated  by  means 
of  the  midpoint  rule,  with  linear  interpolations  for  the  con¬ 
vective  flux  and  central  differences  for  the  diffusive  flux. 

The  leading  term  of  the  truncation  error  of  the  approxi¬ 
mation  consists  of  second-order  terms.  The  terms  next  in 
size  are  of  order  four.  Hence,  elimination  of  the  leading 
term  results  in  a  fourth-order  method. 

To  eliminate  the  leading  term  of  the  truncation  error 
of  the  second-order  method,  the  momentum  equations  are 
also  integrated  over  control  volumes  that  are  three  times 
larger.  Figure  2  illustrates  the  definition  of  such  a  larger 
control  volume  for  the  horizontal  component  of  the  mo¬ 
mentum  equation.  The  definition  of  a  control  volume  for 
the  vertical  component  is  obtained  by  a  rotation  of  Figure 
2  one  quarter  of  a  turn. 

The  large  control  volume  that  is  depicted  in  Figure  2  is 
chosen  in  such  a  way  that  its  corners  coincide  with  positions 
of  the  vertical  velocity.  Three  times  larger  volumes  are  the 
smallest  ones  possible  with  corners  at  these  positions.  The 
coinciding  of  corners  with  vertical  velocities  implies  that 
one  discretization  method  can  be  used  for  the  spatial  inte¬ 
gration  of  the  momentum  equations  over  both  the  original 
control  volumes  and  the  larger  volumes.  Two  times  larger 
control  volumes,  for  instance,  have  corners  that  do  not  co¬ 
incide  with  positions  of  the  vertical  velocity,  and  thus,  do 
require  additional  high-order  interpolations  {e.g.  for  the 
cross  terms  in  the  convective  flux). 

The  discrete  conservation  law'  for  the  original  control  vol¬ 
ume  is  expressed  in  terms  of  nearby  velocities:  for  the  hor¬ 
izontal  component  in  terms  of  five  nearby  horizontal  veloc¬ 
ities  and  four  nearby  vertical  velocities;  see  Figure  2.  The 


Figure  2:  An  original  {i.e.,  the  darkest)  and  a  three-times 
larger  control  volume  for  the  horizontal  component  of  the 
momentum  equation. 


same  interpolation,  differentiation  and  integration  rules  are 
applied  to  the  three  times  larger  control  volume.  Hence, 
the  truncation  error  in  the  integration  of  the  momentum 
equations  over  the  three  times  larger  control  volume  is  of 
the  same  form  as  the  truncation  error  in  the  integration 
over  the  original  control  volume. 

On  a  uniform  grid,  the  leading  term  of  the  truncation 
error  in  the  approximation  of  the  conservation  law  to  a 
three  times  larger  volume  is  precisely  nine  times  as  large  as 
the  leading  term  of  the  approximation  to  a  corresponding 
original  volume.  Thus,  subtracting  1/8  times  the  result 
of  the  integration  of  the  conservation  law  over  the  large 
control  volume  from  9/8  times  the  result  of  the  second- 
order  integration  we  may  eliminate  the  second-order  terms 
of  the  truncation  error  and  obtain  a  fourth-order  accurate 
finite-volume  method  for  the  Navier-Stokes  equations. 

For  a  conservative  discretization  the  flux  through  a  sur¬ 
face  has  to  be  computed  independent  of  the  control  volume 
in  which  it  is  considered.  Two  adjacent  control  volumes  see 
one  flux  through  their  common  surface;  one  sees  it  as  an 
ingoing  flux,  the  other  sees  it  as  an  outgoing  flux.  This 
fundamental  property  is  lost  if  the  weights  in  the  Richard¬ 
son  extrapolation  depend  on  control  volumes.  Therefore, 
we  use  the  weights  9/8  and  -1/8  also  for  weakly  stretched 
grids.  Finally,  it  may  be  noted  that,  for  constant  weights, 
the  matrix  that  represents  the  discretization  of  a  second- 
order  derivative  is  symmetric;  the  discretization  of  a  first- 
order  derivative  is  anti-symmetric.  The  favorable  influence 
of  this  property  of  the  coefficient  matrix  on  the  global  dis¬ 
cretization  error  has  been  stressed  already  by  Veldman  and 
Rinzema  (1992). 

In  the  vicinity  of  boundaries,  some  three  times  larger 
control  volumes  do  not  fit  into  the  flow  domain.  A  misfit  is 
treated  separately:  here,  the  leading  term  in  the  truncation 
error  of  the  numerical  integration  of  fluxes  through  some 
parts  of  the  boundary  of  a  control  volume  is  not  eliminated, 
i.  e.  the  second-order  finite- volume  discretization  is  used  for 
misfitting  parts. 

We  update  the  velocity  by  integrating  the  momentum 
equations  over  one  time  step  w^hereafter  the  result  is  cor¬ 
rected  by  adding  a  conservative  vector  field  (the  gradient 
of  the  pressure  correction)  in  such  a  way  that  the  mass 
is  conserved  in  control  volumes  centred  on  the  pressures. 
Obviously,  we  can  also  apply  the  balance  of  mass  to  three 
times  larger  control  volumes  and  use  these  control  volumes 
to  eliminate  the  leading  term  in  the  truncation  error.  Thus, 
a  fourth-order-accurate  spatial  discretization  of  the  conti- 
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nuity  equation  can  be  derived. 

We  have  compared  the  outcomes  of  the  fourth-order 
finite- volume  method  and  the  underlying  second-order 
finite-volume  method  for  a  direct  numericaJ  simulation  of 
the  flow  in  a  cubical  lid-driven  cavity  at  Re  =  10, 000.  Ex¬ 
perimental  results  are  available  for  comparison  (see  Prasad 
and  Koseff  (1989)).  The  experimental  data  consists  of 
mean  velocities  and  turbulence  intensities  along  two  cen¬ 
terlines  in  the  plane  of  symmetry.  The  velocity  measure¬ 
ments  have  been  performed  with  an  optical  laser-Doppler 
anemometer  system.  The  Reynolds  number  is  based  on  the 
speed  at  which  the  upper-lid  of  the  cavity  is  driven  and  the 
height  of  the  cavity.  The  overall  error  in  an  instantaneously 
measured  velocity  is  about  0.6%. 

The  Richardson  extrapolation  improves  the  results  sig¬ 
nificantly.  For  example,  on  a  stretched  50^  grid  (the  grid 
spacing  is  geometrically  stretched  away  from  the  wall;  the 
largest  mesh  width  is  approximately  seven  times  wider 
than  the  smallest),  the  agreement  between  the  mean  veloc¬ 
ities  and  turbulence  intensities  obtained  with  the  fourth- 
order  method  and  the  experiments  is  better  than  the  agree¬ 
ment  between  the  results  of  the  second-order  method  on  a 
100^  grid  and  the  experiments.  To  illustrate  this,  mean  ve¬ 
locities  as  obtained  from  the  second-order  DNS,  the  fourth- 
order  DNS  and  from  the  experiment  are  compared  in  Fig¬ 
ure  3. 


Figure  3:  Second-  and  fourth-order  DNS  vs.  experiment  in 
a  3D  driven  cavity  at  Re  =10,000.  Shown  is  the  vertical  mean 
velocity  on  the  horizontal  centerline  in  the  symmetry  plane  of 
the  cavity. 

In  this  example,  the  fourth-order  results  are  clearly  supe¬ 
rior  to  the  second-order  results,  whereas  the  computational 
effort  is  about  twenty  times  less.  Indeed,  the  CPU-time  per 
grid  point  and  time  step  of  both  methods  is  comparable, 
a  50^  grid  has  8  times  less  grid  points  than  a  100^  grid,  it 
allows  for  a  twice  as  large  a  time  step  (note  that  the  time 
step  is  restricted  by  the  CFL-condition),  and  the  number 
of  iterations  needed  to  solve  the  pressure  correction  from 
the  Poisson  equation  is  somewhat  less  for  a  50^  grid  than 
for  a  100^  grid:  8  x  2  x  1.25  =  20. 

Also  for  the  flow  past  a  square  cylinder  at  Re  =  22, 000, 
the  fourth-order  method  performs  better  than  the  second- 
order  method.  On  a  280  x  210  x  64  grid  all  our  second-order 
simulations  crashed  (due  to  insufficient  spatial  resolution), 
while  the  fourth-order  simulation  method  performed  well. 
Results  can  be  found  in  the  next  section. 

Near  the  surface  of  the  cylinder  the  mesh  spacing  should 
be  small,  in  all  spatial  directions,  to  resolve  the  near-wall 
physics.  Away  from  the  surface,  the  grid  is  stretched  in  the 


direction  normal  to  the  surface  to  save  grid  points.  This 
one-directional  stretching,  however,  does  not  save  one  grid 
point  in  the  directions  perpendicular  to  that  of  the  stretch¬ 
ing.  As  a  result,  a  large  number  of  grid  points  is  placed  far 
away  from  the  cylinder,  that  is  there  where  they  are  not 
needed.  In  addition,  we  have  to  limit  the  stretching,  since 
otherwise  the  control  volumes  become  too  fiat  far  away 
from  the  cylinder.  To  avoid  all  this,  and  thus  to  reduce 
the  required  computing  time  and  memory,  we  can  combine 
the  fourth-order  finite- volume  method  wdth  a  zonal  embed¬ 
ded  grid  technique.  For  that  purpose,  we  have  developed 
an  accurate,  conservative  discretization  method  at  zonal 
boundaries  of  staggered  grids.  The  grid  size  at  the  coarse 
side  of  a  zonal  boundary  is  always  three  times  the  grid 
size  at  the  fine  side.  Thus,  a  control  volume  at  a  coarse 
side  meets  three  smaller  cells  at  a  zonal  interface.  For  a 
large  control  volume,  the  flux  through  the  interface  can  be 
computed,  as  if  there  is  no  interface  at  all.  The  middle  of 
the  three  smaller  cells  gets  precisely  one  third  of  this  flux. 
The  remaining  two-third  is  divided  among  the  remaining 
two  smaller  cells,  where  the  amount  that  each  one  gets  de¬ 
pends  on  the  magnitude  of  the  fluxes  through  neighboring 
large  cells.  The  leading  term  of  the  truncation  error  is 
eliminated  using  a  Richardson  extrapolation  (both  for  in¬ 
terfacial  cells  and  internal  cells).  Presently,  this  approach 
is  tested  for  a  flow  past  a  square  cylinder  and  is  compared 
to  a  single-zone  approach. 

FLOW  PAST  A  SQUARE  CYLINDER 

The  flow  past  a  square  cylinder  at  Re  =  22, 000  (at 
zero  angle  of  attack)  has  served  as  a  test  case  for  two 
RANS/LES  workshops.  A  summary  of  the  results  pre¬ 
sented  at  these  workshops  can  be  found  in  Rodi  ei.  al 
(1997)  and  Yoke  (1997).  Experimental  data  is  available 
for  comparison.  An  overview  of  the  experimentally  deter¬ 
mined  bulk  quantities  is  given  in  Table  1.  It  may  be  noted 
the  mean  lift  coefficient  has  not  been  measured;  it  should 
be  zero. 

The  coordinate  system  that  we  have  used  for  the  com¬ 
putation  has  its  origin  at  the  centre  of  the  cylinder.  All 
quantities  are  normalized  by  the  cylinder  width  and  the 
inflow  velocity.  The  stream-wise  direction  is  denoted  by 
X,  the  lateral  direction  by  y  and  the  spanwise  direction  by 
z.  The  components  of  the  velocity  in  these  directions  are 
given  by  u,  v  amd  w,  respectively. 

The  flow  is  assumed  to  be  periodical  in  the  spanwise  di¬ 
rection.  The  spanwise  boundaries  are  taken  four  diameters 
apart,  that  is  the  period  in  z  equals  four  diameters. 

The  inflow  boundary  is  located  at  x  =  —7,  i.e.  six  and  a 
half  diameters  upstream  of  the  cylinder.  We  prescribe  the 
following  laminar  inflow  condition  atx=— 7:  u=l,u  =  0, 
zx;  =  0.  Experiments  that  have  been  performed  by  Lyn  et 
al.  (1995)  indicate  a  turbulence  level  of  about  2%  at  four 
and  a  half  diameters  upstream  from  the  cylinder.  Since 
no  more  information  was  reported,  we  take  the  flow  to  be 
laminar  at  six  zind  a  half  diameters  upstream.  The  lateral 
boundaries  are  located  at  y  =  ±7.  At  these  boundaries  we 
have  imposed  Uyy  =  Wyy  =  Py  =  0,  where  p  denotes  the 
pressure. 

The  outflow  boundary  is  positioned  at  x  =  20.  At 
the  outflow,  we  impose  the  same  conditions  as  at  the  lat- 
erzil  boundaries,  albeit  that  the  pressure  gradient  need  not 
to  vanish  at  the  outflow.  The  outflow  conditions  read 
=  Wxx  =  0  and  px  =  constant,  where  the  constant  is 
determined  such  that  the  mziss  inflow  equals  the  mass  out¬ 
flow  at  each  time  step.  As  expected,  the  constant  pressure 
gradient  at  the  outflow  turns  out  to  be  approximately  zero. 
Yet,  allowing  it  to  differ  from  zero  reduces  the  number  of 
iterations  needed  to  satisfy  the  incompressibility  contraint 
substantially. 

In  addition,  in  a  buffer  zone  (x  =  15  —  20)  the  Reynolds 
number  is  decreased  from  22,000  to  1,000  to  suppress  (non- 
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Table  1:  Experimental  results  of  the  flow  past  a  long,  square 
cylinder  by  Lyn  et  al  (1995),  McLean  et  al  (1992)  and  Lee 


(1975),  respectively. 

Lyn  et  al.  (1995) 

Mean  Strouhal  number 

0.133  ±  0.003 

Mean  drag  coefficient  Cd 

2.1 

Mean  lift  coefficient  Cl 

- 

Rms  fluctuation  of  Cd 

- 

Rms  fluctuation  of  Cl 

- 

McLean  et  aL  (19927 


Mean  Strouhal  number 

- 

Mean  drag  coefficient  Cd 

1.9  -  2.1 

Mecin  lift  coefficient  Cl 

- 

Rms  fluctuation  of  Cd 

0.1  -  0.2 

Rms  fluctuation  of  Cl 

0.7  -  1.4 

Le7~(m^ 


Mean  Strouhal  number 

- 

Mean  drag  coefficient  Cd 

2.05 

Mean  lift  coefficient  Cl 

- 

Rms  fluctuation  of  Cd 

0.16  -  0.23 

Rms  fluctuation  of  Cl 

- 

physical)  waves  which  axe  reflected  by  the  artificial  outflow 
boundary.  It  may  be  emphasized  that  the  grid  spacing 
in  the  buffer  zone  is  taLen  so  large  that  the  time  step  is 
not  restricted  by  a  viscous  stability  condition  in  the  buffer 
region. 

No-slip  boundaries  are  imposed  at  the  cylinder  surface. 

We  have  used  a  280  x  210  x  64  staggered  grid  to  cover 
the  computational  domain.  The  grid  is  stretched  in  x  and 
y,  and  uniform  in  the  spanwise  direction.  The  first  grid 
point  is  spaced  0.005  from  the  cylinder  surface.  The  grid 
is  stretched  out  away  from  the  cylinder  surface  by  means 
of  a  sinh  function;  the  ratio  of  the  largest  to  smallest  grid 
size  is  approximately  200  (in  x)  and  100  (in  y).  It  may 
be  emphasized  that  we  have  not  adapted  the  weights  in 
the  Richardson  extrapolation  to  the  stretching  of  the  grid. 
As  explained  in  the  previous  section,  we  always  use  the 
constant  weights  9/8  and  -1/8,  since  these  weights  result 
in  a  conservative  discretization. 

The  discrete  Poisson  equation  for  the  pressure  is  solved 
with  a  combination  of  a  Fast  Fourier  Transform  method  in 
the  spanwise  direction  and  a  Modified  Incomplete  Choleski 
Conjugate  Gradient  (MICCG)  method  in  the  resulting 
spectral  space.  After  the  Fourier  transform  (which  can 
be  computed  in  parallel  over  the  x  and  y  directions),  the 
discrete  Poisson  equation  falls  apart  into  a  set  of  mutu¬ 
ally  independent  2D  Klein-Gordon-Fokker  equations.  This 
set  of  mutually  independent  equations  is  distributed  over 
10  vector-processors  of  a  CRAY  J90,  and  each  equation  is 
solved  using  MICCG. 

The  Incomplete  Choleski  preconditioner  is  modified  ac¬ 
cording  to  Gustafson  (1978).  The  MICCG  code  is  fully 
vectorized  by  an  explicit  reordering  of  the  unknowns  along 
diagonals  of  grid  planes  perpendicular  to  the  spanwise  di¬ 
rection.  The  implementation  of  the  preconditioned  itera¬ 
tive  method  is  optimized  as  proposed  by  Eisenstat  (1981). 
The  initial  guess  for  the  MICCG-iteration  is  obtained  by 
an  extrapolation  of  the  pressure  correction  from  three  pre¬ 
vious  time  levels.  Thus,  a  fully  parallel/ vector  implemen¬ 
tation  is  achieved. 

The  equations  for  the  high  frequencies  in  the  spanwise 
direction  have  a  stronger  diagonal  than  those  for  the  low 
frequencies  (due  to  the  FFT).  Consequently,  the  MICCG 


iterations  converge  faster  for  the  high  frequencies  than  for 
the  low  ones.  This  unbalance  in  work  load  is  almost  com¬ 
pletely  undone  by  the  fact  that  the  initial  guesses  for  the 
low  frequencies  are  much  better  than  those  for  the  high 
frequencies.  The  net  differences  in  work  load  per  processor 
are  too  small  to  bother  about. 

The  start-up  of  the  flow  plus  three  shedding  cycles  have 
been  computed.  Averages  are  computed  over  three  shed¬ 
ding  cycles  and  the  spanwise  direction.  Velocities  are  also 
averaged  over  the  top  and  bottom  halves.  Table  2  shows 
the  mean  Strouhal  number,  the  mean  drag  coefficient  Cd, 
the  mean  lift  coefficient  Cl  and  the  root-mean-square  fluc¬ 
tuations  of  Cd  and  Cl. 


Table  2:  Bulk  quantities  as  obtained  by  means  of  DNS 


DNS 

Mean  Strouhal  number 

0.133 

Mean  drag  coefficient  Cd 

2.09 

Mean  lift  coefficient  Cl 

0.005 

Rms  fluctuation  of  Cd 

0.178 

Rms  fluctuation  of  Cl 

1.45 

So  far,  we  have  only  computed  three  full  shedding  cycles. 
Results  of  longer  computations  will  be  available  at  the  con¬ 
ference.  Yet,  the  averages  over  as  little  as  three  shedding 
cycles  of  all  computed  bulk  quantities  fall  already  within 
the  range  set  by  the  experiments,  except  for  the  root-mean- 
square  of  the  fluctuations  of  the  lift  coefficient  Cl.  The  rms 
fluctuation  of  Cl  seems  to  be  slightly  overestimated  by  the 
DNS. 

Figure  4  displays  a  visualisation  of  a  snapshot  of  the 
simulation  of  the  flow  near  a  square  cylinder.  This  visual¬ 
isation  has  been  made  using  the  spot  noise  technique.  For 
details  on  the  spot  noise  technique  the  reader  is  referred  to 
the  Ph.D.  Thesis  of  De  Leeuw  (1997).  Figure  4  illustrates 
the  complexity  of  the  flow  above,  below,  and  in  particular, 
past  the  square  cylinder. 


Figure  4:  Spot  noise  visualisation  of  a  snapshot  of  a  flow 
near  a  square  cylinder  at  Re=22,000. 

Figure  5  shows  a  comparison  of  mean  stream-wise  ve¬ 
locities  of  DNS  with  experimental  data  at  four  locations 
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past  the  cylinder.  The  agreement  between  the  experimen¬ 
tal  data  and  the  numerical  data  is  good. 


Figure  5:  A  comparison  of  mean  velocities  of  the  DNS  with 
experimental  results.  The  experimental  data  is  taken  from 
ERCOFTAC  Database  Case  43;  see  also  Lyn  et  ai  (1995). 
Shown  is  the  mean  stream-wise  velocity.  The  continuous  lines 
correspond  to  the  DNS;  the  experimental  data  is  depicted  by 
the  dots. 

An  instantaneous  value  of  the  skin  friction  on  the  four 
walls  of  the  square  cylinder  is  depicted  in  Figure  6.  The 
skin  friction  is  visualized  using  spot  noise,  too. 

CONCLUSION 

It  has  been  demonstrated  that  the  algorithmic  im¬ 
provements  (in  particular  space  discretization  and  time- 
integration)  ,  together  with  the  improvements  in  computer 
performance,  have  opened  the  possibility  of  performing  a 
DNS  of  a  three-dimensional  turbulent  flow  past  a  long, 
square  cylinder  at  Re  =  22, 000. 
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ABSTRACT 

As  a  step  toward  the  practical  development  of  a  new’ 
class  of  large-eddy  simulation  (LES)  schemes,  we  demon¬ 
strate  that  the  gross  structures  of  turbulent  boundar\'  lay¬ 
ers  can  be  established  in  a  computed  solution  by  applying 
seed  perturbations  typical  of  the  necir-wadl  streak/vortex 
interaction.  The  test  problem  is  a  zero  pressure  gradient 
supersonic  boundary  layer  (Mach  =  2.85)  at  high  Reynolds 
number  (Re©  =  8  x  10"^).  An  immediate  application  for  the 
procedure  is  the  preparation  of  initial  conditions  and  time- 
dependent  upstream  boundary  conditions  for  conventional 
LES  of  turbulent  wall-bounded  flows  when  it  is  impractical 
to  simulate  the  entire  upstream  transition  and  turbulence 
development  regions.  The  computed  flowfields  reported 
here  are  affected  by  systematic  error;  future  improvements 
are  suggested  to  reduce  this  error.  However,  the  proce¬ 
dure  is  easy  and  even  as  currently  formiflated  it  may  prove 
useful  in  some  circumstances. 

INTRODUCTION 

The  motivation  of  this  work  comes  from  our  efforts  to 
construct  a  new  family  of  large-eddy  simulation  (LES) 
schemes.  These  new  schemes  are  based  on  a  formulation 
known  as  Additive  Turbulent  Decomposition  (ATD)  (Mc¬ 
Donough  et  al.,  1984(a,b);  Hylin  McDonough,  1994). 
The  novelty  of  the  ATD  turbulence  modeling  schemes  is 
in  the  mech£inism  by  which  the  effects  of  unresolved  tur¬ 
bulence  are  brought  to  bear  on  the  resolved  part  of  the 
solution.  To  illustrate,  we  can  compare  the  derivations  of 
the  conventional  LES  formulation  and  the  new  ATD  for¬ 
mulation. 

The  derivation  of  the  conventional  LES  formulation  pro¬ 
ceeds  in  three  steps.  The  governing  equations  are  first  writ¬ 
ten  in  terms  of  solution  variables  that  have  been  form2Llly 
decomposed  into  resolved  and  unresolved  parts.  Then  the 
operator  that  defines  the  resolved  part  of  the  solution  is 
applied  to  each  term  in  the  governing  equations.  Finally, 
the  terms  that  cannot  be  constructed  solely  from  the  com¬ 
puted  resolved  quantities  are  grouped  separately.  In  gen- 
ercd  these  latter  terms  are  the  filtered  products  of  resolved 
and  unresolved  quantities,  and  they  must  be  modeled  to 
the  extent  possible.  Our  ability  to  model  these  terms  with 


any  degree  of  universality  has  been  impaired  by  the  lack 
of  adequate  theory  to  relate  the  modeled  quantities  to  the 
resolved  solution. 

The  derivation  of  the  ATD  formulation  is  similar  to  the 
LES  formulation,  with  two  exceptions.  The  pairts  of  the  de¬ 
composed  solution  are  referred  to  as  the  large-  and  small- 
scale  parts,  to  distinguish  the  set  of  large-scale  length  scales 
from  those  resolved  in  computation.  In  addition  the  final 
step  in  the  LES  derivation,  the  sepairation  of  computable 
terms  from  those  that  must  be  modeled,  is  not  Ccuried  out. 
The  resulting  equations  govern  the  evolution  of  the  large- 
sccile  part  of  the  solution,  euid  their  terms  depend  formally 
on  both  the  large-  and  small-scale  solutions.  The  require¬ 
ment  for  modeling  arises  from  the  fact  that  the  small-scale 
part  of  the  solution  cannot  be  described  in  detail  in  a  prac¬ 
tical  calculation.  In  this  case  the  turbtJence  model  is  re¬ 
quired  to  generate  a  representation  of  the  small-scade  solu¬ 
tion  itself,  rather  than  the  more  abstract  quantities  derived 
from  that  solution  in  the  LES  formulation.  The  challenge 
of  modeling  is  to  represent  the  most  dynamically  relevant 
aispects  of  the  smaO-sccJe  solution  in  a  computational  basis 
that  may  include  length  scales  only  slightly  smaller  than 
those  that  describe  the  large-scale  part  of  the  solution. 

Direct  modeling  of  the  dynamically  active  component 
of  the  small-sccde  solution  is  consistent  with  our  current 
understanding  of  turbulence  physics.  Theories  of  energy 
transfer  among  turbulence  length  scales  suggest  that  the 
large-scale  solution  is  most  strongly  affected  by  the  octave 
of  small-scale  features  w'ith  sizes  just  below'  those  of  the 
large-scale  solution.  There  is  no  scale  separation  between 
these  length  scales  and  those  of  the  large-scale  solution, 
so  it  is  inappropriate  to  attempt  to  represent  their  effect 
by  homogenization.  (We  note  that  recent  refinements  of 
the  ATD  formulation  use  a  three-range  decomposition,  amd 
the  effect  of  the  smallest  range  of  scales  on  the  large-scale 
solution  could  legitimately  be  taken  into  account  by  ho¬ 
mogenization.)  RogaUo  ^  Moin  (1984)  distinguished  be¬ 
tween  local  and  nonlocal  transfer  among  features  of  dif¬ 
fering  length  scales  in  their  discussion  of  conventional  tur¬ 
bulence  models  for  LES:  “The  interaction  between  scales 
of  similar  size  retains  the  full  complexity  of  the  original 
turbulence  problem,  so  there  is  little  hope  of  modeling  the 
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local  effects  well.”  A  similar  sentiment  was  expressed  by 
Piomelii,  Yu,  ^  Adrian  (1996),  who  described  the  spa¬ 
tial  distribution  of  energy  transfer  to  larger  and  smaller 
scales  associated  with  typical  coherent  structures  found  in 
turbulent  boundary  layer  flows;  thej'  were  skeptical  that 
conventional  turbulence  models  cotild  be  made  to  account 
for  the  distributions  they  found.  On  the  other  hand,  direct 
representation  of  coherent  structures  in  the  modeled  small- 
scale  solution  could  induce  the  proper  energy  transfer  in  a 
natural  way. 

As  the  above  implies,  the  new  approach  also  has  the  ad¬ 
vantage  that  the  quantities  to  be  modeled  have  immediate 
physical  relevance.  The  most  important  aspect  of  the  in¬ 
teraction  between  large-  and  small-scale  solutions  is  the 
transfer  of  turbulent  energy.  The  instantaneous  mecha¬ 
nisms  of  this  transfer  have  received  increasing  attention  in 
the  last  ten  years,  and  direct  numerical  simulations  have 
helped  to  confirm  some  of  the  proposed  explanations  for 
the  transfer.  It  is  an  overall  goal  of  our  ongoing  work  to 
apply  the  results  of  those  studies  to  the  construction  of 
ATD  turbulence  models. 

Our  working  conception  of  the  interscale  energy  tr2uis- 
fer  mechanisms  in  waJl-bounded  turbulent  flow  is  drawn 
from  several  sources,  and  it  is  described  briefly  as  fol¬ 
lows.  Robinson’s  analysis  (1991)  of  a  direct  numerical 
simulation  (DNS)  of  a  low  Reynolds  number  incompress¬ 
ible  boundary  layer  suggested  that  low-speed  streaks  and 
quasi-streamwise  vortices  mutually  regenerate  each  other 
in  the  buffer  layer  (see  also:  Jimenez  Moin  1991; 
Zhou,  Adrian,  k,  Balachandar  1996;  Trefethen  et  al.  1993; 
Brooke  k  Hanratty  1993),  and  he  observed  that  in  this 
cycle,  spanwise  vortices  are  by-products  that  migrate  out 
from  the  wall,  spreading  and  merging  to  form  the  large  S- 
scale  structures  of  the  outer  region.  Indications  are  that 
this  behavior  is  generic  for  incompressible  boundary  layers 
at  higher  Reynolds  numbers,  and  for  compressible  layers 
also  (Spina,  Smits,  k  Robinson,  1993).  At  higher  Reynolds 
numbers,  it  is  speculated  that  the  merging  of  spanwise 
vortices  of  similar  orientation  produces  single  leirger  struc¬ 
tures  from  pairs  of  smellier  ones,  and  at  the  same  time  the 
winding  of  one  vortex  2a’ound  the  core  of  another  concen¬ 
trates  its  vorticity  into  thinner  and  thinner  sheets,  imtil 
local  perturbations  cause  portions  of  the  sheets  to  rapidly 
roll  up  into  the  long  thin  vortex  filaments  observed  in  di¬ 
rect  numericcil  simulations  of  isotropic  cind  homogeneous 
turbulence  (Overman  k  Zabuskey,  1982;  Lundgren,  1982; 
Gilbert,  1988;  Vincent  k  Meneguzzi,  1991;  Hunt  k  Vassil- 
icos,  1991;  Porter,  Pouquet,  k  Woodward,  1994;  Moffatt, 
Kida,  k  Ohkitani,  1994). 

In  the  first- described  chain  of  events  the  near- wall 
streaks  and  vortices,  which  are  among  the  smallest  fea¬ 
tures  in  the  flow,  act  as  seeds  that  grow  into  the  largest 
features  in  the  flow;  this  represents  energy  flow  from  small- 
to  large-scale  flow  features.  The  roll-up  of  thin  sheets  of 
vorticity  generated  in  the  vortex  merger  process  transfers 
energy  from  larger  features  to  the  sm2Jlest  scales.  Here  we 
concentrate  on  the  first  aspect  of  the  presumed  process,  en¬ 
ergy  transfer  to  larger  scedes,  because  it  is  responsible  for 
initiation  and  maintenance  of  the  gross  turbulent  featui'es 
that  can  be  resolved  in  a  computation  of  the  large-scale 
flow.  This  is  a  first-order  effect  in  such  a  computation  in 
comparison  with  the  energy  drain  to  smaller  scales  associ¬ 
ated  with  the  roll-up  of  vorticity  sheets. 

In  a  simulation  of  a  wall-bounded  turbulent  flow  by  an 
ATD  scheme  as  described  above,  the  task  of  the  modeled 
small-scale  solution  is  ideally  to  reproduce  the  smallest  re¬ 
solvable  features  in  the  physical  sequence  of  events  that 
feeds  energy  to  ever-larger  structures,  so  that  all  the  suc¬ 
ceeding  events  in  the  cycle  can  occur  naturally  in  the  large- 
scale  solution  as  it  evolves.  However,  it  should  be  noted 
that  from  a  strictly  numerical  point  of  view  these  small¬ 
est  resolvable  features,  which  might  be  referred  to  as  the 


initiating  features  of  the  large-scale  turbulence,  need  not 
appecir  in  the  computed  solution  at  their  proper  physical 
scales.  For  example,  Moin  k  Kim  (1982)  reported  that  the 
streaky  structures  in  the  viscous  sublayer  of  their  plane 
channel  flow  LES  appeared  at  about  twice  their  physi¬ 
cal  size.  In  fact,  it  may  be  useful  to  incorporate  into  our 
computations  some  of  the  physical  turbulence  mechcinisms 
that  occur  at  ^mresolvable  scales  by  inducing  them  to  occur 
at  much  larger  resolvable  scales.  Recall  that  the  modeled 
small-scale  features  must  be  dynamical!}’  active;  it  might 
be  easier  to  achieve  this  activity  in  models  of  the  smaller 
features  rather  than  of  the  larger  ones.  In  the  work  re¬ 
ported  here,  the  mutual  regeneration  of  streaks  and  vor¬ 
tices  in  the  near- wall  layer  is  stimulated  to  occur  at  resolv¬ 
able  scales.  The  theory  of  the  function  of  this  mechanism 
(Trefethen  et  al.,  1993)  indicates  that  it  should  be  possible 
to  initiate  it  even  with  quite  crude  representations  of  the 
coherent  structures  involved,  so  it  is  a  natural  place  to  be¬ 
gin  our  studies.  We  seek  to  learn  whether  this  mechanism 
can  be  used  to  establish  Icirge-scale  turbulence  structures 
of  the  proper  type  in  our  computed  solutions. 

Besides  furthering  our  understanding  of  energy  transfer 
mechanisms  in  the  context  of  ATD  turbulence  modeling 
schemes,  the  induction  of  large-scale  turbulent  motion  in 
simulations  of  waD-bounded  flows  has  immediate  applica¬ 
tion  to  preparation  of  initial  and  botmdary  conditions  for 
convention^  LES  computations.  In  many  such  computa¬ 
tions,  the  location  and  geometry  of  the  physical  domain 
makes  it  impractical  to  simulate  the  entire  upstream  tran¬ 
sition  and  turbulence  development  regions.  Yet  it  is  nec- 
essar}’  to  provide  an  initial  field  with  appropriate  turbu¬ 
lence  structure  and  a  time-dependent  inflow  boimdary  con- . 
dition  that  likewise  reflects  appropriate  turbulence  struc¬ 
ture.  In  the  following  sections  we  demonstrate  the  use  of 
the  streak/ vortex  interaction  mechanism  in  a  procedure 
that  establishes  such  large-scale  structure. 

PROCEDURE 

Here  we  consider  preparation  of  initial  and  boundary 
conditions  for  a  turbulent  supersonic  boundary  layer  (M  = 
2.85,  Ree  =  80,000)  over  a  fiat  plate  (Settles,  Vas,  k  Bog- 
donoff,  1976).  The  domain  of  interest  is  well  downstream  of 
the  windtunnel  inlet,  emd  at  this  location  the  layer  is  about 
2.1  cm  (0.83  in.)  thick.  This  thickness  is  equivalent  to 
10,000  wall  units,  so  that  the  buffer  layer  thickness  is  only 
about  0.3%  of  the  overall  layer  thickness.  For  economic 
reasons,  the  grid  is  to  have  a  uniform  spacing  of  0.127  cm 
(0.05  in.);  this  places  the  first  cell  center  from  the  wall  at 
=  300,  well  into  the  log  region,  and  at  most  perhaps  three 
or  four  ceUs  will  be  located  in  the  log  layer.  In  this  case, 
the  initiating  features  should  properly  be  the  spanwise  vor¬ 
tices  characteristic  of  the  log  layer.  This  requires  an  effi¬ 
cient  wall  model,  for  example  as  in  Balaras,  Benocci,  k  Pi- 
omelli  (1996).  However,  instead  we  attempt  a  cruder  but 
conceptually  simpler  approach.  We  augment  the  domain 
of  interest  with  a  short  upstream  region  to  allow  for  fast 
spaticil  transition  and  development  of  turbulent  structure 
from  the  initially  laminar  flow  conditions.  At  the  upstream 
boiindciry  we  introduce  perturbations  designed  to  directlj’ 
stimulate  the  streak/ vortex  interaction  mechanism,  chcir- 
acteristic  of  the  buffer  layer,  to  occur  at  gross  scales  in  the 
computed  solution.  Although  the  ATD  formulation  is  not 
used  here  (nor  is  any  turbulence  model),  these  perturba¬ 
tions  in  the  boundary  condition  represent  a  first  step  to¬ 
ward  the  modeled  small-scale  solution  in  that  formulation 
above.  This  strategy  should  induce  the  establishment  of 
developed  turbulent  structure  over  a  relatively  short  down¬ 
stream  region,  since  it  bypasses  the  lengthy  stages  observed 
in  transitions  forced  by  classical  linear  instability  modes. 

The  working  fluid  is  air,  assumed  am  ideal  gas.  The 
Navier-Stokes  equations  for  compressible  flow  are  inte¬ 
grated  with  the  finite- volume  GASP  (Generalized  Aero- 
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Figure  1:  Boundary  layer  edge.  Vorticity  magnitude 
isosurface;  level  =  2%  maximum  vorticity  magnitude. 


dynamic  Simulation  Program)  flow  solver  of  Walters  and 
his  students  at  Virginia  Polytechnic  Institute.  In  this 
case,  third  order  upwind  interpolation  without  limiting  and 
Roe’s  flux  difference  scheme  are  used  to  compute  the  invis- 
cid  fluxes  at  the  cell  faces,  and  a  second  order  centered  dif¬ 
ference  scheme  approximates  the  viscous  fluxes  at  those  lo¬ 
cations.  Time  integration  is  by  the  implicit  Euler  method. 
At  each  step,  the  solve  is  carried  out  directly  using  an  alter¬ 
nating  direction  implicit  operator  splitting.  No  turbulence 
model  is  used.  The  domain  is  9.0xl.0x2.5  inches  in  the 
streamwise,  wall-normal,  and  spanwise  directions,  respec¬ 
tively.  The  grid  carries  180x20x50  cells,  spaced  uniformly 
in  the  corresponding  coordinate  directions.  The  time  step 
is  set  to  1.0  fjsec  so  that  the  corresponding  CFL  number 
is  approximately  1.0  over  most  of  the  grid.  No-slip  adia¬ 
batic  conditions  are  specified  at  the  plate  surface.  Tangent 
flow  is  maintained  at  the  side  walls,  and  outflow  condi¬ 
tions  (extrapolated  from  domain  interior)  are  enforced  at 
the  downstream  boundary  and  at  the  domain  face  oppo¬ 
site  the  plate.  The  initial  velocity  and  temperature  profiles 
are  the  Chapman  ^  Rubesin  (1949)  laminar  profiles  for  an 
adiabatic  plate.  These  profiles  are  also  imposed  as  fixed 
boundary  conditions  at  the  upstream  boundary. 

At  the  upstream  boundary,  the  fixed  laminar  velocity 
and  pressure  fields  are  modified  by  time-dependent  pertur¬ 
bations  applied  to  several  circulcir  regions  arranged  span- 
wise  across  the  plate  surface.  The  perturbations  are  in¬ 
tended  to  approximate  sections  through  streamwise  vor¬ 
tices.  Their  form  is  derived  from  an  analysis  of  flow  with 
purely  drculcir  streamlines.  The  purely  azimuthal  pertur¬ 
bation  velocity  is  assigned  a  parabolic  dependence  on  radial 
position  r,  with  a  maximum  at  the  mid-radius  of  the  vortex 
section.  For  a  perturbation  of  maximum  radius  R, 

Mcxl~(|-1)"  (1) 

The  radial  dependence  of  the  corresponding  pressure  per¬ 
turbation  is  determined  by  the  radial  momentum  equation 
in  circular  polar  coordinates 

I'-T  .  « 

under  the  simplifying  assumption  of  constant  density  and 
neglecting  radial  and  axicil  velocity  components.  Pertur¬ 
bation  pressure  is  taken  to  be  zero  at  the  outer  diameter 
of  the  perturbation;  it  decreases  cind  reaches  a  minimum 
at  the  center  of  the  swirl.  The  diameter  of  the  pertur¬ 
bations  remcdns  constant  throughout  the  calculations,  but 
their  amplitude  is  time  dependent.  The  amplitude  varies 
sinusoidally  during  active  periods  of  fixed  length. 

The  swirl  perturbation  parameters  are  the  maximum  az¬ 
imuthal  velocity  A  relative  to  the  average  local  sound  speed 
Go  of  the  base  flow,  and  the  active  time  period  tp.  The  tem¬ 
poral  and  spatial  variation  of  the  perturbation  velocity  and 


Figure  2:  Cross-stream  velocity  fields.  Streamwise  sta¬ 
tions:  (a),  0%;  (b),  50%;  (c),  100%. 


pressure  for  a  grid  cell  within  the  swirl  radius  R  are  speci¬ 
fied  in  terms  of  the  current  swdrl  time  t  and  the  cell  center 
coordinates  {yc,Zc)  relative  to  the  swirl  center.  The  cell 
center  is  a  distance  r  from  the  swirl  center,  0  <  r  <  R,  and 
this  is  recast  for  convenience: 


(3) 


where  —  1  <  5  <  1.  Then  the  perturbations  are  given  by 
the  expressions 


Au 

=  ±.4ao  sin(s-^){l-s*)(^) 

(4) 

Aw 

=  sin(ff^)(l 

(5) 

Ap 

t  2 

=  “Po  (Ago  sin(7r— )) 

tp 

(6) 

where  po  is 

the  average  local  density  of  the  base  flow.  The 

sense  of  rotation  for  individual  swirls  is  constant  during  the 
active  time  period  to-  At  the  end  of  each  active  period,  the 
sense  of  rotation  is  reset  randomly,  and  an  inactive  period 
of  a  random  percentage  of  0.75  tp  is  specified. 

The  size,  strength,  and  duration  of  the  perturbations 
necessary  to  trigger  formation  of  turbulent  structure  is 
likely  a  function  of  the  flow'  conditions,  the  grid  spacing, 
and  the  solution  scheme.  We  speculate  that  two  conditions 
on  the  size  must  be  satisfied  for  these  perturbations  to  in¬ 
duce  formation  of  large-scale  turbulence  structure.  First, 
for  a  given  kinematic  viscosity,  the  product  of  the  pertur¬ 
bation  diameter  and  the  velocity  difference  across  this  dis¬ 
tance  in  the  background  shear  flow  must  be  larger  than 
a  minimum  value.  Trefethen  et  al.  (1993)  construct  a 
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Figure  3:  Streamwise  plane  at  50%  spanwise  station;  (a),  velocity  field;  (b),  spanwise  vorticity  contours. 


Reynolds  number  with  these  three  quantities.  The  typi¬ 
cal^  sizes  of  features  in  the  viscous  and  buffer  layers  in  a 
turbulent  wall-bounded  flow  indicate  that  the  minimum 
value  of  this  Reynolds  number  for  self-regenerating  turbu¬ 
lent  motion  is  about  1000  universally.  Second,  for  a  given 
discretization  scheme,  the  perturbation  diameter  must  be 
large  enough  relative  to  the  grid  spacing  that  features  of 
that  size  can  move  through  the  domain  with  minimal  dif¬ 
fusive  and  dispersive  error.  For  the  standard  second-  and 
third-order  finite  volume  schemes  we  have  used,  this  ap¬ 
pears  to  dictate  a  minimum  diameter  of  about  12-14  cells; 
we  hope  and  expect  that  somewhat  smaller  perturbation 
diameters  would  suffice  for  schemes  with  better  resolution. 

For  the  calculations  reported  here,  four  circular  pertur¬ 
bation  regions  are  applied.  Eadi  of  these  regions  has  a 
diameter  of  1.52  cm  (0.6  in.),  or  12  gnd  cells;  this  is  about 
75%  of  the  boundary  layer  thickness,  a  large  perturbation 
indeed.  The  maximum  tangential  velocity  is  specified  to 
be  40%  of  the  local  speed  of  sound;  this  is  about  20%  of 
the  freestream  velocity  (1875  ft/sec).  The  fixed-length  ac¬ 
tive  periods  last  50  time  steps  (50.0  ^(sec),  and  the  inactive 
periods  vary  randomly  over  the  range  of  0-37  time  steps. 
The  calculations  have  been  run  for  2000  time  steps,  or  a 
total  of  2.0  msec  of  elapsed  time.  In  this  period,  about 
50  features  with  the  scale  of  the  boundary  layer  thickness 
pass  a  given  point. 

RESULTS 

We  observe  formation  of  large-scale  structure  in  the  com¬ 
puted  solution.  Representative  visualizations  of  the  solu¬ 
tion  at  step  1000  (1.0  msec)  are  included  as  Figures  1-4. 
The  structure  begins  to  develop  at  the  upstream  end  of  the 
domain.  Large  bulges  appear  in  the  interface  between  ro¬ 
tational  and  irrotational  fluid  (boundary  layer  edge)  only 
one- third  of  the  domain  length  downstream.  These  can 
seen  in  Figure  1,  which  shows  an  isosurface  of  vortic¬ 
ity  magnitude  at  the  level  of  2%  of  the  solution  maximum. 
Figure  2  shows  cross-stream  velocity  vectors  in  the  layer. 
The  varv'ing  strength  of  the  vortical  perturbations  can  be 
seen  at  the  upstream  station.  At  successive  downstream 
stations,  the  fields  become  much  less  orderly;  typical  cross- 
stream  velocity  magnitudes  remain  about  the  same  as  at 
the  inlet.  Figure  3  shows  the  streamwise  velocity  field 
and  the  corresponding  spanwise  vorticity  field  for  a  wall- 
normal  streamwise  plane  centered  in  the  domain.  The  in¬ 
terface  bulges  and  their  typical  sloping  backs  with  sharp 
gradients  are  observed  in  these  images.  In  Figure  4,  iso¬ 
surfaces  of  low  pressure  and  of  low  velocity  are  combined 
to  show  the  locations  of  strong  quasi-streamwise  vortices 
and  streaks,  respectively.  These  are  of  the  typical  form 


observed  by  Robinson  and  others  in  direct  numerical  sim¬ 
ulations  of  boundary  layer  flows  at  low  Reynolds  numbers. 
Cross-stream  velocity  vectors  plotted  on  a  section  through 
one  such  vortex  verify  the  circulation  there. 

An  average  of  the  streamwise  velocity  profiles  over  36  lo¬ 
cations  in  the  downstream  2/3  of  the  domain  and  over  time 
steps  1000-2000  is  shown  in  Figure  5.  The  velocity  values 
have  been  normalized  by  the  friction  velocity  derived  from 
the  computed  velocity  gradient  and  the  molecular  viscosity 
at  the  wall.  The  proffie  has  been  transformed  according  to 
the  procedure  of  Van  Driest  and  plotted  in  semi-log  format 
against  height  in  wall-units  for  comparison  with  standard 
correlations  for  incompressible  boundary  layers.  Also  plot¬ 
ted  in  the  figure  is  the  line  along  which  the  logarithmic 
part  of  the  experimentally-measured  profiles  fall  when  pre¬ 
sented  in  the  same  way. 

Overall,  the  coniputed  profile  has  the  same  qualitative 
features  as  the  experimental  profile.  However,  the  friction 
exerted  on  the  wall  by  the  computed  flow  is  perhaps  20% 
of  that  exerted  by  the  physical  flow.  This  affects  the  nor¬ 
malization  of  both  velocity  and  height  directly,  and  the 
slope  of  the  logarithmic  region  indirectly;  all  these  quanti¬ 
ties  differ  from  the  corresponding  experimental  values  by 
approximately  the  same  factor  of  about  5.  The  plot  does 
not  reveal  that  even  if  this  is  taken  into  accoimt,  the  com¬ 
puted  profile  has  a  much  stronger  wake  component  than 
the  experimental  profile,  with  a  noticeably  larger  differ¬ 
ence  between  the  velocities  at  the  inner  and  outer  edges  of 
the  wake  part  of  the  computed  profile. 

CONCLUSIONS 

One  of  the  goals  of  this  work  has  been  to  demon¬ 
strate  that  stimulation  of  the  seed  mechanism  that  pre¬ 
sumably  establishes  the  gross  turbulence  structure  of  phys¬ 
ical  boundary  layers  can  also  establish  such  structure  in 
the  computational  model  of  the  layer.  We  conclude  from 
these  observations  that  large-scale  turbulent  structure  can 
indeed  be  induced  by  time-dependent  vortical  perturba¬ 
tions  applied  at  the  upstream  boundary.  The  results  imply 
that  the  streak/ vortex  interaction  mechanism  might  well 
be  used  in  the  construction  of  ATD  turbulence  models. 
However,  our  experiments  indicate  that  the  perturbations 
must  be  large,  say  12-14  grid  cells  in  diameter,  to  act  ef¬ 
fectively  in  the  manner  intended  in  the  ATD  formulation. 
At  present,  practical  computations  are  limited  to  domains 
that  are  not  many  multiples  of  this  size.  As  a  result  the 
smaU-scale  component  of  the  computational  basis  in  an 
ATD  calculation  using  the  current  discretization  scheme 
would  occupy  a  significant  part  of  that  basis.  It  would  be 
preferable  if  the  modeled  small-scale  features  were  compu- 


P3-92 


Figure  4:  Streak/vortex  structure,  downstream  2/3  of  domain.  Inset:  circulation  around  vortex  in  cross-stream 
plane. 


y+ 

Figure  5:  Velocity  profile  comparison. 


tationally  active  at  sizes  of  only  3-5  grid  cells;  this  would 
allow  a  much  larger  percentage  of  the  computationcd  ba¬ 
sis  to  be  devoted  to  description  of  the  Icirge-scale  solution. 
The  improvement  might  be  achieved  with  high-resolution 
schemes  designed  to  minimize  dissipative  and  dispersive 
error  at  high  wavenumbers. 

The  streak/ vortex  interaction  mechanism  is  observed  to 
operate  in  the  computed  solution  at  a  scale  grossly  larger 
than  its  correct  physical  scale.  This  is  consistent  with  our 
intention  to  evoke  the  physics  of  the  near- wall  region  in  the 
computed  solution,  rather  than  to  achieve  a  result  that  is 
quantitatively  comparable  to  the  experimental  results.  For 
e.xample,  significant  turbulent  shear  stress  is  present  in  the 


physical  boundary  layer  even  at  the  grid  cell  center  adja¬ 
cent  to  the  wall;  however,  we  have  not  accounted  for  this 
stress,  but  instead  included  only  the  molecular  diffusive 
stress  that  dominates  in  the  viscous  sublayer  and  buffer 
regions  of  the  boundary  layer.  This  adfects  the  computed 
velocity  profile  in  a  systematic  wa}',  yielding  computed  wall 
friction  well  below  that  of  the  physical  case. 

However,  it  is  nattiral  to  extend  the  uniform  grid  pro¬ 
cedure  used  here  to  grids  clustered  in  the  wall-normal  di¬ 
rection.  In  such  case  we  anticipate  that  upstream  pertur¬ 
bations  constructed  similarly  in  square  (in  computational 
space)  arrays  of  grid  cells  would  induce  streak/vortex  inter¬ 
actions  at  more  physical  scales,  at  least  in  the  wall-normcJ 
direction.  This  in  turn  should  lead  to  more  correct  values 
of  computed  skin  friction  and  probably  improved  velocity 
profiles.  On  stretched  grids  the  perturbations  w'ould  be 
more  or  less  elliptical  in  physical  space,  cind  the  distribu¬ 
tions  of  azimuthal  velocity  and  pressure  must  be  derived 
with  this  geometry  in  mind.  This  extension  will  be  pursued 
in  the  future. 

The  turbulent  structure  of  the  computed  layer  is  estab¬ 
lished  within  a  short  distance  of  the  upstream  boundauy. 
Thus  only  a  minimal  region  need  be  provided  upstream 
of  the  physical  domaiin  of  interest  to  develop  the  proper 
conditions,  and  a  relatively  brief  preliminary  computation 
suffices  to  establish  the  initial  turbulent  condition  for  the 
entire  domain.  For  supersonic  flow,  the  solution  in  the  up¬ 
stream  development  region  may  then  be  integrated  alone  to 
accumulate  a  time- dependent  turbxilent  upstream  bound- 
ary  condition  for  the  main  region  of  interest. 

Finally,  having  noted  some  positive  aspects  of  the  re¬ 
sults,  we  must  admit  that  from  the  standpoint  of  abso¬ 
lute  accuracy,  the  current  computed  solution  might  seem 
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to  be  of  negligible  value.  However,  the  mere  fact  that  large- 
scale  coherent  structures  are  present  in  the  solution  may  be 
useful.  This  could  be  the  case  in  circumstances  in  which 
the  turbulence  structure  at  the  largest  scales  is  decisive 
to  the  phenomenon  of  interest.  An  example  of  such  a  phe¬ 
nomenon  may  be  the  interaction  of  a  shock  with  a  turbulent 
boundary  layer  over  a  compression  ramp. 
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ABSTRACT 

The  methodology  to  reduce  the  influence  of  numerical 
viscosity  of  necessary  evil  higher-order  upwind  scheme  in 
large  eddy  simulation  for  complex  flows  around  bluff  bodies 
is  proposed  and  its  effectiveness  is  discussed.  Both  tech¬ 
niques  of  extended  filter,  which  is  two  and  four  times  as 
large  as  grid  size,  for  LES  and  decreasing  numerical  viscos¬ 
ity  of  upwind  scheme  with  embedded  mesh  are  applied  to 
the  flow  around  a  square  cylinder  at  Re  =  22, 000,  and  the 
calculated  results  are  compared  with  experimental  data. 
The  effectiveness  of  the  methodology  is  recognized  in  the 
improvement  of  the  overestimating  drag  coefficient  and  of 
the  underestimating  stochastic  component  of  fluctuating 
transverse  velocity  in  the  shear  layer. 

INTRODUCTION 

In  the  flow  around  a  bluff  cylinder,  there  is  a  l^ge  area 
with  high  shear  rate  which  requires  high  resolution  for  a 
turbulence  simulation.  It  is  impossible  or  very  expensive 
to  cover  all  these  area  with  sufficiently  fine  mesh.  With¬ 
out  using  any  stabilizing  technique  or  adding  an  artificial 
diffusion,  we  can  hardly  avoid  both  numerical  instability 
and  numerical  oscillation.  The  use  of  a  higher-order  up¬ 
wind  scheme  is  a  way  to  avoid  these  numerical  errors  and 
to  reduce  the  computational  cost.  The  influence  of  niimer- 
ical  viscosity,  however,  tends  to  become  too  large  for  the 
turbulent  flow  where  eddy  viscosity  of  LES  works  without 
any  carefulness  to  the  use  of  a  upwind  scheme. 

It  is  preferable  that  numerical  viscosity  works  to  avoid 
numerical  instability  at  non-turbulent  area  where  strong 
shear  exist  but  eddy  viscosity  generated  by  the  dynamic 
procedure  is  restraint,  and  furthermore,  that  eddy  viscos¬ 
ity  works  effectively  with  a  minimum  influence  of  numer¬ 
ical  viscosit}"  at  turbulent  area.  In  order  to  realize  this, 
we  employ  methods  to  reduce  the  influence  of  the  numer¬ 
ical  viscosity  of  upwind  scheme  at  the  area  where  eddy 
viscosity  of  LES  must  work.  The  decrease  of  the  coeffi¬ 
cient  of  numerical  diffusion  terms  of  a  3rd-order  upwind 
scheme  and  the  extension  of  LES  filter  are  the  methods  to 
suppress  the  influence  of  numerical  viscosity.  By  applying 
these  methods  to  the  complex  turbulent  flow,  the  effect  of 
eddy  viscosity  exceeds  that  of  numerical  viscosity,  on  the 


other  hand  it  is  possible  to  avoid  numerical  instability. 

Nozawa  et  al.  (1996)  apply  LES  using  the  3rd-order  up¬ 
wind  scheme  to  turbulent  channel  flows  at  Rct  =  180  , 
where  subgrid-scale  eddy  viscosity  is  generated  by  the  dy¬ 
namic  procedure.  In  this  simulation,  filter  width  (A)  of 
LES  was  set  to  be  2h  and  4h  {h  is  grid  size)  instead  of  Ih 
and  the  coefficient  of  numerical  diffusion  terms  of  3rd-order 
upwind  scheme  wcis  decreased  (the  coefficient  of  numerical 
diffusion  terms  was  decrease  one- third  of  that  of  Kawa- 
mura  and  Kuwahara  (1984)).  The  mean  velocity  profiles 
agreed  well  with  DNS  data  and  the  turbulent  intensities 
were  also  improved  to  match  the  DNS  data.  From  the  re¬ 
sult  it  is  possible  to  suppress  the  numerical  effect  due  to 
the  choice  of  the  filter  width  and  decreasing  the  coefficient 
of  numerical  diffusion  terms. 

In  this  paper,  the  methodology  is  applied  to  the  compli¬ 
cated  flow  past  a  square  cylinder  at  Re  =  22, 000.  Mean 
and  fluctuating  velocities  axe  compared  with  those  of  ex¬ 
periment.  In  this  calculation,  the  technique  of  embedded 
meshes  is  also  employed  for  the  computation  of  turbulent 
flows  with  various  sc^es  to  fine  the  resolution  in  the  vicin¬ 
ity  of  the  body.  This  study  aims  to  check  the  \’alidity  of 
reducing  the  effect  of  numerical  dissipation  in  LES,  and  to 
clear  the  reason  of  restriction  of  improvement  on  this  way. 

NUMERICAL  METHOD 

The  numerical  procedures  are  based  on  the  MAC 
method.  For  the  time  marching,  we  use  the  first  order  Eu¬ 
ler’s  explicit  scheme.  On  spatial  discretization  the  second- 
order  central  differencing  is  employed  except  the  convec¬ 
tive  terms.  Third-order  upwind  scheme  is  employed  for 
the  convective  terms. 


— u,-f.2  "h  —  Bui-}  4-  Ui—2 

c-  — 

,  ,  ,  -1- 6u,' -  4u,-_i  4- Uj_2 

+a|c.l - ^ -  (1) 

The  second  term  of  the  right  hand  side  of  eq.(l)  is  a  nu¬ 
merical  diffusion  term,  and  the  coefficient,  a,  is  the  param¬ 
eter  to  decrease  the  numerical  viscosity  in  this  stud}".  The 
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Table  1:  Case  specification 


0  =  3 

a  =  1 

a  =  0.5 

A/h  =  1 

K1 

U1 

— 

A/h  =  2 

K2 

U2 

H2 

A/h=4  ' 

K4 

U4  1 

H4 

no  LES 

KO 

x-O  I5£) 


Figure  1:  Computational  domain. 


pressure  field  is  obtained  by  solving  Poisson  equation  using 
SOR  (successive  over- relaxation  method). 

Periodic  boundary  condition  is  employed  at  the  span- 
T^dse  and  transverse  directions.  Velocity  data  at  the  peri¬ 
odic  boundary  are  exchanged  every  time  step,  and  pressure 
data  are  exchanged  every  iteration  step.  The  convective 
type  outflow  boundary  condition  is  employed  at  outflow 
boundary  and  the  convective  velocity  is  set  to  be  uniform 
inflow  velocity.  The  pressure  gradient  at  outflow  boundary 
is  set  to  be  zero.  At  the  surface  of  the  cyhnder,  non-slip 
boundary  condition  is  employed,  and  no  wall  function  is 

employed.  ,  . ,  ,  j  ,  a 

Here,  we  apply  the  dynamic  subgnd-scale  model  based 

on  the  Smagorinsky  model  by  Germano  et  aJ.  (1991).  The 
model  coefficient  C  is  ei’aluated  using  the  least  square  ap¬ 
proach  by  LiUy  (1992).  The  dynamic  model  based  on  the 
Smagorinsky  model  used  to  overestimate  the  backward- 
scatter  and  it  will  cause  numerical  instability  without  us¬ 
ing  any  stabilizing  technique  (s^  Ghosal  et  ai.  (1995)). 
In  this  study,  in  order  to  stabilize,  the  total  viscosity  is 
bounded  to  be  non-negative,  although  the  coefficient  C  is 
not  averaged  over  spanwise  direction. 

Table  1  shows  the  calculation  cases  in  this  study.  The 
\'ariable  a  in  the  table  correspond  with  the  coeffiaent,  a, 
of  the  second  term  of  right  hand  side  of  eq.(l).  A  is  the 
width  of_ grid-filter,  and  h  is  the  size  of  a  grid.  In  the 
cases  of  A/h  =  4,  the  filter  width  in  the  spanwise  direction 
and  all  the  directions  in  the  most  outer  mesh  is  2h.  In  the 
dynamic  procedure,  test-filter  is  introduced  to  calculate  the 
model  coefficient,  C,  and  the  ratio  of  test-filter  width  and 
grid-filter  width  is  fixed  to  be  2.0  at  all  calculation  cases. 

COMPUTATIONAL  CONDITIONS 

The  computational  domain  dimension  is  20D  for  the 
streamwise  direction,  where  D  is  the  section  dimension, 
\AD  for  the  transverse  direction  and  4D  for  the  spanwise 
direction  (Figure  1).  The  blockage  ratio  was  about  7^. 
The  approaching  flow  is  assumed  to  be  uniform  (l/'o)  on  the 
inflow  surface  boundary  and  the  Reynolds  number  based 
on  the  inflow  velocity,  b'o,  and  the  breadth  of  the  square 
cylinder,  D,  is  22,  000. 


Table  2:  Number  of  nodes 


.Vj.. 

.Viv 

121 

114 

42 

A2x- 

N-iy.N2z 

89 

81 

50 

N3yNiz 

111 

109 

66 

In  this  study,  the  technique  of  embedded  meshes  is  em¬ 
ployed.  The  whole  Computational  domain  is  covered  with 
three  Cartesian  non-staggered  grids.  The  size  and  the  loca¬ 
tion  of  each  mesh  could  be  seen  in  Figure  1  and  the  origin 
is  taken  at  the  center  of  the  square  cylinder.  The  number 
of  nodes  of  each  mesh  is  also  shown  in  Table  2,  where  Nmi 
denotes  the  number  of  grid  points  in  i  direction  of  mth 
mesh  from  outside.  For  the  most  inner  mesh,  which  covers 
the  cylinder,  unequal  discretization  is  used  to  concentrate 
the  grids  in  the  near-wall  region  and  the  region  where  the 
shear  layer  separated  from  the  forward  corner  of  the  cylin¬ 
der  locates.  The  size  of  the  finest  grid  near  windward^ face 
is  P/200,  P/100  at  the  face  parallel  to  the  flow,  P/50  at 
the  leeward  face.  The  thickness  of  laminar  boundary  layer 
formed  in  the  windward  face,  is  about  P/40  at  the  cor¬ 
ner  of  the  square  cylinder.  From  this,  there  are  at  least  a 
few  grids  in  the  boundary  layer  of  the  surface  of  the  cylin¬ 
der.  The  most  outer  mesh  is  also  stretched  to  save  the  grid 
points.  In  order  to  capture  the  three-dimensional  behavior 
of  the  separated  shear  flow,  which  will  have  influence  on  the 
character  of  flow,  the  resolution  of  the  spanwise  direction 
is  set  to  be  P/16  at  the  most  inner  mesh. 

In  this  study,  totally  nine  simulations  are  performed  with 
same  computational  conditions  except  the  size  of  numerical 
viscosity  and  the  size  of  grid-filter.  Non-dimensional  time 
step  size  of  this  calculation  is  0.0008  {iVo/D)  and  it  costs 
about  19  hours  per  one  shedding  cycle  on  one  processor  of 
FUJITSU  VX. 

RESULTS  AND  DISCUSSION 

For  evaluation  of  statistics,  data  are  taken  every  0.1  non- 
dimensional  time  (tC/'o/P),  and  all  the  averaging  are  com¬ 
puted  over  at  least  ten  shedding  cycles  and  the  homoge¬ 
neous  direction.  No  blockage  correction  are  applied  to  the 
data.  In  this  study,  some  of  the  data  is  taken  phase  averag¬ 
ing  procedure,  and  phase- averaged  v  (transverse)  velocity 
profile  is  traced  as  the  trigger  for  matching  the  first  phase 
(see  Rodi  et  ai.  (1995)). 

Mean  and  fluctuating  forces. 

The  mean  drag  coefficients,  Gd,  are  illustrated  in  Fig¬ 
ure  2.  In  this  study,  Cd  are  overestimated  compared  with 
those  of  experiments,  in  which  Cd  are  in  the  range  from  2.0 
to  2.25.  If  the  blockage  effect  is  in  account,  Cd  will  reduce 
by  10  percent,  but  it  is  still  overestimating.  We  can  see 
the  relation  between  drag  coefficient  and  the  two  parame¬ 
ter,  a  and  A,  that  the  combination  of  extended  grid-filter 
and  small  coefficient  of  numerical  diffusion  terms  reduce  an 
overestimating  Cd  iii  this  study.  The  most_ overestimating 
value  of  Cd  is  2.72  at  case  K1  (a  =  3.0,  A  =  Jh),  and  it 
will  be  improved  to  2.44  at  case  H4  (o  =  0.5,  A  =  Ah). 

The  simulated  values  of  root  mean  square  of  drag  coeffi¬ 
cient.  rmsCD,  and  root  mean  square  of  the  lift  coefficient, 
rmsCi:  are  plotted  at  the  higher  edge  of  the  experimental 
data,  although  the  experimental  data  are  scattered  (Fig¬ 
ure  3.  4)  .  The  simulated  rmsCi  seems  to  be  converged  to 
1.6-1. 7,  according  as  the  size  of  grid-filter. 

Figure  5  shows  the  mean  wind  pressure  coefficient  of  case 
H4  on  the  surface  of  the  cylinder,  compared  with  experi¬ 
mental  data  by  Lee  (1975)  and  by  Otsuki  et  ai.  (19/8). 
The  other  simulated  cases  are  not  shown  here  because  of 
the  similar  distribution  feature  of  pressure.  In  the  wind¬ 
ward  face,  the  simulated  pressure  distribution  correspond 
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Figure  2:  Comparison  of  mean  drag  coefficient  with  exper¬ 
iment:  X.  experiments  (1,  Vickery  (1966);  2,  Lee  (1975);  3. 
Laneville  et  aJ.  (1975);  4,  Otsuki  et  ai.  (1978);  5.  Mizota  and 
Okajima  (1981);  6,  Bearman  and  Obasaju  (1982);  7,  McLean 
and  Gartshore  (1992)). 


Figure  3;  Comparison  of  rms  drag  coefficient  with  experi¬ 
ment.:  X,  experiments  (For  symbol  key,  see  caption  to  Fig¬ 
ure  2). 


Figure  4:  Comparison  of  rms  lift  coefficient  with  experi¬ 
ment.:  X,  experiments  (For  symbol  key,  see  caption  to  Fig¬ 
ure  2). 


(a)  mean  pressure  coefficient 


(b)  rms  pressure  coefficient 

Figure  5:  Mean  and  fluctuating  pressure  coefficient  on  the 

surface  of  the  cylinder  compared  with  experiment:  - ,  case 

H4;  o,  Lee  (1975);  A.  Otsuki  et  al.  (1978). 


well  with,  the  experiments.  Except  the  windward  face,  the 
wind  pressure  coefficient  —Cp  is  overestimated  at  all  faces 
compared  with  experiment.  In  the  leeward  face,  base  pres¬ 
sure  coefficient  is  about  1.8,  while  it  is  about  1.4  in  exper¬ 
iment  data,  and  this  causes  excessive  drag  in  this  study. 
Anyv^ay,  it  is  interesting  that  these  features  are  improved 
by  the  combination  of  extended  grid-filter  and  small  nu¬ 
merical  viscosity  accord  with  decrease  of  the  coefficient  of 
numerical  diffusion  terms.  The  pressure  distribution,  how¬ 
ever,  doesn’t  improved  enough  to  reduce  Cd  to  be  2.0-2. 1 
as  many  experimental  results  show. 

Mean  velocity  distribution  in  the  wake 

Figure  6  shows  mean  streamwise  velocity  profiles  in  case 
H2  and  case  K1  at  center  axis  of  wake.  Most  remarkable 
difference  between  experiment  and  simulation  is  that  the 
recircluation  zone  located  behind  the  cylinder  is  very  small. 
The  recirculation  lengths,  /j?,  which  is  measured  from  the 
origin  in  this  study,  are  all  in  the  range  0.97-1.21,  and  are 
very  short  compared  with  experimental  result  (Ijt  =  1.38 
by  L>ti  (1992)  and  Ir  =  1.50  by  Mizota  and  Okajima). 
The  maximum  negative  streamwise  velocity  is  also  small 
in  this  recirculation  region. 

Periodic  and  stochastic  velocity  components 

The  instantaneous  velocity,  u{t)  can  be  decomposed  into 
ensemble- averaged  (average  over  space  and  time)  compo¬ 
nent,  U,  and  fluctuating  component,  u'{t)  (u'(<)  =  u(i)  — 
U).  In  the  flow  where  periodic  vortex  shedding  exist,  fluc¬ 
tuating  velocity,  u'(<),  can  be  also  decomposed  into  pe¬ 
riodic  component.  u(f).  and  stochastic  component, 

(u"(t)  =  u^(t)-u). 

Figure  7  shows  the  intensity  of  periodic  transverse  ve¬ 
locity,  (vu),  of  case  K1  and  H2,  at  center  axis  of  wake. 
(  )  indicates  a  ensemble- averaged  quantity.  In  case  H2, 
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Figure  6:  Mean  streamwise  velocity  profiles  compared  with 

experiment  at  y  =  0:  - ,  case  H2; - ,  case  Kl;  --o--, 

Lyn  (1992). 


Figure  8:  Maximum  value  of  periodic  velocity  component, 
{vv),  at  y  =  0  :  X,  Lyn(1992). 


Figure  9:  Stochastic  velocity  component,  (wV^), 

compared  with  experiment:  - ,  case  H2; - ,  case  Kl; 

Lyn  (1992). 


Figure  7:  Periodic  velocity  component,  (vv),  compared 

with  experiment  at  y  =  0:  - ,  case  H2; - ,  case  Kl; 

Lyn  (1992). 


the  profiles  agree  well  with  experiment  compared  with  case 
Kl,  but  the  location  of  maximum  value  shift  toward  the 
cylinder.  The  shift  of  the  location  of  the  maximum  value 
toward  the  cylinder  can  also  be  seen  in  all  the  other  cases. 
The  maximum  values  on  each  cases  at  center  axis  of  wake 
are  plotted  on  Figure  8.  Except  the  case  H2,  all  the  cases 
overestimate  maximum  value  from  13%  to  33%,  but  ex¬ 
tension  of  grid-filter  improve  the  overestimating  maximum 
value.  Walce  region  is  fuUy  turbulent  so  that  it  is  more 
effectual  to  use  wider  grid-filter  to  avoid  the  influence  of 
numerical  viscosity.  The  stochastic  component  of  fluctu¬ 
ating  velocity  intensity  is  not  small  in  this  flow  (Figure  9). 
In  both  direction,  {uu)  and  (v'V')  are  in  good  agree¬ 
ment  with  experiment  at  r  ~  4.0  and  its  downstream.  The 
location  of  maximum  value  shift  upstream,  and  this  corre¬ 
spond  to  that  of  periodic  component.  The  maximum  value 
of  {v"v”)  of  this  study  is  in  the  range  0.17—0.33,  and  there  is 
no  relation  between  the  maximum  value  and  the  change  of 
the  grid-filter  size  or  the  coefficient  of  numerical  diffusion 
terms. 


The  shear  layer  region 

The  flow  separated  from  the  forward  corner  of  the  cylin¬ 
der,  formed  strong  shear  layer  in  the  side,  and  this  feature 
of  this  determined  the  whole  character  of  the  flow.  The 
mean  streamwise  velocity,  U ,  profile  of  case  Kl  and  H4  at 
X  =  0.0  is  shown  in  Figure  10.  The  shear  layer  in  this 
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Figure  10:  Mean  stream  wise  velocity  profiles  compared 

with  experiment  at  a:  =  0:  - ,  case  H2; - ,  case  Kl; 

-HO.,  Lyn  (1992). 


Figure  11:  Periodic  component  of  fluctuating  velocity  com¬ 
pared  with  experiment  at  x  =  0:  - ,  case  H2; - ,  case 

Kl;-<>-.  Lyn  (1992). 


<u"u“>  <v''v"> 


Figure  12:  Stochastic  component  of  fluctuating  velocity 

compared  with  experiment:  - ,  case  H2; - ,  case  Kl; 

-•o--,  Lyn  (1992). 


Table  3:  Maximum  value  of  stochastic  component  of  fluctu¬ 
ating  velocity  intensity,  (v'v").  at  x  =  0 


0  =  3 

0  =  1 

o  =  0.5 

A//i  =  1 

0.0140 

0.0227 

— 

A/h  =  2 

0.0185 

0.0216 

0.0257 

A/h  =  4 

0.0172 

0.0211 

0.0261 

no  LES 

0.0224 

study  is  formed  a  little  further  from  the  sidewall  of  the 
cylinder  compared  with  experiment.  This  feature  can  be 
seen  in  all  the  other  calculated  cases. 

A  periodic  component  of  fluctuating  velocity  in  the  side 
is  caused  by  flapping  of  the  shear  layer  due  to  the  shedding 
of  K^m^  vortices.  Figure  11  shows  streamwise  and  trans¬ 
verse  intensities  of  periodic  velocity  component,  (uu),  (uv), 
of  case  Kl  and  H2  at  x  =  0.0.  In  all  the  numerical  cases 
{uu)  and  {vv)  axe  overestimated  at  the  shear  layer  region 
compared  with  experiment.  Most  of  the  cases  has  twice  as 
large  as  periodic  component  than  experimental  one.  The 
methodology  suggested  in  this  study  doesn’t  improve  these 
overestimated  quantities. 

In  this  numerical  study,  the  difference  of  stochastic  com¬ 
ponent,  from  those  of  experiment  is  quite  remark¬ 

able  (Figure  12).  The  underestimating  of  (v”v*)  can  be 
improved  with  decreasing  the  numerical  viscosity  from  nu¬ 
merical  diffusion  terms.  The  maximum  \’alue  of  {v”v”)  is 
still  25%  of  that  of  experiment  by  Lyn  (1992).  The  stochas¬ 
tic  component  of  fluctuating  transverse  velocity  in  a  shear 
layer  has  something  to  do  with  the  transition  to  turbu¬ 
lence.  The  lack  of  transverse  stochastic  component,  there¬ 
fore,  might  be  a  fatal  feature  to  simulate  a  flow  around  a 
square  cylinder  correctly. 

Figure  13  shows  the  spanwise  correlation  of  fluctuating 
pressure  difference  across  the  center  line.  High  correlation 
in  spanwise  direction  might  come  from  the  weak  fluctuating 
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Figure  13:  Spanwise  correlation  of  the  fluctuating  pressure 

difference  across  the  center  line  (x  =  0): - ,  case  H2; - , 

case  Kl; - ,  Vickery  (1966). 
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of  shear  laver  in  the  spanwise  direction,  and  this  causes 
strong  force  to  the  side  of  the  cylinder.  The  small  aspect 
ratio  {HID  =  4)  might  be  a  reason  of  the  strong  two- 
dimensional  flow.  The  lack  of  the  stochastic  component  of 
fluctuating  transverse  velocity  is  also  a  factor  of  the  high 
correlation. 

CONCLUSION  ^  .  .0  r 

We  suggest  the  method  to  avoid  the  influence  of  numeri- 
cal  viscosity  caused  by  using  necessary  evil  upudnd  sAeme 
in  large  eddv  simulation  for  the  complex  turbulent  flow 
around  a  bluff  body.  The  methodology  to  reduce  the  in- 
fluence  of  numerical  viscosity  is  to  use  extended  grid-filter 
to  the  LES  and  to  decrease  the  coefficient  of  numerical  dif¬ 
fusion  terms  of  3rd  order  upwind  scheme.  We  apply  this 
methodology  to  the  flow  around  a  square  cyhnder,  and 
clieck  the  ^'aIidity  of  this  methodology. 

The  extended  grid-filter  combined  with  the  small  a  re¬ 
duce  the  overestimating  drag  coefficient  fr^  2.(2  to  2^4. 
These  changes  don't  work  at  excessive  rmsCD  and 
The  recirculation  region  behind  the  cylinder  is  small  at  all 
the  calculated  cases,  and  the  maximum  negative  stream- 
wise  velocity  is  also  underestimated  compared  with  exper¬ 
iment.  The  periodic  component  of  fluctuating  velocity  is 
improved  with  the  methodology  suggested  in  this  study. 
One  of  the  characteristic  feature  in  this  numeric^  study  is 
the  lack  of  the  stochastic  component  of  fluctuating  trans¬ 
verse  velocity  at  r  =  0.0,  where  the  shear  layer  is  formed. 
The  use  of  small  a  will  recover  the  stochastic  component, 
but  it  is  not  enough,  yet,  compared  with  experiment. 

In  a  case  of  a  square  cylinder,  a  characteristic  feature  oi  a 
shear  layer  separated  from  a  forward  corner  has  strong  in¬ 
fluence  to  a  whole  flow.  In  this  study,  the  sh^r  layer  is  not 
fully  turbulent  with  the  laminar  inflow,  and  the  effect  oi 
SGS  stress  is  not  strong.  From  this  aspect  the  decrease  of 
numerical  viscosity  is  more  effective  than  using  extended 
grid-filter.  In  the  case  that  a  characteristic  feature  of  a 
fuUy  turbulent  flow  has  strong  influence  to  a  whole  flow, 
however,  the  use  of  extended  grid-filter  has  more  effective- 
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ABSTRACT 

In  present  study,  the  definition  of  the  wavelet  spatial  statistics 
using  wavelets  are  first  proposed,  in  order  to  study  the 
characteristics  of  statistics  in  both  frequency  and  physical  space. 
Then,  the  wavelet  spatial  statistics  are  used  to  analyzing  the 
coherent  structure  of  large  scale  eddy  motions  and  the  structure 
of  the  energy  transfer  over  a  two-dimensional  frequency-physics 
plane  in  a  plane  jet.  It  is  found  that  in  the  shear  layer  of  the  near 
field  the  behavior  of  wavelet  Reynolds  stress  reversals  are 
clearly  observed  at  several  frequencies  and  developed  at  xlbd=2, 
6  and  10.  This  phenomenon  indicates  that  fluctuation  energy  is 
reversed  back  into  the  mean  flow,  and  the  interaction  between 
positive  and  negative  production  at  different  frequencies 
dominates  the  eddy  fomiaiion  and  the  merging  process  in  the 
developing  region. 

INTRODUCTION 

The  plane  jet  is  a  commonly  used  model  for  study  of  the  two- 
dimensional  turbulent  flow  or  eddy  structure.  Since  Crow  and 
Champagne  (1971)  first  studied  the  coherent  structure  of  a 
turbulent  jet,  the  physics  of  a  plane  turbulent  jet  has  been 
widely  investigated  for  several  decade  years.  It  has  become 
well-known  fact  that  the  large-scale  eddy  motion  of  the  plane 
turbulent  jet  exhibits  an  symmetric,  periodic  and  apparent 
flapping  motion  in  similarity  region,  and  the  evolution  and 
interaction  of  large-scale  organized  structures  play  an  important 
role  in  a  turbulent  jet  spreading  and  momentum  transfer.  Until 
now  the  conventional  statistical  methods,  such  as,  space-time 
correlation  functions,  spectra,  coherent  functions,  conditional 
sampling  methods  and  visualization  techniques  are  well 
established  usual  techniques  for  gaining  information  regarding 
the  nature  of  turbulent  structure  or  eddy  motion.  However, 
turbulence  or  eddy  motion  is  characterized  by  the  existence  of 
multiple  spatial  scales,  some  important  spatial  information  are 
lost  owing  to  the  non-local  nature  of  the  Fourier  analysis.  For 
example,  conventional  statistical  methods  can  not  reveal  the 
behavior  of  Reynolds  stress  reversals  in  scale  space.  The 


visualization  of  organized  motions  in  shear  layers  also  showed 
that  the  conditional  sampling  measurement  had  been  hiding 
very  important  features  of  turbulence,  as  pointed  by  Laufer 
(1975). 

In  recent  15  years,  there  has  been  growing  interest  in  the 
wavelet  analysis  of  signals,  which  can  combine  time-space  and 
frequency-space  analyses  to  produce  a  potentially  more 
revealing  picture  of  time-frequency  localization  of  signals.  As  a 
tool  for  analysis  of  multiscale  signals,  the  wavelet  transform 
was  originated  in  geophysics  in  early  1980’s  for  the  analysis  of 
seismic  signal.  Now,  wavelet  analysis  has  been  formalized  into 
a  rigorous  mathematical  framework  and  have  been  applied  to 
numerous  diverse  areas  such  as  mathematics,  physics, 
turbulence,  signal  processing,  image  processing,  numerical 
analysis,  nonlinear  dynamics,  fractal,  and  multifractal  analysis, 
and  others. 

However,  the  wavelet  analysis  is  relatively  new  to  the  field  of 
turbulence,  having  mostly  been  developed  in  the  present  decade, 
and  have  not  yet  been  applied  to  their  full  potential  in  this  area 
of  fluid  mechanics.  Recent  reviews  on  wavelets  and  related 
multiscale  techniques  in  turbulence  were  presented  by  Farge  et 
al.  (1996).  Until  now  the  wavelet  analysis  has  been  widely  used 
to  reveal  various  turbulent  or  eddy  structure,  such  as,  fully 
developed  turbulence,  jet,  boundary  layer,  mixing  layer,  wake 
flow,  surface  wave  field,  multiphase  flow  and  others.  In  this 
paper  we  only  describe  the  application  of  the  wavelet  analysis  to 
the  experimental  study  of  jet. 

In  the  limited  open  literature  available,  Everson  et  al.  (1990) 
analyzed  two-dimensional  dye  concentration  data  from  a 
turbulent  jet  using  the  wavelet  transform,  and  revealed  the 
nature  and  self-similarity  of  the  inner  structure  of  the  jet. 
Lewalle  et  al.  (1994)  applied  the  wavelet  transform  to  velocity 
signals  in  the  inner  mixing  layer  of  a  coaxial  jet  and  analyzed 
the  dominance  of  non-periodic  vortices  at  a  given  time  scale.  Li 
and  Nozaki  (1995a)  displayed  very  different  scale  eddies,  the 
breakdown  of  a  large  eddy  and  the  successive  branching  of  a 
large  eddy  structure  in  a  plane  turbulent  jet  by  analyzing  the 
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velocity  signals  at  various  positions  with  the  wavelet  transform. 
A  wavelet  decomposition  of  fluctuating  velocities  in  a  planar  jet 
was  used  to  the  Reynolds  stress  in  scale  space  by  Gordeyev  and 
Thomas  (1995).  Walker  et  al.  (1995)  investigated  the  multiple 
acoustic  modes  and  the  shear  layer  instability  waves  of  the  jet 
by  wavelet  transform.  Using  wavelet  decomposition  the 
unsteady  aspects  of  the  transition  of  a  jet  shear  layer  are  studied 
by  Gordeyev  et  al.  (1995).  In  order  to  reveal  the  self-similarity 
of  the  structure  of  eddy  motion  in  a  plane  turbulent  jet  in  both 
scale  and  time  delay,  Li  and  Nozaki  (1995b,  1996,  1997)  and  Li 
(1997)  proposed  a  wavelet  auto-correlation  and  wavelet  cross¬ 
correlation  analysis  based  on  the  wavelet  transform.  Besides 
these  application  studies,  several  new  tools  and  diagnostics 
based  on  the  wavelet  transform,  such  as,  wavelet  intermittency, 
wavelet  Reynolds  number,  local  wavelet  spectrum  and  wavelet 
correlation  functions  were  developed,  and  they  offer  the 
potentials  extracting  new  information  from  various  flow  fields. 
However,  the  distribution  of  Reynolds  stress  reversals  in 
frequency  space  and  physical  space  have  not  been  clear  yet.  In 
order  to  extract  new  information  of  turbulent  flows  that  can  not 
be  obtained  by  conventional  statistical  methods,  it  is  necessary 
to  develop  new  analytical  techniques. 

The  major  objective  of  this  work  is  to  develop  a  few  new 
definitions  of  wavelet  statistical  quantities  using  wavelet 
transform,  such  as,  wavelet  Reynolds  stress,  wavelet  triple 
velocity  correlation,  wavelet  skewness  and  flatness  factors,  and 
characterizes  the  distribution  of  these  wavelet  statistical 
quantities  in  both  frequency-space  and  physical-space. 

Tlien,  these  wavelet  statistical  quantities  are  applied  to  the 
near  field  flow  structure  analysis  of  a  plane  turbulent  jet,  and 
reveal  the  turbulence  and  eddy  structure  in  both  frequency- 
space  and  physical-space. 

CONTINUOUS  WAVELET  TRANSFORM 

For  completeness,  a  brief  review  of  the  continuous  wavelet 
transform  is  described.  The  wavelet  transform  of  a  real  square 
integrable  signal  s[t)  with  finite  energy  is  defined  as  the 
integral  transform  with  a  family  of  functions 

f\p  called  wavelets  and  given  as 


function  depends  on  the  kind  of  information  what  we  want  to 
extract  from  the  signal.  In  this  study  we  choose  to  use  the 
following  complex-valued,  modulated  Gaussian  analyzing 
wavelet  known  as  the  Morlet  wavelet. 

”  e  2  ,  (2) 

Since  for  cd, ^5,  the  second  term  in  (2)  can  be  negligible, 
which  is  usually  approximated  as 


(3a) 


The  Morlet  wavelet  is  complex-valued,  enabling  one  to 
extract  information  about  the  amplitude  and  phase  of  signal 
being  analyzed.  Its  Fourier  transform  can  be  written  as 

, _  (***-"*<>  )^ 

(o)~yl2^e  2  .  (3b) 

It  is  apparent  that  Morlet  wavelet  ^(r)  is  localized  around 
/=0,  and  is  localized  around  the  central  frequency 

Same  as  previous  paper  (Li,  1997),  the  central 
frequency  is  defined  as  -  2;r ,  so  that  the  wavelet 

dilatation  parameter  /  represents  a  frequency.  Then 

fv'(f(b-t))  is  localized  around  the  position  t  and  around  the 

central  frequency  /.  From  Eq.(l)  the  wavelet  coefficient  using 
Morlet  wavelet  may  describe  a  signal  as  localized  strength  of 
the  signal  over  a  time-frequency  plane. 

If  the  analyzing  wavelet  ?/;(/)  satisfies  the  admissibility 

condition,  the  signal  s{t)  can  be  retrieved  from  the  wavelet 
coefficient  by 


~/£j(b}>P"(/(b-i}}db 


* 

where  -  f  '  ,  ^co .  Equation  is  called  the  inverse 

(1)  H 

wavelet  transform  formula.  The  wavelet  transform  is  also  an 
energy  preserving  transformation,  i.e.,  an  isometry, 


where  HT(r,/)  is  called  the  wave/et  coefficients  of  5(1)  with 
respect  to  the  analyzing  wavelet  /  and  /  are  a  dilatation 

parameter  and  analyzing  position  (here  *  stands  for  complex 
conjugate),  respectively. 

?/;(/)  is  a  function  of  called  an  analyzing  wavelet  or 

mother  wavelet,  the  choice  of  t/;{r)  is  neither  unique  nor 
arbitrary.  The  function  z/;(r)  is  a  function  with  unit  energy 

chosen  so  that  it  has:  (1)  compact  support,  or  sufficiently  fast 
decay,  to  obtain  localization  in  space;  (2)  has  zero  mean,  i.e., 

J  t}f[t)dt  -  0 .  The  requirement  of  zero  mean  is  called  the 

admissibility  condition. 

It  is  well  known  that  several  wavelet  functions,  such  as 
Mexican  hat,  Morlet  and  Gabor  function,  are  commonly  used  as 
an  analyzing  wavelet.  The  choice  of  the  appropriate  wavelet 


WT{f,b}VT-(f,byfdb  ,  (5) 

which  is  a  generalization  of  Parseval’s  theorem.  This  expression 
shows  that  the  wavelet  coefficient  WT[t,f )  is  the  energy  of  s{t) 

for  the  frequency  /  at  the  position  (or  time)  b,  and 
WT(/,/7)WT'(/,fc)  is  called  a  scalogram. 

In  general,  for  two  function  s(t)  and  g(t)  we  have 

f'AkW'  (6) 

where  the  product  can  be  called  a  cross 

scalogram. 
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WAVELET  SPATIAL  STATISTICS 

The  purpose  of  this  section  is  to  develop  a  few  new  tools  for 
characterizing  the  local  statistics  at  every  scale  in  turbulent 
flows  based  on  the  wavelet  transform.  In  usual  statistics  analysis, 
the  power  spectral  density  or  correlation  functions  provide  a 
measure  of  the  relevance  of  each  scale  of  motion,  however, 
important  spatial  information  is  lost  owing  to  the  non-local 
nature  of  the  Fourier  modes.  In  order  to  overcome  limitations  of 
the  usual  statistics,  we  define  the  wavelet  velocity  correlation 
functions,  including  wavelet  Reynolds  stress  function  and 
wavelet  triple  velocity  correlation  function,  and  use  them  to 
reveal  more  detailed  information  about  the  turbulence  in  more 
complete  statistical  terms  in  this  paper. 

Wavelet  Reynolds  Stress  Function 

It  is  well  known  that  the  Fourier  analysis  can  not  describe  the 
distribution  of  Reynolds  stress  reversals  in  frequency  space  due 
to  its  the  non-local  nature.  However,  The  information  about 
Reynolds  stress  reversals  is  very  important  for  analyzing  the 
structure  of  the  energy  transfer  in  the  turbulence.  In  this  section 
we  develop  the  wavelet  Reynolds  stress  function  using  the 
continuous  wavelet  coefficients  of  the  fluctuating  velocity, 
which  can  describe  the  Reynolds  stress  distribution  in  frequency 
space. 

In  general,  the  conventional  Reynolds  stress  component 
“  u^u.  can  be  written  as  the  following  form 

•  (7) 

where  T  is  an  average  time. 

As  mention  above,  the  wavelet  coefficients  can  describe  a 
signal  as  strength  of  the  signal  at  a  given  frequency  and  time, 
which  is  a  zero-mean  random  process.  In  the  present  study,  we 
use  wavelet  coefficients  and  Wu.[tj)  of  fluctuating 

velocity  components  «  and  to  define  a  new  Reynolds  stress 
function,  which  is  called  a  wavelet  Reynolds  stress  Junction 
-  ) ,  by  the  formula 

where  -  Wu-iVuj  (/)  is  called  wavelet  shear  stress  for  /  y ,  and 
is  called  wavelet  normal  stress  or  wavelet  fluctuation  intensity 
for  /  -  y  .  From  Eq.(6),  the  relation  between  From  and 

-WuilVuj[f)  can  be  written  as 

From  above  equation  it  is  clear  that  the  wavelet  Reynolds 
stress  represents  the  distribution  of  the  Reynolds  stress  in 
frequency  space  and  is  a  real-valued  function.  Corresponding  to 
Eq.(7),  in  Fourier  space,  Eq.(8)  can  be  rewritten  as 


-iyu,lVuj(/) .  J  .(10) 

The  wavelet  Reynolds  stress  permits  the  identification  of  the 
contributions  of  the  different  frequencies  to  Reynolds  stress, 
which  is  a  quantity  directly  related  to  the  structures  of  the  flow. 

Wavelet  Triple  Velocity  Correlation  Function 

Analogizing  with  the  wavelet  Reynolds  stress  function,  we 
define  the  wavelet  triple  velocity  correlation  function  as 

-  (/)  -  .  (11) 

From  above  equations  it  is  clear  that  the  wavelet  triple 
velocity  correlation  can  also  represent  the  distribution  of  the 
velocity  correlation  in  frequency  space. 

Wavelet  Skewness  and  Flatness  Factors 

We  perform  some  statistical  calculations  before  averaging  in 
physical  space,  which  will  extract  more  detailed  information 
from  the  fluctuating  velocity.  Meneveau  (1991)  proposed  the 
definition  of  the  flatness  factor  based  on  the  discrete  wavelet 
transform.  For  investigating  deviations  from  Gaussian  behavior 
in  frequency  space,  we  define  the  wavelet  skewness  and  flatness 
factors  using  continuous  wavelet  coefficients  of  the  fluctuating 
velocity  as 


»'SU)- 

(12) 

3  ’ 

- - _2  * 

(13) 

respectively.  Here  the  averaging  is  performed  over  /  at  a  given 
frequency.  It  is  believe  that  such  statistical  quantities  may  give 
useful  insight  about  the  spatial  properties  of  turbulence  in 
frequency  space. 

EXPERIMENTAL  APPARATUS  AND  PROCEDURE 

A  definition  sketch  of  a  plane  jet  is  shown  in  Fig.l,  where  x  is 
the  streamwise  coordinate  andy  is  the  lateral  coordinate.  The  jet 
is  generated  by  a  blower-type  wind  tunnel  having  flow¬ 
straightening  elements,  screens,  and  settling  length,  a  24:1 
contraction  leading  to  a  300x20  mm  nozzle  (the  nozzle  width 
2bo  is  20mm).  For  all  measurements,  the  jet  is  operated  at  a 
constant  Reynolds  number  Re=5000  (  exit  velocity  is  4.8m/s ) 
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FIGURE  2(b)  Variation  of  WuWv[f  )jul  cross  the  jet  at  A/bo=6 

based  upon  nozzle  width  2bo.  The  velocity  components  of  u,  v 
are  measured  simultaneously  using  a  X  type  hot  wire  probe 
located  in  the  (x,  y)-plane.  The  recording  frequency  is  lOkHz 
and  the  record  length  is  6  seconds. 

RESULTS  AND  DISCUSSION 
Wavelet  Shear  Stress 

It  is  well  known  that  positive  turbulent  shear  stress  uv 
induces  positive  production,  while  negative  turbulent  shear 
stress  exhibit  negative  production,  due  to  the  existence  of  the 
negative  mean  velocity  gradient  in  a  jet  shear  layer  region.  Until 
now,  this  phenomenon  of  negative  production  existed  in 
physical  space  has  only  been  detected  in  shear  layer  of  excited 
jet  (Hsiao  et  al,  1994),  but  distribution  of  negative  production  in 
both  frequency  space  and  physical  space  have  not  been  clear  yet 


f(Hz) 

FIGURE  2{c)  Variation  of  WuiVv[f  )/Uo  cross  the  jet  at  x/ba=^0 
in  a  plane  jet. 

In  this  paper,  the  near  field  characteristics  of  a  plane  jet  is 
studied  by  the  wavelet  Reynolds  stress.  Figure  2  shows  the 
distribution  of  the  wavelet  Reynolds  stress  along  y-direction  at 
x/b(/=2,  6  and  10.  The  values  of  the  wavelet  Reynolds  stress  are 
normalized  with  respect  to  the  exit  velocity  ,  while  the 
distance  y  is  normalized  by  the  nozzle  half  width  bo- 

At  xlbo=^2y  as  shown  in  Figure  2(a),  it  is  apparent  that  a 
positive-value  region  of  WuWvij^jvl  exits  at /=100//z  in  the 

shear  layer  (y/6/?=1.0),  which  indicates  the  maximum  turbulent 
energy.  In  the  neighborhood  of  this  area  two  negative  peaks  of 
WuWv{j^jul  (which  are  pointed  by  arrows)  are  observed  at 

/=100//z  and  110//z  around  y/5o=  1.2  and  1.0,  respectively.  It  is 
called  wavelet  Reynolds  stress  reversals.  Physically,  this 
behavior  signifies  that  fluctuation  energy  is  reversed  back  into 
the  mean  flow  at  two  frequencies  in  the  shear  layer,  and  results 
in  a  decrease  of  turbulent  energy. 

At x/bo=6  the  distribution  of  WuV/v{j')jul  along y-direction 
is  shown  in  Figure  2(b).  The  frequency  of  the  positive  peak  in 
WuWv[j )jul  aty=1.0ibo  decreases.  This  exhibits  the  growth  of 
eddies  in  the  shear  layer.  Comparing  to  x(b(^A,  two  evident 
negative  region  of  WuWvi^f^lul  become  a  peak  around /=60//z 

in  the  shear  layer  (y/Z?r?=1.0),  and  the  frequency  of  wavelet 
Reynolds  stress  reversals  decrease. 

The  variation  of  WuWv[f  at  the  downstream  location 
x/Z?^/=10  is  presented  in  Figure  2(c).  The  negative  regions  of 
WuWv{j )lul  appear  at /=35//z  near  central  line  and  at/=40//z 

in  the  shear  layer  (y/6o=l-5),  and  a  positive  peak  of  appears  at 
/=1.5//z  around  yIb(/=\.5.  At  this  location  the  potential  core 
fades,  and  the  region  of  the  wavelet  Reynolds  stress  reversals 
moves  toward  spreading  direction  and  central  line. 

T^e  interaction  between  positive  and  negative  production  at 
different  frequency  leads  to  the  eddy  formation  and  the  merging 
process  in  the  shear  layer,  and  dominates  the  jet  spreading  in  the 
developing  region. 
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Waveiet  Fluctuation  intensity 

The  transverse  direction  variation  in  the  wavelet  fluctuation 

intensity  of  )  and  at  j:/Z>o=6,  which  is 


normalized  with  respect  to  the  exit  velocity  Uo,  are  shown  in 
Figure  3.  The  wavelet  fluctuation  intensity  represents  the 
distribution  of  the  turbulent  energy  in  the  frequency  space,  the 
energy  at  various  frequencies  is  transferred  from  the  mean 


motion 

between 


directly  to 


The  interchange  of  energy 


is  associated  with  the  eddy 


interaction  mechanism,  i.e.  eddy  formation  and  the  merging 
process.  From  Figure  3(a),  it  is  evident  that  local  maxima  region 


f(Hz) 

FIGURE  4(b)  Variation  of  yVu^{f)lul  cross  the  jet  at 


in  ■(/)Ao  is  observed  from  yfb(f^Q  to  1 .0  around  f=30Hz, 

This  signifies  that  fluctuation  intensity  at  this  frequency  is  much 
more  intense  ranging  from  the  centerline  to  the  shear  layer,  and 
visualizes  that  the  energy  is  transferred  from  the  mean  motion  to 

)  with  this  frequency. 

The  distribution  of  atx/b(/=6  is  shown  in  Figure 

3(b).  It  is  found  that  the  position  of  local  maxima  region  of 
fluctuation  intensity  appears  at  f=50Hz  around  y/b(j=l.O.  This 

indicates  that  the  interchange  of  energy  between  and 

happens  at  this  frequency  in  the  shear  layer. 
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Wavelet  Triple  Veiocitv  Correlation 

The  variation  of  wavelet  triple  velocity  correlation 

{Wu'^Wv{f)lul  and  Wu^{f)jul  )  across  the  jet  are  shown  in 

Figure  4.  From  Figure  4(a)  it  is  found  that  Wu^Wv{f)lul 
attains  a  maximum  around  f-SOHz  at  y/Z?/?=1.0.  TTie  negative 
peak  of  Wu‘Wv{f)lul  appears  in  shear  layer  (yfbo=\,2)  around 
/=35//z,  which  results  from  the  fact  that  peaks  at 

positive  y  and  some  diffusion  of  (WV(/,/))^  with  /=35Hz 
towards  the  center  of  the  jet  occurs. 

Figure  4(b)  shows  the  distribution  of  Wu^{f)/ul  across  the 
jet.  Two  negative  peaks  with  f-35Hz  and  40Hz  are  observed 
around  y/6<>=0  and  0.5,  respectively. 

Wavelet  Flatness  Factors 

The  lateral  distribution  of  of  w-velocily  component  in 

both  frequency  and  physical  space  at  xlbo=6  is  shown  in  Figure 
5.  A  large  region  of  IVF(f)  that  is  larger  than  Gaussian  value  3 
is  observed  around/=30//z  ranging  {Tomy/b(j=0  to  1.0. 

CONCLUSIONS 

In  present  study,  in  order  to  study  the  characteristics  of 
statistics  in  both  frequency  and  physical  space,  the  definition  of 
the  wavelet  spatial  statistics  using  wavelets  are  developed.  Then, 
the  wavelet  spatial  statistics  are  used  to  analyzing  the  structure 
of  the  energy  transfer  over  a  two-dimensional  frequency-physics 
plane  in  a  plane  jet.  It  is  found  that  in  shear  layer  of  the  near 
field  the  behavior  of  wavelet  Reynolds  stress  reversals  are 
clearly  observed  at  several  frequencies  and  developed.  The 
frequency  of  wavelet  Reynolds  stress  reversals  decreases  toward 
downstream.  This  phenomenon  indicates  that  fluctuation  energy 
is  reversed  back  into  the  mean  flow,  and  the  interaction  between 
positive  and  negative  production  at  different  frequencies 
dominates  the  eddy  formation  and  the  merging  process  in  the 
developing  region. 


f(Hz) 

FIGURE  5  Variation  of  ^F{f)  cross  the  jet  at  x/bcf=6 
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ABSTRACT 

An  experimental  study  has  been  performed  on  a  shear-driven 
three-dimensional  turbulent  boundary  layer  over  a  rotating  disk 
with  an  impinging  jet  located  at  the  center  of  the  disk,  in  order 
to  investigate  the  turbulence  characteristics  of  the 
three-dimensional  turbulent  boundary  layer  developed  in  this 
flow.  A  relatively  strong  spanwise  flow  (radial  outflow) 
generated  from  the  impinging  jet  is  added  to  the  spanwise  flow 
induced  from  the  rotating  disk,  and  thus  the  mean  flow  direction 
is  significantly  changed.  Six  components  of  the  Reynolds 
stresses  are  measured  by  aligning  the  miniature  X-wire  probe 
to  the  mean  velocity  direction.  The  ratio  of  the  wall-parallel 
shear  stress  magnitude  to  the  turbulent  kinetic  energy  in  the 
near-wall  region  is  significantly  decreased  by  the  impinging  jet. 
In  the  case  of  the  free  rotating  disk  flow  the  shear  stress  vector 
lags  behind  the  mean  velocity  gradient  vector  in  the  whole 
boundary  layer,  while  the  lag  is  reduced  or  the  lead  occurs  as 
the  impinging  jet  speed  increases. 

INTRODUCTION 

Reynolds  stress  data  for  a  three-dimensional  turbulent 
boundary  layer  (3D  TBL)  of  a  flow  recovering  on  a  flat  plate 
behind  a  45°  swept  wing  were  first  reported  by  Bradshaw  and 
Terrell  (1969).  The  three-dimensionality  was  weak  with  a 
maximum  angle  of  9°  between  the  tunnel  axis  and  the  surface 
streamline.  When  the  flow  is  turned  by  an  obstacle,  the  adverse 
pressure  gradient  is  often  stronger  and  the  turning  is  more  rapid 
than  for  swept  wings.  Anderson  and  Eaton  (1989)  investigated 
a  3D  TBL  around  a  wedge  that  was  attached  to  the  wall  and 
pointed  against  the  upstream  direction.  Values  of  the  structure 
parameter  O]  were  as  low  as  0.03  and  the  ratio  of  the  spanwise 
to  streamwise  eddy  viscosity  was  as  low  as  0.2.  A  significant 
drop  in  aj  and  a  low  eddy  viscosity  ratio  were  also  found  by 
Dechow  and  Felsch  (1977).  The  Ekman  layer,  the  prototype 
of  planetary  boundary  layers,  was  simulated  by  Coleman  et  al. 
(1990).  In  the  free  stream,  the  pressure  gradient  is  perpendicular 


to  the  flow  direction  and  is  balanced  by  the  Coriolis  force.  The 
structural  parameter  profile  varied  greatly  and  was  mostly  below 
0.15.  The  difference  between  the  direction  of  the  Reynolds  shear 
stress  and  the  mean  velocity  gradient  was  small.  Littell  and 
Eaton  (1994)  performed  an  experiment  for  a  shear-driven  3D 
TBL  on  a  rotating  disk.  Profiles  of  the  Reynolds  stresses, 
normalized  with  the  friction  velocity,  collapsed  well  when 
plotted  against  the  distance  from  the  wall,  normalized  with  the 
momentum  thickness  for  different  values  of  the  rotation  speed. 
Conditional  averaged  two-point  correlation  was  also  performed. 

Consistent  findings  observed  in  most  3D  TBLs  are  the 
following: 

(1)  The  Townsend's  structural  parameter  is  lower  than  that  of 
two-dimensional  turbulent  boundary  layers. 

(2)  The  direction  of  the  wall-parallel  shear  stress  vector  does 
not  coincide  with  the  direction  of  the  mean  velocity  gradient 
vector.  That  is,  the  eddy  viscosity  concept  is  not  valid. 

The  objective  of  the  present  study  is  to  investigate  the 
turbulence  characteristics  of  the  shear-driven  three-dimensional 
turbulent  boundary  layer.  The  main  differences  of  the  present 
experiment  from  previously  studied  3D  TBL  experiments  are 
that  (1)  the  present  3D  TBL  is  a  quasi-equilibrium  3D  TBL 
in  which  the  three-dimensionality  is  applied  continuously  from 
the  origin  in  contrast  with  other  pressure-driven  3D  TBLs  where 
an  initial  2D  TBL  is  developed  to  a  3D  TBL  by  an  abrupt 
spanwise  pressure  gradient;  (2)  the  rotation  adds  the  Coriolis 
effect  to  the  basic  equation  and  changes  turbulence  structures; 

(3)  a  relatively  strong  spanwise  flow  (radial  outflow)  generated 
from  the  impinging  jet  is  added  to  the  spanwise  flow  induced 
by  the  rotating  disk  and  also  changes  turbulence  structures.  In 
the  present  study,  the  mean  velocity,  six  components  of  the 
Reynolds  shear  stresses  are  measured  using  the  hot-wire 
anemometry. 

METHOD 

A  schematic  of  the  experimental  setup  is  shown  in  Fig.  1, 
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Fig.  1  (a)  Schematic  of  the  experimental  setup: 
(b)  coordinate  system  used  in  the  present  study. 


Fig.  2  St  reamwise  velocity  prof  i  I  es  inwall  unit  (o.Rer 
=  5.0x10*,  Rej  =  0;  =  5.0x10*,  Rej  =  3.5xl0‘;  O  Rer  = 

5.0x10*,  Rej  =  7.0x10";  a  Rer  =  5.0x10%  Rej  =  1.05x10*;  • 
Rer=  1.0x10*,  Rej=  0;  uRer  =  1.0x10*,  T&y  =  3.5x10";  *  Rer 
=  1.0x10*,  Rej  =  7.0x10";  Rer  =  1.0x10*,  Rej  =  1.05x10*) 

mean  velocity  became  smaller  and  the  turbulence  intensity 
increased. 

The  r,  6  ,  y  components  in  the  cylindrical  coordinate  are 
transformed  to  z,  x,  y  components  in  the  cartesian  coordinate, 
respectively.  The  velocity  components,  Uy  (radial),  ue 
(tangential),  Uy  (wall-normal),  in  the  cylindrical  coordinate 
correspond  to  the  w  (spanwise),  u+rQ  (streamwise),  and  v 
(wall-normal)  velocity  components,  respectively,  where 
u=  Wfi— 


RESULT 


together  with  the  coordinate  system  used  in  this  study.  The  disk 
diameter  used  in  this  experiment  was  1  m  and  the  disk  surface 
was  polished  so  that  its  flatness  was  less  than  10  The 
vertical  fluctuation  of  the  disk  surface  at  r  =  490  mm  was  ±  1 8 
^m  and  the  horizontal  run-out  at  the  disk  periphery  was  ±  50 
^xm.  The  height  between  the  disk  surface  and  the  jet  exit  was 
fixed  at  31  mm,  the  diameter  of  the  Jet  exit  (D)  was  30  mm, 
and  the  measurement  location  was  r  =  0.421  m.  The  jet  speed 
(Uj=t)  were  0  m/s,  17.7  m/s,  35.3  m/s,  and  52.8  m/s  (Rej  =  UjetD/ 
1/  =  0,  3,5  X  10^  7.0  X  10^  1.05  x  10^)  at  each  disk  rotation 
speed  of  407  rpm  and  814  rpm  {Rer  —  Q  r  !  v  —  5.0  x  10  , 
I.O  X  10^ 

A  single  hot-wire  probe  (Dantec  55P1 1)  with  5  diameter 
was  used  to  determine  the  velocity  magnitude  and  flow  angle 
by  yawing  it.  The  uncertainty  in  measuring  flow  angles  was 
within  ±  1.5°.  Turbulence  data  were  measured  using  a 
custom-made  X-wire  probe.  A  2.5  /zm  platinum-coated 
tungsten  wire  which  had  been  copper-plated  was  soldered  on 
the  X-probe  prong  and  subsequently  etched  for  an  active  length 
to  diameter  ratio  of  200.  The  wire  spacing  was  0.34  mm  and 
the  measurement  volumes  of  the  X-wire  probe  in  the  wall  unit 
were  nearly  /"  =  18  and  34  for  the  free  rotating  disk  speeds 
of /?er  =  0.5  X  10^  and  1.0  x  10^  respectively.  Six  components 
of  the  Reynolds  stresses  are  measured  by  rolling  the  miniature 
X-wire  probe  to  be  placed  at  four  different  roll  angles  with 
the  probe  stem  aligned  in  the  mean  velocity  direction.  The 
uncertainty  of  the  turbulence  statistics  measured  with  the  X 
hot-wire  near  the  wall  was  the  same  as  the  uncertainty  estimated 
with  an  X  hot-wire  of  Dantec  according  to  Anderson  and  Eaton 
(1989),  i.e.  had  5%  uncertainty,  wV,  uw 

10%,  and  15%.  However,  as  the  probe  moved  away  from 

the  wall,  the  uncertainty  is  supposed  to  rise  because  the  local 


MEAN  VELOCITY 

Figure  2  shows  the  streamwise  velocity  distribution  in  wall 
units.  In  this  figure  the  solid  line  represents  the  law  of  the  wall 
in  2D  TBL,  where  the  van  Driest  model  is  applied  to  the  buffer 
region.  Here  ——  ujut  ,  =  yujv  and  is  the 

friction  velocity  defined  by  U'4  c’//2.  The  present  data  is 
fitted  to  the  log  law  to  find  the  friction  velocity.  In  the  present 
study,  the  wake  region  appeared  in  a  2D  TBL  under  the  adverse 
pressure  gradient  is  absent.  The  absence  of  the  wake  region 
appears  in  a  favorable  pressure  gradient  boundary  layer.  This 
result  agrees  to  that  of  Littell  and  Eaton's  free  rotating  disk 
flow  (1994).  Therefore,  the  flow  in  the  present  study  may  be 
regarded  as  a  favorable  pressure  gradient  type  flow.  However, 
the  reason  that  the  wake  region  is  absent  remains  unclear, 
because  the  flow  over  the  rotating  disk  cannot  support  any 
streamwise  pressure  gradient  owing  to  the  symmetry.  Figure 
2  shows  that  as  the  jet  Reynolds  number  increases,  the  data 
is  deviated  from  the  law  of  the  wall.  It  is  not  clear  whether 
the  law  of  the  wall  is  valid  in  the  present  flow.  Therefore,  the 
method  of  finding  based  on  the  law  of  the  wall  must  be 
verified  by  directly  measuring  the  wall-shear  stress. 

Figure  3  shows  the  nondimensionalized  streamwise  and 
spanwise  velocity  profiles.  As  the  ratio  of  the  jet  Reynolds 
number  to  the  rotation  Reynolds  number  {^—Re^lRej) 
increases,  the  streamwise  velocity  profile  becomes  a  little  fuller 
shape,  and  the  nondimensionalized  maximum  spanwise  velocity 
CwiU)^  and  the  y-directional  height  at  the  maximum 
velocity  (y/52)max  also  increase.  As  shown  in  Fig.  3(b),  at 
low  jet  Reynolds  numbers,  the  spanwise  flow  is  mainly 
generated  by  the  centrifugal  force  induced  from  the  rotating 
disk,  while  a  relatively  strong  spanwise  flow  generated  from 
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Fig.  3  Mean  velocity  profiles  in  the  rotating 
coordinate  system:  (a)  streamwise  velocity;  (b) 
spanwise  velocity.  Legends  are  the  same  as  in  Fig.  2. 

the  impinging  jet  is  added  at  high  Jet  Reynolds  numbers. 

Figure  4  shows  the  hodograph  of  the  wall  parallel  mean 
velocity  components,  —  u  and  w  .  This  hodograph  was  used 
by  Johnston  (1960)  to  develop  his  own  triangular  model  on 
3D  TBL.  In  Fig.  4,  ~wl  U  shows  a  typical  behavior  of  3D 
TBL  flow;  w  starts  to  fall  after  passing  ^e  peak  as  the  probe 
approaches  the  wall.  As  $  increases,  the  peak  is  formed  at 
higher  value  of  —~iil  U  and  the  spanwise  velocity  decreases 
rapidly  in  the  outer  region  of  the  boundary  layer.  When  a  profile 
drops  linearly  to  the  zero  point  near  the  wall,  this  flow  is  a 
collateral  flow  which  has  no  twisting  of  the  velocity  vector. 
However,  when  the  second  derivative  of  a  profile  is  not  zero, 
then  the  flow  is  a  three-dimensional  flow  over  the  whole  range 
of  the  boundary  layer.  Recently  Degani  et.  al.  (1992)  showed 
by  using  an  asymptotic  analysis  that  flow  became  collateral  near 
the  wall  for  the  three-dimensional  turbulent  boundary  confined 
to  large  Reynolds  number  near  a  plane  of  symmetry. 
Unfortunately  it  cannot  be  clarified  here  owing  to  the  absence 
of  the  experimental  data  near  the  wall.  For  a  small  turning  angle 
(  sinr  =5?  y  i.e.  y  <  15°),  the  following  SWH  model  (Squire 
and  Winter  (1951),  and  Hawthorne  (1951))  can  be  used  to 
evaluate  the  spanwise  velocity  magnitude  in  the  outer  region 
of  the  boundary  layer: 


The  solid  lines  in  Fig.  4  represent  the  SWH  model.  The  SWH 
model  overestimates  the  spanwise  velocity  as  shown  in  Fig.  4. 

REYNOLDS  STRESSES 


Fig.  4  Hodograph  of  wal  I  parallel  velocities.  Legends 
are  the  same  as  in  Fig.  2. 

Figure  5  shows  the  streamwise,  spanwise,  and  wall-normal 
Reynolds  normal  stresses  in  the  outer  layer.  Unlike  the 
free-rotating  disk  flow  by  Littell  and  Eaton  (1994),  the  friction 
velocity  and  momentum  thickness  are  not  proper  parameters 
for  the  normalization  of  the  present  flow.  Therefore,  all  the  data 
are  shown  in  real  scales.  Because  the  error  of  the  hot-wire 
measurement  is  large  at  the  edge  of  the  boundary  layer,  the 
experimental  data  are  shown  within  y  =  25  mm.  As  ^ 
increases,  and  increase,  while  y  ^  shows  little 

variation  near  the  wall  but  large  increase  away  from  the  wall. 

Figure  6  shows  the  Reynolds  shear  stresses.  As  the  Jet 
Reynolds  number  increases,  uv  is  suppressed  near  the  wall, 
while  it  increases  away  from  the  wall.  Below  y  =  10  mm, 
vw  is  smaller  than  uv  ,  but  at  large  g  and  y  >  10  mm 
vw  is  larger  than  uv  ,  which  is  due  to  the  existence  of 
the  spanwise  mean  velocity  gradient  in  this  range,  v  w  is 
negative  near  the  wall,  because  the  sign  of  the  spanwise  mean 
velocity  gradient  changes  from  a  negative  value  to  a  positive 
value  near  the  wall.  The  height  where  v  w  -  0  should  be 
the  height  where  d  widy  =  0  in  order  that  the  eddy  viscosity 
model  assumption  should  be  satisfied.  However,  in  this  study 
y— =0  is  slightly  less  than  y The  profile  of  vw 
has  a  distinct  peak  and  the  peak  moves  away  from  the  wall 
as  the  Jet  Reynolds  number  increases.  This  is  related  to  the 
fact  that  the  height  where  the  spanwise  velocity  gradient  is  equal 
to  zero  moves  away  from  the  wall  as  the  Jet  Reynolds  number 
increases  (Fig.  3(b)).  Figure  6(c)  shows  the  profile  of  uw  . 
As  $  increases,  uw  is  smaller  near  the  wall,  while  uw  is 
larger  at  y  >  15  mm. 

STRUCTURAL  PARAMETERS 

The  ratio  of  the  wall-parallel  normal  stress  magnitude 
u'^^  w’^  to  the  wall-normal  stress  is  shown  in  Fig. 
7.  The  rise  of  this  stress  ratio  implies  the  reduction  of  the  eddy 
coherence  (Schwarz  and  Bradshaw  (1994)).  In  the  free  rotating 
disk  flow  the  stress  ratio  monotonically  increases  as  y  increases, 
which  agrees  with  the  result  of  Littell  and  Eaton  (1994).  When 
the  Jet  speed  increases,  a  peak  is  formed  and  moves  to  the  wall. 
The  decrease  of  the  stress  ratio  after  the  peak  may  be  related 
to  the  increase  of  the  eddy  coherence  due  to  the  formation  of 
the  relatively  strong  and  thick  spanwise  flow.  Considering  that, 
as  the  wall-normal  distance  increases,  the  ratio  of  stresses 
monotonically  decreases  in  2D  TBL  (Klebanoff  (1955))  and 
most  of  other  3D  TBLs  (Anderson  and  Eaton  (1989),  Bradshaw 
and  Pontikos  (1985)),  the  turbulence  structure  of  the  present 
flow  is  basically  different  from  other  flows. 
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Fig.  5  Reynolds  normal  stresses:  (a)  (b)  v’^\  (c) 

Legends  are  the  same  as  in  Fig.  2 

A  parameter  representing  the  characteristics  of  turbulence 
structures  is  the  Townsend's  structural  parameter  ai.  This  is 
defined  as  the  ratio  of  the  wall  parallel  turbulent  shear  stress 
vector  magnitude  to  twice  the  turbulent  kinetic  energy  and  is 
invariant  to  the  rotation  about  the  wall-normal  axis: 


This  parameter  represents  the  efficiency  of  eddies  which 
produce  the  turbulence  shear  stress  at  a  given  turbulent  kinetic 
energy.  In  case  of  2D  TBL,  the  structural  parameter  has  a  nearly 
constant  value  of  0.15.  However,  the  value  of  ai  generally 
decreases  in  the  presence  of  the  mean  spanwise  flow.  Figure 
8  shows  the  structural  parameter  ai  of  the  present  study.  In 
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Fig.  6  Reynolds  shear  stresses:  (a)  uv  \  (b)  vw\ 
(c)  uw\  Legends  are  the  same  as  in  Fig.  2 

case  that  the  spanwise  flow  increases  or  ^  increases,  ai 
decreases  near  the  wall.  It  is  attributed  to  the  large  increase 
of  the  turbulent  kinetic  energy  compared  to  the  increase  of  the 

wall  parallel  Reynolds  shear  stresses  7  (  uv'f'  +  (  v  as 
shown  in  Figs.  5  and  6.  Therefore,  the  presence  of  the  spanwise 
flow  reduces  the  efficiency  of  the  eddies  which  produce  the 
turbulent  shear  stress.  In  the  case  of  the  free  rotating  disk  flow, 
monotonic  drop  in  ai  is  observed  over  the  boundary  layer  as 
y  increases,  However,  in  the  case  of  large  's,  aj  increases 
after  monotonic  fall  due  to  the  increase  of  the  shear  stress 
vw  as  shown  in  Fig.  6(b).  In  Spalart  and  Watmuff  (1993), 
the  reduction  of  a i  is  observed  in  the  2D  TBL  with  an  adverse 
pressure  gradient.  However,  in  the  present  study  the  reduction 
of  c;  is  caused  by  the  increasing  spanwise  flow  near  the  wall 
rather  than  by  an  inactive  motion  in  adverse  pressure  gradient 
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Fig.  7  Normal  stress  ratio.  Legends  are  the  same  as  in 
Fig.  2. 
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Fig.  8  Townsend's  structural  parameter  oi. Legends  are 
the  same  as  in  Fig.  2. 

(Littell  and  Eaton  (1994)). 

The  deviation  from  the  isotropic  eddy-viscosity  model  can 
be  shown  by  using  the  eddy-viscosity  ratio  Ne,  which  is  defined 
as  the  ratio  of  the  spanwise  viscosity  coefficient  to  the 
streamwise  viscosity  coefficient: 


uv'liduldy) 


(3) 


When  Ne  -  I,  the  isotropic  eddy-viscosity  model  is  satisfied, 
while  Ne<  I  means  that  the  direction  of  the  shear  stress  vector 
lags  behind  the  direction  of  the  mean  velocity  gradient  vector. 

Figures  9(a)  and  (b)  show  the  eddy-viscosity  ratios  in  the 
free  rotating  disk  flow  and  rotating  disk  flow  with  an  impinging 
jet,  respectively.  While  the  shear  stress  vector  lags  behind  the 
mean  velocity  gradient  vector  over  the  entire  boundary  layer 
in  the  free  rotating  disk  flow,  the  lag  of  the  shear  stress  vector 
is  reduced  as  the  spanwise  flow  increases.  In  the  case  of  Rer 
-  5.0  X  10^  and  Rej  -  1.05  x  10^  in  which  the  most  strong 
spanwise  flow  is  formed,  the  shear  stress  vector  leads  over  the 
boundary  layer  except  the  near-wall  region. 

The  Prandtl's  mixing  length  in  2D  TBL  can  be  extended  to 
3D  TBL  as  follows  (Cebeci  and  Smith(1974)): 


[  ( d  ujdyY  +  {d  wj By) 


This  mixing  length  is  invariant  with  respect  to  the  rotation  about 
the  wall-normal  axis.  Figure  10  shows  the  mixing  length  of 


4.0 

3.5 
3.0 

2.5 

Nc  2.0 

1.5 
1.0 
0.5 
0.0 

0  5  10  15  20  25 

y  (mm) 

(b) 

Fig.  9  Eddy-viscosity  ratio:  (a)  free  rotating  disk 
flow;  (b)  rotating  disk  flow  with  an  impinging  jet. 
Legends  are  the  same  as  in  Fig.  2. 
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Fig.  10  Prandtl's  mixing  length.  Legends  are  the  same 
as  in  Fig.  2. 

the  flow  together  with  a  solid  line  which  represents  the  mixing 
length  in  2D  TBL.  A  mixing  length  smaller  than  /  =  0.4 ly 
indicates  suppression  of  the  wall-parallel  shear  stress 
magnitude.  In  free  rotating  disk  flow,  the  mixing  length  is 
shorter  and  the  region  of  a  constant  mixing  length  is  thinner 
than  in  2D  TBL.  A  similar  trend  is  also  seen  in  pressure-driven 
3D  TBL.  As  R  increases,  the  mixing  length  also  increases 
due  to  the  increase  of  the  wall-parallel  shear  stress  magnitude. 

CONCLUSION 

An  experimental  study  has  been  performed  on  a  shear-driven 
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three-dimensional  turbulent  boundary  layer  over  a  rotating  disk 
with  an  impinging  jet  located  at  the  center  of  the  disk,  in  order 
to  investigate  the  turbulence  characteristics  of  the 
three-dimensional  turbulent  boundary  layer  developed  in  this 
flow.  The  following  conclusions  are  obtained  from  the  present 
study:  _  _ 

( 1 )  Two  wall-parallel  Reynolds  shear  stresses,  u  v  and  v  w 
are  largely  affected  by  the  jet  impingement.  The  primary 
Reynolds  shear  stress  uv  is  suppressed  near  the  wall  as  the 
jet  speed  increases.  The  maximum  position  of  the  secondary 
shear  stress  v  w  moves  away  from  the  wall  as  the  jet  speed 
increases. 

(2)  When  the  jet  speed  increases,  the  Townsend's  structural 
parameter  ai  decreases  near  the  wall,  where  the  strong  spanwise 
flow  reduces  the  efficiency  of  the  eddies  which  produce  the 
shear  stress. 

(3)  In  the  free  rotating  disk  flow  the  shear  stress  vector  lags 
behind  the  mean  velocity  gradient  vector  over  the  whole 
boundary  layer,  while  the  lag  of  shear  stress  vector  is  reduced 
or  the  lead  occurs  as  the  jet  speed  increases. 
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ABSTRACT 

The  influence  of  the  proximity  of  a  wall  on  the 
development  of  an  axi-symmetric  jet  and  the  consequences  of 
this  on  the  evolution  and  dynamics  of  coherent  structures  is  the 
subject  of  this  paper.  Mean  veloci^  hot  wire  data  and  flow 
visualisation  are  used  to  infer  some  basic  characteristics  of  the 
effects  of  wall-to-jet  distance.  The  anisotropic  spread  rates  are 
foiind  lo  depend  on  the  distance  above  the  wall,  the  wall 
parallel  spread  rate  being  greater  than  the  wall  normal. 
Coherent  structure  detection  techniques  have  been  applied;  the 
results  from  this  component  of  the  study  will  be  presented  at 
the  meeting. 

INTRODUCTION 

Three  dimensional  wall  jets  have  been  widely 
investigated.  Launder  and  Rodi  (1983),  Pollard  and  Schwab 
(1986),  Matsuda  et  al.  (1990),  Sullivan  and  Pollard  (1996).  In 
all  these  cases,  the  jets  were  flush-mounted  with  the  wall  (non¬ 
elevated)  and  the  nozzles  were  flush  with  a  back  plane  to  stop 
entrainment  from  behind  the  nozzle  exit  plane.  Matsuda  et  al, 
who  used  a  round  nozzle,  and  Sullivan  and  Pollard,  A^iio  used  a 
10:1  aspect  ratio  rectangular  jet,  found  near  field  coherent 
structures,  vfech  are  formed  in  the  jet,  became  distorted  and 
stretched  though  interaction  with  the  wall. 

The  evolution  of  a  round  jet  situated  above  a  plane  wall 
has  received  some  attention,  Davis  and  Winarto  (1980),  vdio 
investigated  the  effect  of  elevating  an  axisymetiic  jet  from  the 
wall;  however,  their  nozzle  did  not  appear  to  be  attached  to  a 
back  plane.  These  authors  concentrated  on  the  distribution  of 
the  mean  and  some  turbulence  stresses  in  the  far  field  of  the  jet 
(X/D  —  48).  They  suggest  that,  in  the  far  field,  the  large  lateral 
spread  rate,  which  far  wall  exceeds  the  spread  in  the  plane 
perpendicular  to  the  wall,  is  due  to  large  scale  motion  in  which 
components  of  velocity  directed  towards  or  away  from  the 
surface  are  associated  with  outflow  or  inflow  along  the  surface. 

The  round  jet  is  a  canonical-type  flow,  and  the 
distribution  and  evolution  of  coherent  structures  in  it  continue 
to  attract  close  scrutiny,  from  experiments,  Citriniti  (1995),  and 


from  the  simulation  community,  see,  for  example,  Lasheras  and 
Meiburg  (1991).  These  investigations  reveal  that  these  jets 
consist  of  ring-type  vortices  that  undergo  a  variety  of  instability 
mechanisms  (see  Fiedler  1996)  to  produce  a  corrugated 
structure.  Citriniti’s  data  suggest  in  the  round  jet  there  are 
features  consistent  with  the  corrugations,  or  lobes,  that  link  one 
vortex  to  its  predecessor  that  exhibit  features  of  longitudinal 
vorticity.  It  is  suggested  here  the  entrainment  and  the 
subsequent  evolution  of  these  structures  is  impaired  by  the  wall 
in  the  near-field  and  leads  to  the  effects  in  the  far  field  noted  by 
Davis  and  Winato  (1980). 

The  aim  of  this  work  is  to  investigate  how  the  presence 
and  proximity  of  the  wall  affects  the  near  field  development  of 
a  jet  and  how  the  jet  transitions  from  a  free  jet  into  a  wall  jet 
vhiile  the  wall  can  be  expected  to  alter  the  jet  structure  in  the 
near  field,  the  identification  of  this(ese)  structure(s)  after  the 
jet  has  merged  with  the  wall  needs  investigation. 

EXPERIMENTAL  DETAILS 

A  low  speed  air  jet  is  fed  from  a  settling  chamber  through 
a  25:1  area  contraction  to  a  7.1  cm  diameter  nozzle.  The  nozzle 
is  attached  to  a  back  plane  that  allows  the  vdiole  nozzle  and 


Figure  1:  Schematic  of  the  wall-jet  facility.  X,  Y  and  Z 
are  axial,  wall-normal  and  span-wise  (transverse)  coordinates 
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settling  chamber  assembly  to  be  moved  vertically  relative  to  a 
fixed  wall.  A  schematic  of  the  facility  is  given  in  figure  1. 

The  jet  to  wall  distances  considered  here  are  h/I>=l,  2 
and  3.  The  interrogation  volume  spans  16,  2.5  and  +/-  3 
diameters  in  the  axial,  wall  normal  and  jet  span  (parallel  to  the 
wall)  direction,  respectively.  It  is  important  to  recognize  that 
results  are  presented  using  a  Cartesian  system  as  oppose  to 
either  a  cylindrical-polar  coordinate  system  or  one  that  uses  the 
local  jet  coordinates.  The  origin  of  the  coordinate  system  is  on 
the  wall  below  the  jet  centerline. 

The  jet  exit  velocity  was  20  m/s,  vAdch  corresponds  to  a 
Reynolds  number  of  Re=9.0  x  10^.  Velocity  data  were  ^uired 
using  rakes  of  hot  wire  probes,  which  consisted  of  a  single  X- 
probe  and  five  single  hot  wires,  arranged  in  a  line  either 
perpendicular  or  parallel  to  the  wall.  The  nominal  separation 
between  the  probes  is  4  mm,  and  this  corresponds  to  about  0.1 
integral  length  scales  when  the  wires  are  located  4  diameters 
downstream  of  the  jet  exit  The  minimum  wall-towire  distance 
is  about  0.1 8D,  thus  the  very  near-wall  details  of  the  wall  flow 
can  not  be  resolved. 

The  spectra  of  u  and  v  were  measured  for  wall  to  jet 
centre-line  displacement  h/D=l.  The  vortex  shedding  frequency 
is  100  Hz,  which  gives  a  Strouhal  number,  St  =  fDAJ  =  0.355. 
This  places  the  jet  well  inside  the  preferred  mode  of  excitation 
for  round  jet,  0.2<  St  <0.6,  Fiedler  (1996)  and  is  in  accord  with 
l^tsuda  et  al.  (1990). 

PRESENTATION  AND  DISCUSSION  OF  RESULTS 

The  evolution  of  the  axial  mean  velocity  profiles  on  the 
central  plane  of  the  jet  for  jet  heights  h/D=l,  2  &  3  are  shown 
in  figures  2a,  b,  c.  A  comparison  of  these  three  cases  indicates 
that  the  effect  of  the  wall  on  jet  development  is  more 
pronounced  for  the  h/E>=l  case,  as  expected. 

The  contours  of  mean  velocities  at  four  Y-Z  planes  are 
displayed  in  figure  3,  for  h/D=l  and  in  figure  4  for  h/E^2.  All 
velocities  are  normalised  using  the  maximum  axial  mean 
velocity  on  the  given  plane,  Um-  The  distance  from  the  wall  to 
the  position  of  the  local  maximum  axial  mean  velocity,  ymax, 
decreases  with  axial  distance,  as  indicated  by  the  contour  plot 
of  axial  mean  velocity  in  the  X-Y  wall-normal  plane,  figure  5, 
for  h/I>l.  At  both  jet  heights,  the  spread  in  the  wall  normal 
and  wall  parallel  directions  is  symmetric  up  to  X/I>=3; 
thereafter,  the  wall  influence  is  evident,  particularly  in  the 
lateral  spread  of  the  h/D=l  case  at  farther  downstream 
locations.  The  magnitudes  of  the  wall  normal  mean  velocity,  V, 
display  expected  bi-planar  synunetry.  At  h/E>=l,  these 
velocities  indicate  a  positive  (away  from  the  wall)  peak  value 
in  the  centre,  surrounded  by  a  field  of  negative  V.  This 
indicates  the  positive  peak  in  V  above  the  jet  centreline,  noted 
at  h/D=2,  has  growm  This  is  consistent  with  the  decrease  in 
ymix  and  that  at  h/D=2,  the  jet  contacts  the  wall  at  greater  X/D 
than  in  the  h/D=l  case.  The  spanwise  mean  velocity  contours 
indicate  trends  similar  to  those  observed  for  the  V  velocity.  The 
W-contours,  for  h/D=l,  indicate  that  early  in  the  jet 
development  the  wall  influence  alters  both  the  magnitude  and 
the  gradients  in  the  wall  parallel  velocity.  The  increase  in 
lateri  spread  noted  from  the  axial  mean  velocity  contours  can 
be  relat^  to  the  negative  lateral  (away-from-the-centreline 
wall  parallel)  velocity,  combined  with  negative  (towards-the- 
wall)  off-axis  wall  normal  velocities. 

The  near  field  behaviour  of  this  jet,  for  the  h/D=0  case, 
has  been  more  extensively  investigated  (e.g.,  Ewing  et 
al.,1997).  The  flow  visualisation  from  this  study  indicate  the  jet 
evolves  into  a  shape  reminiscent  of  a  pie  in  cross-section 


similar  to  that  shown  in  figure  2  of  Davis  and  Winarto  (1980). 
A  photograph,  taken  in  the  Y-Z  plane  at  X/D=6  is  given  in 
figure  6.  The  picture  illustrates  the  instantaneous  realisation  of 
the  flow,  and  highlights  the  vericose  entrainment  surface,  the 
ejection  of  fluid  in  the  wall  parallel  direction.  While  this 
picture  represents  the  flow  for  the  limiting  case  of  h/D=0,  it 
remains  to  be  determined  if  the  present  situation  where  the  jet 
is  elevated  above  the  wall  produces  similar  behavioxir.  Pictures 
for  the  present  case  of  h/D>0  are  not  available  at  the  time  the 
paper  was  written;  a  video  will  be  presented  at  the  conference. 


b,  c 

Figure-2  :  Profiles  of  mean  velocity  (X-Y  plane  )  at  different 
distance  from  the  jet  exit  and  for  the  three  heights  of  the  jet :  a) 
h=3D,  b)h=2D,  c)h=lD. 


P3-114 


Figure  3:  Contours  of  mean  velocities,  h/I>=l.  (a)  U/Um;  (b)  V/  Um;;  (c)  W/  Um-  The  +/-  signs  indicate:  V  positive:  away-from- 

Um;;  (c)  W/  Um.  The  +/-  signs  indicate:  V  positive:  away-from-  the-wall  V;  W  negative:  away-from-the-centreline  W. 

the-wall  V;  W  negative:  away-from-the-centreline  W.  Centreline  is  left  and  wall  is  bottom. 

Centreline  is  left  and  wall  is  bottom. 
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It  is  hypothesised  though  that  a  similar  interaction  may 
play  an  important  role  in  creating  the  anisotropic  spread  rate  in 
the  elevated  wall  jet  To  investigate  this  aspect,  conditional 
averaged  measurements  have  been  done,  using  the  WAG 
method  of  Antonia  ct  al.  (1987).  ,The  findings  from  this 
component  of  the  study  will  be  presented  at  the  meeting. 


Figure  6:  Flow  visualisation  of  CO2  vapour  ait  about  X/I>=6, 
for  h/D=0.  from  Ewing  et  al.  (1997).  Flow  is  out  of  page,  view 
is  about  45  degrees  above  and  to  one  side  of  the  main  flow 
axis.  Note  the  ejection  of  vapour  in  the  spanwise  direction, 
parallel  to  wall;  the  wall  is  hi^ighted  by  bright  streak  of  laser 
light 

CONCLUSION 

Experimental  results  describing  the  effect  of  the 
proximity  of  a  wall  on  the  evolution  of  an  axi-symmetric  jet 
have  been  presented.  The  mean  velocity  measurements  show 
that  the  spread  in  the  span  wise  direction  is  increased  with 
proximity  of  the  jet  to  the  wall.  The  flow  visualization 
experiment  reveals  the  existence  of  a  large  scales  features 
resulting  from  the  interaction  of  rink  vortex  and  the  wall.  These 
events  await  the  application  of  a  detection  scheme,  which  will 
be  reported  at  the  meeting. 
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VELOCITY  STRUCTURE  FUNCTIONS  IN  A 
TURBULENT  PLANE  JET 


B.  R.  Pearson  and  R.  A.  Antonia 
Department  of  Mechanical  Engineering 
University  of  Newcastle,  N.S.W.  2308,  Australia 


Abstract 

Measurements  have  been  made  of  moments,  up  to  order 
eight,  of  the  longitudinal  velocity  increment  on  the 
centreline  of  a  turbulent  plane  jet  in  the  self-preserving 
region  of  the  flow.  The  Taylor  microscale  Reynolds 
number  Rx  is  in  the  range  600-1200.  The  magnitude 
of  Cti,  the  scaling  exponent  for  {{Su)^)  in  the  inertial 
range  (IR),  has  been  obtained  from  either  the  conven¬ 
tional  method  (by  plotting  ((^u)”)  vs  r)  or  the  ex¬ 
tended  self-similarity  (ESS)  technique,  where  (|^u|”)  is 
plotted  against  (15u|^).  The  former  estimates  increase 
shghtly  with  Rx  while  the  latter  do  not  depend  on  Rx ; 
this  discrepancy  appears  to  reflect  the  slight  difference 
between  {(^u)^)  and  (|^u|^)  in  the  inertial  range.  Mea¬ 
surements  of  both  6u  and  6v  (where  v  is  the  lateral 
velocity  fluctuation)  were  made  at  Rx  =  600.  The  IR 
scaling  exponents  of  6v  are  significantly  smaller  than 
those  of  The  likely  dependence  on  Rx  of  Cv  is  dis¬ 
cussed.  The  departure  from  isotropy  in  the  inertial 
range  is  also  discussed. 

1  Introduction 

Significant  attention  has  been  given  to  the  phe¬ 
nomenology  of  small  scale  turbulence  since  the  obser¬ 
vation  of  Batchelor  and  Townsend  (1949)  that  the  tur¬ 
bulent  energy  dissipation  rate,  e,  is  intermittent.  The 
Rx  dependence  of  small  scale  turbulence  has  received 
particular  attention.  Recently,  a  series  of  experiments 
in  the  same  apparatus  with  low  temperature  helium  as 
the  working  fluid,  over  a  large  Rx  range,  was  completed 
(Tabeling  et  al.  1996;  Willaime  et  al.  1996).  They  ob¬ 
serve  an  increase  in  —Su ,  the  skewness  of  the  velocity 
derivative,  and  the  flatness  factor  of  the  velocity 
derivative,  with  Rx  only  up  to,  «  700.  For  larger  Ra, 
their  data  suggest  that  —S^  and  may  in  fact  de¬ 
crease.  They  consider  Rx  »  700  to  be  a  transitional 
Reynolds  number,  above  which  the  turbulence  becomes 
less  intermittent  in  the  dissipative  range,  possibly  as  a 
result  of  the  weakening  or  breakdown  of  strong  vor¬ 
tex  filaments  which  are  more  coherent  for  Rx  <  700. 
This  Rx  trend  contrasts  that  reported  earlier  by  Van 
Atta  and  Antonia  (1980)  and  recently  reassessed  and 
confirmed  by  Sreenivasan  and  Antonia  (1997). 


Another  extensively  studied  aspect  of  small  scale  tur¬ 
bulence  —  not  unrelated  to  the  first  —  is  the  behaviour 
of  (((5u)”)  =  {[u(a:  -hr)  —  u(x)]'^)  in  the  inertial  range. 
This  quantity  exhibits  a  power-law  behaviour  in  the 
IR,  viz. 

((6u)")~r^*W  , 

The  magnitude  of  the  exponent  Cu  (^i)  increasingly  de¬ 
parting  from  the  Kolmogorov  (1941)  or  K41  predic¬ 
tion  Cu(^)  =  as  n  increases.  This  anomalous  scal¬ 
ing  (e.g.  Anselmet  et  al  1984;  Vincent  and  Meneguzzi 
1991)  may  be  thought  to  be  the  signature  of  small-scale 
intermittency  (e.g.  Sreenivasan  and  Antonia  1997). 
There  is  a  significant  body  of  evidence  to  suggest  that 
Cu  does  not  depend  on  Rx^  Arneodo  et  al.  (1996)  ob¬ 
tained  estimates  of  ,  the  exponent  associated  with 

(|5«r)  ~  , 

using  the  extended  self-similarity  (ESS)  method  of 
Benzi  et  al.  (1993),  for  different  flows  and  Reynolds 
numbers  (30  <  Rx  <  5000).  The  magnitudes  of  Cu 
and  nearly  equal,  making  it  unnecessary  to 

distinguish  between  Cu  and  The  results  pointed  to 
a  universal  distribution  of  Cu(^)*  As  noted  by  Cilib- 
erto  et  al.  (1996),  this  universality  is  unlikely  to  apply 
in  non-homogenous  and  non-isotropic  situations,  e.g. 
the  near- wall  region.  The  present  authors  (Antonia 
and  Pearson  1997)  have  observed  that  the  magnitudes 
of  Cv(7i)  and  Cuj(n),  the  exponents  associated  with  the 
transverse  velocity  components  v  and  w  respectively, 
are  significantly  smaller  than  those  of  Cu(^)  at  least  for 
the  particular  flow  (cylinder  wake,  Rx  ^  230)  which 
they  investigated.  It  seems  unlikely  that  Cv,  Cw  (or 
Ce  where  6  is  the  temperature  fluctuation)  do  not  de¬ 
pend  on  Rx  —  at  least  for  laboratory  turbulent  shear 
flows.  Another  issue  of  relevance  is  how  to  interpret 
the  anomalous  scaling  of  different  velocity  increments 
in  the  context  of  a  departure  from  isotropy  of  IR  scales. 

In  this  paper,  we  reexamine  the  issue  of  the  Rx  de¬ 
pendence  through  measurements  of  the  longitudinal 
structure  function  (n  <  8)  in  the  same  flow  (a  plane 
jet).  The  focus  on  the  same  flow  —  as  for  the  Tabeling 
et  al.  experiment  —  avoids  the  effect  of  possibly  differ¬ 
ent  large-scale  anisotropies,  associated  with  different 
flows,  on  small-scale  structure  statistics.  Although  the 
Rx  range  considered  is  not  large  (600-1200)  it  is  ad- 
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equate  in  the  sense  that  it  straddles  the  transitional 
zone  observed  by  Tabeling  et  al.  (1996). 

We  assess  the  Rx  dependence  of  both  Cu  and  Q  since 
a  small  difference  in  IR  behaviour  has  been  observed 
(e.g.  Herweijer  1995)  between  ((5u)^)  and  (|^u|^) 
and,  whereas  Kolmogorov’s  (1941)  equation  predicts 
{{6u)^)  ~  r  in  the  IR,  there  is  as  yet  no  theoretical 
justification  for  (|i5up)  ~  r. 

2  Experimental  Details 

Two  different  wind  tunnels  and  nozzle  geometries  were 
used  for  generating  the  plane  jets.  Both  tunnels  were 
supplied  by  variable  frequency  controlled  centrifugal- 
type  blowers.  The  more  extensive  measurements  were 
made  with  a  single  hot  wire,  downstream  of  a  two- 
dimensional  nozzle  (two-dimensional  contraction  ratio 
of  10,  width  h  =  165  mm).  X-wire  measurements  were 
made  in  a  jet  exiting  from  a  two-dimensional  contrac¬ 
tion  (ratio  =  14)  with  /i  =  42  mm. 

For  h  =  165  mm,  u  was  measured  at  x  =  50/i 
from  the  nozzle  exit  plane.  The  jet  exit  velocity,  Uj, 
could  be  vaxied  in  the  range  5  m/s  to  30  m/s.  The 
turbulence  Reynolds  number,  Rx  (=  w'A/i^),  at  the 
measurement  station,  ranged  from  800  to  1400;  A  is 
the  longitudinal  Taylor  microscale,  u'  is  the  rms  lon¬ 
gitudinal  velocity  and  u  is  the  kinematic  viscosity  of 
air.  The  Kolmogorov  length  scale,  t?  (= 
ranged  from  0.08  mm  to  0.4  mm.  The  value  of  (e) 
was  estimated  from  {(du/di)^)  via  the  isotropic  re¬ 
lation  (e)  =  lbu{{du/dx)^)  and  Taylor’s  hypothesis 
d/dx  =  —{U)^^(d/dt);  partial  experimental  support 
for  this  hypothesis  in  the  context  of  correlation  func¬ 
tions  was  presented,  for  this  flow,  in  Antonia  et  al. 
(1984).  The  1.27  //m  diameter  Wollaston  (Pt-10%  Rh) 
wire  (etched  length,  I  =  0.25  mm;  1.3  <!/??<  3.2)  is 
operated  with  a  constant  temperature  anemometer  and 
an  overheat  ratio  of  0.5.  The  anemometer  signal  is  first 
amplified  and  low-pass  filtered  at  a  cut-off  frequency 
fc  approximately  equal  to  the  Kolmogorov  frequency 
(0.8  kHz  <  /k  <  8  kHz).  It  is  then  digitized  at  twice 
this  frequency.  The  record  length  range  is  1.5  x  10^ 
to  1.0  X  lO*^  samples.  The  record  durations  were  suf¬ 
ficiently  long  enough  to  ensure  statistical  convergence 
of  the  moments  up  to  n  =  8,  in  the  inertial  range  (e.g. 
at  r  =  A,  ((^u)®)  is  in  error  by  3%  according  to  the 
method  of  Camussi  et  al.  1996). 

Simultaneous  u  and  v  measurements  (Antonia  et  al., 
1997)  were  made  on  the  centreline  at  53/i  from  the  exit 
plane  of  the  42  mm  nozzle.  The  X-probe  (2.5  iim  diam¬ 
eter  wire  of  0.5  mm  length)  was  operated  in  constant- 
temperature  mode  at  an  overheat  of  0.5.  Uj  was  25 
m/s  and  Rx  was  600  at  the  measurement  station.  The 
signals  were  low-pass  filtered  at  fc  2:^  Ik  {/k  = 
mogorov  frequency)  of  12.5  kHz.  The  record  duration 
(50  s  =  1.25  X  10^  samples  per  channel)  is  sufficient  for 
convergence  of  moments,  up  to  order  six,  in  the  inertial 
range.  Using  the  procedure  of  Camussi  et  al.  (1996), 
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log  (<I6ul^>  /  u’^) 


Figure  1:  Cross-plot  of  ((5u)^  against  Rx  =  600  — 
1150.  0,  Rx  =  870;  □,  1000;  V,  1150;  — ,  extent  of 
curve  fit. 

the  error  for  the  sixth-order  moment  is  estimated  to  be 
4%. 

3  Results 

Table  1  shows  the  estimated  exponents  for  the  mo¬ 
ments  of  the  longitudinal  velocity  structure  function, 
Su.  Both  the  general  case,  Cu(^)j  ^nd  absolute  case, 
Cv(^))  exponents  are  tabulated-  For  the  general  case, 
the  moment  of  (Su)  was  plotted  against  r  on  a  log- 
log  scale.  A  least-squares  linear  regression  analysis  was 
applied  to  data  in  the  range  40  <  r*  <  300;  the  aster¬ 
isk  denotes  normalization  by  Kolmogorov  scales.  This 
range  was  estimated  from  an  approximate  plateau  re¬ 
gion  observed  when  (6u*)^  was  plotted  against  r*  (for 
Rx  =  600,  the  range  was  40  <  r*  <  250).  In  nearly  all 
cases,  the  square  of  the  correlation,  p,  was  1.0.  This 
value  did  deteriorate  with  an  increase  in  both  n  and 
Rx  but  to  no  worse  than  p  cr:  0.98.  For  the  absolute 
case,  the  ESS  method  of  Benzi  et  al.  was  adapted  to 
the  same  r*  ranges  for  the  general  structure  function 
case.  This  consisted  of  cross-plotting  the  moment 
of  |5u|  against  (|^u|^).  A  cross-plot  on  a  log-log  scale 
and  linear  regression  was  used  to  estimate  these  expo¬ 
nents. 


Figure  1  shows  the  ratio  of  ((6u)^)  to  (|^up)  is  not  1. 
Benzi  et  al.  assume  |((<5u)^)|  =  (|(5up)^,  with  A  =  1. 
If  this  is  true,  then  the  cross-plot  of  these  terms  should 
give  an  exponent,  e.g.  A,  of  1.  We  do  not  find  this 
for  the  current  experiment.  In  fact,  we  find  a  slight 
Rx  dependence  for  A  (Figure  1).  Clearly,  A  decreases 
with  Rx  increasing  in  the  IR.  This  is  in  accord  with  the 
findings  of  Herweijer  (1995)  although  we  find  a  greater 
difference  in  A.  The  values  of  C5(^^)  ^-^e  in  good  agree¬ 
ment  with  published  data  (e.g.  Noullez  et  al.  1996; 
Arneodo  et  al.  1996). 
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TABLE  1  u  STRUCTURE  FUNCTION  EXPONENTS 


Rx 

n 

2 

35 

4 

5 

6 

7 

8 

.  600 

C 

0.70 

— 

1.27 

1.52 

1.76 

1.99 

2.21 

Cu 

0.76 

0.98 

1.38 

1.49 

1.79 

1.89 

2.21 

800 

C 

0.70 

— 

1.27 

1.52 

1.74 

1.91 

2.04 

Cu 

0.71 

0.95 

1.29 

1.46 

1.73 

1.84 

1.87 

870 

C 

0.70 

1,27 

1.50 

1.71 

1.88 

2.04 

c« 

0.70 

0.94 

1.26 

1.52 

1.71 

2.06 

2.02 

1000 

c 

0.70 

— 

1.27 

1.50 

1.71 

1.88 

2.03 

Cu 

0.71 

0.92 

1.29 

1,44 

1.74 

1.83 

2.06 

1150 

0.70 

— 

1.27 

1.52 

1.74 

1.93 

2.10 

Cu 

0.72 

0.93 

1.31 

1.54 

1.78 

— 

2.13 

tplotted  against  (|<5wp);  ^plotted  against  r’";  Sc2(3)  is  not  shown  since  it  is  trivially  equal  to  1. 


TABLE  2  t?  STRUCTURE  FUNCTION  EXPONENTS  —  COMPARISON  WITH  WAKE 


Rx 

n 

2 

3 

4 

5 

6 

7 

8 

600 

Cu“ 

0.61 

0.86 

1.08 

1.29 

1.46 

1.63 

1.78 

Cu 

0.65 

1.16 

— 

1.56 

— 

1.92 

230§ 

cs 

0.57 

— 

1.10 

1.20 

1.38 

1.51 

1.62 

tplotted  against  ^plotted  against  r*;  S cylinder  wake. 


Figure  2:  Weighted  third-order  moments  of  du*  and 
\6u*l  Rx  =  600  ~  1150.  :  D,  Rx  =  600; 

0,  870;  V,  1000;  O,  1150.  =  600; 

0,  870;  V,  1000;  O,  1150. 

From  the  exponents  shown  in  Table  1,  two  conclu¬ 
sions  can  be  drawn.  First,  there  is  no  discernible  trend 
for  exponents  of  the  moment  with  Rx ;  if  any  trend 
did  exist,  it  was  slight  and  masked  by  experimental  er¬ 
ror.  Secondly,  there  is  a  difference  between  the  general, 
Cu(n),  and  absolute,  Cu(”)j  exponents.  The  general  ex¬ 
ponents  are  higher  compared  to  the  absolute  ones.  This 
correlates  the  findings  shown  in  Figure  1. 

Figure  2  shows  the  weighted  plots  and 

The  higher  magnitude  of  is  due 


to  |6u|  not  being  mean-subtracted.  Despite  this,  the 
shape  of  (|^u|^)  agrees  well  with  {(5u)^)  in  the  dissi¬ 
pative  range  (DR)  and  IR.  The  shape  of  (|^up)  seems 
very  similar  to  {(^u)^)  except  for  an  extended  plateau 
region.  We  are  still  unclear  as  to  how  to  interpret  this. 
From  this  figure  we  have  chosen  the  region  for  expo¬ 
nent  estimation.  For  all  Rx  investigated,  the  range 
40  <  <  300  appears  to  correspond,  in  shape,  for 

both  {{Su)^)  and  A  clear  observation  for  this 

flow  type  is  the  disagreement  with  K41.  The  value  of 
the  constant  0.695)  falls  well  short  of  the  K41  value 
of  4/5  and  this  may  be  related  to  the  anomalous  scal¬ 
ing  and  a  lack  of  local  isotropy.  The  result  Cu(3)  <  1 
does  follow  the  trend  of  Cu(^)  (Table  1).  The  inter¬ 
pretation  of  Cu(3)  ^  1  can  either  be  taken  as  evidence 
of  departure  from  local  isotropy  or  reflect  the  effect  of 
intermittency.  The  question  of  what  this  observation 
means  with  respect  to  the  anomalous  scaling  remains 
to  be  answered. 

Figure  3  shows  ESS- type  cross-plots  of  (|<5u|”) 
against  (|^up)  (n  =  2,  4  and  8)  for  Rx  —  600  and 
1000,  The  third-order  moments  of  |^u|  are  normal¬ 
ized  with  the  velocity  fluctuation  rms  for  convenience 
only,  since  the  normalization  used  is  trivial  when  only 
power  exponents  are  required.  The  figure  shows,  for  ail 
n,  no  Rx  dependence  of  each  gradient  which,  on  log-log 
scales,  is  equivalent  to  the  exponent  Cu(^)* 

Rx  effect  is  to  locate  the  plot  to  lower  values  of  the 
abscissa  and  ordinate. 
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log  (<l6ul^>  /  u’^)  log  (<15uP>  /  u'^) 


Figure  3:  Cross-plot  of  the  moment  of  |5u|  against 
{\6u\^).  n  =  8  :  A,  Rx  =  600;  O,  1000.  n  =  4  :  □, 
Rx  =  600;  +,  1000.  n  =  2:  V,Rx  =  600;  x,  1000. 
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Figure  5:  Cross-plot  of  the  moment  of  |6t;|  against 
{\Suf),  Rx  =  600.  0,  {\6v\^);  O,  {\6vf);  -F,  x, 

{\5vf);  V,  {\6vf);  □,  {\6v\'^);  A,  {\Svf)]  range  of 
fit. 


Figure  4:  Rx  dependence  of  Sisu\  and  Rx  =  600- 
1150.  A,  A,  5j^«j;  filled  symbols,  r*  =  15; 

unfilled  symbols,  r*  =  X/t]. 


Figure  6:  Isotropic  calculation  of  =  600. 

((^^*)2}ca/c/((^^*)2)mea5^ 


Figure  4  shows  the  values  for  the  skewness,  iS|<5ti|  ?  and 
the  flatness,  F|6ul  (=  ^Su),  of  \Sul  A  value  of  r  =  A 
is  used  for  each  Rx^  These  values  fall  within  the  IR. 
The  general  trend  is  for  both  5|5uj  and  Fsu  to  increase 
with  Rx-  The  severe  increase  from  Rx  =  800  to  870 
is  due  to  a  higher  sampling  frequency  to  Kolmogorov 
frequency  ratio,  fslfn^  In  fact,  the  trend  is  repeatable 
for  all  r*  where  confidence  in  the  measurement  is  high, 
for  example  r*  >  10.  We  can  conclude,  even  for  the 
DR,  that  both  and  F^u  increase  as  Rx  increases. 

For  Rx  =  600,  the  values  of  C2  and  Cv  were  estimated 
from  least  squares  linear  regressions  to  cross-plots  of 
logd^tzl*^}  and  log(|(5i;|”)  vs  log(|<5up).  The  square  of 
the  correlation,  p,  indicates  that  the  fit  is  of  good  qual¬ 
ity  for  both  u  and  v  and  at  all  n.  The  magnitude  of 
(Figure  5)  is,  allowing  for  the  experimental  uncer¬ 
tainty,  discernibly  smaller  than  that  of  Cu  Table 
2).  The  difference  becomes  proportionately  larger  as 
n  increases;  it  increases  from  13%  for  n  =  2  to  22% 
for  n  =  8.  Note  that  the  inequality  Cv(^)  ^  Cu(^) 
is  consistent  with  the  observation  (Sreenivasan  1996) 
that  the  IR  slope  of  the  i;-spectrum  remains  smaller 
than  that  of  the  u-spectrum  in  a  wider  range  of  flows 
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and  for  Rx  <  3000.  While  the  present  values  of  Ctt  and 
Cv  are  (as  noted  earlier)  larger  than  those  of  and 
there  is  little  question  about  Cv  being  smaller  than  Cu 
(Table  2).  Although  X-wire  measurements  were  made 
at  only  Rx  =  600,  a  likely  increase  of  with  Rx  can 
be  inferred  from  the  comparative  data  shown  in  Table 
2.  The  values  of  in  the  jet  (Rx  =  600)  are  greater 
than  those  in  the  wake  (Rx  =  230),  especially  at  the 
largest  n.  Taking  into  account  Sreenivasan ’s  variation 
of  the  spectral  slope  for  transverse  velocity  components 
and  the  near-constancy  of  with  Rx  (Tables  1  and  2), 
one  may  cautiously  surmise  that  the  difference  between 
C“  and  C“  niay  asymptotically  disappear  at  sufficiently 
large  Rx  (of  order  several  thousands).  This  trend  is 
worth  verifying  experimentally. 

Local  isotropy  is  assumed  in  K41  and  the  Kol¬ 
mogorov  equation.  It  is  also  implicit  in  most  cascade- 
type  models  that  have  been  proposed  to  account  for 
small-scale  intermittency.  It  is  obviously  of  interest 
to  assess  the  degree  to  which  a  departure  from  local 
isotropy  can  affect  the  difference  between  Cv  and  Cu- 


For  n  =  2j  local  isotropy  requires  that 

+  .  (1) 

The  experimental  values  of  (((^u)^},  are 

shown  in  Figure  6  (the  normalization  is  on  Kol¬ 
mogorov  scales);  also  included  are  the  values  of 
(((5v)^}  calculated  using  Eq.  (1)  and  the  ratio 
.  As  expected,  agreement  with 
isotropy  is  approached  as  r*  decreases.  The  ratio  in¬ 
creases  as  r*  increases;  this  is  consistent  with  Cv(2) 
being  smaller  than  Cu(2).  The  relative  behaviour  of 
and  {(^u)^)  was  examined  by  Antonia  et  al. 
(1997)  in  the  context  of  local  isotropy.  It  was  noted 
that,  in  the  IR,  also  falls  below  the  value 

calculated  using  isotropy,  the  deviation  being  some¬ 
what  greater  than  for  n  =  2.  It  would  be  reasonable 
to  expect  that  the  deviation  would  increase  with  n.  It 
would  also  seem  reasonable  that  the  departure  from 
local  isotropy  (which,  in  general,  also  depends  on  the 
mean  shear)  will  decrease  as  R\  increases  and  hence 
the  inequality  Cv  <  Cu  could  vanish  at  sufficiently  large 
Rx  (the  asymptotic  limit  may  depend  on  n). 

4  Conclusions 

Moments,  up  to  order  eight,  of  the  longitudinal  velocity 
increment  in  the  self-preserving  region  of  a  plane  jet  in¬ 
dicate  that  the  IR  scaling  exponent,  as  determined  by 
the  ESS  method,  is  essentially  independent  of  Rx.  A 
slight  increase  with  Rx  is  observed  when  the  exponent 
is  determined  by  the  conventional  manner.  The  rel¬ 
ative  magnitudes  of  the  exponents  associated  with  6u 
and  Sv  suggest  that  the  scaling  for  v  is  more  anomalous, 
with  reference  to  K41,  than  that  for  u.  It  is  argued  that 
the  difference  between  these  two  scalings  reflects  to  a 
large  extent  the  anisotropy  in  the  inertial  range  and 
should  disappear  as  Rx  becomes  large.  The  skewness 
and  flatness  factors  of  |<5u|  for  both  inertial  and  dissi¬ 
pative  range  separations,  increase  with  Rx  contrary  to 
the  recent  observations  of  Tabeling  et  al. 
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Abstract : 

A  numerical  study,  based  on  the  macro-simulation 
method,  is  carried  out  to  determine  the  aerodynamical  sound 
of  a  turbulent  separated  flow.  The  macro-simulation  method 
uses  a  Large  Eddy  Simulation  (LES)  code  to  obtain  the  large 
structures  of  the  flow,  the  small  structures  being  modelled  by 
a  sub-grid  scale  eddy  viscosity.  The  radiated  aerodynamical 
sound  is  obtained  in  the  far  field,  from  the  Lighthill-Curle 
formalism.  The  method  permits  to  dissociate  the  different 
sources  of  the  aerodynamical  sound:  the  wall  noise,  due  to  the 
wall-pressure  fluctuations,  the  shear  noise,  due  to  the  large 
scale  quadrupole  sources,  and  the  turbulence  self  noise, 
generated  by  the  small  scale  quadrupole  sources.The  case  of 
the  normal  backward  feeing  step  is  presented  and  the  different 
emitted  noises  are  analysed  and  compared  one  to  each  other. 
Some  theoretical  hypotheses  are  tested. 

IJntroduction 

The  aerodynamical  sound  theory  [Lighthill.  1952  and 
1962]  was  founded  on  the  analogy  between  the  sources  of 
quadrupole  type  and  the  Reynolds  stresses,  of  the  equation 
system  of  the  radiated  far  acoustic  field.  The  Lighthill’s  theory 
is  remarkably  simple  and  the  basic  equation  is  rigorously  exact, 
although  it  does  not  give  explanations  about  the  physical 
aspects  of  the  sound  generation  itself. 

Further,  it  has  been  proposed  [Ribner.  1962]  to 
describe  the  aerodynamical  sound  sources  from  the  local 
pressure  fluctuations.  The  eddy  stretching  phenomenon  was 
identified  as  the  fundamental  mechanism  of  the  sound 
generation  [Powell.  1964].  The  calculation  of  the  intensity  of 
the  radiated  far  field  sound  generated  by  the  homogenous 
isotropic  turbulence  has  been  obtained  with  a  certain  number  of 
hypotheses  [Proudman.1952].  However  all  these  theories  do 
not  change  the  basic  theory  of  Lighthill  and  the  applications  are 
coming  up  against  the  definition  of  the  quadrupole  sources 
appearing  in  the  free  flows. 

An  extension  of  the  Lighthill's  theory  to  the  case  of 
flows  over  a  rigid  wall  was  obtained  [Curie.  1955]  showing  that 


the  wall  is  equivalent  to  a  surface  dipole  repartition  ;  the  source 
intensity  being  proponional  to  the  space  derivative  of  the  wall 
pressure  fluctuations. 

The  analysis  of  the  phenomena  brings  out  the 
importance  of  the  wall  pressure  field  as  excitator  in  the  fluid- 
structure  coupling.  Also  we  can  distinguish  two  aspects  of  the 
aerodynamical  sound:  firstly  the  radiated  sound  produced  by 
the  vibrations  of  the  structure  and  secondly  the  sound  generated 
by  the  eddies  of  the  flow. 

From  the  Lighthill-Curle's  theor)',  the  study  of  this 
pressure  field  is  a  first  stage  of  a  more  complete  process  able  to 
determine  the  sound  generated  by  the  velocity  fluctuations  and 
defining  the  quadrupole  sources. 

To  solve  the  numerical  problem  of  the  aerodynamical 
determination,  we  chose  the  macro-simulation  mcthod[  Bechara 
et  aI.1994]with,  in  a  first  step,  the  resolution  of  the  big 
structures  of  the  aerodynamical  field  by  a  simulation  of  "LES” 
type  and  a  small  structure  modelling  from  a  sub-grid  scale  eddy 
viscosity  [  Silveira  et  al.l993]  Then,  the  acoustic  field  is  solved 
by  applying  the  Lighthill-Curle’s  integration  in  the  control 
volume.  The  total  radiated  noise  in  the  far  field  will  be 
dissociated  in  three  parts :  first,  the  wall  noise,  due  to  the 
fluctuating  wall  pressure ;  secondly,  the  shear  noise,  due  to  the 
large  scale  quadrupole  sources  and  thirdly,  the  turbulence  self 
noise,  due  to  the  modelled  small  scale  quadrupole  sources. 
This  method  can  be  applied  to  all  type  of  flows,  free  or  wall- 
flow,  with  detachment  as  the  flow  over  a  normal  backward- 
facing  step  which  is  further  studied  in  details. 

2.Numerical  Method 

2.1.  The  Lighthill-Curle  Formalism 

For  an  homogeneous  compressible  viscous  fluid,  the 
Navier-Stokes  equation  system  can  be  written  with 
aoand/?o,  being  the  sound  velocity  and  the  mean  volumic 
mass  as : 
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^(p-po)  , 

^0- 

3cj 

^(p-po)  7^(p-Po) 

Ap-  ^i^J 

successively  for  the  continuity  equation,  the  three 
equations  of  motion  and  the  divergency  equation.  The 
homogeneity  is  relative  to  the  mean  quantities  written  with  a 
zero  index.  Such  equation  system  is  equivalent  to  that  for  the 
sound  propagation  with  the  source  terms  on  the  right  side, 
expressed  from  the  Lighthiil’s  tensor : 

7/ j  =Pittptj)+\^-pQ)-al{j7-fQ^Sij+Ti j  (2) 

At  high  Reynolds  number,  ^  /y  » the  viscous  stresses 

can  be  neglected  before  the  turbulent  stresses  {fUfUj)  ;  except 

in  the  viscous  sublayer  near  the  wall,  but  this  region  is 
sufficiently  small  to  consider  its  influence  on  the  radiated 
noises  as  negligeable.  And,  without  heat  sources,  the  pressure 
fluctuations  will  be  considered  as  isentropic.  consequently,  the 
term  in  brackets  is  closed  to  zero.  On  the  other  hand,  the 


differences  between  p{ujUj)  and  p(^(UjUj)  are  proportional 


to  the  Mach  number  and  for  subsonic  flows,  the  Lighthilfs 
tensor  can  be  reduced  to: 


T’ij  =  Po(«/"y ) 


(3) 


From  this  simplification,  it  can  be  shown  that  an 
integral  solution  of  the  propagation  system  (1 )  can  be  obtained 
in  the  following  form  : 


I 

^  ^  1 

4.TD0 

according  to  the  Lighthill-Curle  formalism. 


(4) 


Fig.  1:  Integration  scheme. 

As  shown  in  Fig.  1,  (V)  is  the  control  volume  of  the  studied 
flow  of  (5)  surface. r  =  |[3c  -  j?||  expresses  the  distance 
between  the  listening  point  M  {xj  in  the  far  field  and  the 
running  point  N  (y)  of  the  control  volume,  for  the  first  integral 


and.  of  the  surface,  for  the  second  integral.  Such  a  solution  can 
be  obtained  by  introducing  the  Green  function  with  the 
Sommerfeld’s  boundar>'  conditions.  In  the  expression  (4) 

(p(^,  r)  -  p  0  )  <^xpresses  the  volumic  mass  fluauations  in  the 
far  field.  By  squaring  these  fluctuations,  the  radiated  noise  can 
be  obtained.  The  volumic  distribution  of  the  quadrupolc 

sources  arc  given  by  - PQ(u;u : )  and  the  surfacial 

3X(CXj 

distribution  of  the  dipole  sources  by  with 

^xi 

Pi  •  -Wy  and  r  =  ,  .being  a  time  delay. 

If  where  Aq  is  the  fundamental  sound 

wave  length  and  if  q  »  L ,  where  .L  is  a  characteristic 

length  of  the  volume  (V) ,  then  it  can  be  shown  that  (4)  can  be 
simplifyied  in  the  tar  field  as  : 


4^51 


(5) 

The  effects  of  refraction  and  convection,  by  the  flow 
itself  on  the  sound  propagation,  are  not  considered  here,  as  in 
certain  recent  works  [.Lillcy.1971  and  Bechara.1992]  In  the 
present  method,  the  interaction  between  the  different  sources  of 
noise,  as  wall  and  shear  noises,  can  be  determined  but  not  the 
interactions  with  the  flow  itself 


2,2-The  **LES**  Simulation  Method 


For  flows  at  high  Reynolds  number,  as  the  detached 
boundary  layer  over  a  backward-facing  step  (/?p=s6xI0^) 

the  separation  between  big  and  small  structures  can  be  realized. 
And  an  inertial  zone  can  be  defined  between  the  dissipation  and 
the  production  regions  in  the  spectral  domain.  A  filtering 
operation  is  then  defined  from  a  convolution  product  in  the 
wave  number  space  Q  .  To  realize  such  a  separation  and  then, 
for  an  instantaneous  variable  O  with  a  filtering  function 
F  and  a  frequency  bandwidth  AF  ,we  can  write: 


giving  the  decomposition:  O  =  0  +  0' 

where  O'  is  the  residual  field  of  small  scale,  if  O  expresses 
the  large  scale  contributions.  If  this  filtering  operation  is 
applyied  to  the  Navier-Stokes  incompressible  equation  system, 
we  obtain  in  this  case: 

^  =  0 

ct  ^  3:  j  p  3  ;  3Ci3:j  ex  j 

T,j  =  4.  +  Cy  +  Ry 

(6) 
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where  Ljj  is  the  Leonard's  tensor,  C^*  is  a  crossed  tensor  and 

Rfj  =<  >  is  the  sub-grid  tensor  relative  to  the  small 

structures. 

To  close  the  system,  we  shall  consider  that  Ry  is  given 
by :  Ry  -  -IvfSij  + 


(7) 


with  ^  _  1  ^y\ancL 

Vt  =  0.067 

where  is  a  structural  funrtion  of  2^^  order[  Mctais  and 

Lesieur.  1992]  with  =<  l!“(^  +  ~  i/(f  ,/)|p  >r==A 

and  Cf^  ,  the  constant  of  Kolmogorov,  equal  to  1.4. ; 

A  =  (AV)/3  is  the  computational  mesh  size  and  A  is  the 
turbulence  energy  square  for  the  cut-off  frequency. 

In  fact,  the  local  equations  (6)  are  integrated  in  small 
elementaiy  volumes  of  discretization  :  AF  =  ArAj^Ar 

At  the  iteration  (w),  a  resolution  of  the  equation 
system  (6)  is  obtained  by  using  a  semi-implicite  method.The 
pressure  equation  of  Poisson’s  type,  is  linear  as  Ap  =  ,  for 

which  the  symmetrical  matrix  ( A  )  only  depends  on  the 
geometry  of  the  control  volume. 

The  pressure  gradients  are  evaluated  by  a  scheme  of  2*^^ 
order.  The  inversion  of  the  matrix  ( .^ )  is  obtained  from  the 
conjugated  gradient  iterative  method  with  a  (SSOR) 
conditioner[Lascaux  and  Theodor.  1 994].  The  convective  fluxes 
are  determined  from  a  .3*^  order  Quick-Sharp  schemef 
Leonard.  19S8  and  Gaskell  and  Lau.I988].  The  time 
interpolation  is  realized  from  a  order  Runge-Kutta  scheme. 

From  this  resolution  we  obtain  the  expression  of 

as  a  function  of  the  pressure  at  the  time  (n)  and  of  the 
convective  fluxes  at  the  time  (n-I) ; 

23-The  Acoustic  code : 

To  solve  (5)  at  each  iteration  time  it  is  possible  to  pass 
through  the  Fourier’s  space,  from  which ,  and  for  a  given 

function  5(.x)  e  ,  a  pair  of  Fourier's  transforms  can  be 

defined  as: 

f-oo 

s(x)exp{--2jgkx)cix 

GO 

=  [?(*)]■’ 

^^=2xJ[kI{k)]-^ 


(10) 


By  applying  these  transfonnaiions  to  p^{t)  and  to 
P0ljiiuj+<u}i/j>),  it  is  possible  to  calculate  their  Hist  and 
second  time  deriratives.  and  then,  their  integiation  in  the 
control  volume.  The  fluctuating  specific  mass  in  the  far  field  is 
then  obtained  and.  the  radiated  sound  intensity  is 

3.-  Separated  Flow  over  a  Backward-Facing  Step 
3.1 -Discretization  : 

The  control  volume  is  a  paralleiepipedic  box  with  a 
length  of  20H  in  the  dowTistream  direction  in  order  to  contain 
all  the  perturbations  of  detachment  and  rcattachment  The  step 
presents  a  lateral  expansion  of  I  OH  to  minimize  the  3D 
perturbations  in  the  mean  plane.  A  supplementary  width  of  2H 
is  moreover  considered  to  can  apply  the  slip  conditions  on  the 
east  and  on  the  west  sides  of  the  control  volume. 


3H 

Entry 


Slip  condidon 


t  I 


!±fcf 


i  I 


Exit 

2H .  Wall  ""  "  "  20H  x 

Slip  condition 


FigJl  Scheme  of  the  control  volume 

At  the  entry  section,  situated  at  2H  above  the  step  we 
consider  a  fully  developed  boundary  layer,  expanding  nomally 
up  to  0.3H.These  conditions  were  chosen  in  similitude  with  the 
experimental  case  of  the  swept  backward-facing  stcp[E.Le 
Huu-Nho.  1 994].,  for  which  the  Reynolds  number  relative  to  the 
step  was  equal  to  37000. 

The  discretization  of  the  control  volume  was  realized  in 
such  a  way  that  the  number  of  elementary  volumes  was 

approximately  taken  equal  to  ( 150000)  ,  with  (69  x  5 1  x  46) 
successively,  for  the  segmentation  in  the  ^  and 

^  directions :  . 

Free  boundary  conditions  with  =  0)  are 

considered  on  the  north,  east  and  west  sides  and  wail  cnnHiHnns 
(^  ^  w  —  0) ,  on  the  south  side.  T urbulent  boundary 

layer  velociij-  profiles  u(y,z)  are  defined  at  the  entry  section 
with  a  white  noise  of  2%  for  the  initial  turbulence  intensity.  At 
the  exit  section,  a  convection  condition  of  type : 

+  U^^/3:  =  0,  is  considered  with  t/j being  the 
mean  velocity  in  the  section. 

The  inversion  of  tlie  matrix  A ,  the  storage  and  the 
averaging  operations  for  the  different  variables  of  the 
aerodynamically  field  needs  the  use  of  computer  as  IBM/SP2 
machine  for  which,  after  1500  iterations  to  stabilize  the 
beginning  of  the  calculation  and,  with  a  CFL  criteria  of  0,2,  the 
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totality  of  a  passage,  including  (7000)  iterations,  needs  (2**) 
of  CPU  time. 

3.2“Mean  Dynamic  Fields  and  Large  Scales 
Structures 

Fig.  3  shows  the  general  characteristics  of  the  detached 
flow  over  the  normal  backward-facing  step  in  the  symmetr>' 
plane.  The  recirculating  region  is  expanding  up  to  the  section 
x/k-6,  where  the  reattachment  is  happening.  An  additional 
counter-rotating  comer  eddy  appears  which  is  also  found  from 
experimental  studies.  The  wall  friction  and  pressure  coefficient 
evolutions  fit  rather  well  the  experimental  data  [Sinha  et 
al.l981  ;  Jovic  and  Driver.  1995]  as  it  can  be  seen  in  Fig.  3b) 
and  Fig.  3c). 


x/h 

a)  mean  velocity  calculated 


Fig3  Mean  Flow 


012345678 

x/h 


plotted  the  iso-rotational  cunes  at  a  given  time: 

/  =300  [with  and  its  evolution  at  five 

successive  steps  funher  (A/’  =  5) .  In  such  a  configunuion 
the  large  vortex  structures  arc  appearing,  as  their  time 
evolution,  the  eddies  being  generated  from  the  Kelvin- 
Helmholtz  (K-H)  instability.  This  voncx  structure  interacts 
with  the  lower  plate  at  the  rcattachmem  section.  The  voncx 
layer  is  submined  to  the  vonex-pairing  phenomenon  and  some 
eddies,  which  are  not  destroyed  by  the  wall  interaction,  remain 
during  a  certain  time  in  the  boundary'  layer  after  reattachment 
As  it  can  be  seen  on  Fig.  6  for  the  corresponding  instantaneous 
streamlines,  there  arc  also  small  eddies  which  are  produced  in 
the  recirculating  region. 

To  each  detaching  vortex,  staning  from  the  step  comer, 
a  pressure  doublet  is  produced  in  the  {o,  ,t.  y)  plane  as  shown  in 
Fig.  7.  The  pressure  field  induces  wall  fluctuations  in  relation 
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Fig.  5  Instantaneous  Vorticity  Field  . 


Fig.  6  Instantaneous  Streamlines  Field.. 


Fig.  4  Mean  Velocity  Profiles 

The  mean  velocity  profiles  in  the  (o.  x,  y)  mean  plane 
are  drawn  on  Fig.  4  at  different  downstream  sections. 
Undoubtedly,  they  show  that  the  reattachment  is  close  to  the 
section  x/h=6  where  the  stream  near  the  wall  is  separating  in 
the  upstream  and  downstream  directions  On  Fig.  5  we  have 


with  the  intensity  of  the  doublet  sources  according  to 
the  Curie's  theory. 

The  variations  of  the  sub-grid  eddy  viscosity,  drawn  on 
Fig.  8,  are  important  in  the  vonex  layer,  with  peaks  happening 
in  the  stretching  regions  between  two  vortices.  This  fact 
induces  a  relatively  complicated  configuration  of  the 
isoviscosity  curves. 
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From  a  comparison  between  calculations  and 
experimental  data  [Driver  and  Secgmiller.1985]  of  the 

turbulence  intensity  square  profile  at 

different  sections  downstream  of  the  step.  Here  and  there,  some 
differences  appear  which  can  be  explained  from  geometrical 
differences  between  the  two  cases,  but,  the  levels  arc 
approximately  the  same  and  it  can  be  considered  sufficient  for 
the  validity  of  our  "LES"  determination. 

The  variation  of  the  Strouhal  number  along  the  vortex 
layer  can  be  studied  from  both,  the  velocity  and  the  pressure 
spectra.  Just  behind  the  step  at  X/H  =  O.I,  the  Strouhal 
numbeifS  ==  fo-H/Ue)  is  equal  to  0.23  and  after  reattachment 
this  value  is  divided  by  two,  which  is  a  consequence  of  the 
vortex  pairing,  stimulated  here  by  the  presence  of  the 
reattachment 


Fig.7  Instantaneous  Pressure  Field. 
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Fig.  8  Instantaneous  Iso-Viscosity  Curves. 

The  wall-vortex  interaction  provides  a  deceleration  of 
the  vortices  and  can  eventually  produce  the  capture  of  the 
following  vortex.  The  new  formed  vortex  is  sufficiently  of  high 
intensity  to  pass  through  the  reattachment  point  and  to  continue 
in  the  boundaiy  layer  where  it  is  developing  relatively 
independently  to  the  other  vortices. 


33-The  Radiated  Acoustic  Fields 

The  aerodynamical  field  determination  from  the  "LES* 
code  permits  to  calculate  the  inicnsitx  of  the  quadrupole  and  of 
^e  dipole  sources  by  means  of  the  Lighihill-Curlc  fonnaiism. 
The  large  smicnires  arc  expressively  determined  from  the 
L.E.S.  code,  while  the  small  structures  arc  modelled  by  a  sub¬ 
grid  eddy  viscosity.  So  it  is  possible  to  distinguish  three  kinds 
of  sound  sources,  one.  coming  from  the  large  eddy  structure*^ 
associated  with  the  shear  noise,  another,  coming  from  the  small 
scale  eddy  struaurcs.  associated  with  the  turbulence  self  noise 
and  thirdly,  ;thc  wall  pressure  fluctuations  giving  the  wall 
noise. 


Fig.  9  Radiated  Noise  Time  Evolution. 


c)  proper  sound  d)  total  sound 


Fig.  10  Aerodynamical  Noise  Intensities 
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The  acoustic  field  was  calculated  in  the  symmetry  plane 
of  the  backward-facing  step  and  the  radiated  noises  were 
determined  in  the  far  field  of  the  first  plane  quarter. 

From  the  previous  decomposition  we  have  drawn  on 
Fig.  9,  the  evolution  in  time  of  these  three  different  noises, 
obtained  at  a  listening  point  (ji/^lOO;  ^5®)  in  the  far  field. 

The  noise  intensity  is  given  in  decibels  with  respect  to 
the  reference  level  of  P^udinan.l952].We  can 

note  that  the  wall  noise  is  20dB  higher  than  the  shear  noise 
which,  itsclfi  is  \5dB  higher  dian  tiie  turbulence  self  noise.  The 
total  noise  intensity  is  close  to  the  wall  noise  as  predicted  by 
Curie  for  wall  flows. 

The  calculations  show  that  the  shear  and  the  turbulence 
self  noises  are  much  smaller  in  intensity  than  the  wall  noise. 

The  directions  of  propagation  are  also  different,  as  it 
can  be  seen  in  Fig.  10.  For  the  wall  noise  the  maximum 
intensity  is  obtained  normally  to  the  wall;  while,  for  the  shear 
noise,  there  are  two  maximums  in  the  directions  normal  to  the 
wall  and  along  the  downstream  axis,  with  a  minimum  at  45®. 
Only  the  turbulence  self  noise  appears  as  quasi  isotropic.  The 
shear  noise  presents  contributions  in  the  high  frequency  range, 
while  the  wall  noise  contributions  are  in  the  low  frequency 
range.  The  turbulence  self  noise  appears  in  the  low  frequency 
range,  certainly  due  to  the  turbulence  modelling. 

The  total  radiated  noise  seems  relatively  identical  to  the 
wall  noise ;  however  it  presents  certain  modulations  induced  by 
the  shear  noise  when  the  signal  is  lower  than  a  certain  level. 

4.Conclusions 

This  numerical  determination,  from  the  macro- 
simulation  method,  permits  to  calculate  the  instantaneous 
variations  of  the  different  sources  of  sound  generated  by  the 
aerodynamics,  specifically  induced  by  the  detaching  eddies. 

The  method  uses  simultaneously  a  "LES"  simulation  for 
the  aerodynamical  field  and  an  acoustic  code  obtained  from  the 
Lighthill-Curle  formalism.  The  sound  intensities  are  determined 
in  the  far  field,  for  the  wall  noise,  generated  by  the  wall- 
pressure  fluctuations,  for  the  shear  noise,  generated  by  the  large 
scale  quadrupole  sources  and  for  the  turbulence  self  noise,or 
sub-grid  noise,  induced  by  the  small  scale  quadrupole  sources, 
modelled  from  a  sub-grid  eddy  viscosity. 

The  method  seems  general  and  can  be  applyied  to  all 
type  of  turbulent  flows,  with  or  without  detachment,  or  which 
are  developing  on  a  rigid  wall.  The  case  of  the  detaching  flow 
over  a  backward-facing  step  is  studied  in  details.  The  results 
give  a  validation  of  the  Curie's  hypothesis  according  to  the 
quadrupole  sources  can  be  neglected  before  the  wall  dipole 
sources  for  wall  flows  .This  calculation  gives  also  the  levels  of 
the  different  aerodynamical  radiated  sounds  and  their  principal 
directions  of  propagation. 

At  a  listening  point,  in  the  far  field  of  the  backward¬ 
facing  step  flow,  the  shear  noise  is  2(idB  lower  than  the  wall 
noise  and  l5dB  higher  than  the  turbulence  self  noise.  The  shear 
noise  presents  frequency  contributions  higher  than  the  wall 
noise  with  a  weakness  in  the  45®  direction,  while  the  turbulence 
self  noise  is  quasi  isotropic. 

'  It  should  be  interesting  to  compare  these  numerical 
results  with  experimental  data,  but  the  difficulties  of  measuring 
and  separating  the  different  aerodynamical  radiated  noises  give 
back  difficult  this  confrontat5on.and  still  show  the  importance 
of  the  numerical  prediction. 
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